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A GEOMETRIC MODEL FOR SYZYGIES OVER 2-CALABI-YAU TILTED
ALGEBRAS

RALF SCHIFFLER AND KHRYSTYNA SERHIYENKO

ABSTRACT. In this article, we consider the class of 2-Calabi-Yau tilted algebras that are defined by a quiver
with potential whose dual graph is a tree. We call these algebras dimer tree algebras because they can also
be realized as quotients of dimer algebras on a disc. These algebras are wild in general. For every such
algebra B, we construct a polygon S with a checkerboard pattern in its interior that gives rise to a category
Diag(S). The indecomposable objects of Diag(S) are the 2-diagonals in S, and its morphisms are given by
certain pivoting moves between the 2-diagonals. We conjecture that the category Diag(S) is equivalent to
the stable syzygy category over the algebra B, such that the rotation of the polygon corresponds to the shift
functor on the syzygies. In particular, the number of indecomposable syzygies is finite and the projective
resolutions are periodic. We prove the conjecture in the special case where every chordless cycle in the
quiver is of length three.

As a consequence, we obtain an explicit description of the projective resolutions. Moreover, we show
that the syzygy category is equivalent to the 2-cluster category of type A, and we introduce a new derived
invariant for the algebra B that can be read off easily from the quiver.
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1. INTRODUCTION

Overview. In this paper, we study the syzygy categories of certain 2-Calabi-Yau tilted algebras. Syzygies are
the building blocks for free resolutions in commutative algebra as well as for projective resolutions of modules
in representation theory of algebras. Every module has a projective resolution which may be thought of as
an approximation of the module by projectives. Conversely, any morphism between projectives defines a
module via its cokernel. For any finite dimensional algebra, there are only finitely many indecomposable
projectives but, in general, there is no hope for a classification of all indecomposable modules.

It is therefore natural to study the subcategory of all syzygy modules over the algebra. In the extreme
cases, it is possible that every module is a syzygy (if the algebra is self-injective) or that only the projective
modules are syzygies (if the algebra is hereditary), and in general the behavior can be anywhere in between
these two extremes. A particularly nice situation is when the number of indecomposable syzygies is finite.
It is an open problem to classify all syzygy-finite algebras.

We are interested in 2-Calabi-Yau tilted algebras, a class of finite dimensional non-commutative algebras
over a field, introduced in [R] in the context of the categorification of cluster algebras by [BMRRT) [Am].
These algebras are far-reaching generalizations of cluster-tilted algebras introduced in [CCS| BMR] and
studied extensively by a large number of authors, see for example the lecture notes [As, [BuMa] and references
therein. For example, every (finite dimensional) Jacobian algebra of a quiver with potential is 2-Calabi-Yau
tilted [Am]. These algebras also arise naturally in mathematical physics, for example, in relation to Postnikov
diagrams and dimer models [HK] [Pol [TKS, [BKM] [Px].

Keller and Reiten showed in [KR] that 2-Calabi-Yau tilted algebras are Gorenstein and that their stable
syzygy categories are 3-Calabi-Yau. The Gorenstein property implies that the syzygy category is equivalent
to the category of Cohen-Macauley modules over the algebra, which in turn is equivalent to the singularity
category [Bul [O]. Cohen-Macauley modules play a central role in commutative algebra and algebraic geome-
try, in particular in the McKay correspondence and resolutions of singularities, see for example the textbook
[LW], and more recently in matrix factorization [M] [PV].

In this paper, we restrict to a certain class of 2-Calabi-Yau tilted algebras B, which we call dimer tree
algebras, because they can be realized as a quotient of a dimer algebra on a disc. For example, algebras
arising from the coordinate rings of the Grassmannians Gr(3,n) are dimer tree algebras.

We give a complete description of the category of all syzygies CMP B, including a description of objects,
morphisms, shift, exact structure, and the Auslander-Reiten quiver. Furthermore, we construct explicit
projective resolutions for the syzygies. In particular, we show that these algebras, which are generally of
wild representation type, only admit a finite number of indecomposable syzygies.
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Main results. Let B be a dimer tree algebra, that is, B is a Jacobian algebra given by a quiver with potential
such that the dual graph of the quiver is a tree, see Definition[3.3] We construct a combinatorial model for the
syzygy category inside a polygon S with 2V vertices. Our polygon is equipped with a checkerboard pattern
defined by a set of radical lines p(i) corresponding to the vertices ¢ of the quiver. Then each 2-diagonal ~ in
S corresponds to an indecomposable syzygy M., and its intersection with the radical lines gives a projective
presentation of M,.

We consider the category Diag(S) of 2-diagonals. The morphisms in Diag(S) are defined combinatorially
via certain pivoting moves between the 2-diagonals. Moreover, Diag(S) is a triangulated category with
shift functor given by the rotation by 7/N. If we omit the checkerboard pattern, this category has already
appeared in [BM], where it was used to give a combinatorial model for the 2-cluster category of type A.

Before stating our main result, we introduce the following notation. Let v be a 2-diagonal in S. Then ~
crosses several of the radical lines p(z) of the checkerboard pattern of S. Each of these crossings has degree
0 or 1 according to Definition We define two projective B-modules Py(7y) and Pi(7) as follows. Let
Py(y) = @;P(i), where the sum is over all vertices i of @ such that the radical line p(4) crosses v in degree
0. Similarly, let Pi(y) = @;P(j), where the sum is over all vertices j of @) such that the radical line p(j)
crosses 7y in degree 1. Let 2 denote the syzygy functor.

We are now ready to state our main conjecture and our main result.

Conjecture 1.1. Let B be a dimer tree algebra. For each 2-diagonal v in S there exists a morphism
fvyi Pi(y) = Po(7y) such that the mapping v — coker f., induces an equivalence of categories

F: Diag(S) — CMP B.
Under this equivalence, the radical line p(i) corresponds to the radical of the indecomposable projective P(i)
for all i € Qu. The clockwise rotation R of S corresponds to the shift Q in CMP B and R? corresponds to
the inverse Auslander-Reiten translation 7= = Q2. Thus
F(p(i)) = rad P(i)
F(R(y)) = QF(y)
F(R*(y)) =771 F(7)
Furthermore, F maps the 2-pivots in Diag(S) to the irreducible morphisms in CMP B, and the meshes in
Diag(S) to the Auslander-Reiten triangles in CMP B.

In this paper, we prove the conjecture in the following special case. We shall prove the full conjecture in
a forthcoming paper using the model developed here. Recall that a cycle in a graph is said to be chordless
if it is equal to the induced subgraph on its vertices.

Theorem 1.2. (Theorem The conjecture holds in the special case where every chordless cycle in Q is
of length 3.

A small example. Below we provide a small example; a bigger and more detailed one is given in section
Let B be the algebra given by the quiver in Figure [I] with potential the sum of the two chordless cycles.The
Auslander-Reiten quiver of the syzygy category CMP B is given below, and the Auslander-Reiten quiver of
the stable syzygy category CMP B is obtained from this one by removing the projective modules.

/P“\ Y ANVAN

/\ S \/\/
\m/

The polygon S is shown in Figure[l] The arc v as in the figure crosses radical lines 1,2, and 5. This gives
a morphism f,: P(2) — P(1) @ P(5) between the projectives, whose cokernel is the corresponding syzygy
M., = >. Moreover, the projective resolution of M., can be constructed by applying the clockwise rotation
R. Thus R~ is the radical line p(1) and its assoc1ated syzygy Mg, = coker fg,: P(4) — P(2) is the radical
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FIGURE 1. A quiver @ together with its checkerboard polygon S. The radical lines are
labeled by the vertices of Q. The crossing points of two radical lines represent arrows in the
quiver, and the interior shaded regions represent chordless cycles in Q.

of the projective P(1). Hence, QM, = Mg, = rad P(1) and the first few terms of the projective resolution
of M, are as follows.

P(l)EBP(E)) *)M,Y —0

Applications. As an application, we obtain the following corollaries. The first one uses the results of [BM].

Corollary 1.3. The category CMPB is equivalent to the 2-cluster category of type An_o. In particular, the
number of indecomposable syzygies is N(N — 2).

Equivalently this category can also be described as the stable module category over the self-injective
algebra A, defined as the quotient of the path algebra of an oriented n-cycle by the rad " !.

The corollary shows that the size of the polygon 2N determines the syzygy category up to equivalence.
In Corollary we provide a simple formula for 2NV as a weighted sum over the boundary arrows of @,
where each arrow has weight 1 or 2. Since derived equivalent algebras have equivalent singularity categories,
we obtain a new derived invariant that is easy to compute.

Corollary 1.4. The size of the polygon is a derived invariant for the algebra B.

The checkerboard pattern on S determines the algebra B completely. On the other hand, two algebras
may have the same size polygon while having non-equivalent derived categories. It is an interesting problem
to determine when two checkerboard patterns are derived equivalent.

Corollary 1.5. (Corollary The projective resolution of any syzygy is periodic of period N or 2N. An
indecomposable syzygy M., has period N if and only if the corresponding 2-diagonal v is a diameter in S.

Recall that a module is rigid if it has no nontrivial self-extensions.
Corollary 1.6. (C’omllary The the indecomposable syzygies over B are rigid B-modules.

Moreover, we conjecture that the indecomposable syzygies are 7-rigid in mod B. This is of interest, since
the 7-rigid indecomposable modules correspond to cluster variables in the cluster algebra of @ provided they
are reachable by mutation.

Corollary 1.7. (Corollary Let M, N be indecomposable syzygies over B. Then the dimension of
ExtlB(M, N)& ExtlB(N, M) is equal to the number of crossing points between the corresponding 2-diagonals.
In particular, the dimension is either 1 or 0.

It was shown in [BR] that the Auslander-Reiten translation 7 in mod B induces an equivalence from
the stable syzygy category CMP B to the stable cosyzygy category CMI B. In our geometric model the
same checkerboard polygon describes both categories. To switch to the cosyzygies, it suffices to apply the
Nakayama functor v which replaces the projectives with injectives.
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Corollary 1.8. (Corollary The following diagram commutes.
CMP B ——— CMI B

cok f T Tker vfy

Diag(S) — ! 5 Diag(S)

The proofs of the above corollaries do not depend on the additional assumption of Theorem and will
therefore generalize to the setting of Conjecture

We also classify all checkerboard patterns up to the decagon in Example 9.2l The decagon admits 17
different checkerboard patterns up to symmetry.

A few words about the proof. The key ingredient in most of our arguments is an explicit definition of the
morphism f, in terms of certain paths in the quiver, which we call valid paths and whose definition involves the
checkerboard pattern. This provides a complete description of not just the modules but also the morphisms
in the projective resolution of the syzygies. It would also be useful to have a more conceptual definition of
f~, but we have not found one so far. Let us point out that, in general, f,: Pi(y) — FPy(y) is not simply a
generic map, and the knowledge of Py(v) and P;(7y) does not determine f., in this way.

The first part of the proof is to show that our category of 2-diagonals Diag(S) gives a subcategory of
the syzygy category. The second step is then to show that we obtain every syzygy in this way, which may
actually come as a surprise, since the algebra is wild in general. For this we show that Diag(S) gives a
finite component of the Auslander-Reiten quiver of CMP B by explicitly constructing the Auslander-Reiten
triangles. In addition, the argument requires a detailed analysis of the endomorphisms of the indecomposable
syzygies M, .

Related work. For the very special class of cluster-tilted algebras of finite representation type, the syzygy
categories were studied before by Chen, Geng and Lu in [CGL], where they gave a classification of the syzygy
categories of these algebras. In particular, they show that the components of CMP B are equivalent to the
stable categories of the self-injective algebras A,,. Their procedure involves a case by case analysis that uses
a classification of the derived equivalence classes of cluster-tilted algebras of Dynkin type in [BHL, [BHL2].
Later Lu extended these results to simple polygon-tree algebras [L]. One of the ingredients of the proof is
successive mutation at vertices of the exterior cycles and reduction to a cluster-tilted algebra of Dynkin type
D. These algebras are special cases of those included in Conjecture [[.I] and the results provide evidence for
the conjecture. The above results determine only the type of the syzygy category but do not describe the
objects or the morphisms.

Garcia-Elsener and the first author have described the syzygy category of cluster-tilted algebras of type
D in terms of arcs in a once-punctured polygon in [GES].

For gentle algebras, the singularity categories have been described by Kalck in [K| using m-cluster cate-
gories of type A;. In our setting the algebra is gentle if and only if the quiver has a unique chordless cycle.
This has been extended to skew-gentle algebras by Chen and Lu in [CL]. For further results on singularity
categories of finite dimensional algebras see [C| [C2, [CDZ], [LZl, [Sh].

Future directions. In a forthcoming paper [SS], we prove Conjecture in full generality. In a different
paper, we will describe the connection to dimer algebras, where we will show how to embed our checkerboard
polygon in an alternating strand diagram of the dimer model, see Example [3.8]

Furthermore, it will be interesting to see if we can relax the conditions on the quiver such as allowing
the dual graph to be disconnected or to contain cycles, see Remark Other future directions include
the behavior of the checkerboard polygon under mutations, a description of the syzygies in terms of their
composition factors, and the question of 7-rigidity of the indecomposable syzygies.

Acknowledgements: We thank Alastair King and Matthew Pressland for interesting discussions on the
connection to dimer algebras, as well as an anonymous referee for pointing us to the paper [Ba].

2. PRELIMINARIES

Let k be an algebraically closed field. If A is a finite-dimensional k-algebra, we denote by mod A the
category of finitely generated right A-modules. Let D denote the standard duality D = Hom(—,k). If Q4 is
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the ordinary quiver of the algebra A, and i is a vertex of Q 4, we denote by P(i), (i), S(i) the corresponding
indecomposable projective, injective, simple A-module, respectively. We let pdM, idM denote the projective
dimension, respectively the injective dimension of the A-module M.

A loop in a quiver @ is an arrow that starts and ends at the same vertex. Two arrows are called parallel
if they share the same starting point and the same endpoint. An oriented cycle in @ is a path that starts
and ends at the same vertex. Thus a loop is an oriented cycle of length 1. A 2-cycle is an oriented cycle of
length 2.

For further information about representation theory and quivers we refer to [ASS] [S2].

2.1. 2-Calabi-Yau tilted algebras. A k-linear triangulated category C with split idempotent and finite-
dimensional Hom spaces is said to be 2-Calabi-Yau if D Extg(X,Y) = Extg (Y, X), for all objects X, Y € C.
Let C be a 2CY category. A basic object T in C is called a cluster-tilting object if addT = {X € C |
Exté(X7 T) = 0}. The endomorphism algebra B = End¢T of a cluster-tilting object T is called a 2-Calabi-
Yau tilted algebra. These algebras are a far reaching generalization of cluster-tilted algebra and have been
studied extensively. For example, every finite dimensional Jacobian k-algebra B in the sense of [DWZ] is
2-Calabi-Yau tilted, because the associated generalized cluster category Cp contains a cluster-tilting object
T whose endomorphism algebra is B, see [Am]. On the other hand, not every 2-Calabi-Yau tilted algebra is
a Jacobian algebra, see [LJ.

Let us highlight the following result by Keller and Reiten. Recall that a k-algebra A is said to be
Gorenstein of dimension d if pdDA =idA = d < oo.

Theorem 2.1. Fvery 2-Calabi-Yau tilted algebra is Gorenstein of dimension at most 1.

For further results about 2-Calabi-Yau tilted algebras, we refer to the surveys [As] [R].

2.2. Cohen-Macauley modules over 2-Calabi-Yau tilted algebras. From now on, let B be a 2-Calabi-
Yau tilted algebra. A B-module M is said to be projectively Cohen-Macauley if Ext'; (M, B) = 0 for all
i > 0. In other words, M has no extensions with projective modules. Dually, a B-module N is said to be
injectively Cohen-Macauley if Ext’ (B, N) = 0 for all i > 0.

We denote by CMP B and CMI B the full subcategories of mod B whose objects are the projectively
Cohen-Macauley modules or the injectively Cohen-Macauley modules, respectively. Both categories are
Frobenius categories. The projective-injective objects in CMP B are are precisely the projective B-modules,
whereas the projective-injective objects in CMI B are precisely the injective B-modules. The corresponding
stable categories CMP B and CMI B are triangulated categories. The syzygy operator €2 in mod B is the
inverse shift in CMP B, and the cosyzygy operator Q! in mod B is the shift in CMI B.

The Auslander-Reiten translations induce quasi-inverse triangle equivalences [BR] Chapter X]

(2.1) 7:CMPB - CMIB 7 ':CMIB — CMP B.

Moreover, by Buchweitz’s theorem [Bul, Theorem 4.4.1], there exists a triangle equivalence between CMP B
and the singularity category D(B) /Dger 7(B) of B. Keller and Reiten showed in [KR] that the category
CMP B is 3-Calabi-Yau. The following result was proved in [GES].

Theorem 2.2. Let M be an indecomposable module over a 2-Calabi-Yau tilted algebra B. Then the following
are equivalent.

(a) M is a non-projective syzygy;
(b) M € ind CMP B;
(c) Q475 M = M.

We may therefore use the terminology “syzygy” and “Cohen-Macauley module” interchangeably.
For convenience of the reader, we give a proof of the following fact.

Proposition 2.3. The category CMP B is closed under extensions.

Proof. Let 0 L M N 0 be a short exact sequence in mod B with L, N € CMP B.
Applying the functor Homp(—, B) yields an exact sequence

.. —— Ext’y(N, B) — Ext’; (M, B) — Ext’y (L, B) — ...
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FIGURE 2. 7/ is the 2-pivot of v fixing the endpoint a and 7" is the 2-pivot of ~ fixing the
endpoint b.

=2

for every i > 1. Now Ext’ (N, B) = Ext';(L, B) = 0, because N and L are Cohen-Macauley modules. Thus
Extz (M, B) = 0, and hence M € CMP B. O

Corollary 2.4. Let M € CMP B. Then M is rigid in CMP B if and only if M is rigid in mod B. O

2.3. Translation quivers and mesh categories. We review here the notions of translation quiver and
mesh category from [Ril [Ha]. These notions are often used in order to define a category from combinatorial
data. Examples of such constructions are the combinatorial constructions of cluster categories of finite type
in [BM], BM2] [CCS| [ST].

A translation quiver (T',7) is a quiver I = (T'g, I'1) without loops together with an injective map 7: T'{, —
Ty (the translation) from a subset I'{j of Ty to I'g such that, for all vertices x € T', y € T'g, the number
of arrows from y — x is equal to the number of arrows from 7z — y. Given a translation quiver (I',7), a
polarization of T is an injective map o : I'} — I'1, where I'} is the set of all arrows a: y — = with z € T'{,
such that o(a): T — y for every arrow a: y — x € T';. From now on we assume that I' has no multiple
arrows. In that case, there is a unique polarization of I'.

The path category of a translation quiver (I',7) is the category whose objects are the vertices T'g of T,
and, given z,y € 'y, the k-vector space of morphisms from x to y is given by the k-vector space with basis
the set of all paths from = to y. The composition of morphisms is induced from the usual composition of
paths. The mesh ideal in the path category of I' is the ideal generated by the mesh relations

My = Z ola)a

ay—T

for all z € T7,.
The mesh category of the translation quiver (T', 7) is the quotient of its path category by the mesh ideal.

2.4. The category of 2-diagonals of a polygon. Let S be a regular polygon with an even number of
vertices, say 2N. Let R be the automorphism of S given by a clockwise rotation about 180/N degrees. Thus
R?Y is the identity.

Following Baur and Marsh, we define the category Diag(S) of 2-diagonals of S as follows. The indecom-
posable objects of Diag(S) are the 2-diagonals in S. Recall that a 2-diagonal is a diagonal of S connecting
two vertices such that the two polygons obtained by cutting S along the diagonal both have an even number
of vertices and at least 4. In particular, boundary segments are not 2-diagonals.

The irreducible morphisms of S are given by 2-pivots. We recall the definition below. An illustration is
given in Figure 2]

Definition 2.5. Let v be a 2-diagonal in the checkerboard polygon S and denote its endpoints by a and
x. Denote by b the clockwise neighbor of a, and by ¢ the clockwise neighbor of b on the the boundary of S.
At the other end, denote by y the clockwise neighbor of z, and by z the clockwise neighbor of y on the the
boundary of S.

Unless a and z are neighbors on the boundary, the 2-diagonal v’ connecting a and z is called the 2-pivot
of v fixing the endpoint a.

Unless ¢ and x are neighbors on the boundary, the 2-diagonal 4" connecting ¢ and z is called the 2-pivot
of v fixing the endpoint x.
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Let I" be the quiver whose vertices is the set of 2-diagonals in S, and there is an arrow from the 2-diagonal
7 to the 2-diagonal 4/ precisely if 4’ is obtained from « by a 2-pivot. Then the pair (I', R=2) is a translation
quiver.

Definition 2.6. [BM] The category Diag(S) of 2-diagonals in the polygon S is the mesh category of the
translation quiver (I', R=2).

2.5. The 2-cluster category of type A. In this subsection, let H be the path algebra of a Dynkin quiver
of type A,.. Let C? denote the 2-cluster category of type A,.. This category is defined as the orbit category of
the bounded derived category D°(mod H) by the functor 7, '[2]. Here 7p is the Auslander-Reiten translation
and [2] = [1] o [1] is the second power of the shift functor in the derived category. Thus

C? = D’(mod H) /75" (2].
This category was introduced in [Kl [T], and was studied in [BRT} Y], [Tor].

Theorem 2.7. [BM] Let S be a polygon with 2N vertices. Then the category Diag(S) is equivalent to the
2-cluster category of type An_s.

Under this equivalence each 2-diagonal of S corresponds to an indecomposable object in C2. Moreover,
there exists a nontrivial extension between two indecomposable objects in C? if and only if the corresponding
2-diagonals cross. And the maximal sets of non-crossing 2-diagonals, or quadrangulations, correspond to the
cluster-tilting objects in C2.

In particular, since every indecomposable object in C? is rigid, we have the following.

Corollary 2.8. FEvery 2-diagonal is a rigid object in the category Diag(S).

Remark 2.9. Baur and Marsh actually proved more generally that the category of m-diagonals is equivalent
to the m-cluster category of type A.

3. CONSTRUCTION AND PROPERTIES OF THE CHECKERBOARD POLYGON

3.1. The construction. In this section, we define dimer tree algebras as a class of 2-Cababi-Yau tilted
algebras by imposing restrictions on the quiver and specifying the potential. We start by constructing a
checkerboard polygon S from the quiver @ in three steps. First, we associate the dual graph G to @, then
we construct the twisted completed dual graph G from G, and finally we obtain the checkerboard polygon
S as the medial graph of G. The smallest example of the construction is given below. The definition of the
algebra B is given at the end of this subsection, because in order to define the signs of the terms of the
potential, we first need to introduce a distance function on the dual graph.

Ezxample 3.1.

SN, T N A

G

Q G

A larger example is given in subsection [3.2}
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3.1.1. The quiver Q. A chordless cycle in a quiver @ is a cyclic path C =z = 21 — -+ = 2 = x( such
that x; # x; if ¢ # j and the full subquiver on vertices xo, T1,...,%; is equal to C. The arrows that lie in
exactly one chordless cycle will be called boundary arrows and those that lie in two or more chordless cycles
interior arrows of Q).

Definition 3.2. The dual graph G of @ is defined as follows. The set of vertices Gy is the union of the set
of chordless cycles of @ and the set of boundary arrows of (). The set of edges G is the union of two sets

called the set of trunk edges and the set of leaf branches. A trunk edge C —>— €’ is drawn between any

e}

pair of chordless cycles (C, C”) that share an arrow «. A leaf branch C « is drawn between any pair
(C, ) where C is a chordless cycle and « is a boundary arrow such that « is contained in C.

Definition 3.3 (The quiver). Throughout the paper, we let @ be a finite connected quiver without loops
and 2-cycles satisfying the following conditions.

(Q1) Every arrow of @ lies in at least one chordless cycle.
(Q2) The dual graph of @ is a tree.

The following properties follow easily from the definition.

Proposition 3.4. Let Q be a quiver satisfying Definition[3.3.
(1) @ has no parallel arrows.
(2) Q is planar.
(3) For all arrows o of Q,
(a) either a lies in exactly one chordless cycle,
(b) or « lies in exactly two chordless cycles.
(4) Any two chordless cycles in Q) share at most one arrow.

Proof. (1) Suppose «a, 8 are parallel arrows in @ and let C' be a chordless cycle containing «. Then the full
subquiver on the vertices of C' also contains f3, so it does not equal C, a contradiction.

(2) Let G be the dual graph of Q). Since G is a tree, there is a planar embedding of G. With respect
to this planar embedding, we can reconstruct the quiver as follows. We get a subdivision of the plane into
unbounded regions by extending the leaves of G to infinity. Each region corresponds to a vertex in Q. Each
edge in G corresponds to an arrow connecting the vertices of the two adjacent regions. This gives a planar
embedding of Q.

(3) If an arrow « lies in three (or more) chordless cycles Cy, Cs, Cs then « gives rise to the following three
edges Ch7 — Cy — C3 — (4 in G, contradicting that G is a tree.

(4) If two chordless cycles share two arrows, then there would be two edges between the corresponding
vertices in G contradicting (Q2). O

Remark 3.5. We could relax Condition (Q2) and allow G = G’ [[ G” to be a disjoint union of trees that corre-
spond to disjoint subquivers Q’, Q" each satisfying Deﬁnition and there is exactly one arrow from one to
the other and this arrow is not contained in a relation. In that case the algebra is a triangular matrix algebra
and using [Z, Theorem 3.3] together with [CGLL Lemma 3.7] we get that CMP B = CMP B’ [[CMP B”. In
particular, we can relax conditions on the quiver by allowing arrows « on which there are no relations such
that @ \ {a} is disconnected.

The condition that the tree G has no cycles seems more serious. If G were allowed to have cycles our
construction would not yield a polygon but a more complicated surface. It is an interesting question if the
results and conjectures of this paper generalize to that setting.

3.1.2. The twisted completed dual graph G. If @ has exactly one chordless cycle the twisted dual graph Gis
defined to be the dual graph G. Suppose now that @) has at least two chordless cycles. Then there exists
a chordless cycle Cy that is connected to exactly one other chordless cycle C;. We are going to twist the
graph G at every trunk edge in the following way.

We label the chordless cycles Cy, C1, Co, ..., Cs in such a way that the length d(¢) of the unique path from
Cy to C; in G satisfies the condition d(i) < d(j) if 7 < j.

To construct é, we start with G and twist at the edge Cj
component of G\ « that contains Cp, flip the other component and reconnect the two components via a.
Call the result G;. An example is given below.

[e3

C , meaning that we keep the connected
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‘ ‘ / twist along « ‘ ‘

Gy — — s =y — —
| N

Recursively, the graph G; is the twist of the graph G;_; along the last edge on the unique path from Cy to
Ci. After s steps, we have twisted once along every trunk edge of G and we obtain the graph G;.

To define the graph G, we complete the graph G, as follows. For every pair of neighboring leave vertices
a, B in G

e we add an edge «

0, if the resulting face has an even number of edges; or

e we add a new vertex x and two edges « T, x B , otherwise.
An example is shown below.
« I} completes to « I5)
—
[ ] [} L) [} [ ] L) [ ] L)
e 8 completes to Q@ x B
—
[ ] [ ] [ ] [ ] [ ] L]

Note that in both cases the vertices «, 8 of G lie in a face that has an even number of vertices. Moreover
Go=GoU {completion vertices} and G, =G U {completion edges}.

We denote by G- the set of bounded faces of G. By construction, every face in G> has an even number (>4)
of edges and at least one and at most two of them are completion edges.

3.1.3. The checkerboard polygon S. Recall that the medial graph M(H) of a planar graph H is defined as the
graph that has one vertex for each edge of H, and two vertices are connected in M (H) if the corresponding
edges in H are consecutive in one of the faces of H. B

The checkerboard polygon S is obtained from the medial graph of G by adding one edge for every leaf
vertex of G. The faces of S come in two types: faces that surround a vertex of G and faces that sit inside a
face of G. We think of S as a polygon with checkerboard pattern where the shaded regions are those coming
from vertices in G, thus from the chordless cycles and the boundary arrows in Q.

Remark 3.6. If we started with the opposite quiver we would obtain the same checkerboard polygon. To
fix orientations, we shall always assume that the first chordless cycle Cy of the quiver ) corresponds to
running around the associated shaded region of the polygon & in counterclockwise direction. Then the other
chordless cycles in the quiver also correspond to the counterclockwise direction in their respective shaded
regions, since we use the twisted dual graph. Indeed, in the quiver, the orientation of the chordless cycles
alternates between clockwise and counterclockwise, and when twisting the dual graph all chordless cycles
acquire the counterclockwise orientation.

The interior vertices of S correspond to arrows in @), and every interior vertex has degree four. An edge in
S may connect two interior vertices, or an interior vertex and a boundary vertex, or two boundary vertices.

An edge in S that connects two interior vertices a, 8 carries the label 4, where 7 is the unique vertex in @
that is shared by the two arrows a and .

Every shaded boundary region in S contains precisely one boundary edge as well as two interior edges that
meet at an interior vertex a.. The two interior edges are labeled by the starting vertex s(«) and the terminal
vertex t(«) of the arrow « in @ such that, when running around the shaded region in counterclockwise order,
we go along s(«) towards o and along ¢(«) away from «. The boundary edges in S are not labeled.
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3.1.4. The algebra B. We are now ready to define the algebra we are going to study.

Definition 3.7. Let Q be quiver satisfying the conditions of Definition [3.3| and let W be the potential
W = ZZ: (—=1)4C;. Then the Jacobian algebra over k of (Q, W) is called a dimer tree algebra.

We are going to show in subsection [3.4] that every cyclic path in @ is zero in B and that any two nonzero
parallel paths in @ are equal. In particular, this implies that dimer tree algebras are finite-dimensional and
thus 2-Calabi-Yau tilted.

3.2. Example. Let @ be the quiver below. It has 5 chordless cycles and 8 boundary arrows. We have
labeled the arrows in red.

EN|

Its dual graph G below has 5 trunk vertices labeled Cy, ..., Cy which correspond to the 5 chordless cycles
in Q. It also has 8 leaf vertices labeled in red which correspond to the boundary arrows in Q.

1 2 3

4 C 0 Cl CQ CS C4 5

6 7 8

The twisted completed dual graph G is shown below. Note that the vertices 1 and 2 are now at the
bottom because they have been involved in an odd number twist operations, while the vertices 3,7, and 8
have not changed position, since they have been involved in an even number of twists. The completion step
has introduced 4 completion vertices marked by a dot in the figure below and 12 completion edges which
create 8 bounded faces.

4 Co Ch Cy Cs Cy 5
. 6 1 7 2 8

The polygon S is shown below. The medial graph of G is drawn in blue and the 8 extra edges that come
from the 8 leaf vertices of G are drawn in red. The faces that correspond to a vertex of G are labeled by that
vertex as follows: the faces Cy,...,Cy are labeled in black and the faces corresponding to the leaf vertices
1,2,...8 are labeled in red. The interior vertices of S correspond to arrows in (). We have labeled only those
vertices that correspond to the interior arrows «, 3, J, €, since the labels of the remaining interior vertices of
S are the same as the red labels of the adjacent boundary regions.

./ \ / \
/\/\/\/\/\/\
N o N N N NS
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Each interior edge of S carries a blue label that corresponds to a vertex of (). For example, the edge
connecting the vertices a and 8 in S is labeled by the vertex 6 of ), since 6 is the common vertex of the
arrows a and .

Moreover, the vertex shared by the faces labeled Cy and the red 6 corresponds to the arrow labeled 6 in
the quiver. This arrow shares the vertex 6 with the arrow «, so the label on the southeast edge of the face
Cy is labeled by a blue 6.

The polygon S with its checkerboard pattern is redrawn in Figure|3] The shaded regions are those labeled
by a vertex of G.

FI1GURE 3. The checkerboard polygon in the example of Section [3.2] The diagonals shown
are called radical lines, they are labeled by the vertices of the quiver (). The crossing points
of two radical lines represent an arrow in the quiver and the interior shaded regions represent
chordless cycles in Q. The boundary shaded regions correspond to the boundary arrows of

Q.

Conjecture claims that the syzygy category CMP B is equivalent to the category of 2-diagonals. To
illustrate this, we compute the projective resolutions of the syzygies below.

Let v denote the radical line p(4) in Figure [3 Note that 7 crosses the radical lines p(3) and p(8). Then
~ represents the projective presentation

P(3) M, 0

and we see that M, = rad P(4) = 2. Thus the radical line v = p(4) represents the projective presentation of
the radical of P(4). The map f, factors through the syzygy QM. = S(8) of M, whose projective presentation

P(8) QM. 0

is represented by the 2-diagonal Ry where R is the clockwise rotation about the angle 27r/12. Notice that Ry
crosses the radical lines p(8) and p(4) corresponding to the projective modules in the projective presentation.

We can continue this procedure and represent the projective presentation of the higher syzygies QiM,Y by
the rotations Ry of the diagonal . In particular, after 12 steps we come back to where we started because
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the polygon has 12 vertices. The complete projective resolution is shown below over two lines.

(6) = P(2) & P(5) —— P(1) & P(7) -->

P(1) —=P
B NPZ N WA W

8

0~ Ut
IR

> P(3)® P(6) — P(2) ® P(8) — P(7) — P(4) P(8
v \36/ ., /\/\/ \/ \

3

This projective resolution corresponds to the rotation orbit of the diagonal p(4) in the polygon. This
orbit contains all the 2-diagonals that cut the polygon into a quadrilateral and a decagon. In the module
category of B this yields 12 indecomposable non-projective syzygies.

In the polygon, there is precisely one other orbit under the rotation and it contains all the 2-diagonals
that cut the polygon into a hexagon and an octagon. This orbit also yields 12 indecomposable syzygies.

The Auslander-Reiten quiver of the syzygy categories CMPB and CMPB are given below.

P(5)

N N /\%M“
\/\/\/\/\/\/

18
24

/\/\/\/\/\/\

%77

\/\/\/\/\/\/

\/8

B[]

[
OO\]

17
8

2's
2 1

\2/3\/\/\ /\/\/
/\/\/\/\/\/\

\/\/\/\/\/\/

Notice that the second syzygy (2 corresponds to the inverse Auslander-Reiten translation 7= in CMP B.

23 _ 4 _ _—13
For example, 2923 = 3 =77"2.

Lol (o]
[eoh [orle)

Ezample 3.8. The checkerboard polygon S from Figure [3] can be embedded into the alternating strand
diagram on a disc with the same number of boundary vertices shown in the left picture in Figure The
orientation of the strands is such that the shaded regions are oriented while the white regions are alternating.
The corresponding dimer algebra on the disc is given by the quiver on the right in the same figure. Each
vertex represents a white region in the alternating strand diagram and two regions are connected by an arrow
if they share a crossing point.
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20 9

N TN
. n NN
\ ﬂ N

17 12 17<—35

|1 /7

! 7 16 1

2
16 2 6 9 \ i’
15

FIGURE 4. An alternating strand diagram that contains the checkerboard polygon of Fig-
ure |3| and its corresponding quiver.

—

The full subquiver on the vertices 1, 2, ..., 8 is equal to the twisted quiver @ of  in the sense of Bocklandt
[Bo]. The vertices 9, 10, ...20 are frozen vertices. This quiver gives a seed for a cluster algebra associated
to a certain positroid variety in the Grassmannian Gr(5,12). The dual graph of @ is equal to the twist of
the dual graph of Q.

Thus the checkerboard polygon models the syzygy category of the Jacobian algebra of () and at the same
time it models a seed in the cluster algebra of the twisted quiver @

3.3. Properties of S. We have already observed that the interior vertices of the checkerboard polygon
S correspond to arrows in the quiver @, and the shaded regions in S correspond to chordless cycles and
boundary arrows in Q.

Lemma 3.9. Let a be an interior vertex of S and let B;,1 = 1,2,3,4 be the four vertices connected to « in
clockwise order. Denote by x; the label of the edge a—p3; in S. Then z; = ;42 and x; # x;+1, where the
addition in the indices is modulo 4. Thus the opposite edges carry the same label.

Proof. The vertex a corresponds to an arrow in ) and the four labels z; must be taken from the endpoints
s(a),t(a) of a in Q. Consider a pair of consecutive edges a—0;, a—0;+1 that are part of the same shaded
region in §. Assume first that this shaded region has no side on the boundary of S. Then the region
corresponds to a chordless cycle C' of @ and the three arrows f3;, a, ;41 form a subpath of C. In particular,
the arrows f3;, & have the starting vertex s(a) of « in common, while the arrows «, ;11 share the terminal
vertex t(a) of a. Thus z; = s(a) and z; 41 = t(«). Now assume that the shaded region is labeled by a
boundary vertex of Q. Then we also have x; = s(«) and z;11 = t(«), by definition of the labeling. Because
of the checkerboard pattern, the same argument shows that z;, 2 = s(«) and z;43 = t(«). Moreover, since
the quiver ) does not contain any loops, we have x; # x; + 1. O

Definition 3.10. The piecewise linear curve p(i) given as the union of edges in S that carry the label i
will be called the radical line of the vertex i € Qg. The polygon & together with the system of radical lines
{p(3@) | i € Qo} will be called the checkerboard polygon of Q.

Remark 3.11. We shall show in Proposition that p(i) corresponds to the radical of the projective P(i)
at vertex ¢.

It follows from Lemma that p(4) is connected and starts and ends at the boundary of S. Since G is a
tree, we also know that p(i) does not intersect itself. It is always possible and often convenient to draw p(i)
as a smooth curve. Sometimes, we can draw p(i) as a straight line segment, see for example Figure
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3.3.1. White regions.

Lemma 3.12. (a) Fwvery white region in S has an even number of edges with distinct labels, and either
exactly one boundary verter or two boundary vertices connected by a boundary edge.
(b) Every boundary vertex in S is incident to exzactly one white region and one or two shaded regions.
(¢c) Ewvery boundary vertex in S is incident to at least one and at most two radical lines.

Proof. (a) By construction, the faces in G have an even number of edges, hence the white regions have an
even number of vertices, thus edges. The edge labels are distinct because of Lemma [3.9] and since G is a
tree. The fact that G is a tree also implies that the white region has at least one vertex on the boundary.
Moreover, it has exactly two boundary vertices connected by a boundary edge precisely if it comes from a
face of G which has a completion vertex.

(b) The shaded boundary regions correspond to boundary arrows in ) and the two boundary vertices of
a shaded boundary region correspond to the endpoint of that arrow. In particular, every shaded region has
exactly two boundary vertices. This implies that every boundary vertex x is incident to exactly one white
region W. Moreover, if x is the only boundary vertex of W then x is incident to two shaded regions and if
W contains a second boundary vertex then z is incident to only one shaded region.

Part (c) follows directly from (b). O

Lemma 3.13. Let W be a white region in S, with interior edges labeled 1,15, ..., starting at the boundary
and going around W in the clockwise direction.

(a) There is a unique path (W) = a;, oy - o, _, in Q and a corresponding sequence of distinct chordless
cycle C1,Ca, ..., Ci_2 in Q such that a;; is an arrow i; — ij41 and o, 18 a subpath of Cj =
Oy Oy O,; :

(b) There are two unique paths v1(W) = C[_,C{_,---Cl and vo(W) = C}_3C;_5---C} witha =1,b =2
if t is odd, and a = 2,b=1 if t is even.

(¢) The full subquiver Q(W) of Q whose vertices are those visited by ¢(W),01(W), or v2(W) is the quiver
given by the union of the cycles C1,...,Ci_s, and this quiver is equal to the full subquiver generated
by ¢(W) if and only if all C; are 3-cycles.

Proof. (a) Every edge ¢; in the sequence bounds W on one side and a shaded region, hence a chordless
cycle C, on the other side. The vertices a,,...,0;,_, of W correspond to arrows in () that lie in ex-
actly two chordless cycles in (). Say «;; lies in the chordless cycles C;_1 and Cj;. Then the sequence
Ci,a4,,Co, iy, ..., a4,_,, Cy_o defines a path in the trunk of G. In particular, C; # Cy, since G is a tree.

(b) We need to show that the paths are well-defined. Since C; = a;;a;,,,C’ is a cycle starting at 47, and
the arrow a;,,, ends at i;19, we see that C is a path from 4,5 to i;. Therefore the terminal point C?, , is
the starting point of C7.

(¢) By definition the vertices of Q(W) are precisely those in the cycles, and the path ¢(W) visits all of
them if and only if every C]’- is a single arrow, or, equivalently, if C; is a three cycle. Moreover, each arrow
contained in the cycles also lies in one of the paths ¢(W), 01 (W) or va(W). There are no other arrows in
Q(W) because the dual graph of @ is a tree. ]

Definition 3.14. Let W be a white region. The path ¢(W) is called the cycle path of W and the paths
v; (W) are called the mazimal valid paths of W.

Remark 3.15. The cycle path ¢(W) goes clockwise around the white region W while the valid paths v; (W)
go counterclockwise.

Ezample 3.16. In the example in Section there are 8 white regions. The corresponding paths are listed
below, starting with the large white region and going clockwise around the polygon shown in Figure [3]
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1 2 3<—14 3<—14 4 2—=3
ANON T T |
4 B € 5 5 €
5 6 7 8 7—8>8 7—8>8
9_2.3 119 1—>2 1
: | AN |
B 4
The corresponding maximal valid paths are
1—1s2-2.3 4 3 4 3<2 4 2 3<2 4
b N
556172538 72538 7 8 7 8
2 3 1 2 1 2 1
i SO VR B AN
6 7 6 7 5 6 5 6

Proposition 3.17. There is a bijection

@: {white regions in S} — {boundary arrows in Q}
W +—— first arrow in ¢(W)

given by mapping the white region W to the first arrow of its cycle path ¢(W). Moreover, W has ezactly two
vertices on the boundary of S, if ¢(W) is of even length, and W has exactly one vertex on the boundary,
otherwise.

Proof. Notice first that the map ¢ is well-defined by Lemma [3.13]

Every boundary arrow « of ) determines a unique shaded region at the boundary of & which in turn
is adjacent to precisely two white regions W7 and W5. For one of them, say W7y, the arrow « is the initial
arrow in the path ¢(W7), thus o = o(W7) and ¢ is surjective. On the other hand, « is the terminal arrow in
¢(W2) which shows that ¢ is injective.

It remains to show the statement on the number of boundary vertices in W. If the path ¢(W) has even
length then it goes through an odd number of vertices, and thus W has an odd number of edges in the
interior of S. Similarly, if ¢(W) has odd length then W has an even number of edges in the interior of S.
Now the statement follows from Lemma B.12 O

Thanks to Proposition we can label the cycle paths by the boundary arrows of the quiver. Part (a)
of the following definition is a reformulation adapted to this point of view.
Definition 3.18. Let o be a boundary arrow in Q.
(a) The cycle path of a is the unique path c(a) = ajag - - - ay(q) such that
(i) a1 = a and ay(,) are boundary arrows, and aa, ..., Qy)—1 are interior arrows,

(ii) every subpath of length two a;c 41, is a subpath of a chordless cycle C;, and C; # Cj if i # j.
(b) The weight wt(«) of « is defined as

ta) = 1 if the length of ¢() is odd,;
WHAT= 2 if the length of c(w) is even.

The proposition yields the following important formula for the size of the polygon.

Corollary 3.19. The number of boundary edges in S is equal to
> wi(a),

where the sum is over all boundary arrows of Q.
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Proof. Each of the boundary edges in the shaded regions of S corresponds to a unique boundary arrow in Q).
According to the proposition, each boundary in a white region corresponds to a unique boundary arrow «
in @ whose cycle path c(«) is of even length. Now the result follows from the definition of the weight wt(«)
of a. g

Ezxample 3.20. In our running example, there are 8 boundary arrows and their white region paths are listed
in Example We have wt(a) = 2 for the arrows a = 3,5, 8,4, and wt(«) = 1 for the arrows o = 2,7, 1, 6.
Thus Corollary implies that the polygon has 12 sides.

Lemma 3.21. The number of boundary vertices of S is even and at least 6.

Proof. Let m be the number of boundary vertices of S. By construction, m is the number of boundary edges
in G, and we use induction on the number of faces in G. Since Q has at least one chordless cycle, which is
at least of length 3, the smallest possible case is the one shown in Example Thus m > 6 and G has at
least 3 faces.

Choose a face of G. Let 2a be the number of edges of the chosen face, and denote by b the number of
its edges that lie on the boundary of G. When we remove that face from é, the difference in the number of
boundary edges between G and the resulting graph is —b + (2a — b) = 2(a — b) which is even, so the parity
is preserved. This shows that m is even. O

3.3.2. Radical lines and 2-diagonals.
Lemma 3.22. The radical lines p(i) and p(j) cross if and only if there is an arrow i — j or j — i in Q.

Proof. If p(i) and p(j) cross then there is an interior vertex « in S that lies on both p(i) and p(j). Thus «

corresponds to an arrow in @ that connects i and j. Conversely, if i — j is an arrow in @ then there is
an interior vertex « in S which is of degree 4. By Lemma « lies on both p(i) and p(j). O

Corollary 3.23. There is an even number of boundary arrows o in Q whose white region path w(a) is of
odd length.

Proof. This follows from Corollary [3.19) and Lemma [3.22} O

Recall that a 2-diagonal in a polygon is (the homotopy class of) a diagonal such that the dissection of
the polygon along this diagonal consists of two polygons each with an even number of sides.

Lemma 3.24. Each radical line p(z) is a 2-diagonal in S.

Proof. We proceed by induction on n, the number of vertices in Q. If n = 3, we are done by Example
Suppose that n > 4. We consider two cases.

(a) Suppose first there exists a boundary arrow zi> 7 and such that the unique chordless cycle
containing f is of length at least 4 and there are no interior arrows at ¢ or j. In this situation, we define a
new quiver Q' by contracting the arrow 3, meaning that we identify the vertices ¢ and j and remove [, see
below.

i< h yh
Q Bl — Q' ij

At the level of G the edge 8 bounds two faces F, F>. Since a and v are boundary arrows in @, both F;

k

have 4 vertices one of which, say v;, is a completion vertex, ¢ = 1,2. The graph G’ can be obtained from G
by removing the edge 3 together with the two boundary edges 1nc1dent to it, and identifying the vertices vq
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and vg, see below.

U1 ° [
a / a
~ 8 —
G ° o — G’ V1V3 )
Rl \ ¥
(%) o °

At the level of S, the vertex 8 is the crossing point of the radical lines p(¢) and p(j). The two shaded regions
at this crossing are a triangular boundary region on one side and an interior region with at least 4 sides
corresponding to the chordless cycle in @ that contains the arrow . The two white regions at the crossing
are quadrilaterals coming from the faces Fy, F5 of G. The vertex § is connected to the two vertices o and
because there are no interior arrows at ¢ and j. Moreover « and 7y are each a vertex of a triangular boundary
region, because they are boundary arrows in (). The polygon &’ can be obtained from S by removing the
shaded boundary region at § together with the two adjacent boundary edges, and replacing the two edges
B—a, p—y with one edge a—y and closing the white region with one edge on the boundary, see below.

Now consider the two polygons obtained by cutting S along the radical line p(z). If i = z or i = y then p(x)
is clearly a 2-diagonal and we are done. If = # 4, j, then one of the two polygons is also obtained by cutting
S’ along p(z). By induction, this polygon has an even number of boundary edges, and by Lemma the
other polygon as well. This completes the proof in case (a).

(b) Suppose we are not in the situation of case (a). Then there exists a boundary arrow «: ¢ — j that
lies in a unique 3-cycle C = i —— j ., k such that § is also a boundary arrow, and -y is an interior

\_/

5
arrow. We define a new quiver @’ by removing the vertex j and its adjacent arrows «, 3, see below.

v — Q' T'y
k k

At the level of é, the cycle C is a vertex with 3 edges a, 3,77. The two edges a and S connect C' to the
boundary vertices o and (8, forming a quadrilateral with vertices C, o, § and a completion vertex w. The face
containing the edges o and  has vertices C, o, v1,v9,..., where v; may be a completion vertex. Similarly,
the face containing the edges S and 7 has vertices C, 3, u1, us, ... where u; may be a completion vertex. In
order to illustrate both cases, assume that vy is not a completion vertex and u; is a completion vertex. Label
the/\t/WO edges at u; by e; and es.

G’ is obtained from G by removing the vertices w, S and their adjacent edges, as well as identifying the
vertex C with the vertex u, see below. Note that in G’, the vertex « is a completion vertex and the vertex
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Uo is not.
U1 — V2

1 o —~ ~

w/a
¢ N
Jé]

€1

AR NIV
l
Q
Q
|

Uy o, U2 U2

Now consider §. The cycle C becomes a triangular shaded region with sides labeled 4, j, k and vertices
a, B,7. The adjacent white region towards the boundary is a quadrilateral with edge labels ¢,j,k and a
boundary edge that corresponds to the completion vertex w in G. The adjacent triangular shaded boundary
regions in S correspond to the arrows « and §, and the edge labels are shown in the figure below. The
vertices v; and us are not completion vertices in G gnd therefore give rise to shaded regions in S. On the
other hand, the vertex u; is a completion vertex in G and it does not yield a shaded region in S.

The polygon S’ can be obtained from S by removing the three regions to the left of the radical line p(j)
together with the two edges adjacent to the vertex ey, as well as identifying the vertices 8 and es, see below.

J J
(2 «@
7 7 7
S il ¢ Y — S’ C Y
k k
Bl @
J
(&)
€2 Us

Now consider the two polygons obtained by cutting S along the radical line p(x) with « # j. If « # i,k
then one of these two polygons is also obtained by cutting S” along p(x). Using induction this completes the
proof as in case (a).

Now suppose x = ¢ or x = k. Let A and B denote the two polygons in S obtained by cutting along
p(z) such that the shaded triangle C lies inside B. Similarly, let A’ and B’ denote the two polygons in S’
obtained by cutting along p(z) such that the shaded triangle C lies inside B’. Then, if 2 = i, the polygon
A’ is obtained from A by removing the triangular shaded region on the boundary of S with labels «,1, j.
In particular, A and A’ have the same number of boundary edges. On the other hand, if z = k then A’ is
obtained from A by removing the triangular region at the boundary of S with labels 5, k,j together with
the two edges incident to e; and identifying the vertices 8 and e;. In particular, A has exactly two more
boundary edges than A’, so both have the same parity. By induction, the result follows as in case (a).
Finally, if x = j the result is obvious. O

3.3.3. Orientation of 2-diagonals. We now define an orientation on each 2-diagonal in the polygon S, which
will allow us later to give a direction to the crossing of two 2-diagonals.

The polygon S has an even number of boundary vertices, by Lemma[3.2I] We give a sign to each boundary
vertex in such a way that the signs alternate along the boundary of S. There are exactly two ways of doing
this, and it does not matter which one we choose.

Then a 2-diagonal in S is the homotopy class of a line segment that connects two boundary vertices
of opposite sign. We orient each 2-diagonal in the direction from — to 4. In particular, this defines an
orientation on the radical lines p(7) in the checkerboard pattern of S.

Lemma 3.25. FEach region in the checkerboard pattern in S is bounded by a sequence of segments of oriented
radical lines, and possibly one boundary segment. For a shaded region these oriented segments form an
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oriented path bounding the region. For a white region, the orientation of the segments is alternating around
the region.

Proof. Every crossing point between two radical lines is incident to four regions and, locally, the opposite
regions have the same type of orientation (same direction or alternating) on their boundary segments.
Opposite regions also have the same color. Thus it suffices to show that shaded regions at the boundary of
S satisfy the statement. This however, is easy to see, since such a region has exactly three vertices, one that
is interior and two on the boundary of S, and the two boundary vertices have opposite signs. This implies
that the two segments of the radical lines that bound the region form an oriented path. O

Remark 3.26. The orientation of the radical lines in S is not related to and should not be confused with
the orientation of the arrows in the quiver. Every arrow in () corresponds to an interior vertex in the
checkerboard pattern of S which is incident to exactly two shaded regions. The segments of the radical lines
go clockwise around one of these regions and counterclockwise around the other. Similarly, the segments
around a white region W have alternating orientation, while the path ¢(WW) associated to W in Lemma
is an oriented path in Q.

The orientation of the 2-diagonals allows us to define the degree of a crossing between a 2-diagonal and
a radical line as follows.

Definition 3.27. Let p(i) be a radical line in the checkerboard polygon S, and let v be an arbitrary
2-diagonal that has a crossing with p(i). We define the degree of the crossing to be

0 if p(¢) crosses v from right to left;
1 if p(7) crosses v from left to right.

3.4. Properties of dimer tree algebras. Let B be a dimer tree algebra. In this subsection, we give some
basic properties of the algebra. Throughout we use the notation w ~ w’ to indicate that two parallel paths
w,w’ in Q are equal in B.

We start with a property of the quiver. Recall that @ comes with a fixed embedding in the plane. A
vertex of @ is called a boundary vertex if it is incident to the unique unbounded face Q.

Lemma 3.28. All vertices of Q are boundary vertices.

Proof. Suppose x € Qg is a vertex that is not a boundary vertex. Denote by C1,Cs, ..., the faces of @
that are incident to = in clockwise order. Then every C; is a bounded face, hence a chordless cycle in Q.
Moreover every two consecutive faces C;, C;41 share an arrow «; that is incident to z. This configuration

gives rise to a cycle C 2o, ~Q:ICS % ¢y in the dual graph G, which is a contradiction to condition

(Q2). O

Lemma 3.29. (a) If ay is a boundary arrow and ayas - - g is the unique chordless cycle containing o
then the path as - - - is zero in B.

(b) If aq is an interior arrow and aiag -+ as and a1 -+ - of are the two chordless cycles containing oy
then the paths ag - -+ ag and o - - o are equal in B.

Proof. This follows directly from the definition of the Jacobian ideal. Indeed, in case (a), the arrow «; lies
in a unique chordless cycle, hence in a unique summand of the potential W, and thus the partial derivative
0a, W is exactly equal to the path as---«a,. In case (b), the arrow «; lies in exactly two summands of W,
and thus 9,, W is the difference of the two paths ag - as and af - - - of. O

Proposition 3.30. Every cyclic path in Q) is zero in B.

Proof. Let w be a cyclic path in ). We proceed by induction on the length ¢(w) of w. Since @ is without
loops and 2-cycles, the base case is £(w) = 3. Thus suppose w = a7 is a 3-cycle at vertex z in Q. If « is
a boundary arrow then Lemma [3.29] yields Sy = 0 and thus w = 0. Otherwise, « is contained in a unique
other 3-cycle w’ = af’y’. Again using Lemma we have 8y ~ '+ and thus w ~ w’. Moreover, v # v/,
because x is a boundary vertex, by Lemma Similarly, if 4" is a boundary arrow, then a3’ = 0 and
hence w ~ w’ = 0 in B. Otherwise, 7/ is contained in a unique other 3-cycle w” = o’/ and Lemma
implies w” ~ w’ ~ w. Moreover o' # « because x is a boundary vertex of Q.
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Continuing this way, we either obtain a 3-cycle w®*) ~ w such that w®) contains a boundary arrow, and in
this case w = 0, or we obtain an unbounded number of arrows incident to the vertex x, which is impossible,
since @ is finite. This completes the proof for 3-cycles.

Now let w be a cycle of length ¢(w) greater than 3 and denote its start and terminal vertex by . We may
assume that w does not contain a proper subcycle, that is, w does not visit the same vertex twice except for
2. In other words, the set of all vertices V(w) that lie on w has cardinality ¢(w).

Let G be the dual graph of @, and G° be the graph obtained from G by removing the leaf vertices
(and their edges). Thus G° = (G§,GS) with G5 = {chordless cycles in Q} and G = { C -2 C" |
the chordless cycles C, C” share the arrow a}.

Let R be the full subquiver of @ whose vertex set is V(w). In particular w is a cyclic path consisting of
boundary arrows in R. Note however, since we do not assume that w is chordless, the quiver R may have
arrows that do not lie on w. Let H® be the subgraph of G° associated to R. Since G is a tree, H® is a tree
as well, and we may choose a leaf vertex C' in H°. Thus C = ajas--- a4 is a chordless cycle in R which
has at most one interior arrow, say ai, in R. We may choose C such that the starting point x of w does
not lie on the path as---a;_1. Then the path as---a; must be a subpath of w. Since «a; is an interior
arrow in R, there exists a unique other chordless cycle C! = ajad -+l in R containing «y, and we have
Qg+ -ay ~ ab---al. Let us point out here that the two paths have the same starting vertex and the same
terminal vertex, but they do not have any other vertex in common.

Now define w’ to be the path obtained from w by replacing ag - - - a; with o - - - o, and let V(w’) be the
set of all vertices on w’. Let y = t(ah) € V(w'). Since w’ is a path in R, and R is the subquiver of @ whose
vertices are V(w), we must have V(w’) C V(w). In particular, the vertex y is also a vertex on the path w.
Therefore, the path w’ must visit the vertex y at least twice, and thus w’ contains a proper subcycle w'’
which must be zero by induction. Hence w ~ w’ = 0, and the proof is complete. (]

Proposition 3.31. Any two nonzero parallel paths in Q are equal in B.

Proof. Let z,y € Qo and let v = ajag -+ a5, w = B1P2 - i be two nonzero paths from z to y. Without
loss of generality, we may assume that v and w do not cross each other, because otherwise we would work
with the shorter parallel subpaths instead. We proceed by induction on max{¢(v), {(w)} = max{s,t}. Since
there are no parallel arrows in @, the base case for the induction is when s = ¢ = 2. Then there exists a
path u from y to = such that uwv is a chordless cycle. Since @ has no interior vertices, by Lemma the
path u must be a single arrow. Similarly, there exists an arrow v’ from y to z such that uw is a chordless
cycle, and since () has no parallel arrows we must have u = u’. Therefore v = w by Lemma [3.29

Now suppose that one of s,t is at least 3. Let R be the full subquiver of () whose vertex set is the set
of vertices visited by v or w. From our conditions of @), we conclude that R is a planar graph, and each
of its faces is a chordless cycle. Moreover, since the paths v,w do not share a vertex other than x and y,
the arrows in the two paths v or w are boundary arrows in R and all other arrows in R are interior arrows.
Moreover, all vertices of R are boundary vertices. In particular, the vertex z is the starting point of two
boundary arrows «y and (1.

We are going to show first that the number of chordless cycles in R that contain the vertex x is exactly
two. Indeed, since a; and (; both start at x, there must be at least two such chordless cycles. Suppose
there are more than two. Then there must be at least four and we denote the first three of them by

Cy = 1Cim, Cy = e1Com Cs = 610572

see Figure Let z1 = s(m1), 22 = t(e1) and z3 = s(72). Then all three vertices z1, 22, 23 are vertices of
the subquiver R and thus must lie on one of the two paths v, w. There are two possibilities; either all three
vertices lie on one of the paths or two vertices lie on one path and the third lies on the other. To reach
a contradiction, it suffices to show that neither v nor w can contain two of the vertices z1, 2o, z3, and, by
symmetry and because the paths v, w do not cross each other, it suffices to show that w cannot contain z;
and 2.

Suppose the contrary. Then w must visit z; before z5, because otherwise w would cross itself. Let w; be
the subpath of w from ¢(51) to z1, let wa be the subpath from z; to 2o and ws the subpath from 25 to y, see
the left picture in Figure

Then the path C/ must be an arrow, because otherwise it would run through an interior vertex, which is
impossible. In particular, the path €; C} is shorter than w, and, by induction, we conclude that €;C% ~ Biwy,



22 RALF SCHIFFLER AND KHRYSTYNA SERHIYENKO

FIGURE 5. Proof of Proposition [3.3]]

since both paths are from z to z;. Therefore we have w ~ e;Chwows = 0, by Proposition since Clws
is a cyclic path. This contradiction shows that the number of chordless cycles that contain the vertex x is
exactly two.

We now denote these two chordless cycles by

!
a1 &5 71
Cil=a2x—— ~—>z —>2x and Co=ax——> ~—>2z ——>21x,

see the right hand side of Figure The vertex z; must lie on one of the paths v or w. Without loss of
generality, we assume that z; lies on w, and we write

/61 w1 w2 aq v1
w = x%.wzlw'y and v = :L’Hwy

Then the path C) must be an arrow, because otherwise it would go through an interior vertex, which is
impossible. In particular, we have the following inequalities on the lengths of subpaths £(a;1C%) < £(w),
(Chwq) < l(w) , £(v1) < £(v), and, by induction, we conclude 1 C} ~ 1wy and Chwy ~ v1. Consequently,
v = vy ~ a1 Chwy ~ frwjwy = w. O

An algebra is called schurian if dim Hom(P(%), P(j)) < 1 for all vertices 4, j of Q). With this terminology,
we have the following reformulation of Proposition [3.31]

Corollary 3.32. Fvery dimer tree algebra is schurian.

3.5. Some results toward the main conjecture. In this section we show a few results that hold in the
setting of Conjecture[I.]] We start by showing that two radical lines cross if and only if there is an extension
between the corresponding radicals.

Proposition 3.33. Let p(i) and p(j) be two radical lines in S. Then the following are equivalent.

(a) p(i) and p(j) cross;
(b) there is an arrow i — j or and arrow j — i in the quiver Q;
(¢) Ext'(rad P(i),rad P(j)) @ Ext!(rad P(j), rad P(i)) # 0.

Proof. The equivalence of (a) and (b) was proved in Lemma Suppose now (b) holds and let us assume
without loss of generality the arrow is j — ¢. Then we have the following commutative diagram with exact
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rows and columns,

0 0 0
0 ——rad P(4) X rad P(j) —=0
0 P(i) P(i)® P(j) P(j) 0
f [9: 95] h
0 (i) ) S() 0
0 0 0

where f,g; and h are projective covers, the morphism [9: 9;] is given by the horseshoe lemma and X =
ker [9i 9i]. Since g; is a projective cover, we have X = P(i) @ ker g;. Therefore the top row of the diagram
is a non-split short exact sequence, and thus Ext'(rad P(j),rad P(i)) is nonzero. Hence (c) holds.

Conversely, suppose that (c) holds and assume without loss of generality that the nonzero space is
Ext!(rad P(j),rad P()). Applying the functor Hom(rad P(j), —) to the short exact sequence

0 ——rad P(4) P(i) S(4) 0
yields an exact sequence
Hom(rad P(j), S(i)) — Ext! (rad P(j), rad P(i)) — Ext*(rad P(j), P(i)) = 0

where the last term is zero, since rad P(j) is a Cohen-Macauley module. By assumption, the middle term is
nonzero, and we can conclude the existence of a nonzero morphism f € Hom(rad P(j), S(7)). It follows that
P(j) is supported at vertex 4, thus there is a path j = g — 1 — ... = z, = 4, and this path is unique in
B, by Proposition [3.31} If s > 1 then the morphism f would produce the following commutative diagram

k=rad P(j)y, , —>rad P(j); =k

fws1i lfﬂfo

0="58@z,s ———>S@)i=k
which is impossible. Thus s = 1 and our path is an arrow j — ¢ and (b) holds. O

Proposition 3.34. Let v, R(7) be 2-diagonals in S. Then

(a) add Py(y) Nadd P (y) = {0} and add Py(R(v)) Nadd P, (R(v)) = {0}.
(b) Pa(y) = Po(R(7)).-

Proof. Part (a) follows from the assumption that ~, R(v) are 2-diagonals in S, so they have a minimal
number of crossings with radical lines of S. Then each of them crosses a radical line of S at most once, and
the direction of the crossing then determines whether this radical line gives rise to a summand of Py or P;.

To show part (b), suppose P(j) € add Py(v). Then the radical line p(j) crosses 7 from left to right, see
Figure@ Because the endpoints of v and R(7) are one apart, it follows that the arcs have opposite directions.
Then if p(j) also crosses R(7) then it crosses R(y) from right to left and P(j) € add Py(R(7)). Now, suppose
p(7) does not cross R(y). Then p(j) has a common endpoint with R(vy), which we call . Without loss of
generality suppose the direction of R(v) and p(j) is such that they both end in z. Then p(j) crosses v from
right to left, so P(j) € add Py(y). Then P(j) € add Py(y) N add Py (), which contradicts part (a) of the
proposition. This shows that P(j) € add Po(R(Y)), and more generally that add P;(y) C add Py(R(7)). The
reverse inclusion follows similarly. |
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FIGURE 6. Proof of Proposition [3.34]

Remark 3.35. In particular, the composition Pi(R(7)) M Pi(v) ELN Py(v) is defined. We will show

in Proposition that up to an automorphism of P;(y) this sequence is exact in the case where every
chordless cycle in @) has length three.

4. OBJECTS OF THE SYZYGY CATEGORY

For the remainder of the paper, we let Q) be a quiver satisfying Definition |3.3|and such that every chordless
cycle in @ has length three, and let B denote the corresponding dimer tree algebra. In this section we define
and study the map f, : Pi(y) — Po(7) for each 2-diagonal v in the associated checkerboard polygon S of
size 2N. The main result of this section says that the cokernel of f., is an indecomposable syzygy in mod B,
see Corollary [1.21]

Below we provide an overview of this section.

In Section we introduce the necessary terminology and then present the map f, in Definition
Then we compare the two maps f, and fr(,), where R denotes the clockwise rotation of the arc v by 180/N
degrees. The main result of Section [£:2]is Proposition which shows that the sequence

PLR(M)) 222 Pi(y) 2 By(y)

is exact, where fR(W) is obtained from fr(,) by applying certain isomorphisms. Afterwards we study the
properties of the cokernel of f, which we denote by M.,. By definition, the map f, depends on the choice
of a representative in the homotopy class of the arc 7, and in Proposition of Section we show that
the associated cokernel M, is independent of the choice of . This gives a well-defined map from Diag(S) to
CMP B. The goal of the next subsection is to prove Proposition that M., is an indecomposable module.
Finally, in the last subsection Section [£.5] we combine all these results to conclude that M., the cokernel of
J~, is an indecomposable object in CMP B whose syzygy (M., is isomorphic to Mg, see Corollary
and Theorem £201

4.1. Definition of f,. Let y be a fixed representation of a 2-diagonal in Diag(S) such that it has a minimal
number of crossings with radical lines in S and except for the endpoints 7 crosses one radical line at a time.
Then as we move along 7, it crosses a subset of the radical lines in S in a certain order. Between any two
consecutive crossings of vy with radical lines p(i), p(j) the arc 7 traverses either a shaded region or a white
region in § bounded by p(i), p(7). A pair (¢, 7) is called a crossing pair for 7 if v crosses a shaded region and
it crosses two radical lies p(i), p(j) that bound this region consecutively. Moreover, we always use the letter
for the degree 0 crossing and letter j for the degree 1 crossing. Thus, P(i) € add Py(vy) and P(j) € add Py (y).

Note that every shaded region in S is a triangle, since by assumption every chordless cycles in @ has
length three. This implies that p(i), p(j) always cross v in opposite directions so P(i) and P(j) cannot both
belong to Py(v) or Pi(y). In addition, the vertices 4, j in a crossing pair (4, j) belong to the same 3-cycle in
Q, so they are connected by an arrow ¢ — j or j — i which we call a. In this case, we will sometimes use

(i

j) to denote the crossing pair (4, 7).
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Choosing a representative of v determines the corresponding order on the crossing pairs. At the endpoints
v may cross only one side of a shaded region which lies on the boundary of §. In what follows, this crossing
will simply be denoted by (¢) or (j) depending on whether it gives a summand of Py(y) or Py (7) respectively.
Given v we define a crossing sequence for ~y

(i0) or (jo), (i1, 41), (32, 52), - - (in, Jn), (fns1) OF (jnt1)
to be a complete ordered set of crossing pairs for v for some n > 0 and where i;, denotes the degree 0 crossing
and ji denotes the degree 1 crossing of the pair (i, jx). Note that depending on the end behavior of ~ the
elements 149, jo, in+1, jn+1 May or may not appear in the crossing sequence for . Here, we depict the most
general case.

Remark 4.1. The crossing sequence for a fixed - is unique up to reversing the order. However, different
representatives v,7’ of a 2-diagonal in Diag(S) can give different crossing sequences.

Next we introduce two important notions needed to define the map f,.
Definition 4.2. We say that a path w in the quiver @ is valid if no two arrows in w lie in the same 3-cycle.

Remark 4.3. A valid path in @ is nonzero in the algebra B because such a path does not contain any
relations. Therefore, there is at most one valid path between any two vertices of Q.

We will often use z ~ y to denote a path in the quiver starting at vertex = and ending in vertex y.
Definition 4.4. Let the crossing sequence for v be as follows

(i0) or (jo), (i1,41), (92, 52), - (ins Jn), (fns1) OF (jnt1)
and let s,t € {0,...,n+ 1}. For |s — ¢t| = 1, we say the step from s to ¢ in the crossing sequence is forward
if there exists a valid path is ~ j; or a valid path js ~ i;. For general s,t € {0,...,n+ 1} and s # ¢, the
subsequence of the crossing sequence from s to t is forward if each of its steps is forward.

Definition 4.5. Let v be a fixed representative of a 2-diagonal in Diag(S) with crossing sequence

(iO) or (jO)a (ilajl)v (i23j2)7 cey (inajn)v (in—i-l) or (jn+1)-
Let Pi(y) = @, P(ji) and Py(y) = @, P(4;) and define

fyi Pi(v) — Fo(v)
by setting
Jrent PGt) — Pis)
the multiplication by the path w : is ~ j; in Q unless s # ¢ and
(i) the subsequence of the crossing sequence from s to t is not forward, or
(ii) the path w is not valid
and in these cases we define f,, . =0.

Remark 4.6. In the definition of the map f, condition (i) does not imply condition (ii). For example, suppose
that there is a 2-diagonal « such that (is,4s), ..., (is+3,Js+3) is a subsequence of its crossing sequence and
that these vertices form a full subquiver of @) given below.

Js+3 = ls43
b
Js <" ls+1 > Js+2
AR
lg <— ]s—i—l —> lg42
Then the step from s to s+ 1 is not forward, so the map f, will not contain the path iy — ts41 — js43
even though this path is valid.

Note that, for s # ¢, if f,, , # 0 then the path w is valid and all steps from s to ¢ are forward. Also, if
s =t then i, js are connected by an arrow and lie in a common 3-cycle, so there is a path w : ig ~ js in Q.
If there is an arrow « : iy — js in @ then w = a, and if there is an arrow « : j; — 75 then the path is given
the composition of two other arrows i, — & — j, in this 3-cycle.
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Remark 4.7. By Proposition if there is a path from is to j; in @ then it is unique in the algebra B,
so the map f, is well-defined. It is not a generic map in general, as there may be nonzero paths in () from
is to j; that contain two arrows in the same 3-cycle. We also note that f, depends on the choice of the
representative v of the 2-diagonal, however we will show later in Proposition @ that the cokernel of f, is
independent of the representative and gives an indecomposable object in CMP B.

4.2. Exactness. In this section, given two 2-diagonals in S related by a clockwise rotation R, we define
particular representatives v, R(y) of these 2-diagonals that satisfy certain compatibility criteria. Then we
show that the corresponding maps f,, fr(,) are related as follows ker f, = Im fR(v), where fTR(W) is obtained
from fr(,) by introducing some negative signs. As a corollary we conclude that the syzygy functor Q in
CMP B is given by the clockwise rotation R in S.

Let v be a representative of a 2-diagonal in S, and let f, : Pi(y) — Py(7y) be the corresponding map given

1
-1
in Definition 4.5{ For a positive inter k, let J, = ! 0 denote a k x k diagonal matrix with

0 -
(=t
diagonal entries alternating between 1 and —1. Given a 2-diagonal represented by an arc v we define a new
map fy 1 Pi(y) = Po(v) by fy == Jipy(y) [ 1Py
Remark 4.8. (a) The signs in f, are | + =+ =

(b) The cokernels of f, and f_PY are isorﬁo.rp.hic.' Indeed, this follows from the 5-Lemma applied to the
following commutative diagram with exact rows.

Pi(7) —2> Py(y) ——> coker f, ——= 0 ——>0

%iJ\Pmn %lJ\Pow\ %l :i :i

Pi(y) L> Py(y) —— coker f7 —s0—-0

=

Definition 4.9. Let ~,~’ be representatives of 2-diagonals. We say that v and 7’ are compatible if
(a) whenever (i,7) is a crossing pair for v, and 7’ crosses both p(i) and p(j) then either (¢,7) or (j,1) is
a crossing pair for 4/, or
(b) 7/ = Ry is a representative of the rotation of v and both v,+’ are radical lines.

Remark 4.10. (a) In part (a) of the definition the order of vertices in a pair changes whenever the degree

of the crossings of v and p(i), p(4) is opposite to the degree of the crossings between +" and p(i), p(j).

(b) A radical line has essentially two representatives, one running parallel on the left of the radical line

and the other running parallel on the right. These two representatives will have different crossing

sequences. However, as we shall see in Proposition [£:13] both representatives will induce the same
morphism on projectives.

In this section, we will only be interested in the compatibility of the representatives 7, R(7). The notion
of compatibility means that that the two arcs -y, R(vy) follow each other closely and have the same crossing
sequences except possibly at the ends.

Remark 4.11. For every pair of 2-diagonals in S related by the rotation R there exist representatives -y, R(7y)
that are compatible.

Now we take a pair of compatible 2-diagonals -y, R(y) and consider the sequence of morphisms

TR

PR() 2= By(R(3)) = Pi(y) — = Po(1)
where the equality in the middle follows from Proposition (b).
Proposition 4.12. Let v, R(7y) be a pair of compatible arcs in S. Then ker f,, = Im fR(,Y).
Proof. See section |
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A

FIGURE 7. Proof of Proposition The arc v, is obtained from the arc v; by an elemen-
tary homotopy.

4.3. Homotopy. Recall that the map f, depends on the crossing sequence of a particular representative y
of a given 2-diagonal. In this subsection, we show that the cokernel of f, is independent of the choice of the
representative.

Let v be a representative of a 2-diagonal in §. We shall say that a homotopy of «y is trivial if it fixes the
crossing sequence of -y, and it is elementary if it moves «y across the meeting point p of two shaded triangles
of which ~ crosses all four sides and is trivial elsewhere. For example, the two arcs 7; and 5 in Figure
differ by an elementary homotopy whose point p is the crossing points of the radical lines labeled 1 and 3.

We define the degree of an elementary homotopy to be the degree of the crossing between v and any of the
two radical lines that meet at the point p. We remark that the degree is well-defined because both radical
lines at p cross 7y in the same direction. Indeed, this follows immediately from the fact that the directions of
the radical lines alternate along white regions.

An elementary homotopy of « acts on the crossing sequence of v by replacing two consecutive pairs

(z,w), (y,2) by (y,w), (x,z), if the degree is zero;
(w,z),(2,y) by (w,y), (z,z), if the degree is one.

We are now ready for the main result of this subsection.

Proposition 4.13. Let 1,2 be two representatives of the same 2-diagonal in S. Then coker f., = coker f,,.
Moreover, if the 2-diagonal is a radical line then f, = f,,.

Proof. Suppose first that the arc 7 is not a radical line. It suffices to show that the cokernel does not change
under an elementary homotopy. So suppose 71,72 are as in Figure[7]

The crossing sequences for 71,72 only differ by two consecutive crossing pairs {2,3},{1,4} for v, and
{1,2},{4,3} for 2. Note that the step between these pairs is forward for v; but it is not forward for ~s,
because by Remark [A75] forward steps correspond to moving counterclockwise around the boundary of a
white region. Moreover, 1 and 3 cross 1,72 in the same degree because the direction of the boundary edges
around a white region is alternating. The degree of the crossing of 2 and 4 is opposite to that of 1 and
3 because the orientation is directed along the boundary edges of a shaded region. We suppose that the
direction of 71,72 is such that 1,3 are the degree 0 crossings and 2,4 are the degree 1 crossings. The case
when 1,3 are of degree 1 and 2,4 are of degree 0 follows in the same way. Then let

(iO) or (jO)’(ilaj1>7'"7(itajt)>(372)’(1’4)7(it+3ajt+3)7'-',<inajn)a(in+1) or (jn-‘rl)

(ZO) or (jO)v (ilvjl)v sy (itajt), (]—7 2)3 (37 4)7 (it+3ajt+3)7 ey (vajn)a (inJrl) or (jn+1)
be the crossing sequences for 1,72 respectively.

Define
t t n+1 n+1
P.=@PGr) P,=EPG) P= PG F= P Pl
h=0 h=0 h=t+3 h=t+3
Then

Po(m) =Po(ye) =P, @ P()@PB)® P Pi(n)=Pi(n) =P @®PR2)dPA4) &P
We claim that there exists an isomorphism ¢ such that the following diagram commutes.
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i
(4.1) P, ®P(2)®PA)e P,— > P & P(3)® P(1)a P,

ll wl:
fr
P,oP2)eP4)e P, —~P.oP(1)®P3)a P
To prove the claim there are four cases to consider depending on the direction of the step from ¢ to ¢t + 1

and the step t 4+ 2 to t + 3. We show the claim in two cases only, since the other two are dual.
Suppose first that both steps are forward. Then the quiver for Q(v1) = Q(72) is as follows.

Gppg <41 =< < j
VAl
Jigg =< =3 >2=< - <1,

The maps f,, fy, are given in matrix form as in the equation below, which also shows the isomorphism
®.

Lpy O o 0 faa faz 0 0 foa faz 0 0
| 0193 —1pqy 0 0 392324 fs, | _ |0 1~2 0 0 | _
efn =1 o lpa O 0 l 0 0 14 fl)b] = [ 0 3234 f&b] = fr

0 0 0 lp’; 0 0 0 fop 0 o0 0 fou

Indeed, for f,, we have an upper triangular matrix, because all steps from ¢ to ¢ + 3 are forward. The
position (1,3) is zero, because any path from i, to 4 with h < ¢ factors through the path 1 — 3 — 4 and
therefore is not valid. Position (1,4) is zero because the position (1,3) is zero by Lemma 3). For f,,
the entries (2,1),(3,1), (4,1) are zero because the step from ¢ to ¢t + 1 is forward, the entries (1,3), (2, 3) are
zero because the step from ¢ + 1 to ¢ + 2 is not forward, and the entry (4, 3) is zero because the step from
t+ 2 to t + 3 is forward. Finally the entries (1,4),(2,4) are zero because entries (1,3), (2, 3) are zero, and
entry (4,2) is zero because (4, 3) is also zero. The map ¢ is clearly an isomorphism, and the equality above
holds. This shows the claim that the diagram commutes in this case.

Suppose now that the step from ¢ to ¢t + 1 is forward and the step from ¢ + 2 to t + 3 is not. The quiver
in this case is as follows.

-e----eit_,'_g,

3—4
2—1=<—" = jiy1
i Jt
The maps f,,, f, are given in matrix form as in the equation below, which also shows the same isomor-
phism ¢ as before.

0 1pa 0 0 0 "0 1~4 0 0 352334 0
0 o0 0 1p 0 0 foa fo 0 0 foa fou
b

1p; 0 0 o
ofy, = 0 123 —lpau O lf%’a 3{:22 314 8 ] _ [f%a 1fzf2 8 8 1 =y

Indeed, for f,, we have five zeros below the diagonal because steps from ¢ to ¢4 2 are forward. The entries
(1,4),(2,4), (3,4) are zero because the step from t + 2 to ¢t + 3 is not forward. Then entry (1, 3) is again zero
by the same reasoning as in the previous case. For f,, the entries (2,1),(3,1),(4,1) are zero because the
step from ¢ to ¢t + 1 is forward, and we have the five zeros above the diagonal because the two steps from
t+1 to t+ 3 are not forward. The entry (4,2) is zero because every path from i;, to 2 with h > ¢ + 3 factors
through the path 1 — 3 — 2 and therefore is not valid. Again we see that ¢ is an isomorphism and the
equation above holds. This proves the claim that the diagram of 2-term complexes commutes. The
5-Lemma implies that f,,, f,, have isomorphic cokernels and thus the lemma holds in the case when 71,72
are not homotopic to a radical line in S.
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Now, suppose that 1,2 are homotopic to a radical line p(k). Then 71,2 cross the same set of radical
lines as p(k). Note that 41,72 do not cross p(k). By Lemma we have p(k) crosses p(h) if and only
if there is an arrow between k and h in the quiver ). Moreover, 71,72 have the same orientation as p(k),
which means that if there is an arrow k — ¢ in @ then P(i) € add Py(y1) and if there is an arrow j — k then
P(]) € addPl('yl)

Label the two boundary arrows in @ adjacent to k by 0;,02. The subquiver of ) determined by k£ and
the vertices adjacent to k is as follows, when one of the boundary arrows starts in k& and another ends in k.
The cases when both boundary arrows start in k£ or both boundary arrows end in k follow in the exact same
way. Thus, for simplicity we may assume that we have the following situation.

Bt
N,

¢ Z'1
Jo<—i2—>J1
Because the only arrows between these vertices are i511 — js < is for s € {1,...,t — 1}, it follows that

in the crossing sequence for 71,72 the vertex js is in a pair with i5 or is41. Moreover, one crossing pair
determines the pairing for the remaining vertices in the crossing sequence uniquely. This means that there
are two possible crossing sequences

(ilajl)v (i27j2)a AR (ityjt) or (il)a (i27j1)’ AR (ihjt—l)v (.71‘)

for any diagonal homotopic to p(k). Let the crossing sequences for 1,72 be as above. For 4; no step in its
crossing sequence is forward and all steps are trapezoidal with the path from i;43 to j; foralll =1,...,t—3
being invalid. Hence f, is zero except on the main diagonal and the diagonal below the main diagonal.
For ~, all steps in its crossing sequence are forward, and all of them except for the first and the last are
trapezoidal with the path from i; to j; being invalid. Then the two maps f,,, f,, remain the same.

t1—=j1 0 s e e

ig—j1 dg—j2 0 e e
f’n = f’Yz = 0 i3—j2 i3—jz 0 ...
0

This shows that the lemma holds in the case when v, v, are homotopic to a radical line, and the proof is
complete. (]

The following corollary, which will be important in the next sections, is a direct consequence of the above
proof.

Corollary 4.14. Let y1,v2 be two representatives of the same 2-diagonal v and f-,, fy, the corresponding
morphisms. Then there is a commutative diagram

Pi(y) — Bo(v)
tPli Yo
faz
Pi(y) — Bo(v)
with ©g, p1 the isomorphisms induced by the homotopy between ~v1 and 5. |

Definition 4.15. We call the pair (1, ¢o) € Aut(P1(7)) @ Aut(Py(y)) the automorphism of the homotopy
that transforms 7; into 72, and we say that

f’)’z = %o f'y1 901_1

is obtained from f,, by conjugation with the homotopy automorphism.
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4.4. Indecomposibility. In this section we establish that the cokernel of f, is indecomposable. First we
need a few preparatory lemmas.

Lemma 4.16. Let v be a representative of a 2-diagonal in S, and let f : @, _, P(jn) = @Dy, Plin) be
the associated morphism. Suppose we have a commutative diagram

@2:1 P(jh) i’ 692”:1 P(ih)

igg‘ igi
n . f m .
Dh—1 P(n) = D=y Plin)
for some matrices g; = (an,n') and g; = (bn,nr). Then f,, , =0 orbs s = asy for all s,t.

Proof. This is proved in section O

Lemma 4.17. Let v be a representative of a 2-diagonal in S. Suppose that the two steps from s—1 to s+1
are forward in the crossing sequence for ~y. Then there is a valid path is_1 ~ js1+1 if and only if the arrow
o is oriented o @ js — is. In particular, at least one of fy, ., fv,_, .., 5 nonzero.

Proof. This follows from the two pictures below, where we depict the two cases depending on the orientation
of the arrow ag.

Z's-i—l js+1 js—l e 4>i5
A A l Y
: : fgo] —> " —> @ —> jg
Js—1 =+ —> @ ——>1g : .
s
N b
28719... ...H]S JSJrl zs+1
Moreover, either there is an arrow j; — 45 and f,,_, .., is a nonzero valid path i5_1 ~ js11 or there is
an arrow i, — j, which gives the nonzero entry f,_ . O

Proposition 4.18. Let v be a representative of a 2-diagonal in S, then coker f, is indecomposable.

Proof. Let f = fy:@®,_, P(jn) — @D;-, P(in). Suppose we have a commutative diagram

B, PUjn) —= @, Plin)

igy‘ igi
. f’Y m .
EBZ:1 P(jn) — @hL:1 P(ipn)
for some matrices g; = (an,p’) and g; = (by,p/). By Lemma we have fs; =0 or by s = a; for all s, t.

Suppose now without loss of generality that the step from s to s+ 1 is forward, then f; ;41 # 0 and the
above equation with t = s + 1 yields

(42) bs,s = Os41,5+1-
If the step from s — 1 to s is forward too, then f;_; s # 0 and hence

(43) bsfl,sfl = Qs,s-
By Lemma [£.17, we have f, s # 0 or fo_1 441 # 0. Suppose first f; ; # 0. Then by, = a s and thus

(4.4) bs—1,5-1 = Gss = bs s = Q541 541
where the first equality follows from (4.3)) and the last equality follows from (4.2)).
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Suppose now fs_1,s41 # 0. Then bs_1 5_1 = as41,5+1 and thus

Qs s = bsfl,sfl = Qs41,5+1 = bs,s
where again the first equality follows from (4.3)) and the last equality follows from (4.2). This is the same
equation as (4.4).

If the step from s — 1 to s is not forward but the step from s to s+ 1 is still forward, then f, s—1 # 0, and
thus

(45) bs,s = Qs—1,5—1-

Moreover, since the step from s — 1 to s and the step from s to s + 1 are in opposite direction, the arrow
ot iy — js is not a boundary arrow and therefore f; ; # 0. Thus b, s = a, s and thus equations ||
and (4.5)) imply

bs,s = 0s—1,5—1 = Qs,5s = Qs41,5+1-

Similar, if both steps from s — 1 to s + 1 are not forward we get

As—1,5—1 = bs,s = Q55 = bs+1,s+1

and if the first step is forward but the second is not we get

Ag s = bs—l,s—l = bs,s = bs+1,s+1-

This implies that in all possible orientations of the steps we obtain as s = as = b, s = b ¢ for all s and ¢.
In other words, all diagonal entries in the matrices g;, g; are equal.

Thus, g; = M +gj and g; = Al + g; where g} and g; are nilpotent. Thus, every endomorphism of the two
term complex f, is of the form A-Id 4+ N’ with A € k and N’ nilpotent. In particular, every endomorphism
of coker f., is of the form A-Idcoker r, + N, where N is nilpotent, and thus the endomorphism ring of coker f,
is local. Therefore, coker f, is indecomposable. O

4.5. Syzygy M,. In light of the results we obtained in the previous sections, we can finally make the
following definition.

Definition 4.19. Given a 2-diagonal v € Diag(S) define M., := coker f,.

Note that the definition of the map f, depends on the representative of the 2-diagonal, however by
Proposition its cokernel does not. This implies that M., is well-defined.
Next, we obtain a number of important results that summarize the key properties of M.

Theorem 4.20. If v € Diag(S) then Q M, = Mp(,.
Proof. By definition of M., and Proposition we have an exact sequence in mod B as follows.

fr f
Pi(R(7)) == Pi(7) == Po(y) —= My —>0
By Remark (b) and the definition of Mg,y we have coker fR(V) & coker fr(,) = Mg(,). Since modules
Pi(vy), Po(v) and Pi(7), Pi(R(y)) are nonzero modules that have no summands in common by Proposi-
tion m(a), we conclude that the sequence above is the beginning of a minimal projective resolution of M,.
This implies that Q M., = Mg(.. O

Corollary 4.21. Let S be a checkerboard polygon of size 2N, then M, is a nonzero indecomposable non-
projective syzygy in mod B and

A QNMAY if v is a diameter
| Q2N M,  otherwise.
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Proof. By definition of R, we have that v equals R*(y) or RN (y) if v is a diameter of S. Successive
applications of Theorem imply that

kL k—1 ~ Ok— ~ e
Q°M, =Q" " Q M, =Q MR(V):...:MRIC(,Y)
for all integers & > 0. Hence, M'y is a non-projective syzygy which is also indecomposable by Propositionm
Finally, M, is nonzero because Py(7y), P1(7y) are nonzero projectives that have no summands in common. [J
The next proposition shows that radical lines in S correspond to radicals of projective B-modules.

Proposition 4.22. For a radical line p(k) in S the syzygy My is isomorphic to rad P(k).

Proof. By construction Py(p(k)), P1(p(k)) consist of all projective summands P(i), P(j) such that in the
quiver @ there is an arrow k — i,j — k respectively. Then Q(p(i)) consists of k and all vertices connected
to k by an arrow. As in the proof of Proposition “ 4.13| there are two possible crossing sequences for p(7), and
we have the following configuration of ¢’s and j’s.

ls—1 == Js—1

el

=
ﬁx
,]:,—i—l < ls41 —> Js

Here none of the steps are forward and all paths in

0 is—1—js—2 ts—1—Js—1 0 e e
fowy ={ = 0 is=jeo1 i 0 e
""" 0 lst1Js Gar1>Jst1 O -

are given by arrows.

Now, we construct a minimal projective presentation of rad P(k) and show that it is the same as f, ).
First, we observe that the top of rad P(k) consists of all simple modules S(7) such that there is an arrow
k — 4. Hence, the projective cover of rad P(k) is Py(p(k)), and let 7w : Py(p(k)) — rad P(k) denote the
canonical surjection, where the top of P(is), a summand of Py(p(k)), maps to the top of rad P(k) via the
identity map.

Next, we compute the projective cover of ker w. First, suppose that the arrow j; — k lies in two 3-cycles.
From the quiver, we see that the simple module S(j,) that lies in the top of rad® P(k) is covered twice by 7
as exactly two summands P(is), P(is11) of Po(p(k)) map to it. If the arrow js — k lies in a single 3-cycle,
then the path k ~ j, factors through exactly one of is,is41. In this case rad P(k) is not supported at js,
but the respective summand P(is), P(is+1) contains S(js) in the top of its radical that maps to zero under
7. Therefore, in all cases we obtain that P;(p(k)) is a summand of the projective cover of ker m. Moreover,
the kernel of 7 is generated by all nonzero paths is ~ = ending in some vertex = such that k — iz~ =0
or k — is~ x =k — iy ~ zx for some path i, ~ x where P(i;) € add Py(p(k)). If k — is ~ = = 0 then
up to commutativity the first arrow in the path iy ~ x lies in the same 3-cycle as k, so is ~ x factors
through one of jg,js—1. If K — iy ~ x = k — iy ~ x for some path iy ~ z then since @) has no interior
vertices, we must have |s — t| = 1 and is ~ z factors through one of js,js—1. This shows that the top of
ker 7 equals @, S(js). Thus, the projective cover of ker 7 is isomorphic to P;(p(k)). Moreover, we can take
the associated composition Pj(p(k)) — kerm — Py(p(k)) to be given by all arrows is — js,is — js—1. This
gives precisely the same map as f,) and proves that M,y = rad P(k). ([l

5. MORPHISMS OF THE SYZYGY CATEGORY

In this section, we study the morphisms in the stable syzygy category CMP B in terms of the morphisms
in the category of 2-diagonals Diag(S). The main results of this section are the following. We define the
morphisms on the degree 0 and 1 terms of the projective resolutions of the syzygies and prove in Theorem [5.5]
that this construction induces a morphism on the syzygies.

The irreducible morphisms in Diag(S) are given by the 2-pivots introduced in Definition Our first
goal is to associate a morphism in CMP B to each 2-pivot. We need a preparatory lemma.
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p(i)
x
¥ (6} Yy
» z
a »
v |
p(i')

FIGURE 8. Proof or Lemma [5.1]

Lemma 5.1. Let v, be 2-diagonals in S such that ' is obtained from v by a 2-pivot. Suppose there exist
vertices 1,1 in Q such that

(a) 7 crosses the radical line p(i) and v crosses the radical line p(i’) and these crossings have the same
degree,
(b) ~ does not cross p(i') and v" does not cross p(i).

Then there is an arrow i’ — i in Q.

Proof. We use the notation in Figure In particular the common endpoint of v and +' is the vertex a
and the other endpoints are x and z. Without loss of generality, we may assume that  is oriented from a
towards x. Then v/ is oriented from a towards z.

Since v crosses p(i), but 7 doesn’t, it follows that one endpoint of p(i) is y or z and the other lies to the
left of ~. Similarly, one endpoint of p(i') is « or y and the other lies to the right of /.

Suppose first that p(i) and p(i’) both have endpoint y. Then both p(i), p(i') are oriented from y towards
their other endpoint. Thus p(i) crosses v in degree 0, but p(i’) crosses 7/ in degree 1. This implies that the
crossings have different degrees, a contradiction to our assumption.

If p(i) has endpoint z and p(i’) has endpoint = we also obtain this contradiction.

Now suppose p(i) starts at vertex y and p(i') ends at vertex z, see Figure|8 Then p(i) and p(i') cross at
an interior point g of the checkerboard pattern of S. This interior vertex corresponds to an arrow « that
connects i and ¢’ in Q. Moreover, the 4 regions adjacent to aq are either shaded or not, and the shading
is determined by the orientation of the radical lines p(i) and p(i’) according to Lemma Namely, the
segments of the radical lines form an oriented path around the shaded regions and they are alternating
around the white regions. Thus the shading at oy must be as in Figure |8 Now, the direction of the arrow «
is determined by going around the shaded regions in counterclockwise direction. When we do this in either of
the two shaded region, we encounter p(i') first and then p(7). Therefore the arrow « is oriented accordingly
a: 1" — 4, and the proof is complete in this case.

The only remaining case has p(i) ending at z and p(¢') ending at y, and its proof is similar. a

Next, we define maps gg, g1 from the summands of a projective resolution of a 2-diagonal to its 2-pivot.

Definition 5.2. Let v,7’ be 2-diagonals in S such that + is obtained from v by a 2-pivot. Let f,: P, — P,
and f,: P{ — P} be the morphisms associated to v and 4/ in Deﬁnition We define morphisms ¢;: P; —
P| and go: Py — P} on the indecomposable summands of P; and Py as follows.

If P(7) is an indecomposable summand in both Py and P} we let the component P (i) — P(i) of go be the
identity map and the components P(i) — P(j) and P(j) — P(i) be the zero map, for all j # . If P(i) is
an indecomposable summand of Py but not of Pj and P(i’) is an indecomposable summand of P} but not
of Py, we let the component P(i) — P(i’) of gy be the map given by composing with the arrow i’ — 4 given
by Lemmal[5.1] We define the components P(j) — P(j’) to be the zero map, for any other j, j’.

The morphism g;: P; — Pj is defined in the same way.

Given a representative of a 2-diagonal v and its 2-pivot 7/, recall Definition a) of compatibility of
~,7'. In particular, this means that the two crossing sequences for a compatible pair of arcs agree except at
the very end.

The next lemma gives a precise description of the matrices for the maps gg, g1-
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F1GURE 9. The proof of Lemma [5.3] Here the two dashed lines in the right figure illustrate
the two possibilities for the arc j.

Lemma 5.3. Let 7,7 be compatible 2-diagonals in S such that ' is obtained from v by a 2-pivot, and let
9o, g1 be the maps given in Definition[5.3. Then, up to reversing the direction of the crossing sequences, the
matrices for go, g1 are of the form I, or [I. 0] or [I(;L] or [IO" J\OA, where I, is the identity matriz with n > 0
i—h'

i/ﬂh]. Moreover, the number of arrows in gy and g1

and M equals one of the following [i—h], [i—n imn'], |
combined is at most three.

Proof. Construct the crossing sequences for ~y,~’ by starting at the common endpoint of the arcs and then
moving towards the other endpoints. Then the two crossing sequences for v, start with a common sub-
sequence of degree zero crossings i1, ...,i, in that order. Moreover, we assume that this subsequence is
maximal, meaning that -y, have different crossings in degree zero after i,,. By definition of gy we conclude
that its matrix contains a block I, in its top left corner. If there are no other arrows in gg, then its matrix
is one of I, [, 0], or [*»] and the lemma follows.

For the remainder of this proof, we suppose that there is at least one arrow in go. By definition of gg its
matrix is of the form H;L 1\04] for some matrix M, because any row and column with entry 1p;, ) for some k
has all other entries being zero.

First, we claim that gg contains at most two arrows. By definition, an arrow ¢ — h in gy comes from
a pair of crossing radical lines p(%), p(h) in S such that p(h) starts at y and crosses v while p(i) crosses +'
and ends in z, see Figure [J] on the left. There are at most two radical lines at every boundary vertex of S,
by Lemma [3.12{c). If there are also p(h’), p(i’) with endpoints y,z and crossing v, respectively, then we
obtain at least four crossings, where p(i), p(i’) each cross both of p(h), p(h’). Then @ admits a subquiver
that is given below on the left.

§— k—p—1

| L]

h <—1 p—=1—>h

This yields a contradiction, because there should be a sequence of 3-cycles in @) between the arrows i — h
and ¢ — h’, which means that ) contains interior vertices. This shows that either p(i’) or p(h') or both are
not in S, so gg contains an arrow ¢ — h and at most one of ¢ — h’,i’ — h. This shows the claim that go
contains at most two arrows.

Now we show that the total number of arrows in gy and g; is at most three. Suppose on the contrary
that both gy, g1 contain two arrows each. An arrow k — p in g; comes from a pair of crossing radical lines
p(k), p(p) in S such that p(k) starts at y and crosses 4" while p(p) crosses v and ends in z. An arrow ¢ — h in
go yields another pair of radical lines with endpoints x, y. In particular, there are two radical lines p(k), p(h)
at vertex y, so there cannot be any additional radical lines at this vertex. This implies that if gg, g1 contain
two arrows each then there are two radical lines 4,7 ending in x and crossing v/, and two radical lines p, p’
crossing v and ending in z, see Figure [9] on the left. In this case we obtain the subquiver of @) given above
on the right, which contains interior vertices. This yields a contradiction, and shows that the total number
of arrows in gy and g; is at most three.
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Now we study the structure of M. In the case when M contains two arrows we label the radical lines so
that v crosses h before h’ and similarly 7’ crosses 7 before 7’

Now suppose that M contains a row of zeros, which correspond to entries in M that are paths starting
at some fixed vertex k. Then there is a 2-diagonal k that crosses 7' in degree zero but it does not cross 7.
Then k crosses 7/ and ends in z, so in particular it crosses h, as we assume gy contains at least one arrow
i — h. But then, by definition of gg, the matrix M would contain an entry k& — h and not a row of zeros as
we assumed above. This gives a contradiction. We obtain a similar contradiction to M containing a column
of zeros, which shows that M cannot contain a row or a column of zeros.

Now we show that the top left entry of M is an arrow ¢ — h. By definition every entry of M is either zero,
1pny, or an arrow. If the top left entry of M is 1p(~, then we obtain a contradiction to 41, ...,4, being
the maximal initial subsequence of the degree zero crossings that ,~’ have in common. Hence, suppose that
the top left entry of M is zero. By the above, M does not contain any row or column of zeros, so suppose
that the first row of M contains an arrow 7 — h and then the first column of M must contain 1p for
some vertex h”. Then h” is a common crossing of ,~" in degree zero such that +' first crosses 4 and then
R, while + first crosses h” and then h. Thus, we are in the situation of Figure [9] on the right. Since h” is
not the last crossing of 7 in degree zero, it follows that (h”,j) is a crossing pair for 7 for some vertex j. If
in addition j crosses 7/, then by definition of compatibility between ~,~" we conclude that (h”,7) is also a
crossing pair for 4'. Then +' crosses h”, j after crossing i. In particular, j and 7 must cross, and we obtain
arrows j — ¢ — h' and j — h”, which is not a possible subquiver of ). Thus, we obtain a contradiction
in the case when j also crosses +'. If j does not cross 7/, then it would end at vertex z. But then we still
obtain that j must cross ¢ and we arrive at the same contradiction. This shows that it is not possible for
the first row of M to contain an arrow i« — h and for the first column to contain 1p(,~y. If M contains an
arrow i — h in the first column and 1p(~y in the first row then we also obtain a contradiction in a similar
way. This shows that the top left entry of M is an arrow ¢ — h.

Now suppose that M contains an entry 1p(j). Since ¢ — h lies in the top left corner of M, it follows
that 1p(;~) cannot be in the first row or column of M. Then ~,7 cross b after their crossings with h,
respectively. Then it follows that A" crosses both h and 4, and in particular we obtain arrows ¢ — h and
1 — h'" — h in the quiver. This is not a possible configuration, so we obtain a contradiction. This shows
that the matrix M cannot contain any entry of the form 1p,).

Thus, we conclude that M cannot contain a row or a column of zeros, or any entry of the form 1p,y,
moreover we know that M contains at most two arrows. This implies that for the map gg the matrix M
must be of the form given in the statement of the lemma.

The proof in the case of g; follows similarly. O

The above lemma implies that in a given row or column of g; with ¢ = 0, 1, there are at most two nonzero
entries. If g; contains two arrows in the same row, then let g denote the map obtained from g; by changing
the sign of the arrow in the last column of the matrix, and otherwise let gf = g¢;. Similarly, if g; contains
two arrows in the same column, then let g{ denote the map obtained from g; by changing the sign of the
arrow in the last row, and otherwise let gi = g;.

Definition 5.4. The morphism (g7, ¢¢) defined above is called the pivot morphism associated to the 2-pivot
v

Theorem 5.5. Let vy, be compatible 2-diagonals in S such that ' is obtained from ~y by a 2-pivot and let
(95,9%) be the morphism defined above. Then we have the following commutative diagram with exact rows

(5.1) p—" .p T M 0
gfl J{gé lg
, far , T
P P M, 0

where g is the induced morphism on the cokernels. In particular, g is a morphism of syzygies in CMP B.

Proof. This is proved in section [B] of the appendix. O
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Definition 5.6. Let ,7' be 2-diagonals in S and let M., M., be the corresponding syzygies in CMP B. If
7/ is obtained from 7 by a 2-pivot then the corresponding morphism g: M, — M., in CMP B is called pivot
morphism.

6. AUSLANDER-REITEN TRIANGLES OF THE SYZYGY CATEGORY

In this section, we give a combinatorial description of the Auslander-Reiten triangles in CMP B in terms
of the 2-pivots in the category of 2-diagonals Diag(S). In subsection we show that the indecomposable
objects in CMP B do not admit any nonzero nilpotent endomorphisms. As a consequence we see that the
dimension of Ext! between an indecomposable M and its AR-translate is equal to one. In subsection
we show that the Auslander-Reiten triangles of Diag(S) give rise to commutative diagrams in CMP B. We
use these results in subsection [6.3, where we construct the short exact sequences in mod B that induce the
AR-triangles CMP B.

6.1. Nilpotent endomorphisms of M,. In this subsection, we show that the syzygy M., admits no nonzero
nilpotent endomorphisms in CMP B.

Let v be a 2-diagonal in § and f,: Pi(y) — Po(y) be the morphism defined in Definition Let
g: M, — M, be a nilpotent endomorphism, and let go: Po(v) = Po(7), g1: Pi(v) = Pi(7) be the induced
endomorphisms of the projectives. Thus we have the following commutative diagram with exact rows in
mod B.

(6.1) Pi(7) 1> Py(y) > M, —0
Pi(y) > Py(y) "> M, —>0

The main result of this subsection is Theorem [6.1] which states that g is zero in the stable category CMP B.
The proof of this theorem requires a detailed analysis of the entries of the matrix of gg. We partition the
matrix twice into column blocks and row blocks and then reduce gy successively by removing one block at
at time.

As a direct consequence, we show in Corollary that in CMP B the dimension of the first extension
group between 2 M., and M, is equal to 1. The following is proved in the appendix as Theorem

Theorem 6.1. Let v be a 2-diagonal and M., the associated indecomposable syzygy over B. Then M., does
not admit any nonzero nilpotent endomorphisms in CMP B.

Recall that CMP B is a triangulated category with inverse shift given by Q. It has almost-split triangles
where 77! is given by 02, so in particular dim Extiyp 5(Q2M, M) > 1. Now we show that the dimension
of this space is actually equal to 1.

Corollary 6.2. Lety be a 2-diagonal in S and M = M., be the associated indecomposable syzygy in CMP B.
Then

dim Extiyp g(Q2M, M) = 1.
Proof. Consider the following sequence of isomorphisms
Homgwmp (M, M) = Extéyp (M, Q M) 2 DExtgyp 5(Q M, M) = DExtéyp 5(Q2M, M)

where the first and the last step follow because 2 is the inverse shift in CMP B and the second step follows
because CMP B is a 3-Calabi-Yau. By Theorem [6.1] there are no nilpotent endomorphisms of M in CMP B,
and since M is indecomposable, by Proposition 4.18} [S2, Corollary 4.20] implies

dimHomCMpB(M, M) =1.

Then the result follows. O
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FIGURE 10. The left picture shoes the 2-diagonals corresponding to the mesh v — ' &~" —
R2y in the case where the 2-diagonal is not short. The right picture shows deformations of
these 2-diagonals that are pairwise compatible, where we assume that none of v, Ry, R?v is
a radical line.

6.2. Mesh relations. The main result of this subsection, Proposition [6.3] shows that the Auslander-Reiten
triangles of the category of 2-diagonals Diag(S) give rise to commutative diagrams in the stable category
CMP B. In subsection [6.3] we will show that these commutative diagrams actually are Auslander-Reiten
triangles in CMP B.

Let v be a 2-diagonal in S. We say that ~ is short if one of the two polygons obtained by cutting S along
v is a quadrilateral. In other words, the short 2-diagonals are those that are the start of a unique 2-pivot,
and the non-short 2-diagonals are those that are the start of exactly two 2-pivots.

If ~v is not short, let 4,7 denote the 2-diagonals that are obtained from ~ by a 2-pivot and let R%y be
the 2-diagonal obtained from ~ by applying the rotation R twice, see Figure Thus R?y can be obtained
from v in two ways by a sequence of two 2-pivots either passing through 4/ or 4. In the category Diag(S)
this corresponds to the AR triangle

7= @7 = R*y = Ry
and a mesh in the AR quiver.

In the case where v is short, only one of the two diagonals 7/,~+"”, say 7/, exists. In this case the AR
triangle is of the form

v =~ — R*y = Ry.

We denote the corresponding pivot morphisms ¢’,¢”,h’',h” in CMP B as illustrated in the following

diagrams

(6.2) M

N N

Mg, M, Mpgs

where the diagram on the left corresponds to the case where the 2-diagonal v is not short and the diagram
on the right to the case where + is short.

yd
M,y 5
N
M’Y

Proposition 6.3. Let v be a 2-diagonal in S such that R~y is not a radical line. With the notation of
diagram (6.2)), we have the following identities in CMP B.

(a) If v is not short then h'g' = h"g".
(b) if v is short then h'g' = 0.

Proof. This result is proved in section of the appendix. O

6.3. Auslander-Reiten triangles for M,. The main result of this subsection, Theorem @ shows that
the mesh relations given by 2-pivots and rotation R? in Diag(S) correspond to AR-triangles in CMP B. To
prove this result, we first show that in each rotation orbit in Diag(S) there is a mesh relation that induces
a short exact sequence in CMP B between M., and Q2M,,. Then using that dim Ext{yp 5(Q2M,, M,) =1,
proved in Corollary we see that this sequence induces an AR-triangle in CMP B. Finally, the proof of
the main result then follows from the correspondence R ~ ).
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Before stating the first result, recall the definition of ~’,~” for a 2-diagonal « which give rise to the
corresponding sequence pivot morphisms M., — M., @ My» — Mpg2.,, see diagram (6.2).
Proposition 6.4. Suppose v is a 2-diagonal in S such that R~y is not a radical line.
(a) If v is a radical line p(i) is not short then there exists a short exact sequence in mod B

0— M, — M, &M @ P(i) _>MR2’Y — 0.
(b) If 7 is a radical line p(i) is short then there exists a short exzact sequence in mod B
0— M, — M, ®P(i) - Mgy, — 0.

(¢) If O(7) does not contain any radical lines then « is not short and there exists a short exact sequence
in mod B
0— M, = My @My — Mgz, — 0.

Proof. For a proof see section of the appendix. O

Let { Ry} denote the orbit of a 2-diagonal v under the action of R. The next lemma says that except for
the case of the hexagon {R'y} cannot consist entirely of radical lines.

Lemma 6.5. Let S be a checkerboard polygon of size at least 8, and let v be a 2-diagonal in S that is not
short. For every orbit { Ry} there exists some 7' € {R'y} such that R(v') is not a radical line in S.

Proof. Suppose on the contrary that every 2-diagonal in {R'y} is a radical line in S. Then in particular,
7, Ry, R%v, R%y are four distinct radical lines in S which we can label p(1), p(2), p(3), p(4) respectively. Each
pair of these arcs intersects, because =y is not short, and we obtain the following subquiver.

1=>2<y4
3
This contradicts the assumptions on the quiver that every vertex is boundary, see Lemma [3:24] O

The main theorem of this subsection says that the exact sequences in mod B discussed above give rise to
Auslander-Reiten triangles in CMP B.

Theorem 6.6. Let vy be a 2-diagonal in S.
(a) If v is not short then
]\4,y — M,y/ D M’Y” — Mszy — M,Y[l]
is an Auslander-Reiten triangle in CMP B.
(b) If 7 is short then
M, — My» — Mpge, — M, [1]
is an Auslander-Reiten triangle in CMP B.

Proof. First suppose that 7 is not short. Moreover, suppose that v = p(i) such that R(y) is not a radical
line or {R"y} does not contain any radical lines, then we obtain a short exact sequence in CMP B as in
Proposition (a) or (c) respectively. This sequence reduces to a triangle

(63) M—y — M,y/ &b M’Y” — ]\/[RQ,7 — M’Y[l]

by passing to CMP B. If the connecting map Mgz, — M, [1] where to be zero then taking its cone and
completing it to a triangle we obtain the following sequence.

My — My & My — Mgy 2 My[1] = Mpe,[1] & M,[1]
Then (M, ® M.,)[1] =2 Mgz, [1] & M,[1] which is a contradiction, since all of these modules are distinct.
Therefore the connecting map Mgz, — M,[1] is nonzero, which means that the triangle in gives a
nonzero element of ExtéMPB(MRz,Y,M,Y). By Theorem we have QQM,Y = Mpg2,, so Corollary
implies that the triangle in 1) generates Extip 5(Mpz., M,). Since CMP B is a triangulated category
with inverse Auslander-Reiten translation givem 02 it follows that this triangle is an Auslander-Reiten

triangle in CMP B. Hence part (a) holds whenever v = p(i) such that R~y is not a radical line or whenever
{R’y} does not contain any radical lines.
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Recall that the rotation R corresponds to §2, which is the same as the inverse shift in CMP B. Then an
Auslander-Reiten triangle starting in My, is obtained from the Auslander-Reiten triangle starting with M,
given in by applying Q¢. This completes the proof of part (a), since every 2-diagonal 7' in S either lies
in the same orbit under R as some radical line p(i), and by Lemma we can always choose p(i) whose
rotation is not a radical line, or its orbit {Ry’} does not contain any radical lines.

The proof of part (b) follows from in the same way as above starting from a short exact sequence in

Proposition [6.4]b). O
7. MAIN RESULT
We are now ready for the main result of the paper. It proves Conjecture [1.1]in a special case.

Theorem 7.1. Let B be a dimer tree algebra given by a quiver Q with potential that satisfies Definition[3.3
and such that every chordless cycle has length three. Let S be the polygon constructed in subsection
and, for every 2-diagonal v in S, denote by f, the morphism defined in subsection . Then the mapping
v > coker f, induces an equivalence of categories

F: Diag(S) — CMP B
such that
(a) the radical line p(i) corresponds to the radical of the indecomposable projective P(i), for all i € Qo,

F(p(?)) = rad P(i).

(b) The clockwise rotation R of S corresponds to the inverse shift Q and the counterclockwise rotation
R~ to the shift Q~! in CMP B,

F(R(y))=QF(y) and  F(R'(y) =07 F(y).
(¢) The square of the rotations corresponds to the Auslander-Reiten translations in CMP B,
F(R*())=7"'F(y) and  F(R*(y))=1F(y).

(d) F induces a bijection between the 2-pivots in Diag(S) and the irreducible morphisms between inde-
composables in CMP B.
(e) F induces an isomorphism of Auslander-Reiten quivers

F: FDiag(S) —Tcvp B-

Proof. On indecomposable objects, the functor F is defined by F'(y) = cokerf,. It is well-defined on objects
because the cokernel of f, is a syzygy by Proposition and it is indecomposable by Proposition [4.18]
The morphisms in Diag(S) are given by compositions of 2-pivots modulo mesh relations. The functor F' is
defined on a 2-pivot by mapping it to the pivot morphism introduced in Definition On compositions of
2-pivots, F' is defined as the composition of the images. This is well-defined, because, as shown in subsection
6.2} " respects the mesh relations in Diag(S). Moreover, the dimension of Homp;ag(s)(7,6) is either 0 or 1
for any pair of 2-diagonals v, d, and this shows that F' is faithful.

The case where the polygon S has 6 sides is illustrated in Example In this case, the theorem follows
by inspection. Indeed, the category Diag(S) has three indecomposable objects, the three 2-diagonals in S,
and the category CMP B also has three indecomposables, the three simple modules. The Auslander-Reiten
quiver of each category consists of three vertices and no arrows.

Suppose now that S has at least 8 sides.

Part (a) of the theorem is proved in Proposition and part (b) in Theorem Part (c) follows from
(b) and the fact that Q2 = 7= in CMP B.

The Auslander-Reiten quiver of Diag(S) consists of a single connected component which is finite. The-
orem shows that the functor F' maps the Auslander-Reiten triangles in Diag(S) to Auslander-Reiten
triangles in CMP B, and 2-pivots in Diag(S) to irreducible morphisms in CMP B. Therefore, the image
of the Auslander-Reiten quiver of Diag(S) is a connected component I' of the Auslander-Reiten quiver of
CMP B. We will show that this is the only component of the Auslander-Reiten quiver of CMP B. Sup-
pose there is another component I'V. Suppose first that there exists a nonzero morphism f: M — M’ with
M €T, M’ € TV indecomposable. Since f is not irreducible it must factor through one of the irreducible mor-
phisms (hence an arrow in I') g1: M — M starting at M, thus f = f;¢1 for some morphism f;: M; — M'.
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Repeating the argument with f; we get a factorization f = fog2g1, where gog; is the composition of two
arrows in I'. Continuing this way we obtain arbitrary long factorizations f = f;g: - - - g2g1, where g; - - - gog1 is
a path in T'. However, T is a finite component and the dimension of Hom(M, N) between two indecomposable
objects M, N in I is at most 1. Thus any composition of a large enough number of arrows in I" is zero. This
implies that f = 0.

Therefore there is no nonzero morphism from I' to I'V. Let M’ be an indecomposable object in IV and
let f: P — M’ be its projective cover. Let P(i) be an indecomposable summand of P. Then rad P(7) is
the image of the radical line p(¢) under our functor F. In particular, rad P(i) lies in I". Now, since P(7) is
projective-injective in CMP B, the morphism f factors through 7—'rad P(i). Thus there exists a nonzero
morphism 7~ 1rad P(i) — M’ from and object in I" to an object in I, a contradiction.

This shows that the Auslander-Reiten quiver of CMP B consists of a single finite connected component
that, under the functor F, is isomorphic to the Auslander-Reiten quiver of Diag(S). This shows part (e) of
the theorem and proves that the functor F' is an equivalence. O

8. CONSEQUENCES OF THE MAIN RESULT

In this section, we give some immediate corollaries of Theorem Throughout the section, we let B be
a dimer tree algebra for which all chordless cycles are of length three.

8.1. Rigidity and 7-rigidity of syzygies. Recall that a B-module M is said to be rigid if Exty (M, M) =
0.

Corollary 8.1. The the indecomposable syzygies over B are rigid B-modules.

Proof. Let M be an indecomposable syzygy over B. Under the equivalence of categories in Theorem M
corresponds to a 2-diagonal in Diag(S) which, because of Lemma is is a rigid object in Diag(S). Thus
M is rigid in CMP B. Now the result follows from Corollary [2.4] O

Corollary 8.2. Let M, N be indecomposable syzygies over B. Then the dimension of Ext}g(M, N) ®
ExtlB(N, M) is equal to the number of crossing points between the corresponding 2-diagonals. In partic-
ular, the dimension is either 1 or 0.

Proof. This follows from the equivalence of categories of Baur and Marsh in Theorem together with
Theorem [7.1] and Proposition [2.3] O

The question of 7-rigidity is much more subtle. This is because the Auslander-Reiten translation Tomp B
in the syzygy category is different from the Auslander-Reiten translation 75 in the module category mod B.

Recall that a B-module is said to be 7-rigid if Homp(M,75M) = 0, see [AIR]. Since B is a 2CY-tilted
algebra, there is a bijection between indecomposable 7-rigid B-modules and indecomposable rigid objects in
the cluster category of B, and hence with the cluster variables in the corresponding cluster algebra.

In general, the indecomposable syzygies over a 2CY-tilted algebra are not 7-rigid, see the example below.
For the 2CY-tilted algebras B considered here however, we conjecture the following.

Conjecture 8.3. Let B be a 2-Calabi-Yau tilted algebra whose quiver satisfies Definition [3.3 Then the
indecomposable syzygies are T-rigid in mod B.

If the conjecture holds then the 2-triangulations of the checkerboard polygon S correspond to (non-
maximal) sets of compatible cluster variables in the cluster algebra of (). We think it would be interesting
to study the completions of these partial clusters in the cluster algebra as well as in mod B.

We give an example of a 2CY-tilted algebra that does not satisfy Definition for which the conjecture
fails.

Example 8.4. Let B be the 2-Calabi-Yau tilted algebra of type zzlvg,l with quiver
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bound by the relations a8 = v = ya = 0. Then rad P(2) = z is an indecomposable syzygy which has a

nonzero morphism into 7 rad P(2) = % Note that the algebra B does not satisfy the condition (Q1) because
the quiver has no chordless cycles. On the other hand, the syzygy category of B is finite.

8.2. Syzygies and cosyzygies. Recall from Section that the Auslander-Reiten translations induce
equivalences of categories

(8.1) 7:CMPB - CMIB 7 ':CMIB — CMP B.

Thus it follows immediately from Theorem [7.1]that CMI B is also equivalent to the category of 2-diagonals
Diag(S), Thus every 2-diagonal y defines a morphism f: In(vy) — I1(7) between injective modules such that
ker f5 € CMI B is a cosyzygy. In particular, the indecomposable projective P(j) is a direct summand of
Py (7) if and only if the indecomposable injective I(j) is a direct summand of I(y), while the indecomposable
projective P(i) is a direct summand of Py(y) if and only if the indecomposable injective (i) is a direct
summand of I;(vy). Therefore the Nakayama functor v = DHomp(—, B) gives the following commutative
diagram with exact rows

Pi(7) 2> Py(v) M, 0
b
0 ——=715M, Io() Li(v)

It follows that the syzygy M, in CMP B and its Auslander-Reiten translation 7gM, in CMI B are both
represented by the same 2-diagonal v in Diag(S). We have proved the following result.

Corollary 8.5. The following diagram commutes.
CMPB ———=CMIB

cok f,YT Tkor 3

Diag(S) ——— Diag(S)

9. EXAMPLES
In this section we give several examples.
Ezxample 9.1. Let @ be the quiver
13—— 11— 12

avs

7T—>38

N

9
l<—-3——=5
2

/

The corresponding checkerboard polygon has 24 vertices and is depicted in Figure The 2-diagonal
that runs from the boundary vertex 18 to the boundary vertex 9 is drawn in red. Its crossing sequence is
(2,1),(3,4),(6,5),(8,7). The corresponding syzygy M, is the cokernel of the associated morphism

fv: P(1)® P(4) @ P(5) ® P(T) — P(2) ® P(3) ® P(6) @ P(8).

N

4 6

10
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24

13

FIGURE 11. Checkerboard polygon for the quiver in Example [0.1]

The matrix of f, is

2~1 0 0 0
3—1 3—-4 3—-5 37
0 0 6~5 6~7
0 0 0 8~ 7

The rotation R(7) is the 2-diagonal from boundary vertex 10 to boundary vertex 19. This is the radical line
p3. The corresponding syzygy is the radical of P(3) which is also given by the cokernel of the morphism

Frey: P(9) ® P(2) @ P(6) @ P(8) — P(1) @ P(4) @ P(5) ® P(7)

whose matrix is equal to

1—-9 1—2 0 0
0 4—=2 4—-6 0
0 0 5—>6 5—8
0 0 0 7—8

We have the following projective resolution.

i f
> Py(y) 2 P (y)

FPo(v) M, 0

FEzample 9.2. In this example we classify the quivers whose checkerboard polygon has 6,8 or 10 vertices. The
quivers are listed below and the polygons are given in the same order in Figure T2}
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2 Hexagons
5 Octagons
17 Decagons

MN=<—u0

Y

/1
4—->5<—6=<-17

1—2—
4—5H—

FASN

o —>1I~

I

N —> O

— <10

Nt

'

o —> O

P71

AN —= 10

— <—<f

< —> 00

t1

o —I~

b1

N — O

P71

— —>>10
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DOI BB
22Lallotl Thed oy
IOBE
DB

FicUure 12. All checkerboard polygons up to 10 vertices.
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0] he2

VAVAVARVANVARPZ4NN

F1GURE 13. Three checkerboard polygons together with their quiver.

Ezxample 9.3. Figure [13|shows three checkerboard polygons S together with their respective quiver Q. The
three quivers have 8 vertices, while the three polygons respectively have 10, 12 and 14 vertices. The two
quivers on the left are of Dynkin type Eg or Grassmannian type Gr(3,8). The quiver on the right is of affine

type Er.
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iy = Wy w3 ws wy = Jy

P

Jr = Wo <—— Wy <—— We = Iy

FIGURE 14. An arc 7 traverses a white region W and contains two pairs (iz, jz ), (iy,Jjy) in
its crossing sequence. In this case Q(W) = Q(W,~).

APPENDIX A. PROOFS OF SECTION [

This is the first of three appendices which provide detailed proofs for sections and [6]

A.1l. Properties of f,. In this section we establish certain properties of the map f,, and in particular of
valid paths in the quiver (). These results will be important for many proofs.

A.1.1. Construction of Q(v). Here we define a full subquiver Q() of @ determined by the crossing sequence
for 7. This quiver will be instrumental during the remainder of the paper. We begin with considering the
portion of the subquiver coming from two consecutive crossing pairs.

Let W be a white region in § with bounding radical lines labeled w1, ws, . .., w,, in the clockwise orienta-
tion such that wy and w,, are attached at the boundary of §. Recall that by Lemma a) a white region
has either an edge with two vertices or a single vertex on the boundary of S. Suppose that an arc v enters W
by crossing two of its boundary edges w,, w1 either in the order wy, w, 1 or wyy1,w,. Similarly, suppose
v exits W by crossing two of its boundary edges wy,w,1 either in this order or the opposite order. For an
example see Figure Let Q(W) be the full subquiver of @ on vertices wy, ..., w,,. Note that three consec-
utive vertices wy, w1, wpyo for I =1,...,m — 2 form a 3-cycle in @) with arrows w; — w41 — w2 — wy.
Also, let Q(W, ) be the full subquiver of Q(W') with vertices wy, Wyt1, ..., Wy, Wyt if © < y or with vertices
Wet1, Wa, - -« , Wyt1, Wy if © > y. Then there are four possibilities for Q(W,y) depending on the relationship
between z and y, and whether there is an even or odd number of vertices in Q(W,~). See Figure

(a) Wy <=— Wypo <+ <— Wy, (b) Wy <=— Wyto <=+ <= Wy_1 < Wy41
VN VN 7
Wy41 <= Wg43 < < Wy41 Wy41 <= Wg43 <" < Wy

(c) Wy —> Wgy_g —> - -+ —> W), (d) Wy —> Wgy_g —> -+ = Wyt
NN N NN
/w:r+1 > Wyp—1 > —> wy+1 /wx+l > Wyp—1 > —> wy+2 - wy

FIGURE 15. The four possibilities for Q(W,~v). Cases (a) and (b) occur when z < y, and
cases (c) and (d) occur when x > y. The step from z to y is rectangular in cases (a) and
(c) and it is trapezoidal in cases (b) and (d). Vertices of the same color represent the same
degree of crossings between the corresponding edges and ~.
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w
Wy+2
wa
Wy q
Wy W42
/ v
wh,_, W

FIGURE 16. An arc y traverses a pair of consecutive white regions W, W’.

We say that a step from x to y in the crossing sequence for + is rectangular if Q(W,~y) has an even number
of vertices and the step from x to y is trapezoidal if Q(W,~) has an odd number of vertices.

Now, we analyze the subquiver of ) determined by three consecutive crossing pairs in the crossing sequence
for v. By the above we obtain a subquiver determined by two consecutive pairs and we want to analyze
how to piece these subquivers together. For this construction it will not be important whether each of the
steps is rectangular or trapezoidal, but the key distinction will be whether these steps are forward or not.
Let W, W' be two white regions that are traversed consecutively by . Let wy,...,w,, and wi,...,w] , be
the bounding radical lines of W and W’ respectively, labeled clockwise around the white region such that
W1, Wiy, WY, W, meet the boundary of S in W, W’'. Then ~y crosses wy, Wy41, Wy, Wy+1 in W and 7 crosses
Wy W 415 Weyrs Wy g in W where w), = w, and wy11 = wy, . is the unique pair of edges in W N W' that
is crossed by <. Moreover, there is an arrow between w, and w1 which we call the connecting arrow, see
Figure The subquivers Q(W,~) and Q(W’, ) share this connecting arrow. There are four cases coming
from (x < y or x > y) and (' <y or 2’ > '), see Figure The connecting arrow is labeled «. These
quivers are fundamentally different in the following sense.

e Q(W,~) and Q(W’,~) share no other vertex besides the two endpoints of the connecting arrow if
(x <yand 2’ > y) or (x >y and 2’ < y). In this case the connecting arrow is an interior arrow of
the quiver on vertices Q(W,~y)o U Q(W’,7)o. The subsequences of the crossing sequence for v from
z to ¢ and from 3’ to z are not forward.

e Q(W,~) and Q(W’,~) share a 3-cycle containing the connecting arrow if (x < y and 2’ < y) or
(x >y and 2’ > y). In this case the connecting arrow is a boundary arrow of the quiver on vertices
QW, 7)o UQ(W’,v)o. The subsequence of the crossing sequence for v from z to y is forward if
(z >y and 2’ > y) and from ¢’ to x is forward if (x < y and 2’ < y).

Given any subsequence of the crossing sequence for v made up of consecutive crossing pairs we can use
the above construction recursively to construct a subquiver Q(v) of Q. In order to define the quiver Q(v)
for the entire crossing sequence we first consider the case when  crosses only one side of a shaded region S.
This occurs only at the endpoints of v when S lies on the boundary of §. Then « starts at the boundary
of § traverses S and crosses a radical line w,, as it exits the shaded region and enters a white region W. As
~ traverses W and exits the white region it crosses another set of radical lines wy, wy4+1 or a single line wy,.
Label the boundary of W by wq,...,w,, in the clockwise direction as before. Since S lies on the boundary
of § it follows that w, is either the first or the last edge in W, so x = 1 or £ = m. If 7 crosses only a
single radical line w,, as it exits W then y = m or y = 1 respectively. Moreover, the crossing sequence for
v is (wg), (wy), and it does not contain any crossing pairs. In this case we define Q(y) = Q(W) to be the
full subquiver of @ on the vertices wi,...,wn,. If v crosses two radical lines wy, wy41 as it exits W then
the crossing sequence for vy starts with (w), (wy, wyt1) if wy is of degree 0 or (wy), (Wy41,wy) if wy41 is of
degree 0.. We define Q(W,~) to be the full subquiver of Q(W) on vertices wi, ..., wy, wy41 if & =1 or the
full subquiver of Q(W) on vertices wy, Wyt1, ..., W if £ = m. We define Q(W,~) similarly if v crosses a
single edge of a shaded region as it exits W.
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r <
N y/ ‘ewl‘*‘ze..%lllj — l[ ! H"'%w /+29u)i/,
S
Wep] <"+ <— Wy_ 1<—ury+1—u +1»w T T Wy
r>y W, —= W, —_— . ——> 1 ——yri -~ =
' <y J\l 3\ ‘\IU o @'+2 / '
Wyg1 == W1 ==+ .4>w7+1—u/ < <—w, 16”J+1
R ’ Vi
Wy <—— Wyt2 e Wy = W,y Wy, ———>= Wy
/ / >y . .
Wepl <= Wy—1 = Wyryg = Wy41 = Wyrpq ' >y T T
’ ! /
Wyrpg = Wary3 Wyr—g = > Wy
<y : : . ! / —
o<y : : Wy —— -+ —> Wypg = Why_ —> Wy = W,
w;,+1 - u:;, Wep1 —> We_1 e Wyt1 = Wh |y

FIGURE 17. The subquivers of @ on vertices Q(W,~)o U Q(W’,~)o. Vertices of the same
color represent the same degree of crossings between the corresponding edges and ~.

Definition A.1. Let v be a representative of a 2-diagonal. The crossing sequence for v determines a
collection of subquivers Q(W1,7),...,Q(Ws, ) for some t > 1, and define Q(v) to be the full subquiver of
Q on vertices Q(W1,7)o U+ U Q(W¢, 7)o

In particular, Q(v) is obtained by piecing together Q(W;,~) according to the construction in Figure

A.1.2. Valid paths. Now we study properties of valid paths appearing in the definition of the map f,.

Suppose 7y crosses pairs of radical lines w,,w,+1 and then wy,w,y1. Then there are two consecutive
crossing pairs (ig, jz), (iy, jy) in the crossing sequence for v where the following sets are equal {wy, Wyt1} =
{iz,Jz} and {wy, wy+1} = {iy,jy}. The next lemma is formulated in terms of valid paths, but it says that
i, and 4, (respectively j, and j,) appear diagonally opposite from each other in Q(W,~). First, we make
the following observation.

Remark A.2. Consider the quiver determined by two consecutive crossing pairs w,, Wz+1 and wy, wy41 given
in Figure We observe that if @ > b and a and b have the same parity then there is a valid path from w,
to wyp in @) and there is no valid path from w; to wy.

Lemma A.3. If (iz, jz), (iy, jy) are two consecutive crossing pairs for a 2-diagonal v then exactly one of
the following is true:

(i) there is a valid path from iy to j, and a valid path from j, to iy in Q;

(ii) there is a valid path from iy to j, and a valid path from j, to iy in Q.

Proof. By Remark in order to prove the lemma it suffices to show that if i, = w, for a € {z,z + 1}
then j, = wy, for b € {y,y + 1} such that a and b have the same parity. Now, we consider the orientation of
the radical lines in the surface S and the orientation of the arc . By Lemma [3.25] the radical lines along a
white region alternate in direction. Hence, if « crosses w, and wy, such that a and b have the same parity,
then 7 crosses the two radical lines in opposite directions. That is, if w, crosses v from left to right then wy
crosses 7y from right to left and vice versa. This completes the proof. (|

Remark A.4. The above lemma implies that in the crossing sequence for v either the step from x to y is
forward or the step from y to x is forward but not both, where z and y are consecutive. For example, in
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FIGURE 18. The quiver Q(7) in the proof of Lemma

Figure |15 the step from x to y is forward in cases (¢) and (d), and the step y to z is forward in cases (a)
and (b).

Remark A.5. Let (ig, jz), (iy, jy) be two consecutive crossing pairs for v contained in a white region W
traversed by . Then valid paths from i, ~ j, or j, ~ 4, are subpaths of maximal valid paths of W,
see Definition In particular, these paths correspond to moving counterclockwise around the boundary
edges of W.

This completely describes valid paths coming from two consecutive crossing pairs. Next, we consider valid
paths determined by three or more consecutive crossing pairs.

Lemma A.6. Let (is,js), (is+1,Js+1);- - -, (it,Jt) be a forward subsequence of the crossing sequence for v €
Diag(S). If t — s > 2 then at most one of the paths is ~ ji, js ~ ¢ is valid, and if t — s = 2 then exactly
one of these paths is valid.

Proof. We consider the portion of the quiver Q(y) coming from the first three crossing pairs (is,js),
(is41,Js+1), (is+2,7s+2). Since the steps from s to s + 2 are forward, Q(y) will look like the last quiver
in Figure There are four possibilities depending on the direction of the arrow between is and j, and
whether the step from s to s+ 1 is rectangular or trapezoidal, see Figure [I8 By Lemma [A-3] there are valid
paths 5 ~ js11 and js41 ~ %542, which says that in the figure j,41 is directly horizontally from i, and
is4o is directly above or below js11. This justifies the particular labeling of 7, j vertices in the figure with
subscripts s + 1 and s 4+ 2. Moreover, we label the remaining vertex of the 3-cycle in Q(v) containing i;, j;
by k; for l =s,s+1,...,t.

In cases (ii) and (iii) of Figure [17| any path starting in i; and ending in j; with ¢ — s > 2 passes through
vertex ksy1. In particular, such a path is not valid because the path i; ~ ksy1 is not valid. Similarly, in
cases (i) and (iv) any path starting in js and ending in 4; with ¢ — s > 2 passes through k.41 and it is not
valid. Moreover, if t — s = 2 we see that in cases (ii) and (iii) there is a valid path js ~ is42 and in cases (i)
and (iv) there is a valid path i5 ~ jsio. This shows the lemma. |

The following lemma describes the relationship between rectangular and trapezoidal steps and valid paths.

Lemma A.7. (Rectangle-Trapezoid Lemma) Let (is, js), (is41, Js+1)s - - - » (32, Jt) be a forward subsequence of
the crossing sequence for some . Then the following properties hold.
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(1a) If the step from I+ 1 to 1+ 2 is rectangular for 1 = s,...,t — 3 then either there exists a pair of valid
paths wy @ ip ~ Jiyo, Wil : Ji+1 ~ G143 or there exists a pair of valid paths wy : Ji ~ i142, W41 ¢
i141 ~ Ji+s, and there is no valid path from i to jiys or from j; to i143.

(1b) If the step from I+ 1 to l + 2 is trapezoidal for | = s,...,t — 3 then there is exactly one valid path
either iy ~ jiy3 or j; ~ i143.

(2) There is a valid path is ~ j; or a valid path js ~ iy if and only if all the steps from s+ 1 tot — 1
are trapezoidal.
(3) If there is a valid path is ~ j; then there are valid paths iy ~ jp for oll 1! = s,s + 1,...,t with
<.
(4) If there exist valid paths is ~ j, and iy ~ j, with s < t < u < w then there exists a valid path
is ™ Juw-
Proof. Parts (1a) and (1b) of the lemma follow from the structure of quivers below. Here we only depict the
case when there is an arrow j;4+1 — %;4+1, and the quivers in the case when there is an arrow 4;4; — j;41 are
obtained from these by interchanging the labels of all i’s and j’s.

U3 Jies
A A
(1a) : : (Ib)  jir—=er o iren
Jiv1 == —>kjpo =40 G1 = kg1 = = Ekipo = Jigo

TN SR
. A

: : Ji 1 Ji+s g3
i }

Ji Q]

To show part (2) first suppose that there exists some | with s <1 <t — 3 such that the step from [ + 1
to [ + 2 is rectangular. Then Q() contains as a full subquiver the quiver given (1a) above, where the labels
of all i’s and j’s may be interchanged. Then a path w from i, to j; passes through some vertices in the
rectangular portion of the quiver determined by 4141, ji+1, %142, ji+2. In particular, w enters this rectangle
at vertex k;yq or ¢;41 and exit the rectangle at vertex kjio or i;49. Then w contains two arrows in the
same 3-cycle, which shows that it is not a valid path. Now, suppose that all steps from s + 1 to t — 1 are
trapezoidal. Then we have the following subquiver of Q(v) if there is an arrow jsy1 — 511, and the labels
of all ¢’s and j’s interchange if instead there is an arrow 541 — jst1.

(2) Z-s+3<—.<;.-. "'ejs+29i5+2
j5+3€ks+36"' ...eks+2%.
v ¥ A
isﬁ"'aks-‘rléjs-&-l jt it
T/ } t
.eks+44>"' - e ...%kt—lajt—l

b7 AN

losd <— Jogdq ==+ RPN qu—
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We remark that the number of vertices in the quiver between two consecutive crossing pairs does not
necessarily increase as the figure might suggest, this is only a convenient way to draw the quiver, which looks
like it is spiraling out from the center as we move from s to t. Here we see that there is a valid path from
to j; that passes through vertices kq41, ksy2, ..., ki—1 in this order. Moreover, there is no valid path from j
to 4; in this case. This shows part (2) of the lemma.

To show part (3), suppose that there is a valid path is ~ j;. If t = s+ 1, then the statement holds
trivially, and if ¢ = s 4+ 2 then the statement follows from Lemma Finally, if ¢ > s + 3, then part (2) of
this lemma implies that all steps from s+ 1 to ¢t — 1 are trapezoidal. Moreover, since i; ~ j; is valid, rather
than js ~ i; being valid, then there is an arrow j; — ¢; for all [ = s+ 1,...,t — 1 as in the quiver above.
Because all the steps from s+ 1 to ¢t — 1 are trapezoidal, then again part (2) of this lemma implies that that
there are valid paths i; ~ ji for all [;I’ = s,...,t and | < I’. This shows part (3) of the lemma.

Now we show the last part of the lemma. If the sequence s,t,u,w is consecutive, then the step from ¢ to
u must be trapezoidal since we have a pair of valid paths i5 ~ jy, i+ ~ ju, see parts (1a) and (1b) of the
lemma. Thus part (1b) of the lemma implies that there is a valid path is ~ j, and completes the proof in
this case.

If the sequence s, t, u is consecutive and w > w41 then all the step from u to w —1 are trapezoidal by part
(2) of the lemma. Moreover, if the step form ¢ to u is rectangular then (1a) together with the existence of
a valid path i; ~ j, implies that there is a valid path j; ~ 4,41. Then Lemma implies that there is no
valid path é; ~ j,41. Thus by part (3) of the lemma there is no valid path é; ~ j,,, which is a contradiction.
Thus the step from ¢ to u is trapezoidal. In particular, all steps from ¢ to w — 1 are trapezoidal and (2)
yields a valid path iz ~ j,.

The case when ¢, u, w is consecutive and s < ¢ — 1 is similar. It remains to consider the case when s,t,u is
not consecutive and ¢, u,w is not consecutive. In this situation all steps from s+ 1 to w — 1 are trapezoidal
by (2), and again by (2) there is a valid path i5 ~ j,,. This completes the proof of (4). O

Lemma A.8. Lety be a representative of a 2-diagonal in S. If in the crossing sequence for v all steps from
s to t are forward then there are no valid paths in Q from is to iy or from js to j;.

Proof. If |s — t| = 1 then the statement follows from the structure of the quiver Q(y) depicted in Figure
Indeed, is,i; are vertices of a rectangle or a trapezoid that are diagonally opposite from each other by
Lemma [AZ3] so any path is ~ 4; uses two arrows in the same 3-cycle and hence it is not valid. Similar
statement holds for js, 7;.

If |s —t| = 2, then lemma follows from the quivers in Figure Now, suppose that |s —t| > 2 and without
loss of generality assume ¢ > s. If there is a rectangular step from [ 4+ 1 to I + 2 for some [ € {s,...,t — 3},
then the quiver Q(7), up to interchanging all i’s and j’s, is given in picture (1a) in the proof of Lemma
We see that any path i5 ~ i or js ~ j; passes through the rectangle determined by 441, %42, ji+1, ji4+2- In
particular, it cannot be valid. If all the steps from s+ 1 to ¢ — 1 are trapezoidal, then the quiver Q(v), up to
interchanging all i’s and j’s, is given in picture (2) in the proof of the same lemma. Again we observe that
there are no valid paths from i, to 4; or from j, to j;. O

A.1.3. Relations in B. In this section we prove two lemmas describing the structure of certain paths in @
that compose to zero or commute in the algebra B.

Recall from Section that the trunk of the dual graph of @ consists of chordless cycles connected by
interior arrows.

Lemma A.9. Let n be a nonzero path in the algebra B such that the composition an = 0 for some arrow
a. Then up to commutativity n starts with ' where
(a) 0’ = B161 such that a, B1,01 are arrows in the same 3-cycle, or
(b) o' = B1...Bxk such that «, B are arrows in the same 3-cycle, B1,. .., By are arrows that lie in distinct
3-cycles C1,...,Ck such that the path C1 —e—Cy —e— ... —e—C}y is in trunk of the dual graph
of Q where Cy, is a leaf. In particular, there is the following subquiver of Q.
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Proof. Let 1’ be a minimal nonzero subpath of 1 appearing at the start of n such that an’ = 0. Since
an’ = 0 we may choose (up to commutativity) the first arrow in 7’ to be 81 such that «, 51 lie in a common
3-cycle C. Let 41 be the third arrow in Cy. Moreover, a7 must lie in a relation that propagates further
via commutativity and zero relations in B that results in an’ being zero.

If ’ = 1 then §; is a boundary arrow, and we obtain case (a) of the lemma.

Suppose 7’ consists of at least two arrows 8182. By minimality of 7’ the composition «8; # 0. Then the
arrow 0 is not boundary, and there exist arrows o/, 5] such that B = o/, see the quiver below on the
left.

€2
[ ]

e

Tﬁi

[ ]
61T

B2
e —>0 [ ]
I d
[ ]

[ ]
’ ’
(e e}

I\
NN

[ ]
[ ]
If By = 61, then 15161 = 0 and ' = 517 by the minimality of ’. This gives case (a) of the lemma. If
the second arrow in 1’ is B3 # 1, then an’ starts with af;62 = o’/ f2. Because 1’ # 0 but an’ = 0 then
B182 or 812 lie in a relation. Thus, one of the paths 8132 or 5182 lies in a 3-cycle. We claim that the former
case is not possible.
Suppose on the contrary that B2 lies in a 3-cycle, and let d; be the third arrow in this 3-cycle. Because

5102 # 0 it follows that d2 is not a boundary arrow. Then there exists another 3-cycle containing d» and
two other arrows €1, €5, see the quiver above on the right. Note

afiBe = aeres = o/ 12 # 0.

The arrows «, €; cannot belong to a common 3-cycle, because t(«) would be an interior vertex of @, which is
a contradiction. Thus there is no relation on the path ae;. Then 0 = an’ = aeiean’” implies 0 = e1e9n” =17,
a contradiction. This shows the claim that §;82 cannot lie in a 3-cycle.

Then Bs, B lie a common 3-cycle Cy. Let d3 be the third arrow in Cs. If d9 is a boundary arrow, then
aB1By =0 and 1’ = 8152, and case (b) of the lemma is satisfied. If d5 is not a boundary arrow then an’ is
equivalent to a path starting with o' 585, where 0o, 84, 85 form another 3-cycle containing . Note that
o/, 8 cannot lie in a common 3-cycle, because ¢(o’) would be an interior vertex of Q. Thus, there are no

more commutativity moves possible that involve only the first three arrows in an’.

B1 B2
o — 0 ——> 0
aTATﬂl 52%
o —— 0 —> 0
a/ ﬁé/

Next we can continue in the same way considering the next arrow in n’. Eventually, we obtainn’ = 1 ... B
for some k as in the quiver in the statement of the lemma where the arrow J; is boundary. O

Lemma A.10. Let a be an arrow and n = B ... Bk be a path in the quiver Q that lie in the full subquiver
of Q shown below. Suppose an’ = nv is a nonzero path in B for some paths ', v. Then up to commutativity
v starts with the arrow o .

B1 2 k

Proof. By the assumptions of the lemma, we have the full subquiver of @ as in Figure [I9] where we label
the vertices @1, ..., o1 and y1,...,ypr1. Moreover, since an’,nv are two equal nonzero path in B, then
they end in some common vertex c. Since there are no cycles in B by Proposition then the two paths
do not self-intersect.

We claim that the path 7’ starts with the arrow ;. Suppose not. Then 7’ is a path starting in z; and
ending in ¢ that does not pass through xzo. We show the two possibilities for 1’ in Figure If o is the
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(3} a2 ag
* $1‘>x2‘>-~-‘>xk‘>$k+1

7 e “f 7
Y1 Tyzﬁ"'%yki?yk-u

FIGURE 19. Proof of Lemma [A.10

upper path then o is an internal vertex, and if 7’ is the lower path then y; is an internal vertex. This shows
the claim that 7’ starts with the arrow ;.
Now we have ' = a1n” for some path 1" and we obtain the following equalities of nonzero paths.

an’ = aan” = Prean” = B1fa ... frv =

In particular, ean” = Ba,. .., Brv are nonzero paths in B. By the same reasoning as before we can show that
that first arrow in 1" is a. Continuing in this way we obtain the equality

epapnFY = Bran* ) = gy

for some path n*+1) starting in z,1 and ending in ¢. Therefore, a/n*+1) = v, and we obtain that up to
commutativity v starts with the arrow o’. This completes the proof of the lemma. O

A.2. Exactness. Here we prove Proposition see Proposition at the end of this subsection.
Lemma A.11. Let v, R(y) be a pair of compatible arcs in S. Then fy o fr(y) = 0.

Proof. Let A= f,,B = fR(V) be two matrices with entries A = (ap;), B = (bp,1). To prove the lemma we
need to show that the product AB is zero. The (s, t)-entry of the matrix AB is the following sum of products
of paths

Z f%‘svj, fR(’Y)jl,it
l

from i in the crossing sequence for « to i; in the crossing sequence for R(vy). This is trivially zero if for all
in the crossing sequence for 7 the step from s to [ is not forward or if in the crossing sequence for R(v) the
step from [ to t is not forward. Now, we fix ¢ such that there exist [ and s such that all steps from s to [
are forward and all steps from [ to t are forward. We may index the crossing pairs in the crossing sequences
so that s <[ <t. Let B; be the t-th column of B and let [ <t — 1 be least integer such that b;; is a valid
path. Then either [ =1 or b;_1,;41 is not a valid path in B, because by Lemma 4) it would yield a valid
path b;_1 + contradicting minimality of [.

Next, we study the structure of valid paths in the matrix A given below, where valid paths are denoted by
*. Let A(l,t) denote the triangular region in A or B whose vertices are at positions (I, t), (I, 4 2), (t — 2,t).
Since by up to sign is a valid path j; ~ i, then every path in A(l,t) in B is also valid by Lemma 3).
By Lemma each entry of A in A(l,t) is zero, and thus again by Lemma 3) each entry of A in the
rectangular region above A(l,t) is zero. The entry a;—1 ;41 in A is a valid path, because otherwise the entry
bi—1,1+1 in B would be a valid path by Lemma @ and we have seen above that b;_; ;41 is not valid.
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Jio ek
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3 J3

FIGURE 20. Proof of Lemma [AT1l

k I I+11+2 t

k **x0 0 - e e 0o 0 0

k+1 O x % *x K o0 eee * 0 0

0 x * Kk v e * 0 0

0o . : :

0  x x = 0 - 0

-1 0  « x 0 - -0

l * ok 0o - -0

+1 0 % % 0 0
0

t—2 0 x = 0

t—1 0 * *

t 0 =

Let k be the least positive integer such that a4 is valid, or, if no such k exists, we let £ = 1. Then
every entry in A in the triangle A(k+1,141) is a valid path by Lemma 3), and ag+1 = 0 by minimality
of [. Therefore,

A jt2 = Q43 = -+ = Qg1 = 0

by Lemma 4). Then Lemma 3) implies that every entry an k+2,...,an,1+1 with h < k is zero.

If [ > 1, then multiplying AB; yields a vector whose first k entries are zero. The s-th entry of AB; for
k+1<s<t—1is a difference of two paths i5 ~ j; ~ iy, 5 ~ Ji+1 ~ 11, which is zero, because all parallel
paths in @ are equal in B by Proposition [3.31] The ¢-th entry of AB; is a single path i; ~ j; ~ i3, which is
zero, because there are no cycles in B by Proposition [3.30

If = 1 then k = 1. In addition, if the first row of A contains two nonzero entries then the same argument
as above implies that AB; yields a vector whose first ¢ entries are zero. Now suppose [ = 1, but the first row
of A contains only a single entry. Then the crossing sequence for v starts with (41), (i2, j2) and the first row
of A contains a single path i; ~ js. In particular, there is no valid path from i; to j3. It suffices to show
that the first entry in AB, is zero. Since the crossing sequence for v starts with (i1), (i2, j2), then we are in
the situation of Figure [20| on the left, where the arrow j; — 47 is a boundary arrow. Moreover, since there
is no valid path i; — j3, then we have the corresponding quiver as in Figure [20[ on the right.

The first entry in AB; is a composition i; ~ js ~ 4z, for some ¢t > 2. From the quiver we see that this
path is zero, because it would start with the path i; ~ k, which is zero, because j; — i1 is a boundary
arrow. This shows that in all cases AB; is zero in the first ¢ entries.

Finally, if the step from ¢ to ¢t 4+ 1 is forward, then remaining entries t +1,¢£+2,... are zero since bj, ; = 0
for all h >t + 1. If the step from ¢ to ¢ + 1 is not forward, then we let I’ > ¢ + 1 be the largest integer such
that by, # 0, and we let &’ be the largest positive integer such that ag/—1 ;/_1 is valid. Then we consider the
structure of A in rows t,t + 1,...,k’, which is analogous to the one we have above but instead A is lower
triangular in that region instead of being upper triangular. Then a similar argument as before shows that
ABy is zero in positions greater than ¢. Because t was arbitrary this shows that AB = 0. (]

The above lemma says that in particular Im f; R(y) C kerf.,. The rest of this section is dedicated to showing
the reverse inclusion. We shall need three preparatory lemmas. In the first, we consider special cases which
we treat separately.
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FIGURE 22. Cases (1.1) and (2.3) in the proof of Lemma

Lemma A.12. Let v be an arc in S such that the crossing sequence for ~y consists of n — 1 steps that go
forward from 1 ton. Let x = [z1 0 - O]T € ker f.,, where x1 is a nonzero path in Q. Then x € Im fr(..

Proof. We need to consider the following cases separately, see Figure 2I] These cases represent all possible
starting configurations for v and R(7). The starting point a of 7 is a boundary point of the checkerboard
polygon S, and the boundary edge incident to it in clockwise direction is either in a white region Wa (case
1) or in a shaded region (case 2). The terminal point b of R() is the other endpoint of this edge.

Recall that an edge between i, j in a crossing pair represents an arrow ¢ — j or j — i. The crossing
sequence for v will start in one of the following ways.

(i1—j1),(i2—j2),... or
(io), (ix —j1 ), (2 —J2 ),... or
(j0)7( 7:1 7.7.1 )7(i2 7.7-2 )a

The path x; is an element of the first indecomposable summand P(j') of Pi(vy). Thus s(z1) = j' = j1 in
the first two cases and s(x1) = j' = jo in the third case.

Now we distinguish eight difference cases in the crossing sequences for v and R(7), where the first three
come from case 1 and the remaining five come from case 2 as in Figure Here recall that, because the
direction of v and R(y) changes, it follows that if (¢, ) is a crossing pair for 7, and R(y) also crosses i, j,
then (j,1) is a crossing pair of R(7).

Cases The crossing sequences start with
(1.1) (¢ — j') for v and (j') for R(7y), where i’ — j is a boundary arrow.

(1.2) (4) for v and (¢ — j) for R(y), where i — j is a boundary arrow.

(1.3) (44 — 41 ) for v and ( j; — 41 ) for R(), where i3 — j; is an interior arrow coming from Wj.
(2.1) (4) for v and (j'), (¢ — j) for R(7y), where i — j is a boundary arrow.

(2.2) (44— j1) for v and (5'), ( j1 — @1 ) for R(y), where i3 — j; is an interior arrow coming from Ws.
(2.3) (¢/ = k') for v and (K" — j') for R(), where there is a 3-cycle i — k' — j' with j/ — ¢’ a boundary

(2.4) (¢), (41 —j1) for v and ( j1 — i1 ) for R(vy), where i3 — j; is either an interior arrow coming
from W3 or the other boundary arrow coming from Wj, provided W5 has a boundary edge.
(2.5) (¢'),(i1 — 71 ) for v and (j1) for R(y), where i3 — j; is the other boundary arrow from Wi,
provided W3 has no boundary edge.
We only provide the details of the proof in the cases (1.1), (2.3), and (2.4), because the other cases are
proved in a similar way.
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FIGURE 23. Case (2.4) in the proof of Lemma

Case (1.1) In this case the arc 7 starts in vertex a, enters the white region Wa, then crosses i’,j’ and
enters the white region W3. Then the corresponding R(7) starts in vertex b, crosses only j’ and enters region
W3, see Figure

By assumption 0 = f,(z), which means that the composition of the valid path ¢ — j' with the path z; is
zero in B. Hence z; is a path j' ~ ¢ starting in j' and ending in some vertex c. Since x1 # 0, Lemma b)
shows that the path j' ~ ¢ starts with a path j' ~~» i3 ~ 2, and there is a boundary arrow d, starting at z
as in the quiver below. The black portion of the quiver lies in Q(y) and the red portion does not. Moreover,
01 is a boundary arrow.

i’»o»---»jze---eo
SAN N\
j’—>o—>-~-—>i2—>-~-9—o—>z—>~-~—>c
g~z
The arc R(y) does not cross i’, so the map JFR(»Y) = 7020«%2) | has only two valid paths in the first

column as all steps in « are assumed to be forward. Thus

i j~sig~szroc
i~ 2o C . :
—(Jaroria~oz ~oc)

fre =z,
0 0

because the path js ~ iy ~» z is zero as 0y is a boundary arrow. This shows that € Im fR(.y) and proves
the lemma in this case.

Case (2.3) This case is special, since it is the only one that involves the diagonal k', see Figure By
assumption 0 = f,(z), which means that the composition of the valid path ¢/ — &’ with z; is zero in B.
Hence 7 is a path k' ~ ¢ starting in k&’ and ending in some vertex c¢. Consider the following subquiver of
Q, where 01, 05 are boundary arrows. The black portion lies in Q(+) and the red portion does not. Then by
Lemma either k' ~ ¢ factors through is and z, and then we proceed as in case (1.1), or k' ~ ¢ factors

through j'.

S0 ,
)] =1 0= >y > >0 5

NN I\

K >0 ...>jg—>...>0—>2-—>...—>¢
- k,’\/)j/
The arc R(y) crosses j', k' but not i, so the map fr(,) = 9 | has only one valid path in the first
i~
_ 0 _
column. Then fry)| . = x, which shows that = € Im fg(,) and proves the lemma in this case.

Case (2.4) In this cz(ise, the arc «y starts in vertex a crosses i’ and moves into region W3, where it crosses
a pair i1, j1. Then R(7) starts in vertex b and then crosses i1, 1 in W3, see Figure On the left, we show
the case when the arrow between i1, j; is an interior arrow of W3, and on the right, we show the case when
the arrow between i1, j; is a boundary arrow of W3. In the latter case, we must have j; — i1, because white
regions have an even number of sides, by Lemma and ¢/, j; must have the same parity along the edges
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of W3, by Remark In the former case, the arrow between 4; and j; may be in either direction. We have
the following subquiver of @), where 0; is a boundary arrow.

-~

j/»oe----eil

61¢/\

i > o — -9]’1
i'~ji~c

i1~ ji~oe

Then z; is a path j; ~ ¢ and by assumption 0 = f,(z) = 0 . We only prove the case when there

6
is an arrow i; — j;, since the other case when there is an arrow j; — i, follows similarly. Then i; — j; is
not a boundary arrow, and by Lemma[A.9] the vanishing of iy — j; ~ ¢ implies that j; ~ ¢ factors through

i1 or z, where z is either above or to the right of j; as in the quiver below. However, the latter case is not
possible because f,(z) = 0 implies that the valid path i’ ~ j; composed with x; is also zero.

=0

Nk

2 J2
Ao
j/»o»'u%o%il%nus-o
o
JAN! N AN
i’»o»---%o%jlen-»o»z»- —C
Ji~oin —(ji~odz) o .
0 Joroiz o e
We have fr(y) = : 0 |- If j1 ~ c factors through 4; then fr(,)| . =z Ifj1 ~c
0
.. O
B 12™~=C
factors through iy then fg(,) (_) = x, because jy ~ iy ~ ¢ is zero as 0, is a boundary arrow. This
o
completes the proof in case (2.4). O

Lemma A.13. Let v be an arc in S such that the crossing sequence for v consists of n — 1 steps that go
forward from 1 ton. Let x = [@1 -+ @ 0 - O]T € ker f, where xy is a nonzero path in Q) starting in ji, for
k > 2. Then xj, factors through iy or ixi1, if k # n.

Proof. Let f, be given by a matrix A = (ap,;). Let A; denote the [-th row of A. Because all the steps
in the crossing sequence for v are forward ap; = 0 for h < [. In particular, in Ay the first k¥ — 1 entries
ak1,0k2,---,05 1 are zero. Then Agx = ap pxp, where ag is a path i ~ jr. We have ap rxp = 0,
because x € ker f, by assumption.

The path z, : ji ~ c is ending in some vertex c in @ and ay ) is a path i, ~ ji ~ cin @) that is zero in
the algebra B. We consider two cases depending on whether ay, j, is given by a single arrow or a composition
of two arrows.
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(1) Let akx = ik 2 jr be an arrow. Because k # 1,n, and the steps in the crossing sequence for ~ are all
forward, we obtain the following full subquiver of Q(v) represented by black arrows. Next, we explain the
remaining colored part of this quiver.

T4l Jht1l

A A

Jh—1 = —> Iy —>=@—=>--:—>@
B1

|

0
ik_14>-"—>O4>jk7>04>“-4>05>259'“9-0
2
By assumption the path azj = i — ji ~ c is zero in B, where x, is nonzero. By Lemma a), Tp
factors through i; or, by Lemma b)7 xy, factors through 4541 or through some vertex z outside of Q(7),
where 0 is a boundary arrow in @ as in the figure above. We must show that the latter is not possible.
Suppose on the contrary that

s
ahige e e i e

as in the quiver above.

Now consider the product Ay_12 = ar—1,,kTk + ak—1,,k-12x—1 = 0, a sum of paths starting at i;_;. Note
that zj_1 is a linear combination of paths starting in j,_1, and the path a;_1 rx) : ix—1 ~ ji ~ c is nonzero,
see the figure. This means that z;_; contains —z’ as a summand, where x’ is a nonzero path z’ : jp_1 ~ c,
such that in the sum Ap_;x the two paths below add to zero.

(A1) Th_1 ﬁi‘iﬁi]k e — ik_la»k\:\lf’f;ljk_l e c =20

We will show that no such path z’ can exist. Indeed, it is clear from the quiver that z’ is equivalent to
a path that contains 182 as a subpath. Because 9 is a boundary arrow, we have 8182 = 0, hence 2’ = 0.
This is a contradiction, and proves the lemma in case (i).

(ii) Suppose apr = i — ® — jj is a path of length two that forms a 3-cycle together with the arrow
Jji = i1. Because the crossing sequence for v is forward we have the following quiver.

]k_le...ﬁlfﬁlile..jd\a

ik—la"'%‘ﬂjk‘>">"">">Z‘>"">C

l/\wma B2

o ———> 0

v v

| |
Jk+1 tk1

If o is not a boundary arrow, then aj ; # 0, but ay rzr = 0, and we proceed in the same way as in case
(). If « is a boundary arrow, then ay; = 0. Thus Agx = ay kxr = 0, so the product of the k-th row of A
and z does not provide any information, because it is zero for any x;. However, the (k — 1)-st row of A still
gives equation for some summand z’ of x;_1, provided that ax_1 gk is nonzero. Then we have the
quiver as above without the part to the right of the arrow «. The arrow p; is the last arrow in ax_1 . If %
factors through iy or ixy; then the lemma follows, so suppose not.

Suppose first that a;—1 xzr = 0. Then the last arrow p; in aj—1,, and the first arrow in x;, lie in a relation,
and thus the first arrow in xj is « or ps. If the first arrow in x is « then x factors through i contrary to
our assumption above. Then the first arrow in xy, is pz as in the picture. By Lemma[A.9] for ay_1 ray to be
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zero, the path x; must go through a 3-cycle that contains a boundary arrow that is not on z;. Thus, the
quiver implies that z; must factor through ix41, a contradiction.

Thus ag—1,k7x # 0 and Ax_12 is given by equation (A.1). By Lemma[A.10] the path z;, starts with the
arrow «, which contradicts the assumption that x does not factor through . This proves case (ii). O

Lemma A.14. Let W be a white region. Label its edges wy, ..., way in clockwise order such that wy and
wy meet in the interior of the polygon S and waop,, w1 meet at the boundary vertex. In particular, if W has
a boundary edge then it is the edge wan,. Let v be an arc with endpoint in W.

(1a) If the endpoint of v is incident to the edge wy, then any crossing of v with an even-indexed edge is
of degree 0, and any crossing with an odd-indezxed edge is of degree 1.
(1b) If the endpoint of «y is not incident to the edge w1, then W has a boundary edge 2m, any crossing of
~v with an even-indezxed edge is of degree 1, and any crossing with an odd-indexed edge is of degree 0.
(2) The full subgquiver Q(W) of Q is given below, where 1, 0y denote boundary arrows of @ and depending
on whether W has a boundary edge (right) or not (left).

W] <= W3 <" <" W2am-1 W] <~ W3 <" <" W2am—-3 < W2am-1
oy 7 N oy 7 N
W2 < Wy <=+ <—Wom W2 <— W4 <=+ <= Wam-2

Proof. Parts (1a) and (1b) follow from the fact that the direction of the edges alternates around the white
region, by Lemma Part (2) follows from the construction, see for example Figure a

We are ready to prove the complementary statement to Lemma
Lemma A.15. Let v, R(7) be a pair of compatible arcs in S. Then ker f, C Im fR(W).

Proof. Let = € ker f,. First we prove the lemma in the case when all steps in the crossing sequence for y are
forward. Let k be the largest integer such that the k-th position in x is nonzero. We proceed by induction
on k, and we outline the main steps of the proof below.

Induction on k:

k =1 Apply Lemma to conclude the base case.
kE>1 (a) Write x = 2/ + x; with
o 2,z €ker f,, and
e 11 has one less term in position k£ than x and is zero in positions greater then k, and
e 2/ €Im JFR("/)‘
(b) Repeat with 1, where 1 = 2 + z2, and continue until we obtain z,, € ker f., such that z, is
zero in positions greater or equal to k. By induction z, € Im fR(V), SO
T=xp+a+ b+ +az, | €Imfre.

Therefore, we need to show the base case k = 1 and part (a) of the inductive step. Then applying the
argument in part (b) completes the proof.

If £ = 1 then x is nonzero only in the first position. The first entry in z is ZCGQ(} Ac(j ~ ¢), a linear
combination of paths starting in vertex j, where j is the first vertex of degree 1 in the crossing sequence for
~v. Moreover, we may assume that the sum runs over distinct vertices ¢ € @, because parallel paths are
equal in B, by Propositionlm Since x € ker f,, we obtain that the vector [Ac(j~c) 0 - O]T € ker f,, for all
c¢. By Lemma |A.12] every such vector is contained in Im fR(,Y), so by linearity we obtain that x € Im fR(,Y).
This completes the proof in the case k = 1.

Part (a). Suppose k > 1. Similarly to the base case, the k-th entry of z is a linear combination of paths
starting in jj, because the k-th column of f, consists of paths ending in j,. Moreover, we may assume again
that the sum runs over paths ending in distinct vertices of @. Let w : ji ~ ¢ be one of the nonzero paths in
the position k of . By Lemma [A.13] the path w factors through i) or ix11, if k& # n. We will prove the case
when &k = n and w does not factor through 4,, later (call this case (c¢)), and now we assume that w factors
through 4. The case when w factors through iy, is similar.

’

Then w = w'u : j ~~~> i, ~—>c. Let s < k be the largest integer such that there is a valid path from
is t0 js+o and, if no such s exists, we let s = 1. This choice of s can be seen in the matrix of f, as the largest
row index for which there exists a non-zero entry on the third diagonal. Let r < s be the largest row index
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in fy such that there exists a valid path i, ~ js42. Assuming <y crosses ji, the matrix of f, is as follows,
where the entry in position (p, q) is labeled « if there is a valid path from i, to j, in that position and p # ¢.
For p = ¢ the symbol x denotes a path that is either a single arrow or a composition of two arrows in the
same 3-cycle. If v does not cross j; then one needs to remove the first column of this matrix; we call this

case (d) and deal with it later.

r s 5+2 k—2

0 0 0o 0
* * 0 0 0 0
0 * * * * 0

() 3
o* * -

k
0

* ok Onee

Moreover, for each h € {s+1,...,k— 3} the step in the crossing sequence for v from h+1 to h+2 cannot
be rectangular, because in that case, Lemma la) would imply that there is a valid path i, ~ jp42 or
ip+1 ~ Jn+s. Then all these steps from s + 2 to k — 1 must be trapezoidal, and Lemma 2) implies
that there is a valid path js41 ~ ik, so part (3) of the same lemma yields valid paths wj, : jn ~ i for all

he{s+1,....,k—1}.
Define

0
(71)k7571w5+1

W —2
—Wg—1

0

L 0 J

’

’ w
where wy, is our path w : jj ~~> i ~—>c¢ and wy, =wpu = G~ iy~ forhe {s+1,...,k}.

In particular, all these paths end in the same subpath w.
Let the entries in the matrix f, be denoted by a; ;. Then by construction

0

0

(—1)F " N s 4 1 W 41— s p2Ws 42)

(=175 (@154 1 W1 — Q1 s 2We 4 2)
(=) 772 (ast2,s42Ws 42— Ast2,5+3Wst3)

(A1, k—1Wk—1—Ck—1, kW)
ak, KWy
0
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FIGURE 24. Case (d) in the proof of Lemma

where aj, pwy, : i, ~ ji ~ ik ~ c is a path that includes an oriented cycle from i to 75, and hence it is zero
by Proposition [3:30] All other entries are differences of parallel paths and hence zero by Proposition
Thus =’ € ker f,.

Let 21 = x — 2/, then x; € ker f,, since both x, 2" € ker f,. Moreover, z; has one less term in position k
than x and is zero in positions greater than k. We will show that z’ € Im fR(W). Lety =[0- 0uo0-- O]T,
where u is our path u : i, ~ ¢ and it sits in the [-th row in v’ where [ is such that the I-th column of fTR(AY)

consists of valid paths ending in ;. Thus, the I-th column of fR(V) is

s+1

where the first s entries are zero, because from the definition of s we know there is a valid path i5 ~ jsy2, thus
there is no valid path js ~ i542, by Lemma and thus there is no valid path js ~ i, by Lemma 3).
Moreover, the signs in the column alternate, by definition of fr(,). Therefore, fr(,)(y') = +a’, so ' €
Im f_R(v). This shows that x = 2’ 4+ z; where o/, x1 satisfy the three conditions of part (a) in the outline
of the proof. This completes the proof of part (a) excluding the case when k& = n and w does not factor
through 4,, (case (c)) and excluding the case when -y does not cross j; (case (d)).

Case (d). Suppose that v does not cross j;. The map f, has the same structure as before, except we
remove the first column. If s > 1, or s = 1 and there is a valid path i; ~ j3 then the same argument as
above goes through, so suppose s = 1 and there is no valid path from i; to j3. Then the crossing sequence
for « starts with (i1), (é2,72),..., so 7 starts in a shaded boundary region given by the diagonals i1, j1,
then crosses the diagonal ¢;, thereby entering a white region W, and then ~ crosses iz, js exiting W, see
Figure Note that if instead we drew ~ starting at the endpoint of i1, then moving to the right and
crossing ji, then j; would cross « from left to right. In particular, P(j;) would be a summand of P;(y),
contrary to the assumption that the crossing sequence of  starts with a vertex corresponding to a summand
of Py(7y). Hence, Figure [24] illustrates the only possibility for v under the given assumptions.

The quiver Q(W,~) is the full subquiver of ¢ whose vertices correspond to the edges of the white region
W moving from i; to is, jo in the counterclockwise direction. Since iy is the first edge in W it has precisely
two neighbors j; and h in Q(W, ), whereas j; is the second edge in W and therefore it has precisely three
neighbors in Q(W, ). Since s = 1 and there is no valid path from 4 to j3, we have the following subquiver
of Q(7), where 9 is a boundary arrow.
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i3 Js
A A
L
Jl—>@—> .. —>p—>ig
oy N\ AN
i1—=h—= - —e—j
B :l:(il’\-/)jQ)’UJQ T
s (i~ j2 ) waF (in~ja ) ws
Define ' = | w, ' |, where wy, are as before. Then fy(@) = —(ik—1~odk—1 ) w1+ (i -1~ gk )w
0 (i~ k) wi
0
0

The first entry is zero, because the path ws = jo — p — is ~ ¢, and the pathofrom i1 to p is zero, since
0 is a boundary arrow. The proof that the other entries are zero is similar to the previous case. Moreover,
r' = fr(y)(y') with 3" as before. This completes the proof in case (d).

Case (¢). It remains to consider the case where k = n and w does not factor though i,,. There are two
possibilities depending on whether ~ crosses 4, or not.

First, suppose that v crosses i,,. By the same argument as in the proof of Lemma we are in one

of the following situations, because w : j, ~~~> z ~~= ¢ does not factor through i,. The two situations
below depend on the direction of the arrow «,, between i,, and j,. Here 9 denotes a boundary arrow.

¢ ]n_1997,n
b N
: i1 === D> jn

b VY
/1

N

AV

Jn-1—>=""—>=Dp—>=1l,
e
Ip_] —>= " —> @ —> j,

|

0

It suffices to show that R(7y) crosses z, because then fR(v) [0] = 2/. Suppose not. Then 7y crosses iy, jn,
enters a white region W and ends on the boundary of W, begause (in, jn) is the last pair in the crossing
sequence for . Label the edges of W as in the statement of Lemma Because R() does not cross z, then
Wayy, is a boundary segment, the endpoint of v is incident to the edges wa,, and wa,,—1, and R(~y) has endpoint
incident to the edges 2m and 1. By Lemma 1b), Jn is an edge of W with even index, say j, = wap,
and i,, is an edges with odd index. If a, : i, = j, then i,, = wo,_1 and if a, : j, — i, then i, = wop41, by
Lemma [A.14)2). Moreover, since z is a source of a boundary arrow, we have z = wy, and thus z lies on the
same side as i,, in Q(W), meaning there is a valid path i,, = wop41 —> wop—1 — -+ — w3 — wy; = 2. This
contradicts the two quivers above and completes the proof of part (¢) when v crosses i,,.
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jn in R(V) Y in Jn
! R(7)
w
w
R(vy) crosses j, R(7) does not cross jp,

FIGURE 25. Case (c) in the proof of Lemma

To show the remaining part of (c), suppose v does not cross i, and we still have that £ = n. Then
~ ends in a shaded boundary region formed by the diagonals 4,,j,. Since v and R(y) both cross j,, by
Proposition b), we have the left picture and not the middle one in Figure[25 In particular, R(7) crosses

Then the arrow «, is oriented «, : j, — in, and the quiver is shown above on the right. Then

f’y = 0 Iz in—2~ofn_1 *
0 In—1"Jn—1 tn—1"Jn
where « is either 0 or a valid path 4, _s ~ j, if such a path exists. The last row of x contains our nonzero
path w : j, ~ c. So looking at the last row of f,, either

(A.2) (in_1 ~ jn)w =0

or there exists a path w,—1 : jp—1 ~ ¢ in the (n — 1)-st row of  such that

(A3> (infl ~ jnfl)wnfl = (infl I Jn)w

If w factors through i,, then the same argument as in the general case applies, since R(7y) crosses
in. If equation (A.3) is satisfied then, by Lemma the path w factors through ¢, and we are done.
Otherwise, equation (A.2]) is satisfied, and w does not factor through i,. Then w factors through z,

W= jp~—>2z~<>c asin the previous quiver on the right, where 9 is a boundary arrow.
0
Let 2/ = [0]7 then f,(z') = [(in—Q;jn)w‘| = 0, because all paths iy, ~ j, factor through p and
w (tn—1~Jjn)w
(p = jn)w = 0. We will show that R(y) crosses z. Indeed, z is the starting point of a boundary arrow 9, and
the number of 3-cycles between the two boundary arrows 0 and «,, is even. Therefore, the corresponding
white region W has no boundary edge, by Lemma 2). Thus, we can complete our previous picture as

in Figure 25 on the right.
0

In particular, R(y) crosses z = i,4+1. Then +a’ = fR(A,)

01 € Im fR(V), as the last column of fTR(AY)
contains only one nonzero entry +(j, — i,+1) in the last positiqf)n. This completes the proof in case (c).

This finishes the argument of the inductive step and completes the proof of the lemma in the case when
the crossing sequence for v consists of all forward steps. On the other hand, if none of the steps are forward
then the proof is very similar using a dual argument working with the first nonzero entry of z € ker f,
instead of the last nonzero entry.

Finally, if some of the steps are forward and some are not, we can start at a position ¢t where the step
from t — 1 to ¢ is forward followed by a non-forward step from ¢ to ¢t + 1. The matrix of f, at row ¢ contains
a single valid path i; ~ j; and otherwise has the following shape, where all entries not marked by stars are
Zero.
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07.:0 a0
0: -0 0 :af

It is upper triangular in the block corresponding to the forward steps and lower triangular in the block
corresponding to the non-forward steps. Then we can work with the ¢-th row of = € ker f,, where ¢ is the
last position for the forward step t — 1 to ¢ and the first position for the non-forward step ¢ to ¢ + 1, working
in both directions at the same time. In the quiver, the pair (i, j;) is a sink for the crossing sequence

jt—1‘>"'<it7"'€jt+l
it71‘>"">jt<*"'<*it+1

and so the paths arriving at i, j; from iy, j, with h < t do not interact with those from i, j, with h > ¢.

In particular, we can decompose x = x’ + x1 using the same algorithm as before at row ¢ treating ¢ as the
* 0

last row of the forward block | 4 . | and the first row of the non-forward block { o ] . The case when a

0 © e
non-forward step from s — 1 to s is followed by a forward step from s to s + 1 is dual. This way we reduce
to the case when x is zero in all rows where a forward step meets a non-forward step, and we can continue
as before. This completes the proof of the lemma. O

We are now able to prove Proposition |4.12
Proposition A.16. Let v, R(vy) be a pair of compatible arcs in S. Then ker f, = Im fR(V).
Proof. This follows directly from Lemma and Lemma O

A.3. Indecomposibility. In this section we prove Lemma [4.16] see Lemma at the end of this sub-
section, required to establish that the cokernel of f, is indecomposable. First we need a few preparatory
lemmas.

Lemma A.17. Suppose is,j; appear in the crossing sequence for v with s # t. If there is an arrow is — j;
i @ then the steps from s to t are forward, and if there exists an arrow j; — is then the steps from t to s
are forward.

Proof. Suppose there exists an arrow iy — j; with s # t, and 7 crosses both is and j;. The other case
follows similarly. Moreover, we can suppose that - crosse i, first and then j;. Then we are in the situation
of Figure

Then t > s, and let y, z denote the endpoints of i, j; respectively that lie to the left of v. The arc «y crosses
is, then traverses some white regions W, ..., W;_; and some shaded regions, and then crosses j;. This gives
a subsequence (is), (is41,Js+1)s- -, (it—1,Jt—1), (j¢) of the crossing sequence for v such that + crosses i, ji,
traverses Wy, and crosses g1, jr+1 as it exits Wy, for k € {s,...,t —1}. Each white region W}, has a vertex
xj on the boundary of S. These vertices must lie between y and z in order as in the picture. In particular,
we can start with an edge iy in W}, and move counterclockwise around the edges of W, taking every other
edge until we reach ji41. In this way we never pass through a vertex of Wy, that lies on the boundary of S.
Therefore, this sequence of edges gives a valid path iy ~ jit1, see Lemma @ This means that the step
from k to k + 1 is forward for all k € {s,...,¢t — 1} and this completes the proof. The case when there is an
arrow j; — i, follows in the same way. O

Suppose v crosses i, and let Q(+, [¢]) denote the full subquiver of Q(v) consisting of all 3-cycles such that
each 3-cycle contains the vertex ¢ and each of the other two vertices is an ¢ or a j vertex of the crossing
sequence of 7.
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FIGURE 26. Proof of Lemma [A 1T

Lemma A.18. Suppose (is,js) is a crossing pair for v such that there is an arrow js — is. If the path
is ~ js factors through some other i, or some other j respectively, in the crossing sequence for -y, then there
exist 1,1I' and p,p’ such that their quivers Q(v, [is]), or Q(v,[js]) respectively, are as follows.

-]5 l ’LP .78 +1 Zs 12 Jp < Zs I+1 Js 267/5 1

\h/¢ \*//7
/ﬁi\\ /¢\

Jstlr <= Tp == Jsqpr/—1 ~ ls41 —>= Js Lol == Jpt <= lsql/—1 " Jot1 < i

In particular, the quivers Q(7, [is]), Q(v, [js]) have connected dual graphs and consist of an even number
of 3-cycles with i’s and j’s alternating around the boundary of the quivers. Moreover, p < s —1 is the least
positive integer such that there is an arrow is — iy or j, — js and p' > s+ 1" is the largest integer such that
there is an arrow iy — iy OT Jy — Js respectively.

Proof. Suppose (is, js) is a crossing pair for v such tl/m/tt\here is an arrow js — i, and the path i; ~ j;
factors through some .. Then there is a 3-cycle is >4, > js in . Without loss of generality we may
assume 7 < s. This situation is illustrated in the left picture in Figure 27} where by assumption v crosses
Z.s ) jS7 ir-

As we move in the direction of ~, if the crossing of « with i, occurs after the crossing of v with i, js
then i, crosses -y from left to right. This means that i, is a degree 1 crossing for 7, which is a contradiction.
Therefore, the crossing of « and 4, occurs prior to the crossing of v with i, js.

Now, we claim that the arrow iy — i, is not a boundary arrow. If i3 — i, were a boundary arrow, then
the segment with endpoints z1, 2z, as in Figure [27] would be a boundary segment of S. Since 7 crosses i,
before crossing is, js, it would follow that  starts in x; or some other point counterclockwise from x;. If ~
starts in x; then it has the same starting point as is, so is cannot be in the crossing sequence for ~. If ~
starts in another point counterclockwise from x; then - crosses is twice, which is also a contradiction. This
shows that i — ¢, is not a boundary arrow.

Then we have the following subquiver of Q.
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FIGURE 27. Proof of Lemma [A.18

2N
1y ——>1p
N/
Js

We claim that k = j,_1. This case is illustrated in Figure 27 on the right.

Let W denote the white region containing js, s, ¢, K on the boundary. If « crosses k as it enters W then
we obtain k = js_1 as claimed. Otherwise, v crosses some other pair i5_1,js—1 that lie clockwise from k
along the boundary of W. For example, is_1,js_1 may equal kq, ko respectively. In the figure we label the
arcs for convenience so that there is an arrow i;_1 — js_1, but this will not be important for the proof
if we interchange the labels of these arcs. Let W’ denote the white region containing ko, k, k1,7,. As we
move along j,_1 in the direction of its orientation we note that if js_; crosses i, then we obtain that W’
is an interior white region, which is not possible. Therefore, js_1 and i, do not cross. Let z,y denote the
endpoints of 4., js_1 respectively. Then y is to the right of i,.. Moreover, since y crosses is_1,js_1, then «y is
to the right of 4, so it cannot cross i,,, which is a contradiction. This shows the claim that k = j,_1.

If there are no other arrows i, — 4,75 — jo with s’ < s and i, js in the crossing sequence of v, then
Il =1, = p and the lemma holds. Note that the steps from r to s are forward by Lemma as there is
an arrow %, — Jjs.

Now, suppose that there is some other arrow i; — ¢ with g € {is,js} for s’ < s. Then v crosses ¢ prior
to crossing ¢, and js_1. We claim that in this case i, = i;_1. Suppose to the contrary i, # is_1. We have
js—1 = k and v crosses (ki1, k) as it enters the white region W, see the picture above. Moreover, we observe
that k1 and ¢ cannot cross, otherwise the white region W with edges k1, i, k, i would be interior. But this
means that v would have to cross k; again before it can cross ¢, a contradiction. This shows that ¢, = i,_1.

Now, given that there is some other arrow is — ¢ with g € {is, js } for s’ < s, we claim that there exists
ir, in the crossing sequence for v with r; < s — 1 and such that é,,, s, js—1 are in the same 3-cycle. That is,
we want to show that we have the following quiver.

irlak:js 1

b

s ;ZT_ZSI

\/

Consider Figure We see that in order for v to cross g, it would have to cross h as well, otherwise the
white region W would have to be interior. Moreover, h is of degree 0 in the crossing sequence for v so
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FIGURE 28. Proof of Lemma [A.18

h = i,, for some r; < s — 1. This shows the claim that i, ,%s,js—1 are in the crossing sequence for v and
form a 3-cycle.

Finally, we can homotope v to obtain a new arc v’ that has the same crossing sequence as v except we
replace the crossing pairs (is, js), (is—1,7Js—1) in v by (is—1,7s), (is,Js—1) in v'. Now we can continue the
same argument as before replacing v with 4/ and i, j, with i,, j,_1. In this way we obtain the desired part
of the quiver Q(7, [is]) coming from the crossings of v before the pair (is,js). Moreover, if i5 ~ js factors
through another i,» with i,» # i, and ' > s, then we can proceed in the same way as above analyzing the
crossings of v after it crosses (is, js). This shows the lemma. O

Lemma A.19. Let v be a representative of a 2-diagonal in S, and let f : @) _, P(jn) — D, P(in) be
the associated morphism. Suppose we have a commutative diagram

By, PUjn) —= D, Plin)

Lk

n . f’Y m .
®h=1 P(jn) — @h:1 P(ip)
for some matrices g; = (ap,p) and g; = (bp,n). Then f, , =0 or by = asy for all s,t.

Proof. By commutativity we have g; f, = f,g; as matrices. The diagonal entries a; ¢, b, in g;, g; are elements
in the field k and off diagonal entries are non-constant paths j; ~ jp/ or iy ~ ip,. Note that the statement
of the lemma is about the diagonal entries only. Denote f, simply by f, and consider position (s,t) in this
composition

Z bonfnt = Z fsnan
I

h
where we index the position (s,t) in f so that it corresponds to a path from i to j;. Then we get

(A.4) bs,s fse + Z bonfni = fspae: + Z fs.nn,t-
h#s h#t
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If fs = 0 then the conclusion holds, thus suppose fs; # 0. Then by definition of the map f = f, all
steps from s to t are forward and there is a valid path i5; ~ j;, or s =t and there is a nonzero path iz ~ j,.
Without loss of generality we can assume ¢ > s.

If the path i; ~ j; does not factor through any other 4y, j,, then equation (A.4) becomes bs s fs1 = fs,10e4
with fs: # 0 and the lemma holds. In particular, if the path i5 ~ j; is just a single arrow then it is valid,
so fs+ # 0, and it does not factor nontrivially through any other 4y, jn and the lemma holds. Therefore, we
can assume that the path is ~ j; is a composition of two or more arrows.

Now, suppose fs; # 0 and the path is ~ j, factors through some i;, or ji or both with h # s, b’ # t.
Then we claim that is — ¢5 or jp» — j; or both of these paths consist of a single arrow. If s = t then
the claim clearly holds as fs s consists of at most two arrows. If s # ¢, then f,; is a valid path. If
h,h' € {s+1,...,t — 1} then is ~ ip ~ jJ; Or i5s ~> jp ~ j; is not valid because is ~ ip, jpr ~ j; is not
valid by Lemma [A.8] Therefore, h,h’ & {s,...,t}. Let Q(v,[p, q]) denote the subquiver of Q(7) determined
by the subsequence (ip,jp), .- ., (iq, jq) of the crossing sequence for . We know that step from s to s + 1
is forward, and if the step from s — 1 to s is not forward, then the two subquivers Q(v, [1,s]), @(7, [s,t]) of
Q(7) only have two vertices i, js connected by a single arrow in common. In particular, in this case the
path iy ~ j; cannot factor through any 4y, jn, for h, ' < s. This is a contradiction, so the step from s — 1
to s must be forward. A similar argument implies that the step from t to ¢ + 1 must also be forward. Then
we have the following possibilities for Q(), where in the first picture there are arrows is — js, 4z — j: and
in the second one the arrows go in the opposite direction.

g —> kg == >kt —>Ji Js—1  ls—1 Jea1  Gta1
N L1 b ot
@ >0 ——> 1, : : : :
| I | by
: : : : by kg > - > kg —>
o b 1 AN
ts=1  Js-1 L1 Jtt1 Js—>@—> - —> 0 ——>1;

In the first case, we see that is ~ j; does not pass through any vertex outside of Q(7, [s,t]). Therefore,
this path cannot factor though any other iy, jn» with h,h’ < s or h,h’ > t, a contradiction. Then we must
be in the situation as in the quiver on the right. Here, the path i; ~ j; factors through kg, k; which are
the only vertices of Q(7, [s,t]) that can also be part of Q(v,[1, s]) or Q(~, [t, max(m,n)]) apart from i, js or
it, j+ respectively, and where m,n are as in the statement of the lemma.

The mixed cases when there are arrows i — js,j: — 9 or js — s,z — j: follow in the same way, and
here the path is ~ j; factors through one of k; or ks respectively. This proves the claim that if ig ~ j;
factors through i, or jp- or both, then iy — ij or jp — j; or both of these paths respectively consist of a
single arrow.

We are now ready to prove the lemma. Suppose first s # ¢ and i5 ~ 7j; is a valid path that factors through
both ks, k; such that v crosses kg, k;. In addition, we can take ks # k;. Thus, here we consider the most
general situation, and when v crosses only one of ks, k; then it becomes a special case of the one we have.
By the above we also know that all steps from s — 1 to ¢t + 1 must be forward. Note that if ks is a jj/ for
h' < s in the crossing sequence for ~, then the arrow iy — j implies that the steps from s to b’ are forward
by Lemma Since ks # k; this is a contradiction, so the crossing between ks and -« is in degree zero.
We consider the quiver Q(v, [is]). By Lemma we have the following situation, where [ > 1 is such that
the path i; ~ js_; factors through only one other vertex i, in the crossing sequence of v, p < s — 1, and all
steps from p to s are forward. Moreover, ks = i, if | > 2 and k; = 4, for some p < s—-1if [ =1, and
ki = jp for some b’ > t.
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Yy

FIGURE 29. Proof of Lemma [4.16]

Js—2 <—1ls—2 == Js_1

b

jsfl+1 — Z'5 —> isfl i ‘>jh’ ‘>jt
ip ﬂjs—>o—>---—>o—>it
R
Js—1
The position (s,t) in the matrix equation g; f, = f,g; yields the following equation.
(*97 t) bs,sfs,t + bS,S*lfol,t = fs,ta/t,t + fs,h’ah’,t

In order to prove the lemma it suffices to show that bs s_1 = ap’+ = 0. We will show that b; ;_1 = 0 and
the remaining part ap/; = 0 follows dually.

We also have the following sets of equations coming from the other positions in the matrix equation .
They correspond to paths in the quiver Q(7, [is]) starting at is and ending at j, js—1, ..., js—i respectively.
Except for the first and the last path here all of them factor through exactly two other i’s in the crossing
sequence for v. For example, there are exactly two different paths in ) starting at s and ending at js_1,
which are iy — i5-1 — js—1 and i — i5_2 — js—1. This means that in the equation (s, s — 1) there are four
terms because a path is ~ j;_1 factors through four vertices that are in the crossing sequence for v, namely
ls5ls—1505—25Js—1-

(87 S) bs,sfs,s + bs,sflfsfl,s = fs,sas,s
(57 s 1) bs,sfs,sfl + bS,SflfS*LSfl + b5’5*2f8*2,5*1 = fsasflasfl’sfl

(57 S — l + ]-) bs,sfs,s—l—Q—I + bs,s—l+1fs—l+1,s—l+1 + bs,pfp,s—l+1 == fs,s—l+las—l+1,s—l+1
(57 s — l) bs,sfs,sfl + bs,pfp,sfl = fs,sflasfl,sfl

In equation (s,s — 1) we have fs,—; = 0 because p < s —1 < s and the steps from p to s are forward
and fps—; # 0 because there exists an arrow i, — js—;. If § is not a boundary arrow, then the path
is — ip — Js—i is nonzero in the algebra B, and we conclude that b, = 0. Now, consider equation
(s,s —1+1). We have that f; s_;41 = 0 because the steps from s — [+ 1 to s are forward. Since bs, = 0 we
conclude that b s_;+1 = 0. Continuing in this way we obtain that bs s_o = 0 from equation (s, s — 2). Then
equation (s, s — 1) implies the desired claim that bs s_1 = 0. This completes the proof of the lemma in the
case when ( is not a boundary arrow.

Now, suppose (3 is a boundary arrow. First, we want to show that bs s_; = 0. Since the step from s —1[ to
s — 141 is forward and § is boundary we must have that ¢, = is_;. We want to show that  crosses js_;—1.
Suppose not. Then is_;, js—; is the first crossing pair for v and we are in the situation of Figure

Let W be the white region that v traverses before crossing is_;, js—;. Let x be a boundary point of the
polygon § in W where i, starts, and let y, z be neighboring boundary points of S clockwise from z as in
the picture. Since 7 also crosse ig, it cannot start at . Because js_; crosses v from left to right, it follows
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that v cannot start at the point y. Therefore, v starts in z or at some point clockwise from z. If v starts at
some other point clockwise from z then it crosses another pair of arcs in W before crossing is_;, js—;, which
is a contradiction to (is—;, js—;) being the first crossing pair for v. Then v starts in z. If the white region
W has no edges on the boundary of S, then the boundary edge with endpoints y, z lies in a shaded region.
In particular, v crosses another pair of arcs before crossing is_;, js—;, which is again a contradiction. Then
W has an edge on the boundary with endpoints z,y, and the edge with endpoints z,y bounds a triangular
shaded region. Moreover, the arc attached to y crosses « from left to right, which means that this arc is
Jjs—1—1 in the crossing sequence for . This shows the claim.

Then we have the following quiver, which is an extension of the quiver Q(7, [is]) given earlier. Note that
it may happen that the path i5_; — j,_;—1 factors through some other j, with ¢ < s — 1 — 1, and here we
depict the most general situation.

/is
jsflflejqe""eip:isfl 5
|7 R
SR

The equation coming from position (s,s — 1 — 1) corresponds to paths in the quiver starting in iy and
ending in js_;_1. Because there is a valid path from i, to js_;—1 then it does not pass through any relations,
and so it is the unique path nonzero path in B between these vertices. The path i, ~ js_;_1 factors through
exactly four vertices is,%s_;, jq, js—i—1 that are in the crossing sequence for y. This means that the equation
(s,s — 1 —1) contains four terms as shown below.

(87 s—1— 1) bs,sfs,s—l—l + bs,s—lfs—l,s—l—l = fs,s—l—las—l—l,s—l—l + fs,qaq,s—l—l

Here fs s—1—1 = fs,¢ = 0 because the steps from s to s—{ are not forward. Then we obtain bs s_;fs—1,s—1—1 =
0, where fs_; s_;—1 # 0 because it is a valid path and the step from s —[ to s — [ — 1 is forward. Therefore,
we still obtain that bs s—; = 0 when f3 is a boundary arrow. Then we can continue as before to conclude that
bs s—1 = 0 from equations (s,s —1),...,(s,s —1). This proves the lemma in the case s # t.

Now, suppose s =t, fs s # 0 and the path 5 ~ j, factors through some other ¢ or j. If the path i5 ~ j,
factors through one or two ’s, say iy, %, the we obtain the following equation.

(S, 3) bs,sfs,s + bs.,pfp,s + bs,p’fp’,s = fs,sas,s

We then conclude that b p,bs, are zero in the same manner as in the case s # t above. First, we
construct the quiver Q(,[is]), see below. Then we use equations (s,s — 1)...,(s,s — 1) and equations
(s,s+1),...,(s,s+1") to show that by p, bs s are zero respectively.

js l is 29]’3 1

Js—v ¢‘//

p’ EJS

If instead the path is ~ j, factors through one or two j’s then again we obtain the desired result by
considering the quiver Q(7, [js]) and applying the dual argument.

Finally, if ¢s ~ js factors through 4, and j, then to show that b, , = 0 we consider the subquiver Q(v, [is]).
Then to show that a, s = 0 we consider the subquiver Q(v, [js]). This completes the proof of the lemma in
all cases. (|

The following statement is a direct consequence of the proof of Lemma above, which we will need
later in Section Note that here we assume that the diagonal entries of the matrices g;, g; are zero.
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Corollary A.20. Let v be a representative of a 2-diagonal in S, and let f : @) _, P(jn) = D), P(in) be
the associated morphism. Suppose we have a commutative diagram

B, PUjn) —= @), Plin)

e
D=1 PUn) — D=y Plin)

for some nilpotent morphisms g; and g;. Then (g;f+)ss =0 for all s,t such that (f,)s. # 0.

APPENDIX B. PROOFS OF SECTION

Here we prove Theorem and extend the definition of pivot morphisms to complexes of projectives in
Theorem which will be used in later sections.

Theorem B.1 (Theorem . Let v, be compatible 2-diagonals in S such that v is obtained from -y by
a 2-piwot and let (g3, 95) be the morphism defined above. Then we have the following commutative diagram
with exact rows

f T
(B.1) P, i P, i M, 0
gfi J/QS lq
, f,y/ , ‘IT,Y/
P P} M., 0

where g is the induced morphism on the cokernels. In particular, g is a morphism of syzygies in CMP B.

Proof. Tt suffices to show the commutativity on a pair of indecomposable summands P(j) of P; and P(7)
of Pj. Thus without loss of generality, we may assume that P; = P(j) and P} = P(i). By definition, the
pivot morphism g is a column vector gf: P(j) — Py whose components are either the identity morphism
1p(j), multiplication by arrows & — j ending in j, or equal to zero. Moreover, if a component is 1p(;) then
all other components are zero, and if no component is 1p(;) then P(j) is not a direct summand of Pj, so by
Lemma there may be up to two arrows hy — j and —hgy — j in ¢ and all other components are zero.

Similarly, the map g is a row vector, gi: Py — P(i) whose entries are 0, 1 p(;) or arrows i — £. Moreover,
if an entry is 1p(;) then all other entries are zero, and if no entry is 1p(;) then P(i) is not a summand of Py,
there may be up to two arrows ¢ — £1, —i — {5 in g and all other entries are zero.

We use the notation and orientation of Figure [8f Thus a is the common endpoint of v and 7' and the
2-pivot move is from vertex = to vertex z, skipping vertex y. Recall that the vertex y, as any boundary
vertex, is the endpoint of exactly one or two radical lines, by Lemma c).

Also note that P(j) is not a summand of P, because even if the radical line p(j) were to cross both v
and ' then these crossings would have the same degree, and thus the projective P(j) would have the same
degree in either of the two-term complexes of f, and f,/, and, in that case, P(j) would be a summand of P
but not of Pj. A similar argument shows that P(7) is not a summand of P;.

We consider several cases determined by the geometric configuration in the pivot area of the polygon S.

(1) Suppose first that P(j) is not a summand of P| and P(i) is not a summand of Py. Thus the radical
line p(j) crosses v from left to right but does not cross +’. This implies that p(j) must end at vertex z.
Similarly, the radical line p(i) crosses 4/ from right to left but does not cross v, and therefore p(7) must end
at vertex .

(1a) Suppose there are two radical lines p(h1) and p(hs) at y and both of them cross v or both of them
cross v'. We may assume without loss of generality that both cross v, see the left picture in Figure In
this case, the map ¢ is zero and g{ is the row vector

96:[0 - 0 i—)hl —i—>h2].

We need to show gg f, = 0. Consider the white region W incident to the crossing point of p(¢) and p(hq) and
to the right of p(i). Since every white region has an even number of sides, there must be some radical lines
missing in the left picture in Figure Moreover, an additional radical line cannot eliminate the vertex y
from the region W, because every white region has at least one boundary vertex, by Lemma ). We
therefore must have a radical line p(¢) that eliminates the crossing point between p(i) and p(hs) from W, see
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p(h1)
ha
p(j) 4

p(4)

F1GURE 30. Proof of Theorem [£.5

the right hand picture in Figure Note that the orientation of p(¢) must be as indicated in the figure, since
the orientation of the edges of W must alternate around the white region, by Lemma [3.25] Furthermore,
p(£) must end at vertex z, because otherwise, it would cross p(j) and +" and thereby create a white region
W’ without boundary vertex, which is impossible. Thus p(¢) ends at z.

(i) Suppose first that p(¢) is equal to p(j). Then the white region W has four sides, p(ha), p(3), p(i)
and p(hy) and its cycle path is ¢(W) = ha — j — i — hy. Therefore the quiver @ contains the following
subquiver

(B.2) hy —2 > j

1,1

§ ——> hl
01

with 61,62 boundary arrows. Now consider the map f,: P(j) — FPy. The subquiver above implies that the
arrows 02 and 3 are valid paths and hence nonzero components of f, by Lemma Recall that, on the
other hand, the nonzero components of gj are the arrows a and d;. Therefore, we have g f, = 618 —ads = 0.
Since gf is zero, this completes the commutativity in this case.

(ii) Now suppose that p(¢) # p(j). Since the white region W’ must have a boundary vertex, this vertex
must be z and the sides of W' in clockwise order are p(j), p(7), p(hz) and p(¢). Therefore its cycle path in Q

s s
is c(W') = j—>i—">hy —
arrow we denote by e. Thus the regions W, W’ give rise to the following subquiver of Q with 1, and d3
boundary arrows.

£ . In particular, the subpath d3« lies in an oriented cycle whose third

)
h2$

Yo

J——>i——M
03 1
It follows that the arrow e is a valid path and that there is no valid path from h; to j. Therefore, we have
96 f+ = ce which is zero since 03 is a boundary arrow. This completes the proof in case (1a).

(Ib) Suppose there are two radical lines p(hy) and p(ha) at vertex y, one crossing v and the other
crossing 7', see Figure Then by the same argument as in case (1a), the white region W has four sides
p(h2),p(5), p(i) and p(hy) in clockwise order. Thus again we have the subquiver In this situation
however, both gy and gf are nonzero. The only nonzero component of gy is the arrow §; and the only
nonzero component of g¢ is the arrow d2. On the other hand, the arrow « is a valid path and hence a
component of f,, and the arrow 3 is a component of f,. Thus we have f, g7 = ads and gjfy = 618. These
paths are equal by Lemma b), and this completes the proof in case (1b).

(1c) Suppose there is exactly one radical line p(h) at y. Then p(h) must cross either v or 4’. These two
cases are similar, and we only prove one of them. Suppose therefore that p(h) crosses v, see Figure In
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p(h1)

p(4) p(h2)

FIGURE 31. Proof of Theorem case (1b).

p(h)

FIGURE 32. Proof of Theorem [5.5] case (1c).

this situation the map g;: P(j) — PJ is zero, by definition. Thus we must show gof, = 0. Let W be the
white region incident to the crossing point of p(i) and p(h) and to the right of p(i). Since there is only one
radical line at vertex y, the region W must contain the vertex z, and the arrow 6;: 7 — ¢ is a boundary
arrow in Q. Thus the radical line p(i) must start at the clockwise neighbor of z on the boundary of S.

(i) Suppose first that the arrow ¢ — h is also a boundary arrow and denote it by da, see the left picture

in Figure Then the white region W has 4 sides and hence its cycle path is ¢((W) = j Li =, h,

with d1, 02 boundary arrows in Q. Moreover, since ¢(W) is a subpath of a chordless cycle in @, there must
be an arrow e: h — j. Thus the radical lines p(h) and p(j) must cross; this crossing is not shown in Figure
Thus @ contains the following subquiver

)
5 5
j/e\h

In this situation, the map f, is given by the arrow € and the map g§ by the arrow d,. Therefore we have
96fy = 02¢, which is zero, because d; is a boundary arrow.

(ii) Now suppose that the arrow i — h is not a boundary arrow, see the right picture in Figure Then
there is a radical line p(¢) that crosses p(h) and p(i) forming a triangular shaded region that corresponds to a

chordless cycle in Q. The white region W has 4 sides and its cycle path is ¢(W) = j i i—2>h % 0,
with boundary arrows d; and d3. Moreover, the paths §;« and «ds lie in two different chordless cycles in Q.

Hence Q has the following subquiver
J
1
h——/¢

02

In this situation, we still have gj f, = ae which is zero because ¢, is a boundary arrow. This completes the
proof in case (1).
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26))

FIGURE 33. Proof of Theorem case (2b).

(2) Suppose that P(j) is a summand of P|. Then p(j) crosses both v and 4" and the map ¢§ is the identity
on the component P(j) — P(j) and zero on all components P(j) — P(¢) with ¢ # j.

(2a) Suppose P(i) is a summand of Py. Then gf is the identity on the component P (i) — P(i) and zero
on all components P(¢) — P(i). Therefore gif,: P(j) — P(i) is equal to f, and fyg: P(j) — P(3) is
equal to f,/. These two maps are equal since v and +’ are compatible and each cross both p(i) and p(j).

(2b) Suppose P(%) is not a summand of Py. Then the radical line p(i) crosses 7 but not v, see Figure

(i) Suppose first that there is no radical line that starts at vertex y and crosses . Then g¢fj: Py — P(i)
is zero and thus g{ fy: P(j) — P(¢) is zero. On the other hand, g{: P(j) — Pj is the identity on P(j) and
thus f, gf is given by the component f, : P(j) — P(i). So it suffices to show that there is no valid path
from ¢ to j in Q.

Using Lemma [3.12|(b), we let W denote the unique white region containing the vertex z. If W lies to
the left of p(i), then, since there is no radical line that crosses v and ends at y, ' crosses p(j) first and
runs through W before crossing p(i). Moreover, the cycle path ¢(W) starts at ¢ and one of the maximal
valid paths o(W) ends at ¢, since the cycle path goes clockwise around W and the maximal valid paths go
counterclockwise. In particular, there is no valid path starting at ¢ and going along the sides of W, because
a valid path is the composition of valid paths along white regions. Hence there is no valid path from 7 to j
and we are done.

On the other hand, if W lies to the right of p(i), then there is a shaded region S containing = and lying
to the left of p(i). Thus S is a boundary region, since it contains x, and therefore it must also contain
the counterclockwise neighbor of = on the boundary. Hence there exists a radical line p(¢) starting at the
counterclockwise neighbor of z such that p(i) crosses p(¢). Let W’ be the white region incident to this
crossing point and to the left of p(i). Now the result follows from the argument above replacing W by W’.

(ii) Now suppose there is a radical line p(h) that starts at vertex y and crosses . In this case, g{ is given
by the arrow «: 7 — h, and g{ f, is a the composition of o with a valid path from h to j. Recall that gf is
the identity on P(j), and f,/¢{ is given by a valid path from ¢ to j. So we must show that every valid path
from ¢ to j factors through the arrow a.

The radical lines p(h) and p(i) cross, and, from their orientations, we see that there exists a shaded
region S adjacent to the crossing point that lies to the left of both p(h) and p(i). Let p(¢) be the third
side of S. Let W be the white region adjacent to S via the edge p(¢). Then its cycle path is of the form
c(W)=---—>h—{—i— -, and the arrow a: i — h is a valid path.

Now, let u be a valid path from h to 7 and write u = Su’, where 3 is the initial arrow of u and v’ is the
remaining subpath. Then either af is a subpath of a maximal valid path of the white region W, or - lies
in a different white region. In both cases, a3 is not a subpath of a chordless cycle and hence afu’ is a valid
path from i to j. By Proposition [3.31} every valid path from ¢ to j is of this form. This completes the proof
in case (2). O

We will also need the following result, which provides the commutative diagram analogous to the one in
Theorem [5.5| when replacing the maps f,, f,» by their modifications f,, f,/ introduced in Section
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FIGURE 34. Proof of Lemma [B.3

Corollary B.2. Let v, be compatible 2-diagonals in S such that ~' is obtained from ~ by a 2-pivot and
let (g5, 97) be the morphism defined above. Then the following diagram commutes.

Py Py
gfl lgﬁ
p—2" .p

Proof. Recall that, given a map f : P, — Py, the corresponding map f is defined as f = Jpy 1 fJ|p, |, Where
Ji is an isomorphism that squares to the identity. Theorem shows that gy fy = f, gf and we obtain,

9ofy =I5 I [T = gy fry = Frrgf = T frr JIg5T = frrgf.
It therefore suffices to show that g§ = g7 and g = g§. The maps ¢, gf, are obtained from g§, gj; respectively,

by introducing alternating signs in their matrices, see Remark (a). By Lemma each of ¢f, g; has at
most one nonzero off-diagonal entry, which implies the desired result. |

B.1. The induced morphism of complexes on the projective resolutions. Our next goal is to give
an explicit description of the complete projective resolution and the morphism of complexes induced by the
pivot maps. Recall that if two representatives -1, v2 of the same 2-diagonal ~y are not compatible then they
give rise to two different morphisms f,,,, f,, in the projective presentation. Moreover, the sequence

Poly) L Py(y) —L o)

is exact only if the arcs Ry and  are compatible, see Proposition[f.12] On the other hand, the commutativity
of the pivot diagram in Corollary relies on the compatibility of the arcs v and its pivot 4. In this
subsection, we will give an explicit construction that will control this double compatibility condition.

Since the syzygies in the projective resolution of M., correspond to the elements R’y in the rotation orbit
of v, we shall need the following result about the distribution of radical lines in the rotation orbit.

Lemma B.3. Let a, Ra, R%a be three consecutive 2-diagonals under rotation. If o and R?c are radical lines
then Ra is a radical line as well.

Proof. Say a = p(r) and R?a = p(y) and let p denote their crossing point in S. Recall that there are two
shaded regions S7, So and two white regions W7y, Wy at p. Also recall that the orientation of the radical lines
is alternating along the white regions and directed along the shaded regions, see Lemma [3:25] Now, since
a and R?a have the same orientation, we see that one white region W, at p lies between the two incoming
segments of & and R%2a and that the other white regions W lies between the two outgoing segments of «
and R%a, see Figure

Because of our assumption that every chordless cycle in @ is of length 3, the shaded region 57 is a triangle.
Then either the third side of S; is a boundary edge of the polygon connecting the points ¢ and a’, or there
exists a radical line p(z) that comes from Wi, crosses R2a, then forms a boundary edge of S; and crosses
a, and continues in Ws. In particular, such a p(z) must end at the points b and V', because it cannot cross
a or R?a twice. Thus p(z) is homotopic to Ra and we are done. A similar analysis for the shaded region
S5 shows that the only remaining case is when both S7 and S have the third side on the boundary. In that
case the polygon has exactly six vertices a, b, c,a’,b’,c’, and therefore it must be one of the two shown in the
first row of Figure[I2] In particular Ro is a radical line. O
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Next, we need to characterize the compatibility of the arcs in the rotation orbit. This is done in the
following two lemmata. The first lemma specifies how to choose compatible representatives of a 2-diagonal
and its rotation if one of the two is a radical line. To illustrate the problem, consider the red arc + in Figure[T1]
It is not compatible with the radical line p(3), because the crossing sequence of v is (2, 1), (3,4), (6,5), (8,7)
and the one of p(3) is either (9), (1,2)(4,6),(5,8),(7) or (1,9), (4,2), (5,6),(7,8), depending on whether its
representative runs on the left or the right of the radical line. Neither of the two crossing sequences of p(3)
is compatible with the crossing sequence of . In order to obtain a compatible representative, we need to
deform ~ homotopically so that the crossing sequence becomes either (3,1),(2,4),(6,5),(8,7), where the
crossing with 3 occurs at the very beginning, or (2,1),(6,4),(8,5),(3,7), where the crossing with 3 occurs
at the very end. We can describe the representative of the first crossing sequence by saying that  starts
at the boundary vertex labeled 18, then runs clockwise along the boundary of its first white region, crosses
p(3), then runs parallel to p(3) until the white region that contains the other endpoint of v and then ends
by following the boundary of that white region until the boundary vertex labeled 9.

Lemma B.4. Let v be a representative of a 2-diagonal whose rotation Ry is a radical line p(x). Then v
and Ry are compatible if v starts by following the boundary of its first white region in clockwise direction,
crosses p(x) and then follows R~y up to its last white region at the other end and then ends by following the
boundary of that white region in clockwise direction.

Proof. Suppose (y, z) is a crossing pair for v and that R~y crosses both p(y) and p(z). Since v runs parallel
to a subpath of R+, the pair (y, ) also is in the crossing sequence of Ry. Thus v and Ry are compatible. [

The next lemma will allow us to fix suitable representatives of the arcs R'vy.

Lemma B.5. We can choose representatives of the elements of the rotation orbit { Ry} of «v such that for
all i

(a) R%Tly s compatible with R%*+2

(b) There exists a homotopic deformation (R**1v)" of R**1y that is compatible with R*'y.

Proof. First note that if R/, R7t1y are two consecutive arcs in the rotation orbit and none of them is a
radical line then we can always choose compatible representatives. Indeed, the only type of problem that we
need to avoid can come from a radical line p(x) that crosses one but not the other; say p(x) crosses R T1y
but not R7v. Then p(z) shares an endpoint a with R’ on the boundary of S. To achieve compatibility, we
only need to ensure that R7*1y crosses p(z) as close as possible to this point a and then follows R7~.
Suppose now that we have three consecutive arcs R7~y, RIt1y, R7T2~, none of which is a radical line. By
the argument above, it is possible to choose representatives such that R7y and Rty are compatible, and
it is possible to choose representatives such that R7*1vy and R7*2y are compatible. If j is even, this proves
the statement. If j is odd however, we need to make sure that we can choose the two compatible pairs
simultaneously. Therefore suppose that it is possible to apply an elementary homotopy to R'*'vy. Thus
RIi*1y crosses all four radical lines of an hourglass shape as in Figure[7l If R7~y and R7*2y also cross all four
sides of the hourglass then there is no problem. So the only obstruction would be if there is a radical line p(x)
that crosses R7t!y but not R’+, so that we obtain a condition on the shape of R?1~, and there is another
radical line p(y) that crosses R*1y but not R/*2y, so that we obtain a second condition on the shape of
Ritly, see Figure In this situation, the arc R/*!y would pass below the crossing point of p(x) and
p(y) for compatibility with R7+, and it would pass above the crossing point for compatibility with RI+2+.
Moreover, this difference would be a non-trivial homotopy if and only if there are two further radical lines
p(w), p(z) that cross all arcs involved and make an hourglass shape as shown in the figure. This, however, is
impossible, because the radical lines p(z) and p(y) are oriented in the same direction, since the endpoint ¢ is
the second neighbor of the endpoint a on the boundary, and thus the orientation of the boundary segments
of the shaded regions in the figure is not cyclic, contradicting Lemma [3.25] This completes the proof in the
absence of radical lines in the rotation orbit.
Suppose now that a set of three consecutive arcs a, Ra, R?a contains a radical line. If there is exactly
one radical line, there are three possibilities.
(i) If a is the radical, we can deform Ra to be compatible with « as explained in Lemma On the
other hand, we can deform Ra to be compatible with R?c, since none of the two is a radical line.
(ii) If Ra is the radical line, we can deform both o and R%a to be compatible with Ra as explained in

Lemma [B-4]
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FIGURE 35. Proof of Lemma [B.5]

(iii) The case where R%« is the radical line is symmetric to case (i).
This proves the statement if the set of three arcs R%*y, R?*T1v, R?*+2~ contains exactly one radical line. Now
suppose that there are exactly two radical lines among o, R, R2ce. Again there are three cases.

(iv) If o and Ra are the radical lines, then they are automatically compatible, by Deﬁnition Moreover
R?a can be deformed to be compatible with Ra, by Lemma

(v) If @ and R%a are the radical lines, then Lemma implies that R is too. In this case, all three
are automatically compatible.

(vi) The case where Ra and R%a are the radical lines is symmetric to case (iv).

This proves the statement if the set of three arcs R?y, R*+1y, R?"*2~ contains exactly two radical lines. If
all three arcs are radical lines, then they are automatically compatible, so there is nothing to show. O

We now construct a projective resolution of M,. We assume that the representatives R'y satisfy the
conditions in Lemma Because of condition (a), Proposition implies

(B3) imfR2¢+27 = ker ?R2i+1,.y, for all 7.

We use condition (b) in order to obtain a similar identity between the degrees 2i and 2i + 1 as follows.
Let (R?**14)" be as in condition (b). From Corollary we know that the homotopy gives rise to an
automorphism

(P2i41,15 P2i41,0) € AutPoiyo(7y) ® AutPoip1(7)
such that
(B.4) f(R277+17)’ = ¥2i+1,0 fR211+1,Y SOQ_I'}FL 1

is the conjugation of fgei+1, by this automorphism. Because (R?**15) and R?~y are compatible, Proposi-
tion yields

(B.5) im¢21+170?R2i+1.y¢2_iil) 1 = ker fR2'i,Y, for all 4.

We are now ready to write the projective resolution of M,.

Proposition B.6. With the above notation, the following sequence is a projective resolution.

— — 7 ——1
<»01,1161327 ‘Pl,ofRa,Sal,l fy

Ps(v) Ps(v) Pyi(v)

_ — -1 —
Poit1,0 FR2it1, Paip1n ©Pai—1,1 fr2i,

o Paiga(y) Poit1(7) Poi(y) -+

Proof. The sequence is exact at Pi(vy) by equation (B.5]) with ¢ = 0. To show exactness at P;(7), we note
that on the one hand, im(Py;_1 1 fr2iy) = Pa;_1,1(im fre:), because Py; ; ; is an isomorphism, and on the

FPo(v) M, 0

other hand, ker(y; 1 o ?32,-717 @221_171) = Pg;_1 1 (ker ?R2'i—1,y)7 because 9y;_; o and @277;1_1’1 are isomorphisms.
Now exactness follows from equation (B.3).

It remains to show exactness at Py;y1(7). We have ker($y;_1 1 freiy) = ker fgeiy, since Py, is an
isomorphism. Now the result follows from equation (B.5]). |
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FI1GURE 36. Proof of Proposition In this picture , for the sake of argument, the arcs =y
and ¢ are not compatible.

We are now ready for the main result of this section. It describes the morphism of complexes induced by
a 2-pivot on the projective resolutions.

Theorem B.7. Let v be a representative of a 2-diagonal and & a representative of the 2-diagonal obtained
from v by a 2-pivot such that ~v and § are compatible. Choose representatives of the rotation orbits of
and ¢ that satisfy conditions (a) and (b) in Lemma . Then the pivot morphism g: M, — Mj; induces a
morphism of complexes on the projective resolutions so that the following diagram commutes.

P11 r2, B1,0 Ry P11 £y
= P3(7) —% Py(y) 2Py () Po(7) M, 0
.
Ps(6 Py (6 Pi(0 Py(6 M, 0
> P3(9) Y 2 ( >Y1,o?m¥;i 1(6) i 0(0) 5

Proof. To fix notation let a’ be the common endpoint of v and § and let b’ be its clockwise neighbor on the
boundary of S. Let a, b, ¢ denote consecutive vertices on the boundary in clockwise order, such that a is the
second endpoint of v and ¢ is the second endpoint of 4. Then Ry has endpoints b and ¥, see Figure

First let us check that we can simultaneously choose the representatives of the arcs in the two rotation
orbits such that they satisfy both Lemma as well as the condition that v and ¢ are compatible. If R~y
is not radical line then the lemma does not impose any restriction on v and there is nothing to show. If
R~ is a radical line p(x), then we will choose v and R~y according to the compatibility condition stated in
Lemma [B4] There are exactly two possibilities for R~y since it can run along either side of the radical line
p(x). We choose Ry to run from b to b’ on the left of p(x) so that it is closer to 6. Then we can choose
~ to start at a’, then follow the boundary of its first white region clockwise, then follow R~y until its last
shaded region at b, then cross Ry = é(x) and end by following the boundary of the white region in the
counterclockwise direction until a. In the case where R{ is a radical we perform the ‘same’ deformation
to § as to 7 so that both are crossing R~ close to the endpoint a’. This choice assures that v and § are
compatible.

Therefore Theoremimplies that g¢ fy = fs5 g7 and thus the degree 0,1 square of our diagram commutes.
We also know that the rows of our diagram are exact, thanks to Proposition Moreover, because of
equation with ¢ = 0, we have

(B.6) feryy =10 frRy 115

thus the map from degree 2 to degree 1 in the first row of our diagram is equal to ?( Ry)» Where (Ry) is a
representative of R~y that is compatible with . Similarly, the corresponding map in the second row is given
as ?( Rs)’» Where (RS) is an arc that is compatible with §. Thus we have the following chain of compatibility
(RS) ~ 6~y ~ (Ry).

We will now show that this implies that (R4)" and (R7y)' are compatible as well. The relative position
of the arcs involved is illustrated in Figure [36] however the arcs v and § are not compatible in the picture.
Suppose that (w,z) is a pair in the crossing sequence of (Ry)" such that (RJ) crosses p(w) and p(z). If
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(w,x) also is a pair in the crossing sequence of (R§)" we are done. Otherwise, there exist two additional
radical lines p(y), p(z) that together with p(w) and p(x) form two triangular shaded regions meeting at the
crossing point of p(z) and p(y), such that none of the vertices of the shaded triangles lies on the boundary
of § and the arcs (R7)" and (RJ)’ also cross p(y) and p(z), as shown in the figure. Then

Ry ~ R§ & (z,w) is a crossing pair in both < (y, z) is a crossing pair in both.

This implies that both v and § cross at least three of the four radical lines and so both cross both arcs of one
of the crossing pairs (z,w) or (y,z). Without loss of generality, we assume that they cross the pair (z,w).
Now the compatibility of (Rv)" and 7 implies that (z,w) is a pair in the crossing sequence of 7. Therefore
we also have the pair (x,w) in the crossing sequence of §, because v and § are compatible. But this implies
that (w,x) is a pair in the crossing sequence of (Rd)’, because of the compatibility of (RJ) and §. This
shows that (Ry)’ and (R¢)" are compatible.

Because of equation , this means that the two horizontal maps from degree 2 to degree 1 in the
proposition are given by two compatible arcs (R7y)" and (R§)’. Therefore Corollary implies that the
degree 1,2 square of the diagram commutes as well, and the proof is complete. ([l

Remark B.8. We did not specify the vertical map in degree 3 in Proposition [B:7} If the horizontal maps
from degree 3 to degree 2 are also induced from a representative of a 2-diagonal, then we can iterate the
argument of the proof and conclude that the vertical map in degree 3 is g§.

APPENDIX C. PROOFS OF SECTION

This section contains the proofs of several results from section [f} We start by studying the matrix shape
of our maps f., in greater detail in subsection

C.1. The staircase shape of f,. Throughout this subsection, v is a representative of a 2-diagonal in the
checkerboard polygon S. Recall that the morphism f,: Pi(y) — Py(7) is defined in terms of the crossing
sequence of v in Definition We assume without loss of generality that the crossing sequence is of the
form (i1,41),- -, (in,jn), since the cases where there is an ig (or jo) that is not part of a pair, follow by the
same arguments. The new key ingredient in this section is to consider the steps in the crossing sequence.
Also recall that the subquiver Q(v) of @ was introduced in Definition

Let v be a 2-diagonal with crossing subsequence

.. s . . PIPEE] Sio1o .,
(is, Js) — (is41, Jst1) — - ——= (i¢, Jjt)

and suppose that every step ¥; is forward. Recall that the crossings between 7 and i; are of degree zero and
the crossings between ~y and j; are of degree one, for [ =s,s+1,...,t.

Let oy be the arrow that connects 4; and j; in the quiver Q). Then, by condition (Q3) of subsection
oy lies in at most two 3-cycles in @) and exactly one of them lies in the subquiver Q(v). We denote the third
vertex of that 3-cycle by ki, so the cycle is

. (03 .
U @ Ji -
ki
When we remove the vertex k; and the arrow a; from the quiver Q(+) we obtain two connected components.
We say that the vertex i; is the entry to the -th pair (4, j;) if it belongs to the same connected component
as the previous pair (i;_1,j;—1), and the ezit from the [-th pair otherwise.
In Figure 9, the vertex isy; is the entry in cases (i) and (iv) and js11 is the entry in cases (ii) and (iii).
We say that the step ¥; from [ to [ 4+ 1 in the crossing sequence has degree zero if the entry to the I-th
pair is ¢;, and we say it has degree one if the entry is j;.
The following lemma is a reformulation of Lemma [A.7]

Lemma C.1. (Rectangle-Trapezoid Lemma) With the notation above, the following properties hold for all
[ >s.
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la) Suppose the step ;11 from I+ 1 to [ 4 2 is rectangular. Then there exists a pair of valid paths
+
(i1~ Jit2, Jit1~ tiv3) if the step is of degree 0;
(Ji ~ G142, G41~ Ji+s) if the step is of degree 1.
Moreover there is no valid path from i; to jiys or from j; to i;43.
1b) Suppose the step X1 from I+ 1 to I + 2 is trapezoidal. Then there exist a valid path
+
iy~ jirs if the step is of degree 0;
Ji~ w3 if the step is of degree 1.
(2) There is a valid path is ~ ji (respectively js ~ it) if and only if all the steps from s+ 1 tot—1 are
trapezoidal and the step from s+ 1 to s+ 2 has degree 0 (respectively degree 1).
(3) If there is a valid path is ~ ji then there are valid paths i; ~ jp for all 1l = s,s +1,...,t with

I<.
(4) If there exist valid paths is ~ j, and iy ~ j, with s < t < u < w then there exists a valid path
is ™ Ju-
Proof. The proof is the same as for Lemma [A77] O

We shall use the notation Ty and T3 for a trapezoidal step of degree 0 or 1, respectively. Similarly, Ry
and R; will denote a rectangular step of degree 0 or 1, respectively.

Corollary C.2. Let X1 be a forward step in the crossing sequence of v and denote the matriz of f: Py(y) —
PO(FY) by f’y = (fst)s,t:l,...,n- Then
(Ro) If the step is rectangular of degree 0 then fiui2) # 0 and fui1y+3) = 0;
(Ry) If the step is rectangular of degree 1 then fiui2) =0 and fui1)a+s) # 0;
(To) If the step is triangular of degree O then fiiy2) # 0, fiays) # 0, fut1)a+s) 7 0;
(T1) If the step is triangular of degree 1 then fii42y = fiut3) = fu+)a+3) = 0.

Proof. (Ry) Part (1a) of Lemma implies that there exists a valid path i; ~ ji12, thus fj;42) # 0. The
lemma also implies that there is a valid path jj11 ~ 4,13, thus there is no valid path ¢;4+1 ~ j;+3, and hence
Ja+1)a+3) = 0. This shows (Rp) and the proof for (R;) is similar.

(To) Part (1b) of the lemma implies there exists a valid path ¢; ~ j;43, and therefore part (3) of the lemma
guarantees the existence of valid paths i; ~ jj12 and 4,41 ~ j;43. Thus all three entries f;13), fi14+2) and
fa+1)(1+3) are nonzero.

(T1) In this case, part (1b) of the lemma yields a valid path j; ~ 4,43, hence there are no valid paths
iy~ Jiys, G~ Jip2 and 411 ~ ji43. Hence all three entries fi;13), fia42) and fu41)43) are zero. O

Next we show that rectangular steps change the degree and trapezoidal steps preserve the degree.

. by . . = . . . .
Lemma C.3. Let (is,]s) L (Ts4157s+1) s (is42,Js+2) be two consecutive forward steps in the cross-

ing sequence for .
(a) If X is rectangular then ¥y and X1 have opposite degrees.
(b) If Xy is trapezoidal then ¥; and 311 have the same degree.
(€) frs+1)(s+1) B8 an arrow if and only if fe(s12) = 0.
Proof. This follows immediately from Figure [I§in Section O

Ezxample C.4. Suppose the crossing sequence of v consists of the following eight steps ToToToRoT1 R1RoR;.
Then the matrix f, is of the form

Juu fiz fis fiu fis 00 0 O
0 fao fo3 faa fos 0O O 0 O
0 0 fs3 faa fzs O 0 0 O
0 0 0 fya fis 0O O 0 O
0 0 0 0 fss fs6 O 0 0
0 0 0 0 0 fes fer fes O
o 0 0 0 0 0 fir frs O
0 0 0 0 0 0 0 fss fso

i 0 0 0 0 0 0 0 0 fgg_
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Indeed, the two consecutive Ty in steps 2 and 3 imply the nonzero entries in positions 13, 14, 15, 24, 25 and
35. The first Ry yields a nonzero entry in position 35 and a zero in position 36, which then gives zeros in
positions 16 and 26. The fifth step 73 yields zeros in positions 46, 47 and 57. The R; in step 6 gives a zero
in position 57 and a nonzero entry in position 68, and the Ry in step 7 gives a nonzero entry in position
68 and a zero in position 79, which also implies that position 69 is zero. The last step R; gives a zero in
position 79.

The matrix f, thus has staircase shape with blocks limited by the columns 5,6,8 and 9.

We now describe in general the staircase shape of f, observed in the example. Suppose the crossing
22 Zn—l

sequence of v is (i1, j1) il (i2,72) (in,jn) and that every step is forward. We define the
source s(X;) and the target t(3;) of the step ¥; to be the integers s(¥;) =1 and ¢(%;) =1 + 1.

Definition C.5. Define a sequence of integers 1 =ty < ¢; < ... <, = n recursively by setting

target of the first rectangular step of degree 0 after step 1,
t; = min { target of the first trapezoidal step of degree 1 after step 1,
source of the first rectangular step of degree 1 after step 1

and recursively,

target of the first rectangular step of degree 0 after step ¢; — 1,
t;+1 = min{ target of the first trapezoidal step of degree 1 after step ¢; — 1,
source of the first rectangular step of degree 1 after step t;

if it exists, and t;41 = n and p = [ + 1, otherwise. This sequence is called the staircase sequence of f.,.

Note that the definition of the staircase sequence is independent of the first step in the crossing sequence.

In Example we have t; = 5, because step four is Ry, to = 6, because step five is 71, and t3 = 8,
because step seven is Rg. Thus the staircase sequence in this example is 1 < 5 < 6 < 8 < 9, as observed in
the matrix of Example [C.4]

Proposition C.6. The matriz f, has an upper triangular staircase shape whose nonzero blocks are limited
by the columns ty,ta, ..., t, as illustrated in the left picture in Figure[37

In other words, f. is nonzero on the main diagonal (fss)s=1,..n (and on the diagonal (fs(s+1))s=1,..n—1)
as well as on p triangular regions Ji, Ja, ..., Jp, where the first row of the region Jy is the row t;_;, the last
column of Jy is the column t; and the hypotenuse of Jy is given by the second diagonal (fs(s41))t,_1<s<t;—1-

We now define two types of blocks A; and By, both being subsets of column ¢; of the matrix of f,.

Definition C.7. (a) Let a; be the least positive integer such that the entry in f, at position (a;, ;) is
an arrow. We denote by A; the following block in f,

Al = [faltm f(al+1)tla ey ftl,tl]T
Then each of the positions in A; is given by an arrow in the quiver. In the example in the left picture
of Figure the positions of A; are marked by the symbol e .
(b) We denote by B; the last column of the triangular region J; in the proposition. Thus
Bi=[fu_iti feivvn, f(tl—l)tl]T
In the left picture of Figure these blocks are the framed in red color.

Let a; be the least positive integer such that the entry in f, at position (a;,?;) is an arrow. Then a; < ¢
and each of the positions (a;,t;), (a; + 1,%),...,(t;,t;) in f, is given by an arrow in the quiver. These
positions are marked by a e in the left picture of Figure

Corollary C.8. With the notation above, the sequence of steps Xy, |, X4, +1,---, 2t,—1 15 equal to

T ift; — 61 =1,
R Ty ---To Ry ift;—t;—1>2.
t—t 2
1—ti—1—

In particular, ¥y, | = Ry unless t; —t;—1 = 1.



A GEOMETRIC MODEL FOR SYZYGIES OVER 2-CALABI-YAU TILTED ALGEBRAS 83

t1 to t3tg ts te tr t1 to t3t4 ts te tr
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FIGURE 37. On the left, the staircase shape of the matrix of f,. Entries in blank positions
are zero and entries in positions marked with a bullet point are given by arrows. The regions
B, are framed in red. The picture on the right indicates the blocks of the matrix go. The
blocks B, are the framed columns above the diagonal; the entries in the shaded blocks
are zero. The blocks A;,, are the framed columns with bullet points. These blocks project
horizontally onto the positions of the arrows marked by bullet points in the matrix of f,.

Proof. Let m = t;—t;_1. Since t;_1 is in the staircase sequence of Deﬁnition we must have ¥;, |1 = Ro
or Ty, or ¥y, , = Ry.

Suppose first that ¥, , 1 = Ro. Then ¥, _, is of degree 1, by Lemma [C.3} If 3, , = T then t; =
t(X¢,_,) = ti—1 + 1, which is the case m = 1 of the statement. If ¥;,_, = R; then its terminal is not in the
staircase sequence, and thus m > 1. The following step 3, ,4; is of degree 0. If it is Ry then its terminal is
t;, and we have m = 2. Otherwise, ¥;, ,+1 = Tp, and the following step 3, , 12 is of degree 0. Continuing
this way, we construct the sequence in the corollary.

If ¥, ,—1 =11, then again ¥, | is of degree 1, by Lemma @ and the proof is the same as above.

Suppose now that ¥;, , = R;. Then the degree of ¥;, 41 is 0. If £;, 41 = Rop then m = 2 and the
sequence is RjRy. Otherwise ¥, , 11 = Tp and the following step ¥, , 1o is of degree 0. Again we obtain
the sequence in the corollary by repeating this argument. (I

The next lemma discusses the position of arrows in f.

Lemma C.9. Suppose fq: is an arrow such that t — s > 2. Then exactly one of the following statements
holds.

() fst, fs41yts - - Joe are arrows and foy are not arrows for all s > s,t" < t,s" <t" and (s',1") # (s, s).
(i) fsss fs(s41)s---» [st are arrows and foy are not arrows for all s > s,t" <t,s" <t and (s',t') # (L,t).

Proof. Since fs; is an arrow, it follows that the entries fs¢ in the triangular region with ' > s,/ <t,¢' <
are given by valid paths. Then Lemma c¢) implies that fs ¢ with s < s’ < t are not arrows. In particular,
since t — s > 2 we have that f(,41)(s41) is not an arrow.

First, suppose that fy(,41) is not an arrow, then we want to show that statement (i) of the lemma holds.
Then there is an arrow j; — jsy1, because if this path were of length two or more then the path iz4q to j;
would not be valid, hence f(,;1); = 0, a contradiction. Then since fy is an arrow, there is a path of length
two 45 — j¢ — Js+1, see Figure on the left. Note that the path from j, to i541 is either a single arrow
or a composition of two arrows. If ¢ = s 4+ 2 then we identify the two vertices labeled j; and jsyo given
in the figure. Then both fi, 1ys, f(s+2),+ are arrows and statement (i) holds. Otherwise, if ¢ > s 4 2 then
the quiver is as in the figure. In particular, f(si1)(s42) is not an arrow, so there is a path of length two
is+1 = Jt = jst2. If t = s+ 3 then condition (i) holds by the same reasoning as above, and otherwise if
t > s+ 3 we can continue the argument in the same way. This shows the lemma in the case when fy(41) is
not an arrow.
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Jst2 — > lst2 Js42 —>lsy2
is Jt \js+1 Jt is \js+1
Js > g1 Js — > tst1

FIGURE 38. Proof of Lemma [C.9

Now, suppose that fy,11) is an arrow, then we want to show that statement (ii) of the lemma holds. We
are in the situation of Figure [38| on the right. In particular, since f(s41) is an arrow then f(s41)(s41) is not
an arrow, because otherwise there would be no valid path from i to j; and thus fs; = 0. Then f,, is an
arrow. Moreover fy(s41) is an arrow, because otherwise again the path from i to j; would not be valid. If
t =542, then fos, fs(s41)s fs(s+2) are arrows and (ii) holds. If ¢ > s +2 then fy(,;3) is an arrow and we can
continue the argument in the same way to conclude that condition (ii) holds. This shows the lemma in the

case when fy(s41) is an arrow and completes the proof. O
In the example of Figurewe have fi,;; is an arrow and f;, (4, —1) is not, so the positions f;, 4 1)e5, - - 5 fests
are arrows.

C.2. Nilpotent endomorphisms of )M,. In this subsection, we provide the proofs for section

C.2.1. A preparatory lemma. We need the following lemma from homological algebra.

Lemma C.10. Let g : M — M’ be a morphism in mod B that induces maps go,g1 on the projective
presentations of M and M’ such that the following diagram commutes.

P—tsp "M 0
/ Ve
g1 7 go 7 ig
i 2 l 2 h
P - Py —= M 0

Then g is zero in mod B if and only if go = f'h1 + ¢’ for some maps hi,q" such that ¢’ f = 0.

Proof. The following sequence of arguments yields the desired result.

g is zero in mod B iff g factors through the projective cover of M’
iff g = 7'h for some h : M — P}
iff gm = 7' hw because 7 is surjective
iff 7' go = 7' hm because the diagram commutes
iff 7' (go— hm) =0
iff go — hm factors through f’
iff go — hm = f'hy for some hy : Py — P
iff go = f'hi +hm
iff go = f'h1 + g such that ¢'f = 0. O

C.2.2. The compositions go f and fyg1. The following lemmata describe the matrix entries in the composi-
tion gofy column by column. There are four cases to consider depending on the direction of the two steps
in the crossing sequence immediately before and after the crossing pair at position ¢. The first lemma deals
with the case where both steps are forward. Part (a) describes the entries above the diagonal and part (b)
the entries below the diagonal.
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A7 A N T,
_. "
L e

FIGURE 39. Proof of Lemma [C.11[(a). On the left, s < u =1t —2,t = t(11). On the right,
s <u < tg41) and the step (41, jr—1) — (ir,Jr) is trapezoidal of degree 0.

Lemma C.11. (The case — (i¢,j:) —). Let [O coo 00 fur fagne oo fuw 0Ll O]T be the column
t of fy withu <t.

(a) Foralls=1,2,...,u—1
(C]-) (g() f’y)st = isufut + is(u+1)f(u+1)t

Moreover, if fuu: tu — ju i a single arrow and the steps before and after (iy,j,) are of the form

u

. _ Se . .. T , , . .
(iut1s Ju—1) =—— (i Ju) ——= (iut1s Jus1) then igqusny fusnye = 0, 50 (gofs)st = isufut-
(b) Foralls=t+1,t+2,...,n

(C.2) (90 fy)st = tstfrr + s fere

where t' < t is the largest integer such that fy is an arrow and
istftt =0  if fi is not an arrow;
¢ fyre = 0 if no such ¢’ exists.

Proof. Since the column ¢ of f, is nonzero above the diagonal and zero below the diagonal, we know that
the crossing sequence at position t is of the form
(it—1je—1) — (it ji) 2 (G441, Je+1)

with both steps going forward. Therefore the staircase shape of f, implies that there exists a unique ! such
that t; +1 <t < tg4q) and u = 1.

(a) Let s < u. Since f+ =0 for r < uw and r > ¢, we have

t
(03) (gof’y)st = Z isrfrb
r=u

So we must show that ig.frr =0, for r =u+2,u+3,...,t. For such an r, we would have t;, =u <u+1<
r <t <t@41), and in particular £ 1) —t; > 2. In this situation, Corollary implies that the sequence of
steps (Z¢,, St,4+1, -+ Bty —1) 18 equal to (By, To, ..., Ty, Ro) with ¢11) — & — 2 steps Tp in the middle.

Iftgyy —ti =2, wehave r >u+1=1%+1, hence r > ¢, +2 =t(;1). Thus r =t = t(;41), and we want
to show i fiz = 0, where s < u. The quiver is shown in the left picture of Figure The path 74 runs from
is to i; and must factor through j;. Therefore i fi; = 0 since it contains a cyclic subpath at j;.

If t(y41) — t; > 2, then our sequence of steps contains ¢;11 —t; — 2 steps Tp in the middle. The case where
r =1 = tq41) uses the same argument as above. In all other cases, the crossing pair (i, ) is the end of
a trapezoidal step of degree 0 and at the start of some step of degree 0. The quiver is shown in the right
picture of Figure

In this case, i is a path from is to i, with s < r — 1 and it must therefore factor through the vertex
labeled x that forms a 3-cycle with 4, and j,.. On the other hand, f,; is a path from 4, to j; with t > r and
this path also factors through z. Consequently i, f+ = 0, because it contains a cyclic subpath at x. This

proves equation (|C.3)).
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ig > . e]u C— %'Zu—i-l .
.V % . \l’\
Ty+2 . \L%ZU‘)- .\%Tiﬁr%l
is el '4>'4>Z.u+1

FIGURE 40. Proof of the second statement of Lemma (a). On the left, the step
(fuy Ju) = (fut1, jus1) is trapezoidal, and on the right it is rectangular.

it‘>">' is . is

NN SW

Jt =Yy —-

AN N

FIGURE 41. Proof of Lemma (b), r <t < s. On the left, fy: iy — j: is an arrow and
on the right it is a path iy — = — j;.

To prove the moreover statement of the lemma, suppose now that f,, : i, — Jj, is a single arrow and that
the step ¥, is backward and the step ¥,41. We want to show that f,41)fus1)r = 0. The step Xy 41 is
either trapezoidal or rectangular and both cases are illustrated in Figure If it is trapezoidal then iy, 1)
factors through j, 1, as shown in the left picture of the figure. Thus if £ = u + 1 then ig(y41)fus1)e = 0,
because it contains a cyclic subpath at j,4i. If ¢ > v+ 1 then f,; = 0, because every path from i, to
any vertex past j,41 will contain two arrows of the same 3-cycle and thus cannot be valid. This gives a
contradiction to the assumption of the lemma that f,; # 0.

Suppose now that ¥, is rectangular, see the right picture in Figure Then the path iy, 1) factors
through the vertex z in the figure. The path f(,,11); also factors through =, which implies that i(y41) f(ut1)e =
0, since it contains a cyclic subpath at . This completes the proof of part (a).

(b) Let s > ¢. Again we have equation and we may thus assume that © < r <t. Then g, is a path
from is to i, that runs against the direction of the steps in the crossing sequence, and f; is a path from i,
to j: that follows the direction of the steps, see Figure

First suppose that fi: i — j; is an arrow. This situation is shown in the left picture of the figure.

If the vertex = # i, then i, factors through the vertex z. On the other hand, the path f,.; from i, to j;
also factors through x. Therefore i, f-+ = 0, since it contains a cyclic subpath at z.

If x = i, then, because of the position of z in the quiver, r = ' is the largest integer such that f;; is an
arrow. In this situation, is fi¢ is nonzero. Moreover, if y = j;_1 then ¢’ =t — 1; otherwise ¢ can be strictly
smaller than ¢ — 1.

If r = ¢ then we are considering i fi; which is nonzero since fy: iy — j; is a single arrow.

Now suppose that f;; is not an arrow. Then there is an arrow j; — i;. This situation is shown in the right
picture of Figure If the vertex y is equal to some 4 in the crossing sequence, the argument is similar
to the one above. Otherwise, the path i, factors through the vertex y that forms a 3-cycle with i; and j;.
On the other hand, f,; is a path from 4, to j; and it also must factor through y. Thus if the vertex y is
different from 4, then i, f,+ = 0, since it contains a cyclic subpath at y. Suppose now that y = ¢,.. Then
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FIGURE 42. The exceptional case in Lemma

r = t/, where t' is the largest integer such that f;; is an arrow. Thus, we have an arrow iy — j; and the

composition i fi¢ is nonzero. O
Lemma C.12. (The case < (is,j;) <=). Let [0 ... 0 fu ... fue 0 ... O}T be the column t of f,
with t < v.

(a) Foralls=1,2,...,t—1
(C.4) (90 fy)st = tstfrr + s fere

where t' > t is the smallest integer such that fy; is an arrow and
istftt =0 if ftt is not an arrow,
Tt [t if no such ¢’ exists.

(b) Foralls=v+1,v+2,....n
(05) (gO f'y)st = Z‘svat + is(v—l)f(v—l)t

Moreover, if fuy: iy — Jy i a single arrow and the steps before and after (iy,j,) are of the form
. . DN . . . .
(Zv—lajv—l) <~ (ZU7.7’U) $ (Zv+17jv+1) then Zs(v—l)f(v—l)t = O; s0 (QOf’y)st = stfvt'
Proof. This is the dual statement to Lemma [C.11] O

Lemma C.13. (The case — (i, j:) < ). Let [O e 0 fur oo fuooooo fur O L. O]T be the col-
umn t of fy with u <t <wv. Then the entry (gofy)st is computed according to formula , if s <u, and
according to formula , if s > v, unless we are in one of the following two exceptional cases.

Ifu=1t—1, fy is not an arrow, the steps before and after (ir—1,j:—1) are of the form

. . Vi1, . ¢ .
(it—2, jt—2) — (61, Ge—1) = (it, Je)

and there exists t' >t such that fy: iy — ji is an arrow, then (go fy)st has an additional term isy fyy, for
all s < u.

Ifv=t+1, fu is not an arrow, the steps before and after (iy41,ji+1) are of the form

.. = . . = . .
(it Jt) < (Ge41,Je41) <= (tt42, Jit2) »

and there exists t' <t such that fyi: iy — ji is an arrow, then (go fv)st has an additional term igy fyy, for
all s > v.

Proof. The proof of the general case is analogous to to the relevant parts of the two previous lemmata. The
exceptional case is illustrated in Figure Clearly (go fy)st = ts(t—1)ft—1)¢ +ist frt +ise fere. Since t —1 =u
and ¢t = u + 1, the first two terms are precisely those given by equation (C.1|), while the third term is the

additional term given in the statement. (Il
Lemma C.14. (The case < (i¢,ji) —). Let [0 ... 0 fi 0 ... O]T be the column t of f,. Then for
all s £t

| isefu if fu: i — je is an arrow;
(©) (90 ) = { 0 if fiz: 4y — - — j; is not an arrow.
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Proof. We have (gofy)st = >, tsufut = istfrr, where the last identity follows from the assumption that fy
is the only nonzero entry in the ¢-th column of f,. It only remains to show that iy f;; = 0 when f;; is not
an arrow. In this situation, we have the following subquiver

C<—Jp

N

kl-eit%kg

Thus there is an arrow j; — ¢4 that lies in two 3-cycles whose third vertex is labeled k; or ks in the figure,
and f;; is equal to either one of the two paths iy — k1 — j; and 7y — ko — j;. On the other hand, i4, being
a path ending at 7;, must end in one of the two subpaths k1 — j; — i; and ko — j; — 4;. In both cases, the
composition i f+ is zero, because it contains a cyclic subpath at ki or ks. O

Lemmata [C.11 also imply the following dual statements for the composition f,g1, obtained by
reformulation using the rows of f, instead of the columns. The proof follows directly from the property of
the transpose (fyg1)" = g{ fT.

Lemma C.15. The entries of the matriz of fyg1 satisfy the following equations.

(1) (The case — (is,js) —). Let [0 ... 0 fos ... fa 0 ... 0] betherows of fy, withr > s.
(a) Forallt=r+1,...,n

(07) (f’ygl)st = fsrjrt + fs(r—l)j(r—l)t

Moreover, if frr: ir — jr is a single arrow and the steps before and after (i, j.) are of the form

P

. . . . E"‘ . . . .
(zrflmjrfl) — (Zm]r) é (lr+17.77‘+1) then fs(rfl)](rfl)t = 07 S50 (f"/gl)st = fs’r‘]rt-
(b) Forallt=1,2,...,s—1

(08) (f’ygl)st = fssjst + fss’js’t

where s’ > s is the smallest integer such that f.y is an arrow,
fssjst =0 if fss is not an arrow;
and { fss'Jsre = 0 if no such s’ exists.
(2) (The case + (is,Js) <). Let [0 e 0 for oo fes 0 .. 0] be the row s of f, with r <s.
(a) Forallt=s4+1,...,n

(Cg) (f’ygl)st = fssjst + fss’js’t

where s’ < s is the largest integer such that fes is an arrow,
and { fssj‘?t =0 %f fss 1s not an .arrow;
fss'Jsre = 0 if no such s’ exists.
(b) Forallt=1,2,...,7r—1

(Cl()) (f'ygl)st = fsrjrt + fs(r+1)j(r+1)t-
Moreover, if frr: i, — jr is a single arrow and the steps before and after (i, j.) are of the form
. . DD M N . . .
(11”717:77"71) —_— (7/7"7]'r) é (Zr+17.77‘+1) then fs(r+1)](r+l)t = 07 S0 (f"/gl)st = fsr]rt~
(3) (The case < (is,js) —). Let [0 B I O P e | 0] be the row s of fy,

with r < s < r'. Then the entry (fyg1)st is computed according to formula if t > ' and
according to formula if t <r, unless we are in one of the following two exceptional cases.
If ' = s+ 1, fss is not an arrow, the steps before and after (is41,js+1) are of the form

PP

25 . . . . . .
(is,Js) s (is41, Js+1) e (is42,js+2) , and there exists s’ < s such that fsg:is — js is an
arrow, then (fyg1)st has an additional term fog jory, for all t > 1.
If r = s — 1, fss is not an arrow, the steps before and after (is—1, js—1) are of the form

. . PP . . X . . . 12 . . .
(is—2,Js—2) <— (is—1,Js—1) < (is,Js) , and there exists "' > s such that fe.r:is — jpr s
an arrow, then (fyg1)s has an additional term foprjpiry, for allt <.
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(4) (The case — (is,js) ). Let [0 <o fes O ... 0] be the row s of fy.
Then for all s #t
| fesist if fsstis — ji is an arrow;
(G-11) (Fygn)on = { 0 if fss:is — - — Js is not an arrow.

C.2.3. Blocks of go. We will think of the result in Section as relations in the matrix go. To make this
idea precise, we introduce the following block structure in the matrix go. Recall that both maps f, and go
are given by square matrices of the same size, and that we have defined the blocks A; and B; in f, as the
subcolumns of the column ¢;. Each of these blocks A; and B; induces a family of column blocks A4;, and
By, in go as follows.

Definition C.16 (Column Blocks). Let g be an endomorphism of M, and let gy be the induced endomor-
phism on the projective cover Py(y) = ®7_, P(is). We treat the change of direction in parts (c) and (d). For
parts (a) and (b) below, we assume that the crossing sequence is forward without change of direction, and
we use the notation of Definition @ thus 1 =tg <t; < --- <t, = n is the staircase sequence of f, and q;
is the least positive integer such that the entry in f, at position (a;,;) is an arrow. We define the following
column blocks in the matrix of gy,

(a) (i) Ifa; #t,—1 or ft(l—l)t(l—l) is not an arrow, define
. . . T
Al = llau S(a+1)u -+ it,u)”, Where u < ap — 1.
(ii) If @ = t;—1 and fta_iyta_,, is an arrow, define

. . . T
Al = [i(a+1)u (a+2)u -+ tu)”, Where u < a.

In the right picture of Figure the A-blocks are the colored framed regions with bullet points
below the diagonal. In the example of Figure the block As,, is of type (a)(ii). For a crossing
sequence that is non-forward the definition is symmetric.

(b) Forall 1 <l <pandt; <ulet

Bl,u = [itl,lu i(tl,l-&-l)u T Z.(tl—l)u]T
In the right picture of Figure the B-blocks are the colored framed regions above the diagonal.
The shading in some of these blocks will be explained in Example For a crossing sequence that
is non-forward the definition is symmetric.

(c) Assume the crossing sequence has a change of direction at ¢; of the form — (it,,j;,) < and f,y, is
an arrow. In addition to the A and B blocks defined above we also have a gluing of two of these as
follows.

(i) If a; #t;—1 or fta_1ytq_,) 18 not an arrow, define

. . . . . T
ABpu = liapu H(a+1)u -+ Ttyu dt41)u -+ S(tga)u) > Where u < ap — 1.

(ii) If @ = t;—1 and ft(l—l)t(l—l) is an arrow, define

. . . . T
ABl,u = [Z(al+1)u ) Z(tl+1)u Z(t1,+1)u] ,Where u < aj.

In a similar way we would also have blocks of type BA;, with a; defined as the largest integer
such that fz,¢ is an arrow and u > @; + 1 in type (i) or w > @ in type (ii).
(d) Assume the crossing sequence has a change of direction at ¢; of the form < (i,,j;,) —. Then the
Aj u, By blocks are empty. The Ajtq 4, Ai—1,, blocks are as in part (a)(ii) and the Bji1 4, Bi—1.4
are as in part (b).

The following lemma examines the entries of the composition f,g; in positions corresponding to the
column blocks of gg.

Lemma C.17. Let [islu i(s'+1)u -+ dsu T be a column block in go, and let s’ < s < s"”. Assume
that if the column block is A; ., of Definition and there exists t' > s such that fsry is an arrow, then
s’ <s < s". Then the coefficients of (fg1)su are equal for all s.
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Proof. First, suppose that the column block is of type A, ,, and it lies below the main diagonal as in Figure
Then fo g, f(si41)s7s- -+ fsns are arrows. Moreover, there are no arrows in f, to the left of these entries
by Definition (a) of the column blocks. By Lemma [C.15(1)(b) (fyg1)su = fssrjsru for all ' < s < s
Then the coefficient of (fyg1)sy is independent of s, so the lemma follows. If s = s” and no ¢’ as in the
statement of the lemma exists then we still have the same equation for (f,g1)s7y, and the lemma holds.

If the column block is of type AB; , or BA,;, then the argument is similar to the one above and also uses
the moreover statement of part (1) and part (2) of Lemma [C.15]

If the column block is of type By ,, and without loss of generality we may assume that s’ < u. Hence, the
column block is to the right of the main diagonal in go as in Figure 37, and using notation of Definition [C.16]
we have that s’ =t;,_; and s” =¢; — 1 for some [. Also, note that ¢ > ¢;. Then the row s of f, is

0 ... 0 fes - fou-1) fswy 0 ... 0
and Lemma implies that
(fy91)su = Fsti—1)Jti—1yu + Fse) It
for all & < s < s and w > ¢;. In particular, the coefficient of (fyg1)s, is the sum of the coefficients of

J(ti—1)u and jz,)u, which is independent of s. If u = #; then by Corollary we have that (fyg1)st, =0
because fs, # 0. This is again independent of s, so the lemma holds. O

Next we will introduce row blocks in the matrix of gy. We assume that the steps in the crossing sequence
are forward. The non-forward case is symmetric. The changes of direction will be discussed below as well.

Definition C.18. (a) We define mazimal one-step sequence in the matrix of f, to be a maximal sequence
of consecutive columns m, m+1,...,m’ where the diagonal entry ¢;; and the entry right above the diagonal
t(1—1y are nonzero, and all other entries above the diagonal are zero.

(b) We define mazimal one-step sequence of arrows in the matrix of f, to be a maximal sequence of
consecutive columns m,m + 1,...,m’ where the diagonal entry and the entry right above the diagonal are
arrows.

Ezxample C.19. In the example in Figure there is one maximal one-step sequence of length two m =
ty,m' = t4+1, and all other maximal one-step sequences are of length one m = m’ = t;+1, with 1 =1,2,5,6.
The only two maximal one-step sequences of arrows are m = m’ = t1, or t5.

Remark C.20. Let m,m + 1,...,m' be a maximal one-step sequence. If there is no change of direction at
m — 1 and m/, then it follows from the definition of the staircase sequence of f that there exists an {
such that m = ¢, m+1=1¢,41,...,m' —1 = ;4 —m—1, and m’ is not one of the ¢; of the staircase sequence.

Moreover, we have m — 1 = ¢;_1. In this situation the columns m — 1 and m’ + 1 has at least three nonzero
entries on and above the diagonal.

If there is a change of direction at m’ then m’ = ¢,/ _., is also in the staircase sequence. In this case,
the column m' 4 1 is zero at every position above the diagonal.

If there is a change of direction at m — 1 then the column m — 1 is zero except at the diagonal position
and m — 1 is not in the staircase sequence.

Definition C.21 (Row Blocks). Let g be an endomorphism of M., and let gy be the induced endomorphism
on the projective cover Py(y) = @7_, P(is). We treat the change of direction in parts (a)(ii), (b)(ii) and
(b)(iii). Otherwise, we assume that the crossing sequence is forward without change of direction. We define
the following row blocks in the matrix of gg.

(a) For each maximal one-step sequence m,m + 1,...,m’, we define
(i) Unless we are in the situation of case (ii) below, let

Fym = liv,m—1 tom --- foms], where v <m — L.

(ii) If there is a change of direction at m — 1 whose diagonal entry f(,;,—1)(m—1) is an arrow then let

Fym = [ivm --- Gom], where v <m — 1.

(b) For each maximal one-step sequence of arrows m,m + 1,...,m’ we have the following row blocks
below the diagonal.
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(i) Unless we are in the situation of case (ii) or (iii) below, let
Eyom = [iv(m=1) tom --- fum’], Where v > m' + 1.

(ii) If there is a change of direction at m’ 41 such that fr,/(m/y1) is an arrow, fn41)(m+1) is not
an arrow, and f(,,/43)(m'+1) = 0 then let

Ev,m = [iv(m—l) ivm ivm’ iv(m'-‘,—l)]» where v > m' + 3.

(iii) If there is a change of direction at m — 1 whose diagonal entry is not an arrow then the block
E,., extends to the left into the adjacent F-block as follows,

FE, = [iv(m”) e lp(m—1) fom .- - iym’], where v > m +1

and m” is the first column of the (backward) maximal one-step sequence ending at m’ — 1.
In a similar way we would also have blocks of type E'F,, ,, above the diagonal.

(iv) If in a case (i), (ii) or (iii) above we have f(;,—1)(m—1) O fi/(m/41) is an arrow then the row
block will behave somewhat differently in what follows, and we refer to it as a row block of type

(iv).

Ezxample C.22. In the example of Figure the row blocks F}, ,, are formed by those colored blocks B,
that are non-shaded. For example row one of the matrix has the following five row blocks.

li1e, G1(t41)] > [B1ts T1(tar1)] > [f1es G100 T1(tat )] o [P1es T1es4+1)) 5 [P1es 1(t641))

C.2.4. The cases where gg is constant on the column blocks or alternating on the row blocks. Each entry of
the matrix of gy is given by a product of a scalar coefficient and path. If C' is any submatrix, we say that
go is constant on C' if each entry of gg in C has the same scalar coefficient. If the submatrix C' has only one
row, we say that gg is alternating on C' if the scalar coefficient is constant up to sign and the sign alternates
along the row.

Lemma C.23. Let g be a nilpotent endomorphism of M.,. Then g = 0 in CMP B in each of the following
cases.

(1) go is constant on a block By, and zero elsewhere,
(ii) go is constant on a block A;. and zero elsewhere,
(iii) go s constant on Ay, U {iqu} and zero elsewhere, where Ay = li(a,+1)u H(ai42)u - inu)l is a

column block as in part (a)(ii) of Definition[C.16,

(iv) go is constant on a block ABy,, or a block BA;,, and zero elsewhere.

Proof. We are going to construct a morphism h: Py(y) — Pi(7) such that go = f,h. Then the result will
follow from Lemma

(i) In order to construct h, we first must take a closer look at go. Let (s,u) be a nonzero position in the
matrix of go that lies in the block B;,. Thus t;_; < s <t#; —1 and #; < wu. Then (go)s, is a scalar multiple
of a path from i, to 4,,. We shall show that this path factors through j,.

Indeed, if t;, —¢;—1 = 1 then s =¢; — 1 and the block B; , consists of a single position (go)(t,,l)u, u > ty,
and the step Xy, _; in the crossing sequence of 7 is trapezoidal of degree 1, by Corollary [C.8] It is not hard
to see that in this case the path (go), 1), from s, 1 to i, factors through j;, ;.

On the other hand, if ¢ —¢;_1 > 2 then ¥;,_; is rectangular of degree zero, again by Corollary This
case is illustrated in Figure Thus the path in (go)s. from is to i, with s <t¢; — 1, u > ¢; factors through
Jti—1-

Therefore, up to a scalar coefficient, (go)sy is a path w: i5 ~ ji,—1 ~ 4,. Moreover, since t;_1 < s < t;—1,
the staircase shape of f, implies that fy;,_1) # 0, and thus there exists a valid path fy,_1): is ~ ji,—1-
Let h(;,—1), denote the subpath of w from j; 1 to 4,, multiplied by the coefficient of (go)s.. Here we use
the fact that this coefficient does not depend on s, since gg is constant on the block By . Then A1), is a
morphism from P(i,) to P(j;,) and we have

(90)su = fsti—1)hti—1)u-

Note that the right hand side of this equation is the product of a single entry of f, with h¢,_1),. We now
shall consider the product of f, with A, _1)y-
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Jti+1
A
—_— .
ST A
th7T > —Ju
" it173

A A /T

. —_— jtlf?)

v

Jti—2 > g —2
FIGURE 43. Proof of Lemma[C.23] The steps ¥, _3, ¥y, —2 are both T and the step 3,1 is R.

If the block B, is of size at least 2, that is ¢, — ¢;—; > 2 then

f’Yh(tzfl)’Uz = (fs’(tl71)h(tl71)u)t(l,1>§s’§tl—1 = gO|Bl,u'

In this case, we define h = h, 1), at position (; — 1)u and zero elsewhere.
If the block B, is of size 1, that is ¢, — ¢;_; = 1, then

Tyhet—1yu = (Fsr(ti—1) Pty —1)u)ti_a<s'<ti—1

is bigger that By ,. In this case, we defined h to be h(,_,), at position (t;—1)u, and —h(,_, 1), at position
(t;—1 — 1)u. Then if the previous block B;_1 , has size greater than 1 then (f,h) = go. And if B;_, , has
size 1 as well, then we add h(;,_,_1), to h in order to compensate again. Continuing this way will produce
the desired map h.

(ii) and (iii) Recall that a; is the least integer such that in column ¢; of the matrix of f, the positions
ai,a;+1,...,t are given by arrows i, — j¢,, ta;4+1 — Jt,»- - - %, — Jt,- Suppose first that the arrow between
iq, and j,, is in the direction j,, — iq,. The quiver in this case is illustrated in the left picture of Figure 44}
We call the configuration given by the full subquiver on the vertices iq,, ja,, - - -, 4, ji, & flower centered at
Jjt,- In this situation the position (a;,a;) in the matrix f, is not an arrow. Thus the block A;, is of type
(a)(i) in Definition Hence, it consists of the positions a;,a; + 1,...,¢ in column u of the matrix gy,
where u < aq; — 1. The entries in this block are paths starting at one of the points i,,, ..., %, and ending at
1,. From the figure it is clear that each of these paths must factor through j;,. Define h; to be the path
Ji, ~ 1y, at position (¢, u) and zero elsewhere. Then f,h1 = go|a,u, and we are done.

Now suppose that the arrow is i,, — jg,. The quiver in this case is illustrated in the right picture of
Figure @ In this situation, the flower centered at j;, does not contain the vertex j,,, and the position
(ar,a;) in the matrix f, is an arrow. Thus the block A, consists of the positions a; +1,a; + 2,...,¢ in
column u of the matrix gg, where again v < a;. Again each of the entries in this block is a path that factor
through j;,. In case (iii) this completes the proof. However, in case (ii), the map hy defined above will not
work, because its composition with f, would contain the nonzero path i,, — j;, ~» 4, which is not part of
the block A;,. In order to compensate, we note that this path factors through j,, as well. So we can define
ha = h1 — (ja, ~ tu), 50 ho has two nonzero positions ji, ~ i, and —(jq, ~ iy), and then f,ho is equal to
g on the block A4;, and is zero at position (a;,u). Thus if there is no other arrow from a vertex i, to the
vertex j,, with s < a; then this hs has the desired property.
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Jt—1 —> -1 < Jaj+1 Jty—1 —> Iy -1 < Jaj+1
Z‘tl jt], iar‘rl Z’tl jt[ iar‘rl

AN ™\

ta; = Jay ta; = 4

. NN

NN
Jay

iy Ty

FIGURE 44. Local configuration in the situation of block A;,. On the left, the arrow of the
a;-th crossing pair is j,, — i4,; on the right, the arrow is iq, — jq,.

Jt—1 —>=dg; 1 < Jag+1
itl jtl \iarﬂ jalf2 I — ia172
’l:al T \jal—l

jal 7;0471

FIGURE 45. Local configuration in the situation of block A4;, in the case where i, = jq,,
ial,1 _>jal and ’ial,1 — jal,1 .

Now suppose there is an arrow i; — j,, with s < a;. Here we need to consider two subcases, depending
on whether or not the vertex x in the right picture in Figure is the vertex jg,—1. If it is, then the path
lq, = Jt, ~ 1 Would be

ial — jtl — jalfl — Z.alfl — jal ~ ilu
and, since the initial piece ¢4, = jy, — ja,—1 factors through j,,, this path is zero unless u = a; — 1. Hence
our first morphism h; has the desired property if u < a; — 1, and our second morphism hs has the desired
property if u = a;—1. If, on the other hand, the vertex x is not j,,_; then either there is no arrow i,,_1 — jg,
and in this case we can use the map ho, or there is an arrow 4,,—1 — j4,, see Figure

In that figure, we have an arrow from j,,—1 to  which implies that the quiver contains a flower at « and
thus there exists a path from z to some i, with u < a; — 1 (for example u = a; — 2) that does not factor
through ¢,,—1. In this situation, the composition f,hs contains the term —(iq,—1 — jq, ~ 4y) Which is not
in the block A;,, and again we need to compensate. In this case, the map hz = ha + (jo,—1 ~ @,,) has the
desired property.

This process will continue if there is another flower at a vertex y that is not one of the vertices 4, j of the
crossing sequence at that has an arrow from x. After a finite number of steps, it will produce a map h such
that f,h = go and we are done.

Let us also remark that it is possible that the crossing sequence has a change of direction at the pair
hy if iq, = jg, is an arrow;
he if 44, ~ jg, is not an arrow
(iv) This case is similar to case (ii). O

(tays Ja,)- In that situation, the map h = { will have the desired property.
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Next we are going to study the case where g¢ is alternating on row blocks.

Lemma C.24. Let g be a nilpotent endomorphism of M., such that go is alternating on a row block and zero
elsewhere else.

(a) If the row block is not of type (iv) then gofy = 0. In particular g =0 in CMP B.
(b) If the row block is of type () then gofy is zero everywhere except possibly at two positions.

Proof. We may assume without loss of generality that the crossing sequence is forward. Suppose first that
the row block is F, ., as in part (a) of Definition Let (v,t) be a position in F, ,,. Suppose first that
t > m. Since we have a maximal one-step sequence, the parameter v in part (a) of Lemma is equal to
t — 1. Therefore equation implies that (gofy)vt = Gu(t—1)f(t—1)¢ + vt ft¢. Both terms in this expressions
are equal to scalar multiples of the unique path from i, to j; and the scalar is equal to the coefficient of
Ty(¢—1) and iy, respectively. Thus the expression is zero because g is alternating on the block.

Now suppose t = m — 1. Then the column ¢ is not part of the maximal one-step sequence. Suppose first
that there is not change of direction at m — 1. Then Lemma a) implies (go.fy)vm—1) = Gvufum—1) +
Gy(ut1) fus1)(m—1), With u < m — 2. Thus the positions (v,u),(v,u + 1) are not part of the block F, ,,
hence #yy = iy(us1) = 0, and we are done. Now suppose there is a change of direction at m — 1. Then
the moreover statement of Lemma a) implies that iy, frm = 0 and thus (gofy)vm = Gv(m—1)fim—1)m-
But iy(m—1) = 0, since (v,m — 1) is not part of the block, because of Definition (a)(ii). This shows
that (gofy)vm = 0. Moreover, (v,m — 1) not being part of the block also implies (gofy)y(m—1) = 0. This
completes the proof in the case when the row block is of type F.

Now suppose that the row block is E, ,, as in part (b)(i) of Definition Let (v,t) be a position in
E,m. Suppose first that m <t < m'. In this case, we have a maximal one-step sequence of arrows, and
thus the parameter ¢’ in part (b) of Lemma is equal to ¢t — 1. Therefore equation implies that
(90f+)vt = vt ftt +iv—1)ft—1)¢ and both terms are nonzero. By the same argument as in the previous case,
we see that the expression is zero because gq is alternating on the block.

Now suppose that ¢ = m—1 and assume first that F., ,, is not of type (iv). In particular f,,—1)um—1) is not
an arrow. Then in the composition go f, in column m—1, only the term f(,,, _1)(m—1) may contribute since go is
zero in columns ¢ with ¢ < m—1. Now, since f(,;,—1)(m—1) is not an arrow then by Lemma (b), go f is zero
in column m — 1. Finally suppose that ¢t = m/+ 1. Similarly to the previous case, fy,/(m/41) is not an arrow.
Note, that since fp,/, is an arrow then f(,,,s—1y(m/+1) = 0, by Lemma (c). Thus in column m’+1 of f,, we
will have two terms f(m/41)(m’+1)» frm' (m/+1), and then (go fy)v(m/+1) = Go(m'+1) fm/+1) (m+1) Tiom frn/ (mr41)-
Now, iym’ fm'(m'+1) = 0, because of Lemma b) using the fact that fp,/(,41) is not an arrow, and
G(m/+1) f(m'+1)(m'+1) = 0, because the position (v,m’ + 1) is not in the block.

If the row block E, ,, is as in part (b)(ii) of Definition then Lemma with ¢ =m/,t=m'+1
implies that (gofy)v(m/+1) has an additional term 4y, fr (m/41)- Thus

(90.S7 )v(m/+1) = Tom/ fonr (mr+1) T Go(m/ 1) Fm/41) (mr+1) T Go(m/+2) fm/+2) (m'+1)-
However, the position (v, (m' + 2)) is not in E, ., S0 iy (m/42) = 0 and thus the above expression has only
two non-zero terms. Again since gq is alternating on the block, the sum is zero.

If the row block is FE, ,, or EF, ,, as in part (b)(iii) of Definition then it consists of an E-block
and and F-block that are joined. This case follows by combining the previous ones. Moreover, Lemma [C.14]
guarantees that the go f, is also zero at position (v,m — 1), because f(;,—1)(m—1) is not an arrow.

Thus in all cases we have gof, = 0. In particular, Lemma [C.10] implies g = 0 in CMP B.

(b) Now assume that E, ., is of type (iv). In this case the entries (go fy)vt, With ¢ the first or last entry
of the block may be nonzero. O

C.2.5. Proof of Theorem[6.1}

Theorem C.25. Let v be a 2-diagonal and M, the associated indecomposable syzygy over B. Then M,
does not admit any nonzero nilpotent endomorphisms in CMP B.

Proof. Let g be a nilpotent endomorphism of M., with the corresponding maps go,g1 on the projective
presentation of M., as in the diagram . Let go = (ist), 91 = (Jst) denote the entries of these matrices.
Recall that i is a path is ~ j; scaled by some coefficient from the field k, and since g is nilpotent is = 0
if s = t. The strategy of the proof is as follows. Given a nonzero entry is of go we construct a map
96 : Po(y) — Po(v) that induces a nilpotent endomorphism ¢’ of M., such that ¢’ = 0 in CMP B. Moreover,
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(96)st = ist and go — g{, has fewer nonzero entries than gg. Then replacing gy with go — g, and repeating the
argument we conclude that go = 0 and, hence, g = 0 in CMP B.

Let i5; be a nonzero entry of go. Next we consider several cases based on whether s belongs to a column
block and/or a row block of gq.

(1) Suppose that ig belongs to a column block that consists of a single term. Let g{ be the map that
contains the entry is in position (s,t) and zero everywhere else. Then by Lemma g6 induces an
endomorphism of M., that is zero in CMP B. By construction, go — g; has fewer nonzero entries than go.
This shows the desired conclusion in this case.

(2) Suppose that is; does not belong a column block and fg; # 0. Without loss of generality we may assume
that s < ¢, then ¢ is not one of the ¢; in the staircase sequence, see Figure 37 In particular, {1 <s <t <
for some [, and fi,, # 0 if and only if u = ¢,t 4+ 1,...,¢;. Moreover, note that fs, # 0 for u =1¢,...,¢;. Let
g6 be the map that contains the entry i in position (s,t) and zero everywhere else. Then the composition
gof is zero everywhere except in positions (s, u) where (g4 fy)su = tstfiw and v =t, ¢+ 1,...,t,. However,
since fg, # 0, Corollary implies that (gyfy)su = 0. Hence, g5 f, = 0. In particular, gj induces an
endomorphism ¢’ of M., which is zero in CMP B. By construction, go — g, has fewer nonzero entries than
go, which yields the desired conclusion in this case.

(3) Suppose that i5; does not belong to a column block and fg; = 0. Without loss of generality we may
assume that fs,_1) = 0, so in particular fs, = 0 for all u < s. Then since is; does not belong to a column
block and fs = 0, it follows that s > ¢ and fs, is not an arrow for any u > s, see Figure [37] In this case,
Lemma parts (1b) and (4) imply the following equation.

(C.12) (fg1)su =0 for u <s

Now we consider two subcases depending on whether iy belongs to a row block or not.
(3a) Suppose that iz belongs to a row block

[ist’ is(t/+1) B ist”} .

Then by definition of a row block there is a maximal one-step sequence in f, and thus column u of f, has
exactly two nonzero entries. Then the composition

(0'13) (90f)su = s fou + is(v+1)f(v+1)u for t' < u,v <t”

where v = u if the row block is an F' block and v + 1 = wu if the row block is an E block. The case when
the row block is an EF or an F'E block follows similarly, so we omit it from the discussion. If the row block
is not of type (iv) then equation also holds when v = ¢ and w = ¢. In this case (C.12)) implies
that two consecutive entries in go in the row block have opposite signs. Let g{, be the map that agrees with
go on the entries of the row block and is zero everywhere else. By Lemma a) the map g( induces an
endomorphism of M, that is zero in CMP B. By construction, go — g; has fewer nonzero entries than go,
which yields the desired conclusion in the case when the row block is not of type (iv).

Otherwise, suppose that the row block is of type (iv). Then fy4 is an arrow, and igp frp is a summand of
(90f)str O fer(pr41y is an arrow and dgy fyr (g 41y is @ summand of (gof)s41) or both of these cases hold.
If (gof)str = ist frrer then equations (C.12)) and (C.13]) imply that go is constantly zero on the row block. In
particular, i5; = 0, contrary to our assumption in the beginning of the proof, or (gof)sr = 0 and here we can
proceed in the same way as if the row block is not of type (iv). If fy/(441) is an arrow, then frp1y@ry1)
is not an arrow because the maximal one-step sequence of arrows ends at ¢, 50 (gof)s41) = tst ferr(1741)
by Lemma b). Then similarly to the above we conclude that is; = 0. It remains to consider the case
when (gof)str = iser ferer +iserr frrry where fyny is an arrow and ¢ < ¢ is maximal. We claim that gy = 0,
so again we can proceed in the same way as before. Note that ¢/ < t’ — 1 because the maximal one-step
sequence of arrows starts at ¢’ +1. Hence, J—1)r is not an arrow and then Lemma implies that fy/_1)
is an arrow and ¢’ is maximal such that fy. (1) is an arrow. In particular, Lemma (b) implies that
(90.f) st —1) = iser frr (1 —1y, Which equals zero by . This shows the claim that i5» = 0, and completes
the proof in case (3a).

(3b) Suppose that is; does not belong to a row block and fs; = 0. Then let g{, be the map that contains
the entry iy in position (s,t) and zero everywhere else. First, assume that f;11); # 0. Then f;19); # 0
since ¢ is not part of a maximal one-step sequence. In particular, if f, # 0 then f 1)y, f(142). are are also
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nonzero. Then the composition g; f, is zero everywhere except possibly in position (s,u), where it equals
st ftw for u < s. However, the parameter v in Lemma b) is at least t + 2 and equation implies
that fi, does not contribute to (g(fy)sy. Therefore, (g(fy)su = 0. This completes the proof in case (3b)
whenever f;11); # 0. Note that in this argument we did not need the stronger assumption of (3) that i,
does not belong to a column block.

Now suppose that f(;11); = 0. Then (g f)s equal zero or it equals i fyr if fiy is an arrow. However,
equation implies that ig frr = 0 and so g(f = 0. Hence, g{f = 0. In particular, g induces an
endomorphism ¢’ of M., which is zero in CMP B. By construction, go — g, has fewer nonzero entries than
go, which yields the desired conclusion. This completes the proof of case (3).

(4) Suppose that iz belongs to a column block

. . . . T
['Ls/t z(s’—&-l)t e st .- Zs”t]

of size greater than one. Assume without loss of generality that s > t.
(4a) Suppose that i also belongs to a row block
[ist/ is(t’—i—l) “ee ist “ee l’stﬂ} .

Let C be the submatrix of gg with entries 4,, where s’ <u < s” and t' < v < t”. Hence, every column of C
is a column block of gy and every row of C' is a row block of gg. Let g{, be map that agrees with gy on the
entries in C' and zero everywhere else. We will show that g induces a nilpotent endomorphism ¢’ of M,.
Recall that every i,, of C is a path i, ~ i, multiplied by a coefficient a,, € k. Denote by A = (ay,) the
matrix of the coefficients in C.

First, suppose that the row blocks in C are not of type (iv). Assume further that if the column block is
Ay, of Definition then there does not exist a v > s such that f,, is an arrow. In this situation, we
may use Lemma to conclude that for all s’ < u < s” and ¢’ < v <t we have relations Gy, + Gy(v41) =
A(ut1)o T A(ut1)(v+1) Which imply
(014) A(y4+1)v — Quo = _(a(u+1)(v+1) - au(v—i—l))

Define a matrix A, of the same size as A such that every column of A, is constant and equal to the
first entry in the corresponding column of A. Then

0 0 0
A(s'+1)s" — As’s’  Q(s/41)(s'4+1) — As/(s'+1)  A(s'41)(s'4+2) — As/(s'+2)

A- ACOZ = A(s'4+2)s" — As’s’ Q(s/42)(s'4+1) — As/(s'+1)  A(s'42)(s'4+2) — As/(s'+2)

We will show that this matrix is alternating on the rows. Indeed, for the first row this is trivial, and for the
second row it follows directly form the relation (C.14)) with v = §’. For the row indexed by u > s’ 4+ 1 it
follows from the following telescoping argument
u—1 u—1
3
=1

Ayp — A1y = E a(l+1)v — Ay
=1

A1) (v+1) — Uo+1)) = —(Qu(u1) = G1(w41))-

Thus g, can be written as a sum g = geol + Jrow, Where geo is constant on each block and gy, is alternating
on the rows. Now Lemmata [C.23(i) and [C.24[a) imply that g’ = 0 in CMP B.

Assume now that the column block is A;, of Definition and there exists v > s” such that fs, is
an arrow. Since s > t this implies that the crossing sequence is forward. Since Lemma also applies in
this case except for the last row s” of the column blocks, we can use the above argument for all rows except
for s”. Hence we may assume that gq is zero on all positions (s,t) in these blocks with s < s”. We want to
find a g{, that is equal to gy on row s” and zero on all rows above such that there is a morphism h such that
96 = fyh.

In the very special case where v = 5" + 1 and f(,/41)(s741) is not an arrow, we have fsr_1)(s#—1) is not
an arrow and f(y/_1)s~ is an arrow (because the column block is not of size one), f(s7_1)(s41) is zero (by
Lemma, c)) and therefore it is easy to see that the map h that is equal to the path j(y/41) ~ i and zero
elsewhere realizes a factorization gj = f,h whenever g; is zero everywhere except for a path igs ~ i;. So
we are done. Otherwise, fory, f(s741)0,- -, foo are arrows and we get a second set of column blocks A1,
with the property that the top entry of A;y; , lies directly below the bottom entry of A;,. Then the block
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Aj41.4 is of type (a)(ii) in Definition and therefore satisfies the conditions of Lemma [C.23(iii). Define
g6 to be equal to (go)s»y on each entry of A1, U{is,} and zero elsewhere. Then Lemma [C.23(iii) implies
¢’ is zero in CMP B. Subtracting g, from go, we obtain a zero in each position on row s’ and we are done.
This completes the case (4a) when the row blocks are not of type (iv).

Now, suppose that the row blocks are of type (iv). Then at least one of fi¢, fyr(4v41) is an arrow. We
consider the case when fy is an arrow and the remaining cases follow similarly. Then we still obtain the
same relations in , however the map ¢,.,, Which is alternating on the row blocks may no longer induce
an endomorphism of M., see Lemma (b) Since fi¢ is an arrow and f(y_1) is not an arrow, because
the maximal one-step sequence of arrows starts with ¢ + 1. Then by Lemma 2a).

(C.15) (90.futr = Gt frrr A ugrr frrmp for 8" <u < s”

where ¢/ < t’ + 1 is maximal such that fyy is an arrow, and if no such ¢/ exists then this term does not
appear in the equation. Since fyy is an arrow and f/_1) is not an arrow then Lemma |C.9]implies that
Jer—1y is also an arrow and no entry in f below this one is an arrow. Lemma [C.15(2a) implies that

(gof)u(t’fl) = Z’U«t”'ft/”(t/fl) fOI' S/ S u S S//

Then Lemma implies that the coefficients a,~ for s’ < u < s are all the same (except maybe for s”,
and this case is similar to the previous case). The same lemma together with imply that a, for all
s’ <wu < §” are also the same. Similarly, then shows that for a fixed v the coefficients a,, are the the
same for all s’ < u < s”. In particular, this means that the matrix A = A_, is constant on the columns.
Hence, we conclude that ¢’ = 0 in CMP B. This completes the proof in the case (4a).

(4b) Suppose that is; does not belong to a row block. If f;41); # 0, then we proceed in the same way as in
the first part of (3b). Note that here fs; = 0, since i lies in a column block but not in row block. Therefore,
we can assume that f;11); = 0. Since iy is not in a row block then it is not the case that fy, f;—1); are
both arrows. Let g{, be the map that agrees with gy on the column block and is zero everywhere else. We
will show that g, gives a nilpotent endomorphism ¢’ of M., so go — g; has fewer nonzero entries then go,
which yields the desired conclusion.

From Lemma b) it follows that if the row t of f, does not contain any arrows then the composition
gof does not contain any term that involves entries of gy coming from the column block. Then g, f, = 0
and thus g(, gives a nilpotent endomorphism ¢’ of M, and the conclusion holds.

If fi; is an arrow then f;_1); is not an arrow and

(016) (gOf)'ut = i'utftt + ivt/ft’t for v = S’7 ey SH

where t' < t — 1 is maximal such that fy; is an arrow. If no such ¢’ exists then the second summand does
not appear in equation . We suppose that t' exists, and the other case is a special situation of this
one. Since f(;_1); is not an arrow, by Lemma it follows that fi/(;—1) is an arrow and f,,;—1) with u > ¢’
is not an arrow. Then
(017) (g()f)v(t—l) = ivt’ft’(t—l) for v = Slv ceey 5"
The entries of (fg1)y(t—1) and (fg1).: do not depend on v by Lemma (except maybe for the last row
s" which is similar as in case (4a)), so equations (C.16) and (C.17) imply that either i, fi; = 0 for all
v=ys',...s"” and in that case g;f, = 0, or the coefficients of i,; are nonzero and do not depend on v, and
hence the coefficients of i,; are nonzero and do not depend on v, thus gq is constant on the column block.
Either way we conclude that g; gives a nilpotent endomorphism ¢’ of M., and the conclusion holds in the
case when f;; is an arrow.

Finally suppose that f;; is not an arrow and f;; is an arrow for some ¢ > ¢ that is minimal. First suppose
that ¢’ = ¢ 4 1. Since i ; does not belong to a row block, then it is not the case that fy;41), fe41)(+1) are
both arrows. Hence f(;41)(t+1) is not an arrow. Then

(90fy)w(t+1) = tutfrasry forv =15 ... 5"

so by the same argument as above we reach the desired conclusion. Otherwise, if ' > ¢ 4 1 then fi;11) is
not an arrow and Lemma @ implies that f(;41)y is an arrow. Then the entries in the column block of go
do not appear in the composition go f, by Lemma b), and thus gy f, = 0. This completes the proof in
case (4), and finishes the proof of the theorem. O
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o p(j1)
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(i) (i) p(i)

FI1GURE 46. Proof of Proposition The radical line p(i’) is different from ~ in the picture
on the left and v = p(4) in the picture on the right.

C.3. Proof of Proposition 6.3

Proposition C.26. Let v be a 2-diagonal in S such that Ry is not a radical line. With the notation of
diagram (6.2)), we have the following identities in CMP B.

(a) If v is not short then h'g' = h"g".
(b) if v is short then h'¢' = 0.

Proof. (a) We consider two cases based on whether or not v is a radical line.

(1) First, suppose that neither v nor R?7 is a radical line. Since none of v, Ry, R?v is a radical line,we can
choose representatives 7,7, v” and R%~, as shown in Figure [L0|on the right, such that v, R2y are compatible
with both ~/,~".

Each of the modules M, in the diagrams is defined via its projective presentation

Py (a) fe

Po(a) M, 0

associated to the 2-diagonal o € Diag(S). Each of the pivot morphisms b € {g’,¢"”,h',h"} is defined on
these presentations as in diagram (B.1)) as b triple b = (b1,bg,b). Let a = h'g’ — h”¢"”". We want to show
that a = 0 in CMP B. Consider the following commutative diagram.

(C.18) Pi() Po() M, 0
P1 (R2’}/) % Po(RQ’Y) MRZ’Y 0

It suffices to show that ag = 0, and for that it suffices to show that, for each indecomposable summand P(%)
of Py(7) and each indecomposable summand P(i') of Py(R2?y), the component ag(i,i’) of ag that maps P (i)
to P(i') is zero.

If P(i) is also a summand of Py(R?y) then ag(i,i’) = 0, by Definition [5.2] of the pivot morphisms ¢, g", h’
and h”. For the same reason, we have a(i,7") = 0 if P(¢') is also a summand of FPy(7).

Suppose therefore that P(i) is not a summand of Py(R?y) and P(i’) is not a summand of Py(7). Thus
the radical line p(i) crosses v in degree 0 but it does not cross R+, and the radical line p(i’) crosses R?y in
degree 0 but it does not cross .

By assumption v # p(i’). This case is illustrated in the left picture in Figure Then the radical line
p(i) is incident to one of the points b or y and it crosses ' or 7" respectively. Without loss of generality, we
may assume that p(i) is incident to b. Thus ' crosses p(i) and 4" doesn’t. Consequently, the map ¢’ acts
as the identity on P(i). On the other hand, the radical line p(i’) crosses R?y and is incident to either a or
x. Both cases are illustrated in Figure [46|in red. If p(¢’) is incident to a then p(i) and p(i’') cross, and thus
there exists an arrow «: i’ — 4. Then the maps ¢”,h’: P(i) — P(i') are given by the arrow «, and the map
R : P(i") — P(i') is the identity. It follows that ag(4,i') = o — a = 0.

If p(¢') is incident to = then it does not cross 7 and hence the map h”g"”: P(i) — P(i') is zero. Indeed, if
h'g" factors through some P(k), a summand of Py(y") then k = i,4’, because no radical line p(k) can cross
4" without also crossing v or R?y. On the other hand, the map ¢’ is the identity on P(i) and hence zero on
P(i) — P(i’), whereas the map k' is the identity on P(i’) and hence also zero on P(i) — P(¢’). It follows
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FIGURE 47. The proof of Proposition when v = p(i) is not short.

that ag(i,i') = 0 — 0 = 0. This proves the proposition in the case when ~ is not short and neither v nor R?y
is a radical line.

(2) Now suppose that v = p(7) is a radical line. See the right picture in Figure If R%y is also a
radical line, then Lemma implies that R+ is a radical line. This contradicts the assumption of the
proposition, hence we are in the situation v = p(i) and neither Ry nor R?7 is a radical line. In this case,
it is not possible to find all four compatible representatives 7,~’,~7”, R?>y. Therefore, we choose particular
representatives and apply automorphisms of the homotopy as follows. In the case of p(i) there are exactly
two possible representatives -1, v2 of p(i) following p(4) infinitesimally close but always staying to the right
or the left of p(i) respectively, see Figure Moreover, these two representatives give rise to the same
map f,, = fy, = fo@), see Proposition Then the representatives for v/,~" are obtained from ~y1, 72
respectively by a pivot move so that the pairs 7/,; and 7", v2 are compatible.

Now, we define fg:2, to be the map coming from a representative of R?~ after applying a pivot move to
this 7/. In this way, we see that the two chosen representatives R?y and ' are compatible, and we conclude
that fgr2,h) = hqf,. However, applying the pivot move to our chosen representative of 4" we generally
obtain a different representative of the 2-diagonal R?7, so that we may no longer guarantee that the equation
fr2yhy = hq fyr is satisfied for the same map fg2,. However, according to Corollary there exists an
isomorphism (1, o) € Aut(P(R%y)) @ Aut(Py(R?y)) such that

(C.19) Frmprhl = ol for.

Next, we find an explicit description of (1, ¢o. Label the two representatives of R?vy coming from 71, v2
by R2%7y1, R?y; respectively. Then R?v;, R?v, have potentially different crossing sequences. In Figure [47] if
we move from the left to the right along R27y;, R%y,, then the two representatives agree until they reach a
crossing pair (ka, ha), (i, he) respectively, afterwards they have different crossing sequences, and then the two
arcs agree again after the crossing pair (i, k), (ki—1, ht) respectively. Thus, we have the following crossing
sequences in these cases.

Ry covy (ko ho), (K3, ha)s ooy (Re—1y ha—t), (6, e,
RQ’YQ : ceey (Z, hg), (k’g, hg)7 ey (k‘t,Q, ht,]_), (ktfh ht), e
Moreover, we note that the difference in the crossing sequences comes from 2-diagonals ko, ..., k;—1 and
ha, ..., h; that are common crossings for all of the following 7,7, v”, R?~.
Then R?v, can be homotopically deformed to R?+; by a sequence of moves that first replaces (i, ha), (k2, h3)
by (ka2, ha), (i, hs) in its crossing sequence, and then replaces (i, hg), (ks, ha) by (ks, h3), (i, hs), and continues

in this way until reaching the crossing sequence for R?~,. Each step j = 1,...,t — 2 in this process yields an
isomorphism @) of Py(R?y) where ) is obtained from 1p,(Rr24) by replacing a 2 x 2 block [1P(f_+1) 1130(”}
i—=kjr1 —1lpg) ’
1Pk,
of Proposition Then o = =2 ... @M and ¢; = 1, so we conclude ©0fR2v, = [R2+:-

Thus, equation becomes fre,hY = poh{ f, and we obtain a commutative diagram as in (C.18),

where now we let ap = hygy — wohggy and a1w = h{gy — higy as before. We want to compute ag(k, ') :

in the matrix for 1p,(ge,) with [ } and leaving the remaining entries unchanged, see the proof
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P(k) — P(4') for all k and ', but first, we consider what happens to the entries of hy when we compose it

Since P(ks) is a summand of both Py(R?v) and Py(v"), it follows form the definition of the pivot morphism
that in the matrix of hj the entry 1p(4,) is the only nonzero entry in its row and column. Therefore, w(l)hf)’
replaces column [0 - 0 1pgy) 0 - 0]7 with [0 ... 0 1p(ky) 0 . 0i—k2]" and changes the sign of all entries in the
(last) row of h{ that correspond to paths starting in i. Similarly, @UFD affects <p(j)h()’ by replacing a zero
in the first row with an arrow ¢ — k;;o and changing the signs of all entires in this row. This yields the
desired description of @ghy.

To compute ag(k,i') : P(k) — P(i), a0 = h{gy, — pohi gy, we consider several cases.

(2.1) Suppose i’ # i. Then we claim that ag(k,i’) = 0. Since i’ crosses R%*y in degree zero, then
it crosses v or 4" or both in the same degree. If i’ crosses both of these then it also crosses v and
wohy gy, kgl + P(k) — P(i') is the identity map if k = ¢’ and otherwise is the zero map. In both of these
cases, we conclude that ag(k,i") = 0.

Now, suppose that i’ # i crosses R%v,~’ but not v””. Then i’ ends in x and does not cross v, see Figure
on the right. In particular & # i’. Then the restriction of (h(, —pohy) to Po(y') & Po(y"") — P(i') equals
P@") @ P(j1) & P(j2) — P(¢') with the map [1,—(i" — j1),9 — j2], where P(j1) & P(j2) is a summand
of P(y") such that the arcs ji,jo cross 4" but not R?vy, as in the figure. Note that it may happen that
either js or both 71, jo are not present, but here we depict the most general situation. Moreover, the signs
appearing here follow by Lemma Then the restriction of (g}, g4)T to P(k) — P(i') @ P(j1) ® P(ja) is
given by the zero map if k # j1,j» and otherwise it is give by [i’ — j1,1,0]7, [=i’ — jo,0,1]T if k = j1, jo
respectively. Again we conclude that ag(k,i’) = 0 for all k. The case when i’ # i crosses R?y,~" but not v’
follows similarly. This shows the claim that ag(k,4") = 0 if ¢ # i’

(2.2) Now, suppose that ¢ = i’. Observe, that for every summand P(k) of Py(y) there is an arrow
a : i — k, because Py(v) is the projective cover of rad P(i). We claim that ag(k,i) = o where the
sign is the same as the sign of the arrow « appearing in the map (h{, —pohy). Observe that the maps
hygh, poho gy + P(k) — P(i) are either zero maps or they are given by multiplication with the arrow «.
Therefore, we can restrict our attention to summands P(k) in Py(v'), Po(y”). If P(k) is a summand of both
Py(7v"), Po(v") then by the description of pohj obtained earlier, the restriction of h{, —poh{ to P(k) — P(i)
is given by zero, £« respectively. On the other hand, g}, g{ : P(k) — P(k) are given by the identity map,
and we conclude that ag(k, i) = £a. If P(k) is a summand of Py(v’) but not Py(v") then it is not a summand
of Py(R%y). Thus, @ohlgy : P(k) — P(i) is given by the zero map while h{g) : P(k) — P(i) is given by
multiplication with the arrow +«a. The case when P(k) is a summand of Py(v"”) but not Py(y’) follows
similarly. This shows the desired claim that ag(k,i) = +a.

We will show that the induced morphism a: M, — Mgz, on the cokernels factors through the projective
P(7). This will then imply that a is the zero morphism in CMP B. To show the factorization, let u: M, =
rad P(i) — P(i) be the inclusion morphism. As a map of projective presentations, u is given by the zero
map in degree 1 and by the arrows in degree 0 as follows. For every indecomposable summand P(k) of
Py(7), in degree 0 we define ug : Po(y) — P(i) on each component P(k) — P(i) to be the multiplication
with the arrow a: 4 = k or —a. We can easily choose the signs in u so that ugf, = 0, because every row
of the matrix of f, consists of at most two nonzero entries in adjacent columns, since  is a radical line. An
explicit description of the map f, is given in the last paragraph of the proof of Proposition @ Then we
obtain the following diagram.

(C.20) Pi(y) ———— P(k) ® Py(y) ——— M, =rad P(i) ——— 0

\Luo_[:l:a x| lu

o
OSO=<—
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FIGURE 48. The proof of Proposition when ~ is short, and the boundary segment
between ¢ and b belongs to a white region.

Define a map v: P(i) — Mpg2., as the cokernel map of the following diagram.

0

(C.21) 0 P(i) P(i) 0
ﬁ |t |
P (R?y) Tro P(i) ® Py(R?y) Mg, 0

Thus in degree 0, the component voug : P(k) — P(i') of the composition vu is given by +a if i = i’ and
otherwise it equals zero. Furthermore, we can arrange the signs, by possibly replacing v with —u so that
the sign of every arrow a appearing in ug is opposite to the sign of o appearing in (hy, —pohy)T. Using our
computation of ag(k,’) above, we see that the difference a(k,’) — vu is zero in degree 0. This shows that
a = vu, and hence a factors through the projective P(¢) and hence it is zero in the stable category CMP B.
This completes the proof of (a).

(b) Now, suppose that « is short. First assume that v = p(¢) is a radical line. Again using Lemma
and our hypothesis that Ry is not a radical line, we conclude that R?y is also not a radical line. Next, we
consider two cases depending on whether the boundary segment between vertices ¢ and b belongs to a white
or a shaded region.

Figure [48]illustrates the situation when the boundary segment between vertices ¢ and b belongs to a white
region. Here the picture on the left shows the case when the the white region W contains a boundary edge
and the picture on the right shows the case when W contains only a single vertex on the boundary of S. In
the right picture, the 2-diagonal 7 may or may not be present depending on whether the white region W’
has only a vertex or an entire edge on the boundary of S. Thus, here we depict the most general situation.

Then we obtain a commutative diagram with exact rows as follows coming from the the situation of
Figure 48 on the right. The diagram for the other case can be obtained from the given one by removing the
extra summands in the projective presentations that do not cross Ry, R?y according to Figure 48 on the
left.

(C.22) P(j) P(k) M, 0
g1 |:k/’\»j” k’;/%]/ ko :| go g
0 fv»j’ —J
P(j"y & P(j') ® P(j) ——"—"" P(k') @ P(k) & P(i) —> M, ® P(i) —> 0
hq ho h
|:k/’\6’.]” k/*)]//:|
P(j") & P(j) = P(K') @ P(i) —————> Mgz, ——>0

The vertical maps are given as follows.

0 0 lpgimy 0 0 lpgry, O 0
= 0 = |1 — PG _ Pk
& [1%)} g0 [ ii?] i [ ES E0) 0} o [ 0 —iok 1P(1>}
Note that here the pivot map gi = [0, 1p(x)]*

appears in the matrix g, and the pivot map h{, = [11’6"") ﬂ.i k}

appears in the matrix hyg.
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FIGURE 49. The proof of Proposition [6.3] when 7 is short, and the boundary segment
between ¢ and b belongs to a shaded region.

It is easy to see that in degree zero the composition hggo equals zero. By the same reasoning as in case
2.2 of part (a), we conclude that the pivot map M, — M, — Mg, factors through P(i), so it is zero in
CMP B. This completes the proof in the case when the boundary segment between vertices ¢ and b belongs
to a white region.

Now, suppose that the boundary segment between ¢ and b belongs to shaded triangular region. This
situation is illustrated in Figure Note that the shaded triangle with edges k” and j must not be
boundary, because otherwise j = R7, contrary to our assumption. Furthermore, here we depict the most
general situation when the white region W has only a single vertex on the boundary. As in the previous
case, the dashed diagonals j”, 7" may or may not be present. Then we obtain the following commutative
diagram with exact rows.

j—k j—k”
7" —k 0

(C.23) P(k)® P(k") P@j) e P(") M, 0
@ 0  j—j jok" j—k ] g0 g
kl’vj,, k/‘)jl 0 O
. ) 0 0 0 -k .
PG &Pl L o o o 'l PGeP®) :
/ 1 ; HMW'@P(Z)HO
eP(k") @ P(k) SP(j") @ P(i)
hi ho h
|:k;/’\/)j/ k/’\/*j//}
i~j 0
P(j') & P(j") : P(k') @ P(i) Mps, 0
The vertical maps are given as follows.
0 0 lpgy O
0 0 0 0
g1 = [ 0 lP(k”)] go = [ 0 1P(j”’)]
lpxy O —i—j i—j""
_ 0 1pyy 00 [0 1pgy O 0
hy = {1%,,) o 0} ho = {Hj 0 —i—j" 1p(7~,>}

By the same reasoning as before, we conclude that the pivot map M, — M., — Mg, factors through
P(i), so it is zero in CMP B. This completes the proof in the case when v = p(4) is short.

The case when + is not a radical line but R?y is a radical line is similar to the case when ~ is a radical
line discussed above, and we omit the detailed discussion. O

C.4. Proof of Proposition We need the following result from homological algebra.

Lemma C.27. Consider a commutative diagram with exact rows.
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Pi(A) L‘po(A TA A0

Pi(B) ’%PO(B T B0
ok i
HPO ——C ——

If hy is surjective and ker hg C im g then kerh C img.

Proof. Let b € B such that h(b) = 0. Since the rows are exact, it follows that mp is surjective and there
exists some by € Py(B) such that wg(bg) = b. By commutativity mcho(bg) = hrg(bg) = 0. In particular,
ho(bo) € ker . Because the rows in the diagram are exact, it follows that there exists some ¢; € P;(C) such
that fe(c1) = ho(bo). By assumption h; is surjective, so there exists some by € P;(B) such that hq(b1) = ¢1.
Then we have
hofa(br) = fehi(br) = fo(er) = ho(bo)

and therefore by — fg(b1) € ker hy. By assumption ker hy C im go, so there exists some ag € Py(A) such that
go(ag) = by — fB(b1). Finally, we obtain

gma(ao) = mpgo(ao) = mp(bo — fp(b1)) = 7p(bo) = b

where the last step follows because the rows in the diagram are exact so mp fp = 0. This shows that b € im g,
thus ker h C im g as desired. a
Proposition C.28. Suppose v is a 2-diagonal in S such that Ry is not a radical line.

(a) If v is a radical line p(i) is not short then there exists a short exact sequence in mod B

0— My — My & My @ P(i) = Mp2, — 0.
(b) If 7 is a radical line p(i) is short then there exists a short exact sequence in mod B
0— M, = M, @ P(i) = Mgz, — 0.
(¢) If O(~) does not contain any radical lines then 7y is not short and there exists a short exact sequence

in mod B

0— M, — My ® My — Mgz, — 0.

Proof. We construct these short exact sequences from the projective presentations of these modules. To
prove part (a) consider the following diagram with exact rows coming from the projective presentations
of the modules in the right column. Moreover, we choose representatives for v,v',7”, R?>y = R%y, as in

Figure [47]

Iy Ty .

Pi(v) Po(7) M, = rad P(i) ——— 0

g1 fW’ 0 go ~ 0 0 g

|: 0 f’y” :| 0 T 0
/ " 0 0 ’ " .0 Lp() .

Pi(y') @ Pi(y") Po(v') & Po(y") @ Pi) M. & My» @ P(i) 0

h1 ho h

Fr2, -

Py(R%y) - Py(R%y) - Mg, 0

The vertical maps we define as follows

a=[%] 9= [2’] ho = [Wy —ohy v] o= [n -],
u

The maps gy, g7 and g(,g{ are the pivot morphisms coming from v — 4’ and v — +" respectively. The

maps h{, h} and h{j, h are the pivot morphisms coming from 4/ — R%y and 7" + R?y respectively. Here we

omit superscripts r and ¢ for the pivot morphisms between the projective modules to simplify the notation.



104 RALF SCHIFFLER AND KHRYSTYNA SERHIYENKO

The map g is an automorphism of Py(R?y) needed to make the lower left square commute. The same
construction appears in the proof of Proposition [6.3] which we refer to for further details regarding the
commutativity of the diagram and the precise construction of ¢q.

Observe that R?y crosses 7 = p(i) so P(i) € add Py(R%y), and we define the map v : P(i) — Py(R%y)
to be the inclusion that maps P(i) — P(i) via identity. Finally, for every indecomposable summand P(k)
of Py(vy) there exits an arrow « : ¢ — k in the quiver, because Py(7y) is the projective cover of rad P(i), so
we define u : Py(y) — P(i) on each component P(k) — P(i) to be the multiplication with the arrow a or
—a. We can easily choose the signs in u so that uf, = 0 because every row of the matrix of f, consists of at
most two nonzero entries in adjacent columns, since «y is a radical line. An explicit description of the map
f~ is given in the last paragraph of the proof of Proposition m This defines the vertical maps between
the projective presentations.

The maps between the projective presentations induce the corresponding maps g, h between their cokernels
as in the diagram, making the two squares on the right also commute. To prove part (a) it suffices to show
that g is injective, h is surjective, and im g = ker h.

Observe that g is injective, because its component rad P(i) — P(i) induced from the map w is the inclusion
map. The module Py(R%y) is a direct summand of Py(y') & Py(y”) & P(i) so by the definition of the pivot
maps and the map v it follows that hg is surjective. Therefore, h is surjective, because both 7g2, and
hg are surjective. Furthermore, im g C ker h because of the mesh relations established in Proposition 6.3
Therefore, it remains to show that ker h C im g.

Since Ry is not a radical line, it follows that h; is surjective because Pi(R%y) is a direct summand of
Pi(v') ® Pi(v"). Then Lemma implies that ker h C im g provided that ker hy C im gg. Therefore, it
suffices to show that ker hy C im gg, so we discuss these maps in more detail below.

We already have a good understanding of the structure of the pivot maps, and we have an explicit
description of w and v. Now, we recall an explicit description of @gh{ obtained in the proof of Proposition
In particular, the entries of the matrix @gh{ are obtained from those in h{ by replacing a zero with an arrow
+a, where « : i — k, if P(k) is a summand of both Py(v') and Py(7”). Moreover, the sign of the arrows in
the matrix of hq satisfy the following important observation:

(C.24) by definition of the maps there is an arrow x — y in the matrix of hg
' if and only if the same arrow appears in the matrix of go.

Furthermore, by possibly replacing u with —u we can choose the signs so that +(i — k) is in « if and only
if F(i = k) is in hg.

Now, we claim that kerhy C imgy. Let m € kerhg. We can write m = Zcer me. where e, is the
idempotent at vertex c¢ of the quiver @, and it suffices to show that me. € imgq for every c. Therefore,
without loss of generality we may assume that every entry of m consists of paths ending in some fixed vertex
c of Q. We think of m as being a column vector, and we denote its entries corresponding to paths starting
at a vertex k by my. In particular, because there is at most one path in B between any two vertices, then
every entry my, of m is of the form Ag(k ~ ¢), a scalar multiple of a single path k ~ ¢ for some element Ay
of the underlying field.

Our strategy to show that kerhy C imgg is as follows. We consider several cases, where we write
m = (m —m') +m’ for some m’ € ker hg Nim gy. Then m — m’ € ker hy and it suffices to show that this
element is also in im gq.

(al) Suppose that my # 0 and P(k) is a summand of both Py(v') and Py(v”). Then the map

0 0 0
0 0 0
ho= |0 01pak) 0 0—lpy 0 0
0 0 0
0 fa 1pgs)
Since m is in the kernel of hg it follows that m = [* =+ * me * = * mp * - *]T, where the positions of
the my align with the columns of hg that contain 1pk)- Define m/ = [0+ 0mk 0 0 my 0 - :Famk]T

Then it is easy to see that ho(m’) = 0. On the other hand, m’ € imgg, because gg contains a column
[0+ 01pky 0 01pgy 0+ ﬂFa]T. Thus m’ € ker hg Nimgy and m —m’ € ker hg. Hence, in order to show that
m = (m —m’) +m' is in the image of go it suffices to show that m — m’ is in the image of gg.
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(a2) Suppose that my # 0 and P(k) is a summand of Py(y') but not Py(y”). Then 1p( is an entry in
hy. Since m € ker hg then the row of hy containing 1 P(k) also contains at least one other nonzero entry, an
arrow —(k — k’), and such that the path my starts with the arrow k¥ — k”. In particular, we can write
mi = (k — k") omj where mj/ is a path Ax(k” ~ ¢). Because of the observation (C.24), we conclude that
P(k") is a summand of Py(7y). Therefore, there is an arrow £(¢ — k") in u. But then by the same observation
there should also be an arrow F(i — k") in ho. In particular, hf, —ph{ contain columns [0 - 0 1pg 0 ... O]T,
[0.. 0 —k—k" 0 ... ik ] respectively, and v is as in case (al). Then define

m' =1[0..0mx0...m{0..0 i(i%k")omZ]T.

Then m’ € ker hg, because the matrix of gy contains a column

[0 0 k—E" 0o 0 1pgrry 0. 0 £(i—k")]T
and again we can see that m’ is the image under go of the vector that contains a single nonzero entry mj.
Therefore, applying the process in (a2) recursively we can construct m’ such that m —m’ is a vector whose
every entry (m — m/)y is zero whenever P(k) is a summand of Py(v") but not Py(v").

(a3) The case when my # 0 and P(k) is a summand of Py(v”) but not Py(y') follows in the same way as
(a2) so we omit the detailed discussion.

Therefore, by applying cases (al)-(a3) and replacing m with m — m/, it suffices to show that an element
m whose every entry my, is zero whenever P(k) is a summand of Py(y") & Py(v”) belongs to im go.

(ad) Now suppose that hy contains arrows k — k', k — £’ in the same row of its matrix with ¢ # k. Then
these arrows would also appear in gy by our earlier observation, so in v we would have arrows ¢ — k’,7 — k"
up to sign. Since ¢ # k, then there is a subquiver of @ of the form

k—Fk
Vool

k”'ei

which is not possible because there must be a sequence of 3-cycles at i connecting k' and k¥ and another
sequence of 3-cycles at k connecting k&’ and k”. In particular, Q would have interior vertices, which is a
contradiction. This shows that no row of iy contains two arrows except possibly for the last one corresponding
to paths starting in .

(ab) Now suppose that m; # 0, recall that M, = rad P(i). Since m € ker hg there exists my» # 0 such
that the path m; starts with the arrow ¢ — k. We can write m; = (i — k") o m},, for some path mj,,. By
steps (al)-(a3) we have that 1p) is not in hg, because otherwise my» would be zero. Then either +i — £
is the only nonzero entry in its column of hg or there exists another arrow —k — k” in this column. If
—(k — k") omy,, # 0 then, since m € ker ho, it follows that there is another arrow k — k"’ or 1p(y) in hg in
the same row as —(k — k) such that my or my, are nonzero. This contradicts (a4) and (a3) respectively.
This shows that 44 — k” is either the only nonzero entry in its column or there exists another nonzero entry
—(k — k") such that —(k — k") om},, = 0. Then define

m/ =1[0..0Fm, 0..0 m,;]T

which belongs to the kernel of hy. The map gg contains a column

[0 0 k=K 0.0 1oy 0. 0 Fisk” |7
where the first arrow is possibly zero. We see that go applied to the vector that has entry Fmj,, and all
other entries being zero yields m’. Therefore, by the same reasoning as before we can reduce m to m — m/,
the element whose every entry (m —m’)y is zero whenever P(k) is a summand of Py(y") ® Py(v") @ P(i).

(a6) Suppose that my # 0 and there is an arrow +i — k in ho. By above we know that 1p() does not
appear in hg. If (i = k) omy = 0 then by our assumptions on m if there exists another arrow k' — k
in hg then (' — k) o my = 0. Thus, whether or not there exists this second arrow ending in k, define
m/ =[0..0m 0. 0]" belongs to the kernel of hg. There is a column

[0.. 0K =k 0 ..01pk) 0... 0 :Fi—m}T

in go where ¥/ — k may or may not be there. Again we can conclude that this m’ € im gq if (¢ — k) omy, = 0.
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Now, suppose that (i — k) o my # 0. By our assumptions on m we have m; = 0, so since m € ker hy we
conclude that there exists some other mys # 0 such that (i — k) o my — (¢ — k') o mj, for some path m},.
It follows that the two arrows ¢ — k,7 — k' must form a square as follows.

1>k

AN

k' > e
By construction of hy the two arrows ¢ — k,i — k' would come with opposite signs. By our assumptions
on m entries 1p(), 1 pxy do not appear in hg. Hence, the two relevant columns of hg are as follows, where
k" — k, k" — k' may or may not be there but we depict the most general situation. Moreover, these arrows
may also have some sings, but it will not be important for what follows.

[0 0K k0.0 +isk]" [0 0 K"k 0.0 Fisk'|"

Note that k" # k" by (a4), and again by our assumptions on m we must have that (k" — k) om; = 0 and
(K" — k') omys = 0. The latter also implies that (k" — k') o m}, = 0. In particular, we conclude that
m’ which is zero except for entries my, m}, is in the kernel of hg. Furthermore, by similar computations as
before m’ is then in the image of gg, where gy contains two relevant columns given below.

[0... 0K’k 0..01pu 0... 0 $i—>k]T [0 0K =k 0. 01lpgsy O ... O:I:i—>k’]T

Finally m — m/ satisfying all the earlier assumptions in cases (al)-(a6) reduces m to the zero element.
This completes the proof that ker by C im gy and shows part (a) of the proposition.

To show part (b) we have v = p(i) is short and Ry is not a radical line. In this case p(i) is given as in
Figure [4§] or Figure [I9] In Figure [48] the picture on the left shows the case when the the white region W
contains a boundary edge and the picture on the right shows the case when W contains only a single vertex
on the boundary of S. In the right picture, the 2-diagonal 7/ may or may not be present depending on
whether the white region W’ has only a vertex or an entire edge on the boundary of S. Thus, here we depict
the most general situation. Analogous cases may occur in the situation of Figure 9] but here we illustrate
the most general scenario.

Then we obtain a commutative diagram with exact rows as follows coming from the the situation
of Figure on the right. The precise description of the vertical maps are given below the diagram. The
diagram for the situation of Figure [48|on the left can be obtained from the given one by removing the extra
summands in the projective presentations that do not cross Ry”, R%y.

By the same reasoning as in part (a) we conclude that h is surjective, g is injective, and img C ker h.
Finally, we can easily see that ker hy C im go, so Lemma [C.27] again implies that im g = ker h. This shows
part (b) of the proposition if p(7) is as in Figure

If p(i) is as in Figure then we obtain a commutative diagram with exact rows. Similar reasoning
shows that part (b) of the proposition holds in this case as well. This completes the proof of part (b).

To prove part (c) of the proposition we first observe that if v is short then {Riv} contains a radical line
p(i) where vertex i is a leaf in the dual graph of the quiver Q. Since by assumption { Ry} does not contain
any radical lines we conclude that ~ is not short. Then we construct a commutative diagram with exact
rows, which is analogous to the one in case (a) except that we remove the direct summand P(i) from the
exact sequence in the middle row together with the appropriate maps. Then we obtain maps h, g as before.
Because 7 is not a radical line it follows that hq is surjective, hence h is surjective. Again we obtain that
img C kerh by Proposition [6.3] We can also show that ker g C imhg by a similar argument as in case
(a), so we omit the detailed discussion. Note that the argument in this case would be simpler as the maps
9o, ho would not contain u and v. Since R(7y) is not a radical line then h; is surjective, so together with
ker go C im ho we conclude that ker h C im g by Lemma [C.27} It remains to show that g is injective.

Consider the following commutative diagram, where we now show the superscripts ¢ and r on the vertical
map as they will be important. We know that the square on the left commutes. In the square on the
right we use the notation f to denote a map ygfp; for some automorphisms 1, g, and it is constructed
as follows. Recall that Proposition gives a projective resolution of M, starting with he map f, and
choosing the appropriate representatives for fgri, to produce the maps wa for ¢ > 0 as in the statement.
Then Proposition @ describes the first three vertical maps gg, g7, g5 induced by the pivot morphism from
v to §. A dual construction allows us to produce a projective co-resolution by starting with f, and then
moving to the right with fr-1, so that we obtain a commuting square on the right as in the diagram below.
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Note that the vertical maps are now ¢y, g5, 9%, moving from left to right. Then f r-1, factors through M.,
and fr-1, @ fr-14+ factors through M., & M, as shown below.

f f —1 _
Pi(7) - Po(v)\ - Po(R™19)
M’Y
91 90 ig 9%,
M'Y/ @ M'Y”
f/@f” fR—l,Y/@fTR—l.Y//

Pi(v) @ Pi(y") "= Po(y/) & Po(7") Po(R™1') @ Py(R™1")

Because R™1v is not a radical line then Py(R~1v) is a direct summand of Py(R~1v") & Py(R™14"), and
we conclude that ¢¢, is injective. Since the square on the right commutes and ¢, is injective it follows that
g is also injective. This completes the proof of part (c). O
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