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ABSTRACT. Thanks to the work of Karin Erdmann, we know a great deal about the rep-
resentation theory of blocks of finite groups with tame representation type. Our purpose
here is to examine the p-completed classifying spaces of these blocks and their loop spaces.
We pay special attention to the A, algebra structures, and singularity and cosingularity
categories.
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Preface

The purpose of this document is to describe the A, algebra structures on the cochains
on the classifying space C* BG, and on the chains on the loop space of the classifying space
C*QBGS, when G is a finite group with dihedral, semidihedral, or generalised quaternion
Sylow 2-subgroups. These are the groups whose group algebras have tame representation
type. In some cases, we are able to completely describe the singularity and cosingularity
categories of these, while in others this seems to be more difficult.

Part of the point of this work is to describe a variety of computational techniques for
approaching questions such as these. The main tool in the dihedral and semidihedral case,
as it was in the cyclic case [22,23], is to put a grading on the basic algebra of the principal
block. This gives rise to a double grading on group cohomology, and a triple grading on the
Hochschild cohomology of the group cohomology. This technique gives us no information in
the generalised quaternion case, but an explicit computation involving minimal resolutions
comes to our rescue in this case.

One curious outcome of this work is that if G’ has semidihedral or generalised quaternion
Sylow 2-subgroups, and no normal subgroup of index two, then C* BG is formal, meaning that
it is quasi-isomorphic to its cohomology H*BG with zero differential, see Theorems 3.7.16
and 4.7.4. The same happens in one of the other cases with semidihedral Sylow 2-subgroups,
see Theorem 3.13.13. This also happens for finite groups with elementary abelian Sylow
2-subgroups in characteristic two, but necessary and sufficient conditions for this to occur
are not known.
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this work, which would not have been carried out without his input and encouragement. My
thanks go to the University of Warwick (visits supported by EPSRC grant EP/P031080/1)
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CHAPTER 1

Introduction and background

1.1. Introduction

This paper is a sequel to Benson and Greenlees [22,23]. In those papers, we examined
the structure of H*BG and H,Q)BG as A, algebras, for finite groups G with cyclic Sylow
p-subgroups, over a field k of characteristic p, and elucidated the structure of their singularity
and cosingularity categories. Here, we examine the case of blocks with dihedral, semidihedral,
or (generalised) quaternion defect groups in characteristic two. The reason for the interest in
this class of blocks is that these are the ones where the group algebra has tame representation
type. The results are given in the introductory sections of the three chapters, dealing with
the three types of defect groups. The ring structure on the homology of the loop space
H.QBG, was first computed by Levi [167] in these cases. The following table shows where
the discussions of the various cases can be found. Note that for tame type, the homotopy
type of BG is determined by the number of conjugacy classes of elements of order two and
four; see Sections 2.7, 3.5, and 4.6.

Sylow ccls of elts HH* of HH*C*BG Ao structure of
p-subgroup of order | H*BG H*QBG; = H*BG H*QBGQ
2 4 HH*C.QBG,
Cyclic — — [22] [22] [22] (23] [23]
1 1 2.8.6 2.8.9 2.8.12 2.8.7 2.8.10
Dihedral 2 1 2.13.4 2.13.7 2.13.9 2.13.5 2.13.8
3 1 2.3.2 | [200], 2.6.3 | [200], 2.6.3 2.4.2 2.5
1 1 3.7.7 3.7.4 3.7.18 3.7.16 3.8.2
Semidihedral | 2 1 | 3.13.3 3.14.1 3.13.15 3.13.13 | 3.14.2
1 2
2 2 [114] [114] 3.4
Generalised 1 1 4.7.5 4.7.5 4.7.5 4.7.4 4.7.5
quaternion 1 2 4.8.4 4.9.2
1 3 4.3.3 [135] [135] 4.4

For ease of reference, we list here the cohomology algebras in the various cases of Sylow
subgroups, and the loop space homology in those cases where the group is not p-nilpotent
(because if G is p-nilpotent then H*QBG; = kG/OP(G)). The degrees are written homo-
logically, followed by the degrees coming from the internal grading in the cases where they
exist.



Cohomology algebras H*BG = Exty.(k, k)
Cyclic, order p™, inertial index ¢|(p — 1):
klz] @A), |zl =—-Qq¢p"),  [tl=—=2¢—-1p" =" -1)/9).
Klein four group, one class of involutions:
kg n,tl/En+1%), &l =1Inl=-(3), |t|=-(22).
Klein four group, three classes of involutions:
klz,yl, |z =yl = —(1,1).
Dihedral, order 4q (¢ > 2), one class of involutions:
kIS, m.t]/(€n), €l =—=Ba+1,9), Inl=—-0Bq.q¢+1), [tl=—(24q0q).

Dihedral, order 4q (gq
kS, y.t]/(€y), 1€l =—=B.a+1.q), lyl=—-(1,0,1), [t|=—(24q,9).

(

t]

> 2), two classes of involutions:

Dihedral, order 4q (¢ > 2), three classes of involutions:
klz,y, t]/(zy), |z[=—(1,1,0), |y|=—(1,0,1), [t|=—(2,¢.9)-
(

Semidihedral, order 8¢ (¢ > 2), one class of involutions, one of elements of order four:

Kz, y, 2]/ (e®y +2%), ol =-B.q+1), |yl=—(44q), |o|=—(53¢+1).
Semidihedral, order 8¢ (¢ > 2), two classes of involutions, one of elements of order four:
Klz,y, 2]/ (z*y +2%),  Jal=—(L1—q), |yl=-({44q), |z]=-(,q+1)
Semidihedral, order 8¢ (¢ > 2), one class of involutions, two of elements of order four:
Kly, 2,w,0)/(y% vy, y2,0" + 2%w),  Jyl= =1, |o|==3, |w[=-4 ||=-5
Semidihedral, order 8¢ (¢ = 2), two classes of involutions, two of elements of order four:
Klz,y, z,w]/(zy, 4 yz, 2" + 2*w),  Jal=lyl=-1,  |z]=-3,  |u]=—4
Quaternion or generalised quaternion of order 8¢, one class of elements of order four:
klzl@AQy),  lzl=—4  Jyl=-
Generalised quaternion of order 8¢, two classes of elements of order four:
Ky, 21/(y"),  lyl=-1,  [z]=—4
Quaternion of order 8, three classes of elements of order four:
k[u, v, 2]/ (u* + uv + v* v + uv?), lu| = |v] = -1, |z| = —4.

Generalised quaternion of order 8¢ (¢ > 2), three classes of elements of order four:

K,y 2]/ (zy,2° +9%),  |al=lyl=-1,  [s]=—4



Loop space homology H*QBG;

Cyclic, order p™, inertial index ¢|(p — 1) (¢ > 2):
kirf@AE),  Irl=Q¢—=2p" - (" -1D/9), &l =(2¢—1,p").
Dihedral, order 4q (¢ > 1), one class of involutions:
Ar)@kla,fla?=0,82=0), |7]=(1,q,9), lal=@2,q+19), [B=(24qq+1)
Dihedral, order 4q (¢ > 2), two classes of involutions:
AT)@k{a,Y |0 =0,Y*=0), |7|=(1,q9,q9), la]=(2,q+1,q), |Y|=1(0,0,1).

Semidihedral, order 8¢ (¢ > 2), one class of involutions, one of elements of order four:

Az, g)eklz],  [@l=(2,¢+1), |9l =B4q),  [2=(43¢+1).
Semidihedral, order 8¢ (¢ > 2), two classes of involutions, one of elements of order four:

Az, g) @k, [2[=(0,1-q), |9l=34q), [2=(2q¢+1)
Semidihedral, order 8¢ (¢ > 2), one class of involutions, two of elements of order four:

Amek{y,z|g?=22=0), =1 [g=0, [Z]=2
Quaternion or generalised quaternion, one class of elements of order four:
AG)@klgl,  E=3,  [gl=2
Quaternion or generalised quaternion, two classes of elements of order four:
A, 2)@k[nl, — lgl=0,  [2]=3, [n[=2

1.2. Notation and conventions

In this chapter, we give some of the background, and set the stage for this project. We
begin with the notations and conventions used throughout.

We use the following standard group theoretic notations. For a finite group G, we write
O,(G) for the largest normal p-subgroup of G and O,/ (G) for the largest normal p’-subgroup,
i.e., the largest normal subgroup of order not divisible by p. When p = 2, we write O(G) for
O4 (@), the largest normal odd order subgroup of G.

We write OP (@) for the smallest normal subgroup of G for which the quotient is a p-group,
and OP (@) for the smallest normal subgroup for which the quotient is a p/-group.

We write I'L(n, p™), GL(n,p™), and SL(n,p™) for the groups of semi-linear automor-
phisms, linear automorphisms, and special (i.e., determinant one) linear automorphisms of a
vector space of dimension n over F,m. We write PT'L(n,p™), PGL(n,p™), and PSL(n,p™)
for the corresponding groups of projective transformations, namely the quotients of these
groups by the subgroups of scalar transformations. Similarly, we write ['U (n, p™), GU (n, p™),
and SU (n, p™) for the corresponding groups of unitary transformations of a vector space of di-
mension n over F2m with respect to the conjugation given by the Frobenius automorphism of
order two of the field. We write PT'U(n,p™), PGU (n,p™), and PSU(n,p™) for the quotient
by the subgroup of scalar transformations. Closely related groups SL*(2,p™), SU*(2,p™)
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will be defined in Section 3.5, and their isoclinic groups SL°(2,p™) and SU°(2,p™) will be
defined in Section 4.5.

All chains, cochains, homology and cohomology will have coefficients in a field k. So
when we write C*X, H*X, C,X, H. X, we mean C*(X;k), H*(X;k), C.(X; k), H.(X;k)
respectively. Since we are interested in both homology and cohomology, we shall write all
degrees homologically, so that for example cohomology elements are given negative degrees.

We shall frequently use the fact that C*BG, regarded as a differential graded algebra,
is quasi-isomorphic to the differential graded algebra of endomorphisms of a projective reso-
lution of the trivial module, Endyg(P,). Such a quasi-isomorphism induces an isomorphism
in cohomology H*BG = Ext,(k, k). The link between the two is given by the Rothenberg—
Steenrod construction, as explained for example in [196], or Section 4 of [25].

1.3. A, algebras and quasi-isomorphisms

The concept of A, algebra was introduced by Stasheff [205,206], and further information
can be found in Kadeishvili [151], Keller [154,155], Boardman and Vogt [27].

Recall that an A, algebra over a field k is a Z-graded vector space a with graded maps
my: a®" — a of degree n — 2 for n > 1 satisfying

(1.3.1) Y (D mes g (id® @ me ©id®) = 0
r+s+t=n
forn > 1.

REMARK 1.3.2. The first few cases of (1.3.1) are as follows.
mimy = 0,
mime = ma(m; ®id + id @ my),
ma(id ® me — my ® id) = mymg + mz(m; ®id®id +id @ m; ®id + id ® id @ my).
The map m; is therefore a differential. The map ms is not necessarily associative, but it is

a derivation with respect to my, and induces an associative product on H,a. The map ms
induces the Massey triple product on H,a.

ExAMPLE 1.3.3. A DG algebra (differential graded algebra) a can be regarded as an A,
algebra with m, the differential, ms the product, and m; = 0 for ¢ > 2.

A morphism of A, algebras f: a — a' consists of graded maps f,: a®" — a’ of degree
n — 1 satisfying

(1.3.4) ()T (i[dT @me@id®) = > (=) ml(fi, ® @ f;)
r4+s+t=n i1+ tip=n
r—1

where in the sum on right hand side, 0 = ijl

B.

(r —j)(i; — 1) and m! are the operations in

REMARK 1.3.5. The first two cases of (1.3.4) are as follows.
fimy =mi f1,

fima = mb(f1 ® f1) + mifo+ falmi @id +id @ my).

10



Thus f; is a map of complexes with respect to the differential m;, and commutes with the
product my up to a homotopy given by fs.

DEFINITION 1.3.6. The morphism f is said to be a quasi-isomorphism of A, algebras if
f1 induces an isomorphism in homology with respect to the differentials my, m].

We say that an A, algebra a is formal if it is quasi-isomorphic to an A, algebra with
m; = 0 for ¢ # 2.

ExXAMPLE 1.3.7. If a is a DG algebra then it is formal as an A, algebra if and only if it
is formal as a DG algebra; namely if and only if there are quasi-isomorphisms of DG algebras
a<« a — H,a, where H,a is regarded as a DG algebra with zero differential.

A theorem of Kadeishvili [151] (see also Keller [154,155], Merkulov [181], Petersen [190])
may be stated as follows.

THEOREM 1.3.8. Suppose that we are given an Ay algebra a over a field k. Let Z.(a)
be the cocycles, B*(a) be the coboundaries, and H.(a) = Z.(a)/B.(a), with respect to the
differential my. Choose a vector space splitting fi1: H.(a) — Z.(a) C a of the quotient.
Then the homology H.a has an Ay structure with my; = 0 and my the multiplication on H.a
induced by the multiplication on a, and fi extends to a quasi-isomorphism of A algebras
f: Haa— a.

If a happens to carry auxiliary gradings respected by the maps m; then H.a inherits the
grading, and the Ay algebra structure maps m; on H.a and the quasi-isomorphism f can be
chosen to respect the gradings.

PROOF. The idea of the proof is an inductive procedure which goes as follows. The

morphisms
ma(fi® f1), fime: Hia® Hyua — a
are homotopic. In the presence of a grading on a, these maps preserve the grading, so a
homogeneous homotopy can be chosen. This is a morphism f;: H,a — H,a — a of degree
(1,0) such that
Jima =my fo +ma(f1 ® f1).

Next, consider the map

Mo(fi@ fo—f2 @ fi)+ fo(1@mg —my®1): (Hea)® — @

of degree (1,0). Composing with m;: a — a, a short calculation shows that we get zero.
So we can add something in the image of f; to get a coboundary. Thus there exist maps
ms: (H.a)®® — H,.a of degree (1,0) and f3: (H,a)®3 — a of degree (2,0) such that

fimzg —mifs =ma(fi® fo— 2@ fi) + fo(1@may —ma ®1).

Continuing this way, we obtain maps m, of degree (i — 2,0) giving an A, structure on H,a,
and f; of degree (i — 1,0) giving a quasi-isomorphism H,a — a. Note that equation (1.3.4)
simplifies slightly because m; = 0 on H,a. If a is a DG algebra then it simplifies further,
because m; = 0 for ¢ > 2 on a. O

DEFINITION 1.3.9. We say that an A, algebra a is minimal if m; = 0. Given any A
algebra a, a minimal A, algebra quasi-isomorphic to a is called a minimal model for a.
Kadeishvili’s Theorem 1.3.8 says that every A, algebra a has a minimal model, and it is
H,a endowed with a suitable A, structure. If a carries an internal grading preserved by the
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structure maps then the structure maps on a minimal model may be taken to preserve the
internal grading.

REMARK 1.3.10. In the inductive procedure described in the proof of Theorem 1.3.8, if
it happens that
ma(fi® fo—f2® fi) + fo(1@mg —ma®1) =0
then it follows that we may take m;: (H,a)®" — H.a and f;: (H.a)®" — a to be zero for all
1 > 3. In this case, we deduce that a is formal. We shall apply this in Section 4.7 the case
of finite groups with a generalised quaternion Sylow 2-subgroup and no normal subgroup of
index two.

1.4. Hochschild cohomology

If a is an A, algebra, there is a spectral sequence
(1.4.1) HH*H,a = HH"a,

where the left hand side is the Hochschild cohomology of the homology algebra H.a, not
taking into account any higher structure. The right hand side is the Hochschild cohomology
of a, which is described as follows (see §3 of Getzler and Jones [123], and Definition 12.6 of
Stasheff [207]). The bar resolution B(a) = @, a®"*? has a differential defined by

0(z®laq] ... |a, ) ®@y) = Z tmi(z,a1,...,05) @ [aj].. . |a,] @y
=0

+ Z +x X [CL1| N |ai|mj(a,-+1, e ,a,-+j)|ai+j+1| e |(1,n] X Yy

0<i+j<n
n
+ Z +r ® [a1] ... |an—j] @ Mmjt1(an—ji1, .-\ an,y).
=0

The signs are given by the usual sign rules. If the only non-vanishing m; is mso then this
agrees with the classical notion of Hochschild cohomology of an algebra. If ais a DG algebra,
so the only non-vanishing m; are m; and msy, we can think of this as the total complex of
the usual double complex defining Hochschild cohomology of a DG algebra.

If M is an a-a-bimodule, we have Hochschild cochains

Homg o (a®™ 2 M) =2 Hom,,(a®", M)
with differential
6 Nar] . Jan) = maflan] .. e+ D Eflaal . Jailmg(ai, o aig)aial - lan).
0<i+y<n

The homology of this complex is HH*(a, M). We write HH*a for HH*(a,a). The filtra-
tion of B(a) by number of bars gives a filtration of Hochschild cochains, giving rise to the
conditionally convergent spectral sequence (1.4.1). See Section 5 of [22] for details. The
differentials in this spectral sequence are determined by the maps m;.

Kadeishvili [150] discusses the relationship between A, structure and Hochschild coho-
mology, and obtains the following.
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PROPOSITION 1.4.2. Suppose that the action of m; on H,a is zero fori =1 and2 < i < n.
Then m,,: H.a®" — H.a is a Hochschild n-cocycle on H,a, of internal (homological) degree
n—2.

If f: Hia — H.a is a quasi-isomorphism to another A structure m} on H.a satisfying
the same assumptions, with fi equal to the identity, then m,—m., is a Hochschild coboundary,
and all such occur this way. Thus valid choices for m, form a well defined class in degree
(—n,n —2) in HH*H,a.

If a is graded and the A, structure preserves internal degree then m,, represents a Hoch-
schild class of degree (—n,n — 2,0) on H.a. Thus if, regarding a as a doubly graded algebra
and tgnoring the m,, with n > 2, the Hochschild cohomology ring HH* H,a has no non-zero
elements of degree (—n,n — 2,0) with n > 2, then the Ay, structure on a is formal.

ProoOF. Equation (1.3.1) implies that
n—1
—mg(ld & mn) + Z(—l)rmn(ld@w X mo X id®(n_T_1)> + (—1)"m2(mn X Id) =0
r=0
and so m, is a Hochschild cocycle on the cohomology ring. If f: H,a — H,a is a quasi-
isomomorphism with f; equal to the identity then equation 1.3.4 implies that

fimy, + Z ) frt (id®" @ my ® id® =)

= my(fi ® foo1) + (=1)"m5(far ® f) + (L@@ f1).
Now f; is the identity and m}, = ms, so this becomes
n—2
m., —m, = —my(id® fr_1) + Z ) froo1(id®" @ my ® i@ 2)) + (1) my(fro1 ®id).
r=0
The right hand side is the formula for the Hochschild coboundary of f,_;, which may be
taken to be any (n — 1)-cochain.
The last part follows by an easy inductive argument on n, beginning with n = 3. U

DEFINITION 1.4.3. We say that an A, algebra a is intrinsically formal if given another
Ay algebra o' and an isomorphism of associative algebras H,a = H,a’ there is a quasi-
isomorphism a — @’ inducing it. Clearly an intrinsically formal A, algebra is formal.

If a carries an internal grading then the isomorphism H,a = H,d' is required to preserve
the induced internal grading. So a graded A, algebra may be intrinsically formal while the
corresponding ungraded algebra is not.

REMARK 1.4.4. Proposition 1.4.2 implies that if there are no non-zero classes of degree
(—n,n — 2) in HH*H,.a with n > 2 then a is intrinsically formal. If a carries an internal
grading then we only require that there are no non-zero classes of degree (—n,n—2,0), which
is a weaker condition.

THEOREM 1.4.5. Let xq,...,x, (n > 3) be elements of the homology of a DG algebra a,
and suppose that the Massey product (x1,...,2,) 18 non-empty. Consider an A, structure
on H,a given by Kadeishvili’s theorem, and suppose that m; =0 for 2 <1 < n—2. Then

emp(T1, ..., x,) € (T1,...,Tyn),

13



n—1

where € = (—1)21:1 (n—j)lz;|

ProOOF. This is described in Theorem 3.1 of Lu, Palmieri, Wu and Zhang [177], and
corrected in Theorem 3.2 of Buijs, Moreno-Fernandez and Murillo [45]. U

1.5. The Gerstenhaber circle product

Let A be an associative k-algebra and M an A-A-bimodule. Gerstenhaber [122], intro-
duced a circle product on Hochschild cocycles of A, that are related to A, structure, as we
now explain. If f: B(A) — M is an m-cochain and g: B(A) — M is an n-cochain, we define
fo;g: B(A) = M to be the (m + n — 1)-cochain given on the basis by

foiglar].. Jailbi] .. |bnlais1] - |am] = flaa| ... |ai| glba] - .. |bn) |@ita] - - |am]-
We then define the circle product

m
fog=> (=1)"ifog.
i=0
ExXAMPLE 1.5.1. The statement my 0 mo = 0 is equivalent to the associativity of multi-
plication, because

(mg o mg)[ai|az|as] = mao(ma(aq, as), as) — ma(ar, ma(as, az)) = (a1az)as — ai(azas).
THEOREM 1.5.2. The circle product is related to the differential, the cup product, and
Gerstenhaber bracket on cochains by the formulas
of = (—1)|f|+1m2 of— fomy
fUg=(maog f)om1g
fodg—=d(fog)+(=1)"'fog=(-1)""(gUf—(-1)"fUyg)
[f.gl=fog—(=1)7llgo f.

where moy is the multiplication in A.
PrOOF. This is proved in Sections 5-7 of [122]. O

In terms of the circle product, equation 1.3.1 can be rewritten as

(1.5.3) > (=1)'miom; =0.
i+j=n+1

So suppose, for example, that a is an A, algebra with m; = 0, and m; = 0 for 2 < 7 < n.
We saw in Proposition 1.4.2 that m,, is a Hochschild n-cocycle on A = H,a. We can see this
easily using this formulation, since the condition reduces to msom,, + (—1)"m, oms = 0, or
equivalently dm,, = 0. It also follows from this formulation that under these circumstances,
for n <7 < 2n — 2 the condition is again that m; should be a Hochschild n-cocycle, and
if these are all coboundaries then they can be rechosen to be zero. Then the condition for
Map—2 18

2n—2

My © Map—o + (—1)"my, o my, + (—1)"" “mag,_2 0my =0,

which can be rewritten as
dMmaop_o = (—=1)"my, om,,.

14



Continuing this way, we obtain the following, which will help understand what is going on
in Section 2.4.

PROPOSITION 1.5.4. Let n,t > 2, and let a be an Ay, algebra, such that that for i <t
we have m; = 0 unless i is congruent to 2 modulo n — 2. Then
(1) Ift is not congruent to 2 modulo n — 2 then my is a Hochschild cocycle.
(2) Ift = s(n — 2) 4+ 2 then my satisfies the coboundary condition
s—1
5Tn<9(7%2)+2 = Z(_l)mmi(anHZ O M(s—i)(n—2)+2-
i=1
(3) Suppose that HH'H*a = 0 for i not congruent to 2 modulo n — 2. Then an Ay
structure on H*a quasi-isomorphic to that on a may be chosen with m; = 0 unless
1 18 congruent to 2 modulo n — 2. O

1.6. Bousfield—-Kan p-completion

We shall use the p-completion of Bousfield and Kan [34], namely the completion with
respect to the field IF,, of p elements. We write X ; for the p-completion of a space X. This
comes with a natural map X — X ; , and has the following properties.

THEOREM 1.6.1. The Bousfield—Kan p-completion has the following properties.
(i) A map of spaces X — Y induces a mod p reduced homology equivalence HX —

H.Y if and only if it induces a weak homotopy equivalence between the completions
X, =Y,

(ii) A space X is said to be F,-good, or p-good, if the map HX — I:I*X; is an
isomorphism, otherwise X is [Fp-bad, or p-bad. X is said to be F,-complete, or p-
complete, if X — X; 18 a weak homotopy equivalence. The following are equivalent:
(a) X is p-good, (b) X; is p-complete, (c) X; is p-good. Thus if X is p-bad, then
however many times we complete it, it remains p-bad.

(iii) If mX is finite then X is p-good for all primes p. In this case, we have 7T1X; =

7T1X/Op(7T1X).
PROOF. Parts (i) and (ii) are proved in Section I.I.5 of [34], while part (iii) is proved in
Proposition [.VIL.5.1 of [34]. O

COROLLARY 1.6.2. If G is a finite group then the classifying space BG is p-good, its
completion BG; is a p-complete, nilpotent space and Wl(BG;) >~ G/OP(G). The space BG
15 already p-complete if and only if G is a finite p-group.

The following are equivalent.

(1) BG}A7 is simply connected.
(2) QBG; is connected.
(3) G has no normal subgroup of index p.

PRrROOF. This follows from Theorem 1.6.1. O
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REMARK 1.6.3. In general, for a nilpotent space X with finite dimensional homology
groups, the Eilenberg—Moore spectral sequence is a spectral sequence of Hopf algebras con-
verging to the homology of the loop space:

Exty;- v (k, k) = Cotory;” (k. k) = H.OQX

(Eilenberg-Moore [63], Smith [202]). If the finite group G is not p-nilpotent, then BG is
not a nilpotent space. However, BG; is a nilpotent space, and H*BG; = H*BG. So we get
a spectral sequence
Ext}: pe (k. k) = H.QBG,.
This expresses the cochain level statement for the DG algebra of endomorphisms
Enderpa(k) ~ C.QOBG, .

It follows that we have a functor Homespa(k, —) from C* BG-modules to C*QBG; -modules.
In the other direction, for any path connected space X the Rothenberg—Steenrod con-
struction [196] gives

Sndc*gx(k) ~ C*X
We can apply this either to X = BG to obtain Endyg(k) ~ C*BG or to X = BG; to obtain

Ende,qpen (k) = C*BG, =~ C*BG.

In the latter case, we get a functor %omC*QBGS(k, —) from C*QBG;—modules to C* BG-
modules.

LEMMA 1.6.4 (The fibre lemma). Suppose that F — E — B is a fibration sequence, and
that the action of w1 (B) on H;F is nilpotent for all i > 0. Then E; — B; 1s a fibration,
with fibre homotopy equivalent to F;.

PRroOF. Recalling that our convention is that H,F' denotes mod p homology, this is the
case R =T, of the Mod-R Fibre Lemma II1.5.1 of Bousfield and Kan [34]. O

PROPOSITION 1.6.5. Let G be a finite group, and embed G in a finite unitary group
G — U(n). Then there are fibration sequences
(i) U(n)/G — BG — BU(n), and
(ii) (U(n)/G); — BG; — BU(n);.
PROOF. (i) Let EU(n) be the complex Stiefel variety (or any contractible space on which
U(n) acts freely). Then we can use EU(n) for EG, and the required fibration is

U(n)/G — EU(n)/G — EU(n)/U(n).
(ii) Since m1(BU(n)) is trivial, this follows from Lemma 1.6.4 and part (i). O

1.7. Classifying spaces and fusion systems

Let G be a finite group and k be a field of characteristic p. Let EG be a contractible space
with a free G-action, and let BG be the quotient EG/G. Since C,EG is a free resolution
of k as a kG-module, the cohomology ring H*BG is isomorphic to the group cohomology
H*(G, k) = Exty(k, k). Furthermore, if P, is any projective resolution of k as a kG-module,
then the DG algebra Homyq (P, P.) is quasi-isomorphic to C*BG.
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By a theorem of Cartan and Eilenberg (Theorem XII.10.1 of [48], the cohomology H*BG
only depends on the Sylow p-subgroup D of G and the fusion system on it defined by
conjugation in GG. This is defined as follows.

DEFINITION 1.7.1. Let D be a Sylow p-subgroup of a finite group . For subgroups H and
K of D, we define Homq(H, K) to be the set of group homomorphisms from H to K that are
induced by conjugation by some element of G, {¢: H — K | 3g € GVh € H ¢(h) = ghg™'}.
The fusion category of G over D is the category Fp(G) whose objects are the subgroups of
D, and whose morphisms are given by Homg(H, K). The fusion system of G over D consists
of D together with the fusion category.

Abstract fusions systems are studied in the books of Aschbacher, Kessar and Oliver [7]
and Craven [52]. There is a set of axioms, devised by Puig, and not every fusion system
comes from a finite group in the above way. We shall assume that the saturation axiom is
part of the definition.

DEFINITION 1.7.2. Let D be a Sylow p-subgroup of a finite group G. A subgroup H of
D is p-centric in G if Z(H) is a Sylow p-subgroup of Cg(H). This is equivalent to saying
that Cq(H) = Z(H) x OyCq(H). The centric linking system of G over D is the category
Lp(G) whose objects are the subgroups of D that are p-centric in GG, and whose morphisms
are the quotient of {g € G | gHg~' < K} by the action of O,Cg(H). There is an obvious
functor Lp(G) = Fp(G).

Again, there is a set of axioms for an abstract centric linking system £ over a fusion
system on a p-group D. A p-local finite group consists of a finite p-group D together with a
fusion system JF over D and a centric linking system £ — J.

Given a p-local finite group (D, JF, L), its classifying space |L| is defined to be the nerve
of the category £. It is a p-good space (Proposition 1.12 of Broto, Levi and Oliver [41]). The
p-local finite group (D, F, L) can be recovered from the homotopy type of |£| ; (Theorem 7.4
of [41]).

THEOREM 1.7.3. The natural map |Lp(G)| — BG is a mod p cohomology equivalence,
and so induces a homotopy equivalence |,CD(G)|; — BG;.

PRrOOF. This is the main theorem of Broto, Levi and Oliver [40]. O

THEOREM 1.7.4. For a p-local finite group (D,F, L), the cohomology H*|L| is isomor-

phic to the ring of stable elements in H*BG in the sense of Cartan and Filenberg, Theo-
rem XII.10.1 of [48].

PRrOOF. This is Theorem B of [41]. O

THEOREM 1.7.5. Suppose that G and G' are finite groups, and there is a fusion preserving
isomorphism from the Sylow p-subgroup D of G to that of G'. Then there is a homotopy
equivalence BG; — BG’;.

PROOF. For p = 2 this is Theorem B of Oliver [188], while for odd primes it is Theorem B
of Oliver [187]. O

The following stronger theorem was proved later, and Oliver’s Theorem 1.7.5 is a conse-
quence.
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THEOREM 1.7.6. Given a fusion system F on a finite p-group D, there exists a unique
centric linking system L over F.

PROOF. This was first proved by Chermak [49] using his theory of localities. The proof
used the classification of finite simple groups. Later, Oliver recast the proof in terms of
obstruction theory. His proof depends on the Meierfrankenfeld—Stellmacher classification of
quadratic best offenders [180], which again relies on the classification of finite simple groups.
Finally, a classification free proof was given by Glauberman and Lynd [125]. O

Using Theorem 1.7.6, given a fusion system F on a p-group D, it determines first a linking
system £ over F, then the classifying space |£|, then its p-completion ]L\;, and finally the

cochains C’*|L|; ~ C*|L].

REMARK 1.7.7. The corresponding theorem for discrete p-toral groups is proved in Levi
and Libman [170]. This is relevant when trying to understand p-completed classifying spaces
of compact Lie groups.

REMARK 1.7.8. Let B be a block of the group algebra kG of a finite group G over k. It
follows from the work of Alperin and Broué [2] that one can associate to B a fusion system
F g describing the fusion of subpairs associated to the block. This is spelled out in Section 3
of Linckelmann [175]. Thus using Theorem 1.7.6, we can associate to B a linking system
Lp, and a classifying space |Lp|, whose cohomology H*|L | is the cohomology of B in the
sense of Linckelmann [174]. In the case of a principal block, the defect groups are the Sylow
p-subgroups of G, and the fusion system of the block is the same as the fusion system Fg(D)
of the group.

Craven and Glesser [54] studied fusion systems on metacyclic groups. Theorem 1.1 of
that paper shows that for dihedral, semidihedral and generalised quaternion 2-groups, all
possible fusions systems are realised as fusion systems Fp(G) of some finite group G. It
follows that when we discuss 2-completed classifying spaces of finite groups with these as
Sylow 2-subgroups, we are really discussing the 2-completed classifying spaces associated to
any fusion system on such a 2-group, including classifying spaces of blocks with these as
defect groups.

1.8. Abelian Sylow subgroups

Let GG be a finite group with abelian Sylow p-subgroup D, and let k be a field of charac-
teristic p. Then by a classical theorem of Burnside, the normaliser N¢(D) controls G-fusion
in D. See for example Theorem 7.1.1 of Gorenstein [126]. This implies that the inclusion
Ng(D) — G induces an isomorphism of fusion systems Fy,py(D) — Fa(D). It follows
that the ring of stable elements in H*BD (see Theorem 1.7.4) is just the invariants of the
normaliser. So we have the classical theorem of Swan.

THEOREM 1.8.1. Suppose that G has an abelian Sylow p-subgroup D, and let k be a
field of characteristic p. Then the inclusion Ng(D) — G and the quotient map Ng(D) —
Na(D)/Opy N (D) induce isomorphisms

H"BG = H'BNG(D) = I B(N6(D) /Oy Ne(D)) = H'BD e/ o0
PROOF. See Swan [209]. O
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The consequence for the p-completed classifying space is the following.

THEOREM 1.8.2. Suppose that G has an abelian Sylow p-subgroup D, and let k be a field
of characteristic p. Then we have homotopy equivalences

B(Na(D)/OyNa(D)), < BNa(D), — BG,.

PROOF. By Theorem 1.8.1, the inclusion of a Sylow p-normaliser Ng(D) — G and the
quotient map Ng(D) — Ng(D)/Opy Ng(D) induce mod p cohomology equivalences

B(N¢(D)/OyNg(D)) < BNg(D) — BG.
Hence by Theorem 1.6.1 (i), after p-completion these give homotopy equivalences. 0

REMARK 1.8.3. The group N¢(D)/O, N (D) is isomorphic to a semidirect product of D
by a p/-subgroup H of Aut(D). This reduces the study of BG; to the study of B(D x H);.

We shall discuss the case where D is cyclic in Section 1.13 and the case where D is an
elementary abelian 2-group in Theorem 5.2.2.

1.9. Singularity and cosingularity categories

Let a be an A, algebra over k. The derived category D(a) has as its objects the A
modules over a and as arrows the homotopy classes of A, morphisms. In this category,
quasi-isomorphisms automatically have inverses. For details, see Keller [154,155], Lefevre-
Hasegawa [165].

If H,ais commutative Noetherian, we define the bounded derived category DP(a) to be the
thick subcategory of D(a) whose objects are the modules with finitely generated homology.

We also need a suitable notion when H,a is not Noetherian, in order to deal with the
case of a = C*QBG;. The appropriate condition there involves a suitable notion of Noether
normalisation (Definition 3.7 of Greenlees and Stevenson [133]):

DEFINITION 1.9.1. We say that b — a is a normalisation of a — k if both a and
k are in the thick subcategory Thick(b) C D(b) generated by b. For example, if H.a is
finitely presented then the set of generators in a finite presentation leads to a normalisation
(Theorem 3.13 of [133]).

If b — a is a normalisation, we define the bounded derived category DP(a) to be full
subcategory of D(a) consisting of those objects whose restriction to b are in Thick(b) C D(b).
Under suitable hypotheses this is independent of the normalisation (Propositions 4.3 and 7.2
of [133)).

We define the singularity category Deg(a) to be the Verdier quotient of D(a) by the thick
subcategory Thick(a) generated by a. We define the cosingularity category Desg(a) to be the
Verdier quotient of D®(a) by the thick subcatgory Thick(k) generated by the field k.

We are interested in the cases of C’*BG; and C*QBG;. Recall from Proposition 1.6.5
that we have a fibration sequence
(U(n)/G), — BG, — BU(n),.

This gives rise to maps
A
p

C*BU(n), — C*BG, — C*(U(n)/G)

19



and
C.QU(n)/G), — C.QBG, — C.U(n),.

These have the property that C’*BU(n); — C*BG; and C*Q(U(n)/G); — C*QBGIAJ are
normalisations.

The following theorem expresses a version of Koszul duality between C* BG and C,.2B G;
(cf. Remark 1.6.3).

THEOREM 1.9.2. For a finite group G, the functor Homc~pa(k, —) induces a triangulated
equivalence of bounded derived categories DP(C*BG) = Db(C’*QBG;) that sends C*BG to

k and sends k to C’*QBG;. It induces triangulated equivalences
Dsg(C*BG) & Dy (CLOBG,),  Desg(C*BG) = Dy (C.QBG,).
PrOOF. This follows from Theorem 9.1 and Example (10.6) of [133]. O

1.10. Tame blocks

The trichotomy theorem of Drozd [62] (see also Crawley-Boevey [55]) for finite dimen-
sional algebras states that every finite dimensional algebra is is of finite, tame or wild repre-
sentation type, and these types are mutually exclusive. Roughly speaking, finite representa-
tion type means that there are only finitely many isomorphism classes of finitely generated
indecomposable modules. Tame representation type means that the finitely generated in-
decomposables of any particular dimension (over an infinite field) come in one parameter
families with finitely many exceptions, and wild representation type means that the mod-
ule theory for a free algebra on two generators can be encoded in the category of finite
dimensional modules for the given algebra. For details, see for example Section 4.4 of [15].

In the case of blocks of finite groups, the representation type only depends on the defect

group.
THEOREM 1.10.1. Let B be a block of kG with defect group D. Then

(i) B has finite representation type if and only if D is cyclic.
(ii) B has tame representation type if and only if p = 2, and D is dihedral, generalised
quaternion, or semidihedral.
(iii) In all other cases, B has wild representation type.

PROOF. It follows from the work of Higman [139] that the representation type only
depends on the defect group. For finite p-groups, the representation type was determined
by Bondarenko and Drozd [33], see also Ringel [194]. O

Blocks with cyclic defect group were completely described in the work of Brauer [35]
and Dade [58]. The case of tame representation type was the subject of extensive work of
Erdmann [66-79], giving an almost complete description of the Morita types of these blocks.
Our work leans heavily on these papers. To make life easy, it follows from a case by case
analysis that for each isomorphism type of defect group of tame representation type and each
fusion system on it, there is a principal block of some finite group G with the same fusion
system, and all such have equivalent classifying spaces by Oliver’s Theorem 1.7.5. Judicious
choice of G minimises the work involved in understanding C*BG and C,Q0B G; .
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REMARK 1.10.2. Finite dimensional local symmetric algebras of tame representation type
are listed in Theorem II1.1 of Erdmann [74]. The group algebras of finite 2-groups among
these are as given as follows. The dihedral groups have type II1.1(c) with k a power of
two (or type III.1 (b) for the Klein four group), the semidihedral groups have type III.1(d’),
and the generalised quaternion groups have type II1.1(¢’). This is a slightly more precise
statement than given in I11.13 of [74]; see also Sections 3.2 and 4.2 for further comments.

1.11. Cohomology of complete intersections

We shall need to compute Extj(k,k) and HH*(R) in the case where R = H*BG is a
complete intersection. For this reason, we give a brief review of cohomology of complete
intersections, following Avramov [8], Sjodin [201] and Buchweitz and Roberts [44].

Let R be a complete intersection of the form @/, where @ = k[xy, ..., z,] is a positively
graded polynomial ring and [ is generated by a homogeneous regular sequence fi, ..., f. in
m?, where m is the ideal (zy,...,7,)." We can take partial derivatives in the usual way to

give polynomials
O fi
bix = €Q.
ok @xl Q

We can then take their images in R, which we denote BM. But then there’s a problem
when it comes to second partial derivatives, because in characteristic two the second partial
derivative of z? with respect to x vanishes. To remedy this, the second divided partial
derivative is defined to be the second term in the Taylor expansion of the polynomial, so

@) (12 92 92
that for example 8:1(:26 ) = 1. Thus we have 89{; =2 8$‘§k. So now set
P .,
a!)ﬁ'iaiﬁj ! ?é J
Qi gk = o0
Oz? =

as an element of (), and write a; j; for the image of a, ;, in R. These are the coefficients of
the Hessian quadratic form q associated to the relations defining R, see Section 2 of [44].

DEFINITION 1.11.1. Following [44], we define Cliff(q) to be the differential bigraded
algebra over R with generators 2; dual to the z;, in degree (—1, —|z;]) (1 < i < n) and s;
dual to the fi, in degree (=2, —|fx|) (1 < j < ¢). The multiplicative structure is given by
making s; central, and

C C

A A A A _ . . ~2 _

Ty + T = E aijesy (1 #7), &7 = E Qi i kSk-
k=1 k=1

The differential d: Cliff(q) — Cliff(q) vanishes on A and on the sj, and on the z; it is given
by

k=1

1By negating degrees, results here apply equally well to negatively graded rings.
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THEOREM 1.11.2. We have Extj(k, k) = k ®@x Cliff(q).

PROOF. This is proved in Sjodin [201] when the characteristic is not two. The gen-

eral statement can be obtained from Avramov [8] by combining Theorem 10.2.1(5) and
Example 10.2.2 there. l

REMARK 1.11.3. According to Theorem 1.11.2, Ext}(k, k) is generated over k by elements
Z; in degree (—1, —|z;|) (1 <7< n) and s in degree (=2, —|fx|) (1 < k < ¢). The elements
sk generate a central polynomial subring over which Ext};(k, k) is a free module of rank 2™.
The relations express 2;; + 2;2; and #? as linear combinations of the s; with coefficients in
k given by the constant terms a; ;x(0) of the polynomials a; ;x. These only depend on the
quadratic parts of the polynomials f;, so we have f; = szzl a; jx(0)x;x; 4 terms of degree
at least three.

REMARK 1.11.4. The algebra Extj(k, k) carries a Hopf algebra structure for which the

elements z; and s, are primitive. This gives the multiplication on the graded dual Hopf
algebra Tor (k. k).

THEOREM 1.11.5. We have HH*(R) = H*(Cliff(q),d), the cohomology of Cliff(q) with
respect to the differential d.

ProoOF. This is Theorem 2.11 of Buchweitz and Roberts [44]. O

REMARK 1.11.6. Since the relations f;, are required to be in m?, we have b;; € m, so
b;x(0) = 0, and the differential d disappears on k ®g Cliff(q). So there is a natural map from
H*(Cliff(q),d) to k ®g Cliff(g). This is the usual map HH*(R) — Extj(k, k) obtained by
applying — ®g k to a bimodule resolution of R to obtain a module resolution of k.

1.12. Koszul duality for graded algebras

For graded commutative rings whose relations are quadratic, Koszul duality provides a
computation of both Ext and Hochschild cohomology.

DEFINITION 1.12.1. A Koszul algebra is a graded k-algebra R with the property that the
minimal resolution of k as an R-module is linear. In other words, the maps in the minimal
resolution are given by multiplication by linear combinations of the generators.

The relations in a Koszul algebra are quadratic, but not every graded algebra with qua-
dratic relations is Koszul. However, a graded commutative algebra with quadratic relations
is automatically Koszul.

If R =k(xy,...,2,)/(5) is a Koszul algebra, with S a set of quadratic relations, then
the Koszul dual is

R' = Extly(k, k) 2 k{1, ..., 2,)/(SY).
If V' is the vector space with basis z1,...,x, then Z1,...,2, is the dual basis for V*. The
relations S form a linear subspace of V@V, and S* is its annihilator in V*@V* = (V@ V)*.

THEOREM 1.12.2. Let R = k(z1,...,x,)/(S) be a graded Koszul algebra, with S a set of
quadratic relations, and let R* = k{(&1,...,2,)/(S*) be the Koszul dual. Then as a k-algebra,
the Hochschild cohomology HH*R can be computed as H*(R ® R',d), where the differential
d given by [e, —] where e = 1 @ &1 + -+ - + x, ® T,,. Here, the variables &1, ...,Z, are put in
homological degree —1 in the complex, while x, ..., x, are in homological degree zero.
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PROOF. In this form, this is proved in Theorem 1.2 of Negron [186], but see also the
paper of Buchweitz, Green, Snashall and Solberg [42], where this is described in a more basis
dependent way. 0

REMARK 1.12.3. In the case of a complete intersection R with quadratic relations, of
course S includes the commutativity relations, whereas the Koszul dual R' is usually non-
commutative. In this case, the complex given in Theorem 1.12.2 is isomorphic to (Cliff(q), d)
appearing in Theorem 1.11.5. The advantage of this approach is that the same computation
also computes HH*R', but watching out for the change of degrees.

REMARK 1.12.4. If R and R' are Koszul dual algebras, there is a relation between the
generating functions for the dimensions. For this purpose, it is necessary to give both R
and R' an extra grading with the generators in degree one, so that a generator in degree
n now has degree (1,n). The Koszul dual generator is then in degree (1, —n). This extra
grading makes sense because the relations are quadratic, and therefore homogeneous in the
new grading. Let

pr(s,t) = Z s't) dimy R; ;.
4,J
Then we have

(1.12.5) pr(s,t) = 1/pr(—st™1t71).
Without the internal grading, the formula reduces to the more well known formula

pr(s) = 1/pr(=s).
For example, if R = k[z,y] with = in degree —2 and y in degree —4 then R' = A(%, )
with # in degree 1 and ¢ in degree 3. Then pg(s,t) = 1/(1 — st72)(1 — st~*) and

pri(s,t) = (1 — (—st )3 (1 — (—st™)th) = (1 + st)(1 + st?).
1.13. The cyclic case

In this section, we summarise the results on groups with cyclic Sylow p-subgroups, from
the papers [22,23].

Let G be a finite group with cyclic Sylow p-subgroups, and let k be a field of characteristic
p. Then by Theorem 1.8.2; the inclusion of a Sylow p-normaliser Ng(D) — G and the
quotient map Ng(D) — Ng(D)/Oy Ng(D) induce homotopy equivalences

B(Na(D)/OyNe(D)), < BNa(D), — BG,.

So it suffices to discuss the case Z/p™ x Z/q, where ¢ > 2 is a divisor of p — 1 and Z/q
acts faithfully on Z/p". Indeed, even in the case of a block with cyclic defect group of order
p™ and inertial index g, the p-completed classifying space (see Remark 1.7.8) has the same
homotopy type.
So set
G={(g.s|g" =1s"=1s9s"' =g") 2 L/p" xZ/q,
where 7 is a primitive gth root of unity modulo p™. Setting
U= > d/i
1<j<p™ -1,

JP=j (mod p")
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the group algebra is given by
kG =k(s,U | U" =0, s7=1, sU =~Us)

where 7 is a primitive gth root of unity. This has a unique grading up to scalar multiplication.
It is convenient to use a Z[é]—grading and set |s| = 0, |U| = 1/¢q. With this grading, the
cohomology is the doubly graded ring given by H*BG = klz] ® A(t) with |z| = (—2¢, —p")
and [t| = (—2¢+1,—h) with h = p" —(p" —1)/q. The A, structure is completely determined

by
(_1):0”(13"—1)/21;’1 i = p"
0 otherwise.

The homology of the loop space on the p-completion H*QBG; looks very similar. We
have .
H.QBG, = k[t] @ A(€)
where |7| = (2¢ — 2,h) and [¢| = (2¢ — 1,p"). The A, structure is completely determined
by
(_1)h(h—1)/2 i=h

0 otherwise.

Thus the roles of h and p" have been reversed. There is one exceptional case. If h = 2 then
q =2 and p" = 3. In this case, the formula above gives my(¢, &) = —73. Thus £ is no longer
an exterior variable, but rather we have the formal A, algebra H*QBG; = k|1, €]/ (& +73)
in this case.

The category D (C*BG) =~ Dcsg(QBG;) is equivalent to Db(C'*QBG; [771]). This is
a finite Krull-Schmidt triangulated category with (¢ — 1)(h — 1) isomorphism classes of
indecomposable objects. The Auslander—Reiten quiver of this category is isomorphic to
ZAj,_1/T!, a cylinder of height h — 1 and circumference ¢ — 1. Here, T is the translation
functor ¥72¢ = ¥72. The triangulated shift ¥ reverses the ends of the cylinder, so that there
are [h/2] orbits of ¥ on indecomposables.

The category Desg(C*BG) =~ Dsg(QBG;) is equivalent to DP(C*BG[z~!]). This is a finite
Krull-Schmidt triangulated category with ¢(p™ — 1) isomorphism classes of indecomposable
objects. The Auslander-Reiten quiver is isomorphic to ZA,»_, /T, a cylinder of height p"—1
and circumference ¢. The translation functor this time is 7 = £2(¢~1 and the triangulated
shift ¥ again reverses the ends of the cylinder, so that there are (p™ — 1)/2 orbits of ¥ on
indecomposables.

24



CHAPTER 2

The dihedral case

2.1. Introduction

In this chapter, we discuss the case of finite groups with dihedral Sylow 2-subgroups.
The A, structure on the cohomology of dihedral groups is given in the following theorem.

THEOREM 2.1.1. Let D be a dihedral group of order 4q, where ¢ > 2 is a power of two,
and let k be a field of characteristic two. Then as a ring, we have H*BD = k|x,y,t]/(zy)
with |z| = |y| = =1 and |t| = —2. Up to quasi-isomorphism, the A, structure on H*BD is
determined by

Mag(2,y, ..., 2, y) =mo(y,z,...,y,x) =1.

We give an explicit A, structure within this quasi-isomorphism class in Theorem 2.4.2.
It has m; # 0 if and only if ¢ is congruent to 2 modulo 2¢ — 2. For completeness, we also
describe the case ¢ = 1, which behaves differently.

The idea of the proof is to put a double grading on the group algebra kD. This gives
a triple grading on H*BD, which then restricts the possibilities for the higher m;. It is
then easy to check that m; = 0 unless ¢ is congruent to 2 modulo 2¢ — 2. Then my, is
interpreted as a Hochschild cocycle on H*BD, and quasi-isomorphism amounts to changing
it by a Hochschild coboundary. We write down explicit formulas for all the m;, using some
Hochschild cohomology computations involving the circle product of Gerstenhaber.

Similar computations give the A, structure on the cohomology of a finite group G with
dihedral Sylow 2-subgroups of order 4q. These groups were classified by Gorenstein and
Walter. There are three possible 2-local structures, which are distinguished by the number
of conjugacy classes of involutions (one, two or three). We examine the three possibilities
in detail, and determine the A, structures on H*BG and H*QBGQ in each case. The case
with three conjugacy classes is trivial, since G has a normal 2-complement in this case, so
we concentrate on the remaining two cases.

Perhaps the most interesting case is the one where all involutions are conjugate, as this
happens if and only if G has no subgroup of index two. In this case, if ¢ > 2 we have

H*BG = klt, &,m]/(&n)
with [t| = —2 and |{] = || = —3 (homological grading). If ¢ = 1 then H*BG =
k[t,&,n]/(€n + t?). This time, the A, structure is determined up to quasi-isomorphism
by
m2q(§7 n,... 7577]) - m2q(777§' <1, f) = t2q+17

where the £ and 7 alternate. Again the m; are non-zero for ¢ congruent to 2 modulo 2q — 2,
and zero otherwise, and we give an explicit description of the non-zero ones.

The Ay, structure on H,QBG, in this case is easier to describe than that of H* BG. This
is because there are only two non-zero m;.
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THEOREM 2.1.2. Let G be a finite group with dihedral Sylow 2-subgroups of order 4q with
q = 1, and with no normal subgroup of index two, and let k be a field of characteristic two.
Then the ring structure on the homology of QBGQ 15 given by

H.QBG, = A(1) @ ko, f | o = 5% = 0)
where || =1, |a| = |B] = 2. The Ay structure is determined by
Maogs1 (7, ..., 7) = 8%,
where s = aff + Pa.

See Theorems 2.8.3 and 2.8.10 for details.

We describe a DG algebra ) which is quasi-isomorphic to C*QBGS , and use it to show
that the degree 4 element s = af + fa is central. It may then be inverted, to obtain
equivalences of categories

D°(Q[s7']) ~ D®(C,QBGY [s7']) = Deg(CLQABGY ) ~ Dgy (C*BG).

Finally, we observe that there is a Morita equivalence between Q[s~!] and one of the
algebras discussed in [22]. This allows us to carry over the classification theorem there, to
classify the indecomposable objects in D°(C,Q2BG,[s7']), and hence also of D (C*BG).

THEOREM 2.1.3. Let G be a finite group with dihedral Sylow 2-subgroups of order 4q with
q = 1, and with no subgroup of index two, and let k be a field of characteristic two. Then
Dee(C*BG) =~ Dcsg(C*QBGg) is a finite Krull-Schmidt category with 4q isomorphism classes
of indecomposable objects, which come in q orbits of the suspension X2, all of length four. The
Auslander-Reiten quiver is isomorphic to ZAs,/T?, where T is the translation functor 2.

This theorem is proved in Section 2.12 (Theorem 2.12.1). The corresponding theorem in
the case where G has two conjugacy classes of involutions, so that G' has a normal subgroup
of index two but no normal subgroup of index four, is given in Theorem 2.13.10.

In contrast with Theorems 2.12.1 and 2.13.10, the category Desg(C* BG) =~ Dgy(C.QBGY)
has infinite representation type.

2.2. Dihedral 2-groups

Let D = {g,h | g* = h* = (gh)* = 1), a dihedral group of order 4¢, with ¢ > 1 a power
of two, and let k be a field of characteristic two. As elements of kD, let X = ¢ — 1 and
Y = h — 1. Then the group algebra can be rewritten as

kD=k(X,Y | X?=Y?=0,(XY)? = (YX)9).

This algebra has tame representation type, and the finitely generated kG-modules were
classified by Ringel [195].

We shall regard kD as a Z x Z-graded algebra, with | X| = (1,0) and |Y| = (0,1). With
this bigrading, the relations are homogeneous. It is easy to compute the minimal resolution
of k as a kG-module, and hence the cohomology ring. Recall that we are using homological
degrees throughout, so that cohomological degrees come out negative. We list first the
homological degree, and then the two internal degrees.

The case ¢ = 1 behaves differently from g > 2, so we discuss this case first. If ¢ = 1 then
H*BD = Exty(k, k) is a formal A, algebra k[z,y| with |z| = —(1,1,0) and |y| = —(1,0,1).
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One way to see that it has to be formal is that the values m; for ¢« > 2 on non-zero elements
land in zero groups for degree reasons.
We now assume, for the rest of this section, that ¢ > 2. We have

H*BD = Ext}p(k, k) = k[z,y,t]/(zy)

where |z| = —(1,1,0), |y| = —(1,0,1) and [¢| = —(2,q,q). The elements = and y in H'BD
are dual to X and Y in J(kD)/J?(kD). The element

t € H*BD = Ext,p,(Qk, k)
is represented by the short exact sequence of bigraded modules
0—>k—>M®N — Qk — 0,

where M and N are uniserial modules of length 2¢. Examination of these uniserial kD-
modules shows that we have Massey products

(x,y,...,x,y) = (y,x,...,y,x) =t
in H*BD. Here, in both expressions the arguments x and y alternate, and there are ¢ of
each, for a total of 2¢ terms. Note that these Massey products are only well defined up to
adding multiples of 22 and y?. However, if we take the internal grading into account, the
Massey product is well defined, with no ambiguity.

2.3. HH*H*BD

Wishing to understand further the A, structure of the cohomology of dihedral groups, it
follows from Proposition 1.4.2 and Lemma 2.4.1 that we should next compute the Hochschild
cohomology HH*H*BD. Since H*BD is a hypersurface (i.e., a codimension one complete
intersection), we can compute Hochschild cohomology using Theorem 1.11.5. So first we
compute the algebra Cliff(q) for H*BD, where D is a dihedral group of order 4q with ¢ > 2.
This will also be useful for computing Ext} zp(k, k) using Theorem 1.11.2. Recall that
H*BD = K|z, y,t]/(zy) with |z| = —(1,1,0), |y| = —(1,0,1) and |t| = —(2, ¢, q).

PROPOSITION 2.3.1. The DG algebra Cliff(q) is equal to H*BD(Z,y,T;s), where s is
central, and 2> = 0, 3> = 0, 2+ 92 = s, 7> = 0, &7 = 72, §7 = 7). The degrees are
given by ’x‘ = <07_17_170)7 |Z/‘ = <07_1707_1)7 |t‘ = (Ou_27_Q7 _Q)7 ’i‘ = <_1>17170)7
gl = (—=1,1,0,1), |7| = (—=1,2,4,q), |s| = (=2,2,1,1). The differential is given by d(z) = ys,
d(y) = xs, d(1) =0, d(s) = 0.

PROOF. Let f(z,y,t) = xy. Then we have

af of of
F " 5 = 0,
oA f 0 o f B o2 f B
Ox? ’ Oy? ’ 022 ’
A S
Oxdy ’ 0x0z ’ Oy0z
Plugging these into Definition 1.11.1, we get the given relations and differential for Cliff(q).

O
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THEOREM 2.3.2. Let G be a dihedral group of order 4q with q > 2 a power of two, and
let k be a field of characteristic two. The Hochschild cohomology HH* H* BD has generators
s, t, T, x,y, u, v with

|s| = ( 2,2,1 1)
’QJ‘ (07 ) ’y‘ = (07 —1,0, _1)
|U| = (_1707070) |U| = (—1,070,0)

The relations are given by u?> = 1> =uww =72 =0, 2y = 0, 2v = yu = 0, s = ys = 0,
and us = vs. The non-zero monomials and their degrees are as follows, with 11,15 > 0,
1,62 € {0,1}. The first two cases overlap for i; > 0, the first and third, and the second and
fourth overlap for i, = 0.

|s7 27502 | = (=21 — &1 — €9, 201 — 209 + 261,41 + q(—ig + £1), 41 + q(—is + £1)),
s t27910%2 | = (=2i) — &1 — €9, 21 — 20y + 261,11 + q(—iy + 1), 11 + q(—iy + 1)),
|z 27502 | = (—e; — €9, —1y — 20y + 261, —i1 + q(—ia + €1),q(—iy +€1))
[y #2702 | = (—e1 — €9, —iy — 20y + 261, q(—d2 + €1), —i1 + q(—iy +€1))

(the top two coincide with the lower two when iy = 0, and are otherwise disjoint). There is
only one monomial in degree (—i,i — 2,0,0) with i > 2, namely sit, with

|s7t] = (=2¢,2¢ — 2,0,0).

PROOF. By Theorem 1.11.5, HH*H*BD is the cohomology of the DG algebra Cliff(q).
By Proposition 2.3.1, this is therefore as described in the theorem, with v = xZ and v = yy.
Since 9(2y) = (x& + yy)s, we have us = vs in HH*H*BD.

We also mention another approach to this computation, as this will become relevant in
the proof of Proposition 2.8.9. Namely, we can use Theorem 1.12.2. This gives rise to the
same complex as above. Here, the x; are x, y and ¢t and the Z; are 2, §y and 7. The advantage
of this approach is that it makes it easy to compute HH*A' using the same computation,
but watching out for the changes of degrees. This approach also makes it clear that £ and
y are really just avatars for the elements X and Y of kD.

For the last statement, we note that for the last two coordinates to be zero, the monomial
must be of one of the first two types. Then we have

i1+ q(—i2 +¢e1) =0,
(—Zil — &1 — 52) + (211 — 2Z2 + 281) = —2.
Twice the first equation minus ¢ times the second gives (g1 + €2)q + 2i; = 2q, and so 4, is
either zero or q. If 1 = 0 then e; = ¢9 = 1, which then implies 7 = 1, and the resulting

monomials have ¢ = 2. On the other hand, if iy = ¢ then ¢ = g5 = 0, and again we have
19 = 1, and the resulting monomial is s%t. 0
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2.4. A structure of H*BD

In this section, we completely describe the A, structure of H*BD. This makes extensive
use of Section 1.5, describing Gerstenhaber’s circle product on Hochschild cochains and its
relation to the structure maps of an A, algebra.

Let D be a dihedral group of order 4¢ with ¢ > 2 a power of two, and let k be a field of
characteristic two.

LEMMA 2.4.1. For any Ay structure on H*BD that preserves internal degrees, we have
my, = 0 unless n — 2 is divisible by 2q — 2. In particular for 2 < n < 2q we have m, = 0.

PrROOF. Looking at the degrees of the generators x, y and z, for any monomial ( in
H*BD of degree (a,b,c) we have a = b+ ¢ (mod 2¢ — 2). So for an n-tuple ((1,...,(),
the degree of m,((y,...,(;) satisfies a = b+ ¢+ n — 2 (mod 2g — 2). It follows that for
M (Ciy -+, Gu) to be non-zero we must have n —2 =0 (mod 2q — 2). O

THEOREM 2.4.2. The A structure on H*BD is given as follows. The m,, are k[t]-
multilinear maps with m,, = 0 for n not congruent to 2 modulo 2q — 2. Fori,j > 1,

m?q(xiu y,z,y,...,T, ?J]) - m?q(yja r,y,z,...,Y, xl) = xi_lyj_lt
where the arguments alternate between x and y, and the right hand side is zero unless either
t=1o0rj=1; my, is zero on all other tuples of monomials not involving t. The maps
My(2g—2)+2 with £ > 1 similarly vanish on all tuples of monomials not involving t, except the
ones which look as above, but for some choice of indices:

I<er<ea<-<ep1<e1+2¢—2)+1<e 2+2(2¢—2)+1
<o <ep+(0=1)(2¢—2)+ 1< (29 —2) + 2.

the exponents on the terms are increased by one (or correspondingly more if an indez is
repeated). The value on these tuples is '~ 1y ~1t*. Thus

i+ o a3 o _ 4+ _ o a—1_ 9—-14¢
mf(2q72)+2(x 1,?/ 2’33 ‘5,...,33 2(2q 2)+17yJ 2(2q 2)+2) =7 yj t

where each a, is one plus the number of indices in the list above that are equal to o.

REMARK 2.4.3. To illustrate this rather complicated looking condition, suppose that
q = 4. Then myg is given by

ms(z',y, z,y, @y, 2,07 ) = ms(y, 2,y y, a0y, 2t) = 2y T,
and then mq, is the next non-zero m,. The value of each of the following seven expressions
is i lyi 12

i+1

m14( ,y,a:y,my,z szy7x y>$yj)

2
mig\x

mig(x Zy, 2y, T, Y, Y, T Y T, Y, Ty
(z
(

7)

7)

mu(a’,y, 2,97, ﬂﬁy,w y,z,y, 2%y, 2,9
7)

y’)

+1

(@ y, @y, 2%y, 0.y, 2,y @, 07, a:y
m14($,y,x,y,aﬁ,y z,Y,T,Y,xr,Y,T

m14(xiay7x)y7$7y7 Y Y, L, Y, T, Y, T, y )

3
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There are seven more such expressions with non-zero values of mq4, where x and y have been
interchanged. A typical non-zero value of msyy, which is the next non-zero m,,, corresponding
to ¢ = 3, is given by

7 2 2 2 2 J\ _ i—1, 7—1,3
mQO(x,y,x,y,x,y,m,y,m,y,m,y,ﬂc,y,x,y,x,y,x,y)—x Yy t>

where the indices 4 < 6 < 13 < 17 come from e; = 4, e; = 6. An example with a repeated
index is

i 3 2 2 4\ _ a—1, j—1,3
mgo(x,y,:c,y,:c,y,x,y,a:,y,a:,y,a:,y,x,y,x,y,x,y)—w Yy ta

with indices 6 < 6 < 13 < 19 coming from e; = ey = 6.

PROOF OF THEOREM 2.4.2. By Lemma 2.4.1, for every A, structure preserving de-
grees, m,, = 0 for 2 < n < 2¢. So in order to determine mgy,, we invoke Proposition 1.4.2.
We have Massey products

(x,y,...,x,y) = (y,x,...,y,x) = t,

well defined modulo the ideal generated by z and y. It follows from Theorem 1.4.5 that
Mmag(x,y, ..., 2z, y) and mo,(y,,...,y,x) are non-zero. So my, represents a non-zero Hoch-
schild cohomology class in degree (—2¢,2q —2,0,0) in HH*H*BD. By Theorem 2.3.2, up to
scalar multiplication, there is only one non-zero possibility for mq, up to quasi-isomorphism.
It is easy to check that the given formula for my, is indeed a Hochschild cocycle. Replacing
t by a non-zero multiple of ¢ if necessary (or by working over Fy) makes this the correct
Hochschild cohomology class.

Again using Lemma 2.4.1, we see that the next possible m,, after my, is m4q_s. Us-
ing (1.3.1), this has to satisfy

4q9-3
ma(id ® my,—o) + Z Maq_o(id®" @ my ® id®(4q_r_3)) + ma(Mag—2 ® id)
r=0
2q—1
+ ) Mg (id®” ® myy @ id® ) = 0.
r=0

Now the first three terms are the Hochschild coboundary of m,,_2, while the last sum is the
Gerstenhaber circle product mg, 0my,, see Section 1.5. So as in Proposition 1.5.4, we rewrite
the above equation as

(244) 5m4q72 = Maq © Moy,

where 0 is the Hochschild coboundary. Subject to this condition, 17,9 is well defined modulo
Hochschild coboundaries. But by Theorem 2.3.2, the Hochschild cohomology HH*H*BD is
zero in degree (—4q + 2,4q — 4,0,0), so any choice of my,_, satisfying (2.4.4) is valid. The
one we have constructed satisfies this.

We continue by induction on ¢. If we have constructed mog, mag—2, ..., M@—1)(29-2)+2:
then the equation satisfied by my2q—2)42 is

5m£(2q72)+2 = Z mMi2q—2)+2 © Mj(2g—2)+2-
itj=t
Again HH*H*BD is zero in degree (—¢(2q — 2) — 2,4(2q — 2),0,0), and so any choice of
My(24—2)+2 Satisfying this equation is valid. The one we have constructed satisfies this. [
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REMARK 2.4.5. Let us illustrate the way equation (2.4.4) works, with the example of
Remark 2.4.3. We have

(mg omg)(x',y, v,y 2y, 2,9, T, v, 7,2, y, 2,9 )
= mg(2',y, x,ms(v*, z,y, 2,9, 2,9, 2), 2,9, T, )
=mg(a',y, @, yt, 2.y, 7,y
_ iy,

and correspondingly,
Smag(x',y, 2,922, y, 2,0y, T, Y, T, T, Y, 2,y )
=mu(2,y,z, 5z, 2y, Ty, 20y, 2, y0)
_ i
2.5. Loops on BD,

Since D is a finite 2-group, completing BD makes no difference to its homotopy type.
So QBDS has contractible connected components, and is homotopy equivalent to D with
the group multiplication. So we should expect to see the Eilenberg—Moore spectral sequence
converging to kD.

ProprosiTION 2.5.1. We have
Exty:op(k, k) = A(T) @ k(z,9 | 2 =0, 9* = 0)
with
|T| = <_1727Q7q>7 ‘Xl = <_1717170>7 |Y| = (_1717071)-

PrOOF. This follows by applying Theorem 1.11.2 to Proposition 2.3.1. The element s
there is redundant, as it is equal to Ty + yz. O

The E? page of the spectral sequence

Extyzp(k, k) = kD
is given by the Proposition. There is a non-zero differential given by
7 (1) = (29 + 92)".
Then
E* = B> 2=kD =k(z,§ | #* =0, * = 0, (29 + §2)" = 0),

concentrated in homological degree zero. Ungrading, X represents & and Y represents y
to give an isomorphism with kD. Note that kD is isomorphic to its associated graded with
respect to the radical filtration, which is reflected in the fact that there is no ungrading to

be done in this case. In the generalised quaternion and semidihedral situations, this will be
more of an issue.
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2.6. HH*kD

In this section we use the spectral sequence
(2.6.1) HH*H*BD = HH*C*BD = HH*C.QQBD = HH*kD
to compute HH*kD. This is not needed in the rest of the paper, but is an illustration of the
power of the internal Z x Z-grading on kD. The only differential comes from the analysis of

the map my, in the A, structure on H*BD, and there is just one ungrading problem, which
turns out to be the only difficult part of the computation.

THEOREM 2.6.2. In the spectral sequence (2.6.1) we have d*~ (1) = s9.

ProOF. We use the standard description of the Hochschild complex, see for example
Section 5 of [22]. The element 7 on the E? page corresponds to the Hochschild cochain
71 [t]] = it""1, all other monomials going to zero. Applying the formula for the differential,

we have
0Dz, y,...,z,y] = T(mog(x,y,...,x,y)) =7(t) =1,
2q
and similarly
D)y, z,....y,x] = T(moy(y,z,...,y,x)) =7(t) =1,
2q

Since s[x,y] = sly,x] = 1, 7 takes the same values as s?, and hence 67 = s?. Examining
the locations of these terms in the filtration of the bar complex giving rise to the spectral

sequence, we deduce that this corresponds to the differential d??~! taking 7 to s¢. 0]
THEOREM 2.6.3. The algebra HH*C*BD = HH*C’*QBDQ = HH*kD has generators
S, t; r, Yy, u, v, w, Wz, W3 with | | ( |t| = (_27 —q, _q)7 |[E| = (_17_]—70)7

1,1),
[yl = (=1,0.~1), Ju| = [o] = (=1,0,0), || = (0,4—1,), hwa| = (0,q,q—1). lus| = (0, .9).
These satisfy the degree zero relations

wf = wg = wg = W1W2 = W1W3 = WaW3 — SW1 — SWe — SW3 — s = 0,
the degree —1 relations
VW = UWy = uwW3z = Vw3 = 8§ = ys = 0,
us = vs, Wy =ywy = ust ',  zws = uw, Yws= VW,

and the degree —2 relations
w =0 =ww =2y = 2v = yu = 0.

PROOF. By the centraliser decomposition, we have dimy HH"kD = 4n + g + 3. In the
spectral sequence HH*H*BD = HH*kD, we have d*'(7) = s9. Let wy, wy and w3 be
representative of 7, y7 and (u + v)7. If this is the only differential then the dimensions
at the £ page already match those for HH"kD. This is because HH® is spanned by s!
(1 <i<q), wy, wy and w3, HH' is spanned by u, v, us’ = vs' (1 < i < q), z, Tw;, TW3,
Y, yws, yws, and for n > 2, HH™ is spanned by t. HH" 2 together with the eight elements
", 2wy, 2"ws, Y, Y ws, Y ws, 2" tu and y"lv. So d?7! is the only differential, it’s zero
on all generators except 7, and we have E?? = E>*. The E> page is as above, but with
rwy = ywy = 0 It remains to ungrade the relations.
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We begin with degree zero. The dimension of the algebra HH°kD = Z(kD) is ¢ + 3,
and it is spanned by s = (XY)' 4+ (Y X)" with 0 < 7 < ¢ — 1, together with the elements
w; = (YX)YW, wy = (XY) X, and ws = (XY)? = (YX)? These have the required
internal degrees, and satisfy the degree zero relations listed above. In particular, note that
s? is equal to zero and not to ws, even though this has the right degree.

For the degree —1 and —2 relations, most have nothing lower in the filtration, in the
right internal degree so they ungrade to the same relations. The exception is the relations
rwy = yw; = 0, which ungrade to give some multiples of us?~!. Since we can work over
[y, the multiple is either zero or one, and by symmetry both are equal to the same multi-
ple. The exact multiple is harder to determine, and a long computation in the centraliser
decomposition shows that they are both equal to us? . O

REMARK 2.6.4. The algebra HH*kD was computed in Section 9 of Siegel and Wither-
spoon [200]. They chose a different basis, whose elements are not homogeneous with respect
to our grading, and which complicates their relations. The relation xwy = yw; = us?™! can
be read off from their computation. See also Generalov [98], where the Hochschild cohomol-
ogy is computed for algebras in Erdmann’s class I11.1 (c) [74] for any parameter g. The degree
—2 relations depend on the parity of ¢, but are determined already on the E? page of the
spectral sequence. The same algebras in odd characteristic are discussed in Generalov [97],
where generators of degree —3 and —4 also occur in the Hochschild cohomology.

2.7. Groups with dihedral Sylow 2-subgroups

The computation for groups with a dihedral Sylow 2-subgroup is analogous to the di-
hedral group case described above. These groups were classified by Gorenstein and Wal-
ter [128,129], see also Bender and Glauberman [11,12]. The representation theory was
investigated by Brauer [37,38], Cabanes and Picaronny [46], Donovan and Freislich [61],
Donovan [60], Erdmann [66, 68, 74, 75], Erdmann and Michler [78], Holm [141], Holm
and Zimmermann [145], Kauer [152], Koshitani [159], Koshitani and Lassueur [160], Lan-
drock [163], Linckelmann [173]. The cohomology rings were investigated by Martino and
Priddy [179], Asai [5], Asai and Sasaki [6], Generalov et al. [10,86,88,107,109-111,115],
and the Hochschild cohomology in Generalov et al. [83,90,97,98,112,113,116, 117],
Holm [143], Taillefer [210]. The homology of QBGY, was computed by Levi [167].

Let G be a finite group with a dihedral Sylow 2-subgroup D of order 4¢q with ¢ > 1, and let
k be a field of characteristic two. Then by the main theorem of Gorenstein and Walter [129],
there are three mutually exclusive cases, according to the fusion on the dihedral groups. By
Theorem 1.1 of Craven and Glesser [54], these also represent the only possible fusion systems
on dihedral 2-groups.

CASE 2.7.1. If G has one class of involutions then G/O(G) is isomorphic to either the
alternating group A; or a subgroup of PI'L(2,p™) with p™ a power of an odd prime, con-
taining PSL(2,p™) with odd index. The principal block of kG has three isomorphism classes
of simple modules.

CASE 2.7.2. If G has two classes of involutions then GG has a normal subgroup of index
two, but no normal subgroup of index four. In this case, G/O(G) is a subgroup of PI'L(2,p™)
with p™ a power of an odd prime, containing PGL(2,p™) with odd index. The principal
block of kG has two isomorphism classes of simple modules. In this case we have ¢ > 2.
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CASE 2.7.3. If G has three classes of involutions then O(G) is a normal complement in
G to a Sylow 2-subgroup D, so that G/O(G) =2 D and H*BG = H*BD. The principal block
of kG is isomorphic to kD, and has one isomorphism class of simple modules, namely the
trivial module.

REMARK 2.7.1. For p is odd, we have

|PTL(2,p™)| = m(p™ — 1)p™(p™ + 1),
|PGL(2,p™)| = (p" — Lp™"(p™ + 1),
|[PSL(2,p™)| = (" — L)p™ (@™ +1)/2,

and PSL(2,p™) is simple for p > 5.

PROPOSITION 2.7.2. Suppose that G has a dihedral Sylow 2-subgroup D. Then the homo-
topy type of BGQ is determined by |D| and the number of conjugacy classes of involutions.

PRrROOF. This follows from Theorem 1.7.5 and the main theorem of [129] described above.
U

We shall deal with Cases 2.7.1 and 2.7.2 in turn. Case 2.7.1 is the most interesting,
because this is the case where GG has no subgroup of index two, so QBGQ is connected.
Case 2.7.2 is computationally quite similar, but QBGQ has two connected components, and
so we give the details anyway for completeness. Case 2.7.3 is easy because (0B Gg is homotopy
equivalent to D. Nonetheless, the Eilenberg-Moore spectral sequence has an interesting
differential in this case, as we saw in Section 2.5.

We end this section with a table of the various cases of algebras of dihedral type in
characteristic two, in Erdmann’s classification.

Erdmann [74] | Case Group H* HH*
TL.1(a) — — [107]
[IL.I(b) 2.7.3 fours group [51,140]
MLiy) | — -
ML)  |2.7.3 dihedral 185] 98, 200]
ML) | — —
D(2A) | 2.7.2| PGL(2,q), ¢=1 (mod 4) | [6,115,179]
D(2B) | 2.7.2| PGL(2,q), ¢ =3 (mod 4) | [6,88,179] | [112,113,116]
D(B3A) | 2.7.1| PSL(2,q), ¢ =1 (mod 4) | [6,9,179] 90]
D(3A)2 — —
D(3B), 2.7.1 Alternating group A; (6,86,179] [90]
D(3B), — —
D(3D), - — 90]
D(3D) — —
D(3X)  |27.1| PSL(2,q), ¢=3 (mod 4) | [6,10,179] [90]
D(3L) — — [109]
D(3Q) — — [111]
D(3R) — — [110] [83]
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2.8. Loops on BG,: one class of involutions

In this section we begin the examination of Case 2.7.1. This is the case where G has
a dihedral Sylow 2-subgroup D, and one conjugacy class of involution. In this case, G' has
no subgroup of index two, and it has three isomorphism classes of simple modules in the
principal block.

REMARK 2.8.1. As we have already mentioned, Theorem 1.7.5 shows that up to quasi-
isomorphism, C*BG only depends on the fusion, and according to Proposition 2.7.2, for
dihedral Sylow 2-subgroups this only depends on |D| and the number of simple modules.
In fact more is true. Linckelmann [173] has proved that all blocks of finite groups with
dihedral defect groups of a given order, and three isomorphism classes of simple modules,
are derived equivalent. Explicit derived equivalences are described in that paper, and in the
case of principal blocks, it can be checked that the derived equivalence may be chosen to
take the trivial module to the trivial module. The endomorphism DGA of the trivial module
is a derived invariant up to quasi-isomorphism, and is also quasi-isomorphic to C*BG.

Let G be a group with dihedral Sylow 2-subgroup D of order 4¢, ¢ > 1, and one conjugacy
class of involutions. By Proposition 2.7.2, for the purpose of studying BG;, we may assume
that G = PSL(2,p) for a suitable prime p =1 (mod 4). In this case, the principal block By
of kG has three simple modules, k, M and N, whose Ext' quiver is as follows:

€2 €3
M7 “kZ °N.

—
el eq

The relations are

€1€2 = O, €364 — O, (64636261)q = (62616463)q.
We put an internal grading on the basic algebra in this case by assigning degree (%, 0) to ey
and e; and degree (0, 3) to e3 and es. Thus we assign degree 3(ny, n2) to a path involving ny
arrows of type e; or ey, and ny arrows of type es or es. This choice is appropriate, because

the internal grading it induces in cohomology is compatible with restriction to the Sylow
2-subgroup.

REMARK 2.8.2. It is not clear a priori that there exists a grading on the principal
block compatible with the restriction map in cohomology. This explains the need for the
computation above. For a further discussion of gradings in this context, see Bogdanic [28].

Let é; be the element of Homg(Pu, Px) opposite to e;, and so on. Then the minimal
resolution of k as a kG-module takes the form

ey v 0 0
0 e1eg ezeq O
0O 0 u €3

é1v9
PM@Pk@PNMPk@Pk

<61062 :i 53054 )

o — Pu® P @ P D Py P& P d B B ® B
(6152 6354) (gi;i)

€162 €364
0 eju
- 7 s Py
where u = €,65(€3646162)97 ! and v = eséy(e162e364)? . This is the total complex of the
following double complex.

> Pu @ Py e, P
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P
€3€4

equ
Py +— P+ P

lég légé4 l6364
u u €1e2
Py Py B Py
€3€4 €3éq v l?)

€1€2 €1€2 €1€2

Py P+ P+ B+ P B

[ O

equ

€1€3 €1€2 €1
Pk “ Pk Pk Pk — PM
€3€4 v légv

equ €1€2 €1
Py P Py Pw
J/ég J/EQ'U

€1
Pk — PM

So with this grading, if ¢ > 2, the cohomology ring is given by H*(BG, k) = k[, n,t]/(&n)
where

€l=-B.q+1,q9), Il=-0Bqe+tl), [t/=-(2979.
If ¢ = 1, we assume that k contains Fy = {0,1,w,w}, and then the generators and degrees
are the same, but the relation is £n + ¢ instead of £n. The restrictions to D are given by

3 ~0,\3 2 2 =1
resp(€) = (r 4+ wy) resp(n) = (x + wy) resp (t) = r +ay+y q
xt yt t q = 2.

For ¢ = 1 there are no non-zero Massey products, and the A, structure is formal. For ¢ > 2
we have Massey products

<§777?"'7€777> = <77,f,-.-,7],€> :t2q+1_

In both expressions the arguments £ and 7 alternate, and there are 2q of them. These Massey
products are only well defined up to adding elements of the ideal generated by ¢ and 7, but
taking the grading into account, they are well defined with no ambiguity.

THEOREM 2.8.3. Let G be a finite group with dihedral Sylow 2-subgroups of order 4q with
q = 1 a power of two, and one class of involutions, and let k be a field of characteristic two.
Then we have

H,QOBG, = A1) @ kla, B | a* =0, 52 =0).
with
7l=1qq), lol=2,q¢+19, |Bl=(24qq+1).
In homological degree 4n we have monomials (o)™ and (Ba)", in degree 4n + 2 we have
monomials (af)"a and (Ba)"B, and in odd degrees we have T times all of these.

ProOF. For ¢ > 1, the Eilenberg—Moore spectral sequence converging to H*QBGQ has
as its Ly page
Ext}" pe (k. k) = A(T) @ k{a, B | o = 0, 57 = 0)
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where the generators have degrees

|7-| :(_1a27q7q)7 |O./| :(_173aQ+17Q)a |ﬁ| = (_1737Q7q+1)'
The four degrees are first homological, then internal to H* BG, and finally the two gradings
internal to kG. The elements 7, a and S come from the generators ¢, n and &, while the
element s = a5+ Ba in degree (—2,6,2g+1,2¢+ 1) is the Eisenbud operator for the relation

¢n = 0 in H*BG. There is no room for non-zero differentials, and there are no ungrading
problems, so Fy = F, = H*QBGQ. U

REMARK 2.8.4. Proposition 11.4.1.5 of Levi [167] gets the correct additive structure for
H*QBGS but it is incorrectly claimed there that the ring structure is a polynomial tensor
exterior algebra.

Note that the algebras H*BG and H,QBG, are Koszul dual to each other. This will
play a role in the computation of Hochschild cohomology.

LEMMA 2.8.5. For any A structure on H*BG that preserves internal degrees, we have
m; = 0 unless i — 2 is divisible by 2q — 2. In particular, for 2 < i < 2q we have m; = 0.

PROOF. The proof is the same as the proof of Lemma 2.4.1. U

PROPOSITION 2.8.6. Let G be a group with a dihedral Sylow 2-subgroup D of order 4q
with ¢ = 2 a power of two, and one conjugacy class of involutions, and let k be a field of
characteristic two. The Hochschild cohomology HH* H* BG has generators s, t, 7, £, n, u, v
with

|s| =(—2,6,2¢+1,2¢g+ 1)

‘t| = _<0727q7 Q) |T| = (_1727q7Q)
&l =—(0,3,q+1,q) In| =—(0,3,¢,¢+1)
lu| = —(1,0,0,0) lv| = —(1,0,0,0).

The relations are given by u> = v> =uwv =72 =0, nu=&v =0, £s =ns =0, and us = vs.
The non-zero monomials and their degrees are as follows, with iy,iy > 0, £1,69 € {0,1}.

|st #2782 | = (=201 — &1 — €9, 60 — 2ip + 261,41 + q(201 — da + 1), 41 + q(26) — iy +£1)),
|s"12 75072 = (=201 — €1 — €9, 661 — 20 + 221,41 + q(261 — @2 + 1), 11 + q(261 — @2+ €1)),
|E 27502 | = (—ey — €9, =31y — 20y + 261, —iy + q(—iy — iy +&1),q(—i1 — iz +€1))
1270 = (—ey — £, —3iy — 2ip + 261, q(—iy — ip +€1), —i1 + q(—i1 — iz + €1))
There is only one monomial in degree (—i,i — 2,0,0) with i > 2, namely s> with
|57t = (—2¢,2¢ — 2,0,0).

PROOF. As in Theorem 2.3.2, we use the approach of Theorems 1.11.5 and 1.12.2. Thus
HH*H*BG is the homology of the complex
(H*BG ® H.QBG,,d),

where the generators ¢, £ and 7 are in homological degree zero, the generators 7, « and (3 are in
homological degree —1, and the differential is given by 0 = [e, —] where e = tRT+E{Ra+n® 5.
Thus setting s = af + Ba, we have d(t) = 0, 9(§) = 0, d(n) = 0, A(a) = ns, (1) = 0,
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0(B) = &s. The generators and relations for the homology of this complex are therefore as
given, with u = £a and v = np.

For the last statement, the computation is similar to the corresponding part of the proof
of Theorem 2.3.2. 0

THEOREM 2.8.7. The A structure on H*BG is given as follows. The m,, are k[t]-
multilinear maps with m, = 0 for n not congruent to 2 modulo 2q — 2, and fori,7 > 1

mQQ(Szv n, fa ... 767 77]) = m2q(n]’ ga 1, 57 <o, gz) = gl_ln]_lt&ﬁ—l
where the arguments alternate between & and n, and the right hand side is zero unless either
t=1o0rj=1; my, is zero on all other tuples of monomials not involving t. The maps
My(2g—2)+2 with £ > 1 similarly vanish on all tuples of monomials not involving t, except the
ones which look as above, but for some choice of indices in the tuple:

I<ep<ea< - <ep1<e1+2¢—2)+1<e9+22¢—2)+1
<<+ (0—-1)2¢—2)+1<0(2g—2) + 2.
the exponents on the terms are increased by one (or correspondingly more if an index is

repeated). The value on these tuples is &1 =129+ - Thys

i+ « « « _ I+ _ o a—1_5—1,0(2q+1
me(zq—2)+2($ Loy0T g p®ea-2)t g it 2)+2)—ZB v’ #(2a+1)

where each o, is one plus the number of indices in the list above that are equal to o.

PROOF. The proof is the same as the proof of Theorem 2.4.2, but using Lemma 2.8.5
and Proposition 2.8.6 in place of Lemma 2.4.1 and Theorem 2.3.2. 0

We now turn to the computation of the A, structure on H*QBGQ. This is easier to
describe than the A, structure on H*BG.

LEMMA 2.8.8. For any As structure on H,QBG, that preserves internal degrees, we
have m; = 0 unless i — 2 is divisible by 2q — 1. In particular, for 2 < i < 2q + 1 we have
PRrROOF. The proof is similar to the proof of Lemma 2.4.1. Looking at the degrees of the
generators 7, a and [, for any monomial ( in H*QBG; we have a = b+ ¢ (mod 2¢ — 1).

So for any i-tuple ((i,...,¢), the degree of m;((y,...,(;) satisfies a = b+c+i1—2 =
).

0
(mod 2g —1). So for m;((i, ..., ¢;) to be non-zero we must have i —2 =0 (mod 2¢ — O

PROPOSITION 2.8.9. The Hochschild cohomology HH*H,QBGy has generators s, t, T,
&, m, u, and v in degrees

|s| =(0,4,2¢ + 1,2 + 1),

‘t’ = _(17 1aQ7Q)7 |7—‘ = (O’ 1’q’q)7
|§|:_(1727q+17Q)7 |77| :_(1727Q7q+1)7
lu| = —(1,0,0,0), [v] = —(1,0,0,0).

The relations are given by én =0, w2 = > =ww =72 =0, nu = &v =0, s =ns = 0, and

us = vs. The non-zero monomials and their degrees are given as follows, with i1,15 > 0,
£1,€9 € {0, 1}

| 2T = (—iy — &9, 40y — in + €1, (201 — iz + 1) + 41, (20 — ia + €1)q + 11),
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|s1t27510%2 | = (—iy — €9, 4dy — 19 + €1, (201 — do +£1)q + i1, (26 — iy +€1)q +i1),
|42 | = (—iy — dg — €9, — 20y — iy + &1, —i1 + (—i1 — 4o + €1)q, (—i1 — iz + £1)q),
I 27502 | = (—i) — iy — €9, =26y — iy + €1, (—i1 — do 4+ €1)q, —iy + (=11 — i2 + £1)q).
Thus there is only one monomial with degree (—i,i — 2,0,0) with i > 2, namely
|74t = (—2¢ — 1,2¢ — 1,0,0).

PROOF. Again, as in Theorem 2.3.2, we use the approach of Theorem 1.12.2. This time,
HH*H,QBG, is the homology of the complex

(H,QBG, @ H*BG, d),

where the generators 7, a and 8 of H*QBGS are in homological degree zero, the generators
t, &, n of H*BG are in homological degree —1, and the differential is given by 0 = [e, —]
where e =7 ®t+a® &+ S ®n. So the answer is the same as in Proposition 2.8.6 but with
the degrees changed.

For the last statement, the computation is again similar to the corresponding part of the
proof of Theorem 2.3.2. 0

THEOREM 2.8.10. In Case 2.7.1, the Ay structure on H*QBG; 15 determined by
Maogi1 (T, 7, ..., 7) =57,
where s = af} + Ba. This implies that
(2.8.11) Mag1(fi(e, B)T, fala, B)T, ..o, fagri(a, B)T) = file, B) - .. fagyi(ar, B)s?,

and all m,, for n > 2 on all other n-tuples of monomials give zero.

PrROOF. By Lemma 2.8.8, we have m,, = 0 for 2 <n < 2¢+ 1. So in order to determine
Mag41, We invoke Proposition 1.4.2. This shows that mg,1; has to be a Hochschild cocycle,
well defined up to adding Hochschild coboundaries. By Proposition 2.8.9, the dimension of
HH*H*QBGS is one dimensional in degree (—2¢ — 1,2¢ — 1,0,0). A representative for a
non-zero cohomology class is given by (2.8.11). It is easy to check that this is a cocycle but
not a coboundary. So by rescaling 7 if necessary (or by working over Fy) we may assume
that either mg,y; is either zero or as given in the theorem. In both cases we can check that
the Gerstenhaber circle product mogi1 0 mogy1 is equal to the zero cocycle in degree —4g.

As in the proof of Theorem 2.4.2, we can rewrite Equation 1.3.1 in degree —4q as

OMyy = Magy1 © Magi1,

which as we just saw, is zero. Now by Proposition 2.8.9 again, HH*H*QBG; is zero in
degree (—4q,4q — 2,0,0). So my, is a Hochschild coboundary, and we can therefore take
my, = 0, as it is only well defined modulo Hochschild coboundaries. At this point, for £ > 2,
the equation we obtain for mywog—1)+2 is 0my2—1)42 = 0. Again, HH*H*QBGS is zero in
degree (—€(2¢ — 1) —2,£(2¢ — 1),0,0), and so we may take my2g—1)+2 = 0.

This argument shows that there are two possibilities for the A, structure up to isomor-
phism, namely the one given and the formal one with m,, = 0 for all n > 2. The latter is
impossible, since it would imply that the A, structure on H*BG is also formal, which it is
not. 0
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REMARK 2.8.12. In the spectral sequence HH*H*QBGQ = HH*C’*QBGS, we have
d*i(7) = s%%1. This implies that after inverting s (we discuss this later), we have

HH*C,QBG,[s7Y] = K[s, s 7Y[u, v, 1]/ (u?, v, uv, 129).
Since HH*C*BG = HH*C,QBGY,, this also computes HH*C*BG[s™'].

2.9. A differential graded model

Throughout this section, we work in Case 2.7.1, where G has dihedral Sylow 2-subgroups
and one conjugacy class of involutions. As in [22], we produce a differential graded model @
for the A, algebra H*QBGQ . The proofs are similar to the ones in that paper, but we spell
out the details because there are some minor differences. One is that we are in characteristic
two, so we don’t need to be careful about signs; another is that a polynomial ring in one
variable has been replaced by the noncommutative ring k(a, 8)/(a?, 3?).

Recall from Theorems 2.8.3 and 2.8.10 that

HOBG, = A1) @ kla, 8)/(a?, %)

with mag+1 determined by mo,1(7,...,7) = s9, where s = aff + fa, and with all other m;
zero for ¢ > 2.
The generators of () are elements 74, ..., Ty, a, 3, where 7 will eventually be seen to

correspond to the element 7 € H,QBG,. The relations and differential are as follows:

aT; = T«
B = 1.8

o =p52=0
da=dps =0

dr; 1<1<2q
ZTka: s 1=2q+1
Jthk=i 0 2q+2<i<4.
where s = af + fa. The antipode is the algebra anti-automorphism given by S(7;) =

7, S(a) = «, S(B) = [ (we are in characteristic two, so there are no signs), and the
comultiplication is given by

Al)=1®1+1®m7, Ala)=a®1+1®a, AP)=01+1x 0.

The degrees are given by |5 = (2 — 1ig,iq), |o| = 2.+ 1,g), 8] = (24,4 + 1), and
|s| = (4,2q + 1,2q 4+ 1). We shall see that this algebra @ is quasi-isomorphic to C,QBG,.

ExAMPLE 2.9.1. If ¢ = 1, the algebra @ is generated by 7, 7, o, f with

d(a) =0 o’ =0 T1To + 7o = s = aff + Ba
a(8) =0 #=0 =0

d(r) =0 aT; = T«

d(m) = ¢ Bt =70

with |7 = (1,1,1), || = (3,2,2), |a] = (2,2,1), |8] = (2,1,2) and |s| = (4, 3,3).
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LEMMA 2.9.2. In the algebra Q, every element has a unique expression of the form

f(Tla cee 77_2q—1) + Tqu(Tlv cee a7_2q—1)
with coefficients in k{c, B)/(a?, 5%).
PROOF. The algebra relations (ignoring the differential) say first that the elements

T1,...,Toq commute with o and 3; and the remaining relations can be rewritten in the
form

TiToqg = quqlﬁi(Tl, e ,qu_l)
with 1 < ¢ < 2¢ (note that ¢, = 0). Thus all occurrences of 7, may be moved to the
beginning, and 7'22q = 0. There are no relations among 7, ..., Toq_1. U

DEFINITION 2.9.3. We shall refer to a monomial in 74, . . ., 7341, Or Ty, times such a mono-
mial, as a standard monomial in the variables 7,...,7,. By the lemma, these monomials

form a basis for Q over k(a, 8)/(a?, 3?).
LEMMA 2.9.4. In the algebra Q, we have d* = 0.
PRrooOF. The differential is given by
d(f + 7209) = (df + (T1T2g—1 + -+ - + Tog—171)g) + Togdyg.

For 1 <i < 2¢g — 1, se see that dd(7;) has two terms for each way of writing 7 as a sum of
three positive integers, and they cancel. So we have d?> = 0 on the subalgebra they generate.
Thus we have

B (f + Toq9) = d(df + (TiTog—1 + +++ + T2g-171)9) + Togdg)
= d2f + (7'17'2(1_1 + -+ qu_lTl)dg + (TlTQq_l 4+ 4 qu_lTl)dg
= 0. O

PROPOSITION 2.9.5. The definitions above make ) into a cocommutative DG Hopf alge-
bra.

PROOF. The above lemmas show that () is a DG bialgebra. It is easy to check that
the antipode satisfies the identity S(z())z@) = 1)S(x2) = 0 in Sweedler notation, for
elements of non-zero degree this only needs checking on the generators, where it is clear.
Cocommutativity also only needs checking on generators. 0

THEOREM 2.9.6. There is a quasi-isomorphism from the A algebra H*QBGQ to the DG
algebra QQ, sending « to «, B to 3, and T to 7.

Proor. First, we show that H.(Q is isomorphic to H*QBGS as an algebra over the
noncommutative ring k{c, 8)/(a?, 5%). We define a k{a, 3)/(a?, 3?)-module homomorphism
0: QQ — @ sending a monomial of the form 7,7;f to 7,1 f for 1 < i < 2¢ — 1, and all other
standard monomials to zero. Thus d(f + 72,9) = d(f). Then we have

6d(7’17'if) = (5(7’1 (TlTi—l + .- —f- Ti—lTl)f + TlTidf)
= (T + -+ ) f + T df
d(;(Tsz'f) = d(Ti—i—lf) = (7'17'1‘ —f- s + TiT1>f —I— Ti+1df
(6d +do)(nimif) = nmif
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while for j > 1 we have
od(rif) =0((nrjmr + -+ 1j2am) f + 1df) = 75 f
dé(r;f) =d(0)=0
(0d + do)(r;f) = 7;f.
Thus dd +dd is the identity on all monomials except those in the k{«, 8)/(a?, 3%)-submodule
spanned by 1 and 7q, where it is zero. So ¢ defines a homotopy from the identity map of ¢
to the projection onto this submodule. It follows that H,() is isomorphic to H*QBGQ as an

algebra over k(a, 8)/(a?, 8?), with 7; corresponding to 7.

We have an A,, morphism f: A — @ given by fi(a) = «, f1(5) =, and

filry...,17) =1, 1<71<2q.
The computation above shows that f; is a quasi-isomorphism, and hence by definition so is
f. This computation is a practical illustration of Kadeishvili’s theorem [151]. O

COROLLARY 2.9.7. The bounded derived categories DP(Q), D*(C.QBGY) and D*(C*BG)
are equivalent as triangulated categories.

Proor. This follows from Theorem 1.9.2, together with Theorem 2.9.6 above. U

The element s = aff + S is central in ), so it makes sense to invert it in the A, algebra
H.QBG,.

COROLLARY 2.9.8. We have equivalences of triangulated categories
D°(Q[s7!]) ~ D®(C,QBGY [s7']) ~ Deg(CLQABGY ) ~ Dgy (C*BG).

PROOF. Since H,QBG, is periodic, with periodicity generator s, the effect on D®(Q) of
inverting s is to quotient out the thick subcategory generated by k. So this corollary again
follows from Theorem 1.9.2. O

2.10. Duality for Q[s !]-modules

In this section, we continue to work in Case 2.7.1, where GG has dihedral Sylow 2-subgroups
and one conjugacy class of involutions.

DEFINITION 2.10.1. We write K for k{a, 3)/(a?, 3?)[s™!], where s = af8 + Sa.

LEMMA 2.10.2. The graded algebra K is simple. The trace form K Qs -1 K — ks, s7']
induces an isomorphism of K-modules

K &= Homk[s,s_l](K, k[S, 871]>.

ProoOF. This is the algebra of endomorphisms of a graded vector space of dimension two
over the graded field k[s, s71], with a basis element u in degree zero and a basis element v in
degree one. The element « sends u to v and v to zero, while 8 sends v to su and u to zero.
Thinking in terms of matrices over k[s, s~!] this can be visualised as

o 0 0 s 0 s (S 0
“7\1 o) 00/ 7 \o s)
giving an isomorphism

K = Maty(k[s,s™']).
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The trace form is given by multiplying matrices and taking the trace. It takes a®f and f®«
both to s. It therefore induces an isomorphism of K-modules K = Homy -1 (K, k[s, s71])
sending « to the homomorphism sending « to zero and  to s and sending S to the homo-
morphism sending « to s and [ to zero. 0

If X is any K-module, we write X* = Homy, ,-1)(X, k[s,s7']). Then using the lemma,
we have

X* = Homys -1 (X, k[s,s71])
=~ Homys -1 (K @k X, K[s,s7"])
>~ Homy (X, Homy, s-1) (K, k[s, s7']))
= Homg (X, K),
and so we can just as well regard X* as Homg (X, K).

PROPOSITION 2.10.3. There is a quasi-isomorphism of Q[s™]-bimodules
Qs = 2Q[s]".

PROOF. The standard monomials form a free basis for Q[s™!] as a K-module. We con-
struct a K-module homomorphism Q[s™!] — XITlQ[s71]* as follows. It takes all standard
monomials to zero except 1 and 7. It takes 1 to the element of Q[s~!]* taking value 1 on 7
and zero on all other monomials, and it takes 7; to the element of Q[s™!]* taking value 1 on
1 and value zero on all other standard monomials. It is easy to check that this is a map of
Qs !]-bimodules, and a quasi-isomorphism. d

PROPOSITION 2.10.4. If X is a left Q[s™'|-module and Y is a right Q[s~']-module, then
there is a natural isomorphism of K-modules

Homgs-1)(X, Homg (Y, K)) = Homg (Y ®qps-1 X, K).
If Y is a Q[s']-bimodule, this is an isomorphism of left Q[s~*]-modules.
PRrRoOF. This is standard. O

COROLLARY 2.10.5. If X is a homotopically projective Q[s~'|-module then we have a
quasi-isomorphism

Homgps-1(X, Q[s™']) 2~ ¥ Homy (X, K).
Proor. We have
Homgp—1(X, Q[s7']) = Homgpe—1 (X, 2Q[s™']")
=3 HomQ[sfl](X, HomK(Q[S_l]a K))
=~ Y Homy (Q[s '] ®gps-1y X, K)
= Y Homg (X, K). 0

THEOREM 2.10.6. Let X andY be Q[s™']-modules, such that X homotopically projective,
and its image in DP(Q[s™1]) is compact. Then we have a duality

Homgpe—1)(X,Y)* 2 Homgpe—1 (Y, 271 X).
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PROOF. Since X is homotopically projective with compact image in D®(Q[s™!]), we have
quasi-isomorphisms

HomQ[Sfl](X7 Y) ~ HomQ[qu(X, Q[S_l]) ®Q[s*1] Y

and
Homgp,-1j (Homgpe—1y(X, Q[s™']), Q[s7']) =~ X.
Combining the second of these with Corollary 2.10.5, we have

Homgps-1) (X, Qs )~y 'X.
Hence using Proposition 2.10.4, we have
Homge-—1)(X, Y)*" = Homg (Homgs-11(X,Y), K)
~ Hom (Homgps-11(X, Q[s™']) ®gps-11 Y, K)
=~ Homgs-1(Y, Hom g (Homgps-1)(X, Q[s 1), K))
~ Homgs-1)(Y, 7' X). O

2.11. Some indecomposables

Let G be a finite group with dihedral Sylow 2-subgroups and a single conjugacy class
of involutions. Consider first A,, modules over the A, algebra B = H*B(G. The quotient
B/(t*1*1) is formal, so ordinary modules over this ring pull back to A, modules over B. For
1 < i < 2¢q, let X; be the module B/(n, ) and X! be the module B/(¢,#). Thus X; has

periodic resolution
6), o 5 2, (52
-—B¢B—"B®&B—B&B—FB—>X;,—0
and swapping 1 and ¢ gives a resolution of X!. In D?(B), the residue field k sits in a triangle
B/(t) = B/(1,1) & BJ(€,1) > k.
Furthermore, B/(t) sits in a triangle
>2BL B B/(t).

So in Dg(B), B/(t) is isomorphic to zero, and k decomposes as B/(n,t)&B/(&,t) = X1 & X].
The minimal resolutions of X; and X are as follows.

(%) (55)

sy 9Ben2p N ysp g ns2p A\ yspgnap M gy g

52) 6

YT 9BEB262lB—>ZGB@E32lB—>Z3B@E 2ip &1 B—>X’—>O
It follows that X2X; = X/ and ¥?X] = X, in Dg(B). The category Dgy(B) is periodic of
period four, with periodicity generator s = af + Ba.

Let A = B' be the Ay algebra H,QBG,. For 1 < i < 2q, let Y; = Extjy(k, X;), the
indecomposable A-module with generators u and v satlsfylng au =0, av =0, and

(n,t")

M1 (T, ..., T, u) = v,
Maogtro—i(T, ..., T,v) = (af)%u
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Then in Desg(A), we have X271Y; & Yo, 114, so this gives ¢ isomorphism classes up to shift,
all periodic with period four, for a total of 4¢ isomorphism classes. Note that the ring A
itself, as an object in Degg(A), decomposes as Yy @& X2V,

Here they are for ¢ = 2, with the m;(r,..., 7, —) represented by dotted lines:

Removing a finite number of nodes from the beginning of one of these diagrams does not
alter the isomorphism class in D (A).

2.12. Classification of indecomposables

We continue to work in Case 2.7.1 with ¢ > 1, and write B for the A, algebra H* BG and
A = B' for the Koszul dual A, algebra H. *QBGQ . The way we classify the indecomposables
in Deeg(A) = Deg(B) is via Morita equivalence, reducing to the classification theorem of [22].

Let Y;, 1 <7 < 2¢q, be the modules described in the previous section. Then the regular
representation of A decomposes as Y; @ 22Y;.

Let E be the A, algebra Hom’ (Y1,Y7). This is the algebra with m; = 0 for i # 2,2¢+1,
defined as follows. The multiplication mgy defines the k-algebra structure as k[s] ® A(7), with
generators s and 7 satisfying |s| = (4,2¢+ 1,2¢ + 1), |7| = (1,q,q). We have

71 12¢+1 _ St ttiogr1+g
Mogi1 (ST, ..., 8% T) =5 a+17rd

and mgg1 vanishes on all other tuples of monomials.

There is a right action of E on Y; given by ma(u, 7) = v, mog11(v, 7, ..., 7) = ma(u, s9).
This makes Y; into an A-FE-bimodule, and Hom” (Y], —) induces an equivalence of derived
categories DP(A) ~ D°(E) that sends A to E ® X2E and Y] to E. It therefore also induces
equivalences Degg(A) ~ Deg(E) =~ DP(E[s7!]). Theorem 1.1 of [22] (with a = 1, b = 2,
h =2q+ 1, { = q) therefore gives the following.

THEOREM 2.12.1. The triangulated categories
Dsg(B) = Desg(A) = Db(A[5_1]> > Degg(E) = Db(E[S_l])

satisfy the Krull-Schmidt theorem, and have 4q isomorphism classes of indecomposable ob-
jects, in q orbits of the shift functor . The Auslander—Reiten quiver is isomorphic to
ZAs|T?, where T is the translation functor $72. This is a cylinder of height 2q and cir-
cumference 2. The functor ¥ switches the two ends of the cylinder. 0
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Here is a picture of the Auslander—Reiten quiver in the case ¢ = 4; the left and right side
should be identified to form a cylinder:

Y DR

/

Y
Y, ¥2Y, 5
n2Y,

N
Y3
-
Yo
-

NIV

n2y,

¥2Y,

NN

3y, %Y, 3y,

2Ys ¥3Y3

NSNS
LN/
N/

s
N
NY, Y3Y, XY,
: \ /r \ /r :
¥3Y1 XY,

REMARK 2.12.2. In contrast with Theorem 2.12.1, the category Dsz(A) = De(B) has
infinite representation type. This can be seen by examining the quotient H*QBGS /(7, s9).
By Theorem 2.8.10, this is the formal A, algebra

k(a, la® = 0, 8% = 0, (ap)? + (Ba)* = 0),
which has tame representation type (Ringel [195]). It would be interesting to know whether
Dsg(A) also has tame representation type.

2.13. Loops on BG,: two classes of involutions

We now turn to Case 2.7.2. This is the case where G has a dihedral Sylow 2-subgroup D
of order 4q with ¢ > 2, and two conjugacy classes of involution. In this case, G' has exactly
one subgroup of index two, and it has two isomorphism classes of simple modules in the
principal block.

REMARK 2.13.1. It follows from the work of Holm [141] that the derived equivalence
classes of algebras of dihedral type with two isomorphism classes of simple modules are
determined by two parameters, namely a positive integer k£ > 1 and a field element ¢ € {0, 1}.
For a block of a finite group with dihedral defect group of order 4¢, the parameter k is equal
to ¢. Theorem 6.8 of Eisele [64] shows that the case ¢ = 1 cannot occur for a block of a finite
group, so we have ¢ = 0. Note that by Corollary 2.3 of Generalov and Romanova [116], the
cases ¢ = 0 and ¢ = 1 have different Hochschild cohomology rings, even in degree one.

By Holm [141] and Proposition 2.7.2, for the purposes of studying BG, we may assume
that G = PGL(2,p) for a suitable prime p =1 (mod 4). In this case, the principal block By
of kG belongs to Erdmann’s class D(2A). It has two simple modules k and M, whose Ext'

quiver is as follows:
€2
“(CkiZZM.
€1
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Using Remark 2.13.1, the relations are
ese; = 0, eg =0, (e1€9€3)? = (ezereq)?.
We put an internal grading on the basic algebra in this case by assigning degree (%, 0) to e
and ey and (0, 1) to es.
We have H*BG = k[, y,t]/(€y) where

The restrictions to D are given by resp(§) = xt, resp(y) = y, and resp(t) = t. Massey
products are determined by

<§7y7"'7§7y> - <y7§""7y’§> :tq+1‘

The computation of Hochschild cohomology is again very similar, and we omit the details.
The A, structure on H*BG again follows the same lines as in Theorem 2.4.2. This time,
we only replace x by £, and again adjust the powers of t. So we have

qu(gi, Y, g» Y,... aga y]) = qu(yja 57 Y, 57 - Y, gz) - fi_lyj_ltq—‘rl'

The value of my(,—2)12 on the tuples at the end of the theorem is replaced by =1y ~1#4at+1),

THEOREM 2.13.2. Let G be a finite group with dihedral Sylow 2-subgroups of order 4q
with ¢ = 2 a power of two, and two classes of involutions, and let k be a field of characteristic
two. Then we have

H.QBG, = A1) @ kla,Y | o> =0, Y2 =0)
with
7= 1q.q9), lel=(24q9+1,9, [Y][=(0,0,1).
In homological degree 2n we have monomials (aY)", (Ya)", (oY) 'a and (Y)Y, and in
odd degrees we have T times all of these.

PrRoOOF. The Eilenberg-Moore spectral sequence has as its Fy page
Extypa(k k) = A(T) @ k(a, Y | @®* =0, Y? =0)
where the generators have degrees
7l =(-12,¢,9), lal=(-1,3,¢+1,q), [Y|=(-1,1,0,1).

The Eisenbud operator for the relation ny = 0 is s = aY + Y« in degree (—2,4,¢+1,q+1).

Again there is no room for non-zero differentials, and no ungrading problems, so Fs = E,
H.QBG,. O

LEMMA 2.13.3. For any A structure on H* BG that preserves internal degrees, we have
my, = 0 unless n — 2 s divisible by q — 2. In particular, for 2 <n < q we have m,, = 0.

PROOF. The proof is essentially the same as the proof of Lemma 2.4.1. O

PROPOSITION 2.13.4. Let G be a group with a dihedral Sylow 2-subgroup D of order 4q
with ¢ > 2 a power of two, and two conjugacy classes of involutions, and let k be a field of
characteristic two. The Hochschild cohomology HH* H* BG has generators s, t, 7, &, y, u, v
with

|S| :(_2a47q+]—aq+1)
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tl =—(0,2,q,9) 7| = (-1,2,4.9)
€l =—(0,3,¢+1,q) lyl = —(0,1,0,1)
lu| = —(1,0,0,0) lv| = —(1,0,0,0).
The relations are given by u> = 1> =uwv =72=0, yu =&v =0, £&s = ys = 0, and us = vs.
The non-zero monomials and their degrees are as follows with iy,i9 > 0, €1,e9 € {0,1}.
s 27912 | = (=201 — €1 — €9, 411 — 2ig + 221,41 + q(i1 — dg + €1),41 + q(i1 — 2 + €1)),
|s"1E2 75072 | = (=201 — &1 — £, 4i1 — 2ip + 261,41 + q(in — i2 + €1), i1 + q(i1 — i2 + £1)),
€02 7502 | = (—e) — &9, —3iy — 20y + 261, —i1 + q(—i1 — iy + £1),q(—i1 — iy +&1))
|y 11275102 | = (—) — €9, —i1 — 20y + 261, q(—da + €1), —i1 + q(—iy +€1))
There is only one monomial in degree (—i,i — 2,0,0) with i > 2, namely
|99 = (—¢,q — 2,0,0).

PROOF. As in Theorem 2.3.2, we use the approach of Theorems 1.11.5 and 1.12.2. Thus
HH*H*BG is the homology of the complex

(H*BG ® H.QBG,, ),

where the generators ¢, £ and n are in homological degree zero, the generators 7, o and
Y are in homological degree —1, and the differential is given by 0 = [e, —] where e =
tRT+E®@a+y®Y. Thus setting s = aY + Ya, we have 0(t) = 0, 9(§) = 0, d(y) =
d(a) = ys, (1) = 0, I(Y) = &s. The generators and relations for the homology of this
complex are therefore as given, with u = £a and v = yY'.

For the last statement, the computation is similar to the corresponding part of the proof
of Theorem 2.3.2. 0

THEOREM 2.13.5. The A structure on H*BG is given as follows. The m, are k[t]-
multilinear maps with m,, = 0 for n not congruent to 2 modulo 2q — 2, and fori,7 > 1

m2q(£za Y, 57 Y,... 757 y]) - m2q(yja 57 Y, 57 - Y, gz) = gl—ly]—ltq—l-l
where the arguments alternate between & and y, and the right hand side is zero unless either
t=1o0rj=1; my, is zero on all other tuples of monomials not involving t. The maps
My2g—2)+2 with £ > 1 similarly vanish on all tuples of monomials not involving t, except the
ones which look as above, but for some choice of indices in the tuple:

I<ep<ep << <e1+(2¢0—-2)+1<e2+2(2¢—-2)+1
<o <ep+(0=1)(2¢—2)+ 1< (29 —2) + 2.

the exponents on the terms are increased by one (or correspondingly more if an index is
repeated). The value on these tuples is £ty ~1at) | Thys

i+ o _ I+ _ =1, j—140(g+1
mé(zq—2)+2( Lye 3., pfte-n+ it 2)+2) — 'y la+1)

where each o, is one plus the number of indices in the list above that are equal to o.

PRrooF. This is similar to the proof of Theorem 2.4.2, but using Lemma 2.13.3 and
Proposition 2.13.4 instead of Lemma 2.4.1 and Theorem 2.3.2. 0]
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LEMMA 2.13.6. For any A structure on H*QBGQ that preserves internal degrees, we
have m,, = 0 unless n — 2 s divisible by q — 1. In particular, for 2 < n < g+ 1 we have
m, = 0.

PRrOOF. Looking at the degrees of the generators 7, a and [, for any monomial (
in H,QBG, we have a = b (mod ¢ — 1). So for any n-tuple (Cy,...,¢,), the degree of
M (Ciy - .-, Gp) satisfies a =b+n —2 (mod ¢ — 1). So for this expression to be non-zero we
must have n —2 =0 (mod ¢ — 1). O

ProPOSITION 2.13.7. The Hochschild cohomology HH*H*QBGQ has generators s, t, T,
&, n, u, and v in degrees

s| =(0,2,q+1,q+1),

|t| = _(17 17q’Q)7 |T| = (07 17Q7Q)a
|£| = _(172,(] + 17q)7 ’y| = _(17 1707 1)7
lu| = —(1,0,0,0), lv| = —(1,0,0,0).

The relations are given by én =0, w2 = 1>  =uww =72 =0, nu = &v =0, s = ys = 0, and
us = vs. The non-zero monomials and their degrees are given as follows, with iy,i2 > 0,
£€1,€9 € {0, 1}

|s1 2792 | = (—iy — &9, 20y — ig + €1, (iy — iy + €1)q + i1, (1 — ia +€1)q + i1),
|s1427510%2 | = (—iy — €9, 20y — iy + €1, (i1 — g9 + €1)q + 41, (1 — G2 +€1)q +11),

|02 7502 | = (—iy — iy — €9, — 201 — dg + €1, —iy + (—i1 — ia +€1)q, (—i1 —ig + £1)q),
[y #2702 | = (—iy — iy — €9, —i1 — dg + €1, (—ia + €1)q, —i1 + (—iz + £1)q).

Thus there is only one monomial with degree (—i,i — 2,0,0) with i > 2, namely
|s79 = (=g —1,¢ — 1,0,0).

PROOF. Again we use the approach of Theorem 1.12.2. This time, HH*H*QBGS is the

homology of the complex
(H.QBG, ® H*BG,d),

where the generators 7, a and Y of H*QBG; are in homological degree zero, the generators
t, £, y of H*BG are in homological degree —1, and the differential is given by 0 = [e, —]
where e = 7®@t+a®&+Y ®y. So the answer is the same as in Proposition 2.13.4 but
with the degrees changed.

For the last statement, the computation is again similar to the corresponding part of the
proof of Theorem 2.3.2. U

THEOREM 2.13.8. In Case 2.7.2, the Ay structure on H,QBG, is determined by
Mg (T, 7y, T) = 8%,
where s = aY + Ya. This implies that
Mg (fi(e, Y)T, f2(a, V)T, foa(e, Y)T) = file,Y) o foga (e, Y)sY,

and all m,, for n > 2 on all other n-tuples of monomials give zero.
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PRroOOF. This is similar to the proof of Theorem 2.8.10, but using Lemma 2.13.6 and
Proposition 2.13.7 in place of Lemma 2.8.8 and Proposition 2.8.9. 0

Everything from this point on is very similar to Case 2.7.1, so we simply state the relevant
results.

REMARK 2.13.9. In the spectral sequence HH*H*QBGQ = HH*C’*QBGS, we have
d,(7) = s%9. This implies that after inverting s we have

HH*C*BG[s™'| =~ HH*C,QBG,[s '] = ks, s7[u, v, ]/ (u?, v, uv, 19).

The differential graded model @ for C.QB G; is essentially the same as that described in
Section 2.9, except that [ is replaced by Y in degree (0,0, 1), and the element s = aY + Y«
is in degree (2,¢ 4+ 1,¢ + 1). So the generators for ) are 7,...,7,, «,Y, and the relations
between the 7; are given by

dr; 1<i<q
ZTka: st 1=q+1
Jth=i 0 ¢+2<i<2q

The final theorem in Case 2.7.2 is as follows.

THEOREM 2.13.10. The triangulated categories
Deg(C*BG) =~ Degg (CLOUBGY) =~ DP(C.QBG, [s7Y])

satisfy the Krull-Schmidt theorem, and have 2q isomorphism classes of indecomposable ob-
jects, in q orbits of the shift functor ¥. The Auslander—Reiten quiver is isomorphic to
ZAs )T, where T is the translation functor X~2. This is a cylinder of height 2q and circum-
ference one. The functor X switches the two ends of the cylinder. O

REMARK 2.13.11. Again, and for the same reason as in Remark 2.12.2, in contrast with
Theorem 2.13.10 the category Deg(CL.2BGY) =~ Do (C* BG) has infinite representation type.
This time, the formal quotient is

H.QBG, /(7,5") = k(Y | a? = Y2 = (aY)? + (Ya)? = 0).
2.14. A related symmetric tensor category

The first non-semisimple symmetric tensor category in characteristic two discussed in
Benson and Etingof [20] is the category denoted €3 and discussed in Section 5.2.3 of that
paper. This has a basic algebra that is of dihedral type D(2A) with ¢ = 0 and £ = 1 in
Erdmann’s classification [74], given by a quiver and relations

Gk M

[

with relations

a’® =0, bc =0, cba = acb.
This is not equivalent to a block of the group algebra of any finite group, but it is quite
similar in behaviour.

50



This algebra admits a Z x Z-grading with |a| = (1,0), [b] = |¢| = (0,3). The minimal
resolution over this algebra is the total complex of the following double complex:

Py+2— P+ B+~ B+~ PR

bl be be be bcl

B +—— Pi+—— B+ K B

Ql

The cohomology is

H*C3 = Extg, (k, k) = K[z, y,2]/(zz + °)
with |z| = (=1,-1,0), |y| = (=2,—1,—1), |z| = (=3, —1,—2). The elements z, y and z are
given by shifts of degrees (—1,0), (=1, —1) and (—1, —2) in this diagram, killing the copies
of Py and given by the identity map on all copies of P,. These maps commute, not just up
to homotopy, and the relation xz + y* = 0 holds at the level of cocycles. So this Ext algebra
is formal as an A, algebra. It is a Koszul algebra with Koszul dual

H*C3' = K[n)(€,¢)/ (€%, 6C+ CE+ 1),
with 7 central, degrees [¢| = (0,1,0), |n| = (1,1,1), |{] = (2,1,2), and again formal as an
A, algebra. As a module over k[n] it is free of rank four, with basis 1, &, (, &C.
Using Theorem 1.11.5, and setting u = z§ + 2(, we have
HH*H*Cy = klx,y, z,n,u]/(zn®, zi*, u®),

with |z| = (0,—-1,-1,0), |y| = (0,-2,—1,-1), |z|] = (0,-3,—-1,-2), |n| = (—1,2,1,1),
lu| = (—1,0,0,0). Then HH*C*Cj is the same ring, but with the first two degrees added, so
|l‘| = <_17 _170)7 |y‘ = (_27 _17 _1>7 ’Z‘ = (_37 _17 _2>7 ’77\ = (17 17 1)7 |u| = (_17070)'
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CHAPTER 3

The semidihedral case

3.1. Introduction

In this chapter, we study the A, algebras H*BG and H*QBGS with coefficients in a
field k of characteristic two, in the case where G is a finite group with semidihedral Sylow
2-subgroup. These groups were classified by Alperin, Brauer and Gorenstein [1]. The simple
groups of this type are the projective special linear groups PSL(3,p™) with p™ =3 (mod 4),
the projective special unitary groups PSU(3,p™) with p” = 1 (mod 4), and the sporadic
Mathieu group Mj; of order 7920.

We begin with the semidihedral group SD of order 8¢ itself. The group algebra in this
case was analysed by Bondarenko and Drozd [33], who gave a presentation as a quiver with
relations, but with a socle ambiguity. We resolve that ambiguity in Theorem 3.2.1, where
we prove that for suitable radical generators X and Y we have

kSD = (X,Y | X2 =0, Y2 = X(VX)2 ! 4 (VX))

We then recall the structure of H*BSD and compute Exty.pzqp(k, k), and show how the
Eilenberg-Moore sequence with this as E? page converges to kSD.

There are four cases for the possible fusion in SD, leading to four types for cochains on
the classifying space of a finite group with this fusion. Probably the most interesting is the
case where G has no normal subgroup of index two. In that case, it turns out that the basic
algebra of the principal block admits a grading, that endows the cohomology with a second,
internal grading. Also, the cohomology rings of these groups have the structure of a complete
intersection, which allows for easy computation of the Hochschild cohomology HH*H* BG.
These facts together are what allows us to analyse the A, structure. The following theorem
is proved in Sections 3.6 to 3.11.

THEOREM 3.1.1. Let G be a finite group with semidihedral Sylow 2-subgroups of order
8q (q = 2 a power of two), and with no normal subgroup of index two, and let k be a field
of characteristic two. Then the principal block B of kG has an essentially unique grading.
This makes the cohomology ring

H*BG = K[z,y, 2]/ (% + 22)

doubly graded, with |x| = (=3, —q—1), |y| = (=4, —4q) and |z| = (=5, —3q—1). The cochain
algebra C*BG is formal as an A algebra. We have

H.QBG, = A(Z,7) @ k[Z]

with |z| = (2,¢+ 1), |y| = (3,4q) and |2| = (4,3q + 1). This is not formal, but the A
structure is given up to quasi-isomorphism by the k|Z]-multilinear maps

mS(i'a Q’{]Aj) = 227 m3(i‘7 :i'ga j) = £227 m3(g7 :i'wfig) = mg(i':l),.’i',:l)) = Z)227
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and all m; with © > 3 vanish on all other triples of monomials not involving .
As part of this computation, we also compute Hochschild cohomology.

THEOREM 3.1.2. Let G be a finite group with semidihedral Sylow 2-subgroups of order 8q
(g = 2 a power of two), and with no normal subgroups of indezx two, and let k be a field of
characteristic two. Then

HH*H*BG = H*BG([%, 2] /(2% + y2?, 2%2%),

with
[z = (0,3, —¢—1),  ly[=1(0,-4,-4q),  [z|=(0,=5=3¢—1),
|z| = (-1,3,g+ 1), |Z| = (=1,5,3¢+ 1).
The algebra HH*C* BG = HH*C’*QBGS 1s the same, but with
[z =(=3,—¢—1),  |yl=(-4-4q), |z]=(-5-3¢—1),
1z] = (2, + 1), 12| = (4,3q¢ + 1).

It should be possible to classify the indecomposable modules in the singularity category
Dse(C*BG) in this case, given that C*BG is formal. After all, the singularity category of
graded modules over H* BGG, which is equivalent to the category of maximal Cohen—Macaulay
modules, is well understood. The obstruction is that we don’t know whether every object in
Ds(C*BG@) is equivalent to an object with zero differential. We make further comments on
this situation in Section 3.11.

The second case in which we are able to make essentially complete computations is where
the Sylow 2-subgroups of GG are semidihedral, G has a normal subgroup K of index two with
generalised quaternion Sylow 2-subgroups, and K has no normal subgroups of index two.
This case is very similar to the case discussed above. In particular, again it turns out that
the basic algebra of the principal block admits a grading, that endows the cohomology with
a second, internal grading. The computations are similar, except that the degrees of various
elements have changed. Again the cochain algebra C*BG is formal as an A, algebra. The
corresponding theorems can be found in Sections 3.12 to 3.14. And again, it should be
possible to classify the indecomposable modules in Dg;(C*BG) in this case, with the same
obstruction as in the previous case.

The remaining case is the one where the Sylow 2-subgroups of GG are semidihedral, G has
a normal subgroup K of index two with dihedral Sylow 2-subgroups, and K has no normal
subgroups of index two. In this case, C*BG is not formal, but we compute H,(QBG5)
(Theorem 3.15.3) using the method of squeezed resolutions from [16], since the Eilenberg—
Moore spectral sequence is difficult to ungrade directly. The information in this case remains
rather incomplete.

3.2. Semidihedral groups

The semidihedral group of order 8¢, ¢ > 2 a power of two, is given by the presentation
SD = (g,h | g" =1,h* = 1,hgh™" = g*~).
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Let k be a field of characteristic two. A modified version of the formulas of Bondarenko and
Drozd [33] describes the group algebra kSD as follows. Set

q/2—1
X:l_f_h’ Y:(l—i-h) Zg4z+1+ Z g 4i—1 +92q—|—hg4q_1,
i=q/2+1
THEOREM 3.2.1. With this choice for X and Y, kSD has the presentation
kSD = (X, Y | X2 =0, Y? = X(YX)* ! + (Y X)%).
PROOF. The elements X and Y are in J(kSD), are independent modulo J?(kSD), so
they generate kSD. We have X2 = (1 + h)? = 0, so we must check the other relation. Set

q/2-1

U_Zg4l+1+ Z g

i=q/2+1

sothat Y = (1+h)u+g*+hg~t. Write Ny, Ny and N, for the norm elements for (g), (¢*) and
(g*) respectively. Then we have u? = Nyg?, uh + hu = Nagh, (14 h)u(1+ h) = Nag(1 + h),
(1 + h)u)? =0, ug = gu, g*7h = hg*, and u(g~' + ¢**) = 1 + ¢*?. So in the expression
for Y, the first and second terms commute, as do the second and third. So squaring Y, we
have square terms and cross terms between the first and third term:

Y?=0+1+¢%+ (1+h)uhg ' +hg ' (1 +h)u
=14 ¢"+uhg ' +ug "+ No+hg 'u+ g u
=14+ ¢* +ulg™" +¢*™) + (uh + hu)g™" + Ny
= Ny(1+h).
On the other hand, we have
VX = (1+hu(l+h)+ (¢* +hg " )(1+h)
= (Nog + ¢ + g*")(1 + h).
Since
(1+h)(Nag + g7+ g* ) (L + h) = (L + h)g* (1 + h)
= (g7 + g™ (1 + ),
by induction on m > 1 we have
(YX)™ = (Nog + g™ + g* ) (g7 " + )" (L + h).
We have Nyg(g~! + g?¢™) = 0, so this simplifies for m > 2 to
(YX)" = (¢* +g* ) (g + )" (1 + h).
We also have (¢g7! + ¢g2t1)2172 = (g72 + ¢*)7! = ¢ Ny, and so
(YX)*7" = (g* + g* ) g*Na(L + h) = (¢° + g°)Na(1 + h),
and
X(YX)* ' = (14 h)(g* + ¢°)Na(1 + h)
= (*+ ¢+ g+ g )Ny(1 + h)
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Similarly, we have
(1 + g ) (g7 + g = (6% + ) (g7 + gP TG Ny = N,
and so (YX)* = N;(1+ h). Thus
Y2 = No(1+h)
= (gNs + Np)(1 + h)
= X(YX)* '+ (YX)™.

We thus have a surjective map from the algebra with the given presentation to kSD.
The relations X? = 0 and Y? = X (Y X)* ! + (Y X)? imply that Y2X = XY? = 0, and
that the element Y2 = (Y X)% = (XY)* is killed by X and Y, and is therefore in the
socle. Thus the 8¢ alternating words in X and Y, beginning with 1, X, Y, and ending with

(XY)% = (Y X)% span the algebra with the given presentation. The surjective map to kSD
is therefore an isomorphism, and these alternating words form a basis. 0

REMARK 3.2.2. The reference [33] uses a more complicated choice of generators, and gets
the same relations, but only modulo the socle element (XY)?? = (Y X)?4. It is erroneously
stated without proof in Section 15 of Benson and Carlson [17], and in the papers of Generalov
(page 530 of [95], page 164 of [99], page 279 of [100], and page 507 of [114]) that the group
algebra of the semidihedral group is as given here, but without the extra term (Y X)?? in the
expression for Y2. See also Theorem VIIL.3 of Erdmann [74], where these two possibilities are
given, labelled II1.1 (d) and IIL.1 (d"), but without deciding which is true. In Corollary 7.2 of
Erdmann [71], and the tables at the back of [74] the incorrect choice is given. Theorem 3.2.1
shows that the correct answer is III.1(d’), whereas these sources state it as II11.1(d). It is
shown in Proposition 5.1 of Biatkowski, Erdmann, Hajduk, Skowronski and Yamagata [26]
that these two algebras are not isomorphic.

Here is a diagram of the case ¢ = 2 (only accurate modulo the extra socle term in the
expression for X?).

k
7N

X =X X=X —X =X
rEX X=X -—X=X—X

\k/

This algebra has tame representation type, and its modules were classified by Bondarenko
and Drozd [33], Crawley-Boevey [56,57]. The cohomology ring was computed first by
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Munkholm [185] and later also by Evens and Priddy [80], and is as follows.
(3.2.3) H*BSD = k[x,y, z,w]/(zy,y°, yz, 2* + 2*w),

with |z| = |y| = —1, |2| = —3 and |w| = —4. Here, x and y are dual to X and Y.
This is not formal as an A, algebra (see Theorem 5.2.1). In the next section we compute
a few of the higher multiplications.

REMARK 3.2.4. The subalgebra A; of the Steenrod algebra generated by Sq* and Sq? is
closely related to kSD, with presentation

k(Sa',Sa” | (Sq')* = 0, (Sq”)* = Sq'Sq”Sq’).
This is like a (nonexistent) semidihedral group of order eight, but without the socle element in

the second relation. So it has type III.(d) rather than III.(d)" in Erdmann’s classification [74].
The cohomology is the same ring as above (3.2.3), but with a different A, structure.

3.3. Resolutions for kSD

In this section, we write out the minimal resolution of k over kSD. Since it is no extra
work, we compute the minimal resolution of k over an algebra of type II1.I(d) or IIL.I(d") in
Erdmann’s classification [74] of algebras of semidihedral type in characteristic two, given by
the presentation

A=k(X,)Y | X?=0, Y?=X(YX)*' £ A\YX)")

with A € k and k > 2. The case of the group algebra kSD of a semidihedral group of order
8q with g a power of two is then recovered by setting A = 1 and k = 2q.

The minimal resolution of k is the total complex of the following double complex, where
we have written v for Y (XY)* and w for (Y X)*¥~1(1 + \Y).

A2 A

Y w

>
b
=

<
g
<
<

!

S
=
=
-
>
-
i
=

e
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Here X and Y are the elements of Ends(A) 22 A° corresponding to X and Y in A.
The cohomology element x is represented by left shift composed with

(XY)F2X(14AY)  Y(L+AY)

1 1
(XY)F2X(1+2Y) YA +2Y) 1 1
1 1 1 1

The element y is represented by a map which is zero on most of the copies of A, and non-zero
on the upper boundary:

]

1 X
ll
.

The element z is represented by a shift two to the left and one down, composed with

1 1
(XY= ¥ 4 A(XTV)F1X 1 1
1 1 1 1

Finally, the element w is represented by a shift two to the left and two down. This strictly
commutes with z, y and z.

In particular, we can read off from the structure and minimal resolution of kSD that part
of the A, structure on H*BSD is given over the central subalgebra k[w] by

m4(y,x,y, z) = w, m2k—1($,y>37, cee ,y,:z:) = yz.
3.4. Loops on BSD,

Since SD is a finite 2-group, we have QBSD, ~ SD. So we should expect to see the
Eilenberg-Moore spectral sequence converging to kSD.
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THEOREM 3.4.1. We have
Ext}" psp (k. k) = A(0) @ k(#, 9, 2,1 | #° = §° = 0,42 = 22,05 = §n)
where |2] = (=1,1), || = (=1,1), [2| = (=1,3), [0| = (=1,4), In| = (=2,3), and n is the
Massey triple produc < ,U,4). The Poincaré series is

(1 + tut)(1 + tu)
1 —tu — tud — t2u3’

Z thu? dimy Exty e (k, k) =

i,j=0
Note that Ext" ™7 is homologically indexed (—i,j), so that the coefficient of t'w’ is the dimen-
sion of the space of elements of degree (—i, 7).

PROOF. The element w is a regular element, and its appearance in the relations is in
terms that are at least cubic, so we have an algebra isomorphism

Exty gsp (k, k) = A(w) @ Exty"(k, k).

where

R = H*BSD/(w) = k[x,y, 2]/ (zy,y°, yz, ).
This algebra R is the fibre product of k[z, z]/(2?) — k and k[y]/(y*) — k. So by Theorem A
of Moore [182], Extp"(k, k) is the coproduct over k of the algebras

EXtrr o (ko k) = K[, 2]/(2%)
Extyrr) ) (ki k) = K[g, 7]/ (57),
where 7 is the Massey triple product @ 7, g)> o we have
Exty" (k. k) = k(2,9,2,n | &% = §* = 0,22 = 22,19 = §n)

which has Poincaré series

= - 1+tu
F? dimy Extly ™ (k, k) = .
”Z::O ! dimy Exty " (k. ) 1 —tu — tu® — t?u?
Finally, tensoring with A(:) multiplies the Poincaré series by (1 + tu?). O

The differentials in the Eilenberg—Moore spectral sequence
Ext}: gep (k, k) = kSD

are given by d*(2) = nz + in,

E* = A(w) @ k[n] @ k(2,9 | 2% = §* = 0),
then d®(w) = n?,

Ef=EY? = An) @ k(t, 5 | 22 = §* = 0),
and finally d*2(n) = (29)* + (92)*. So

EY = BX = k(1,5 | 2° = §* = 0,(29)* = (92)™),

which is the associated graded of the group algebra kSD.
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3.5. Groups with semidihedral Sylow 2-subgroups

Groups with semidihedral Sylow 2-subgroups were classified by Alperin, Brauer and
Gorenstein [1], see also Wong [212,213]. By Section VIII of Brauer [37], or Proposition 1.1
of [1], there are four possibilities for the 2-fusion in a finite group G with semidihedral Sylow
2-subgroups, which are distinguished by the numbers of conjugacy classes of involutions and
of elements of order four. By Theorem 1.1 of Craven and Glesser [54], these represent the
only possible fusion systems on semidihedral 2-groups.

To describe these, we first describe some particular finite groups with semidihedral Sylow
2-subgroups. First, we describe the groups SL*(2,p™) and SU*(2,p™). These are the
subgroups of GL(2,p™), respectively GU(2, p™), consisting of elements of determinant +1.
If p™ = 3 (mod 4) then SL*(2,p™) has semidihedral Sylow 2-subgroups, while if p™ = 1
(mod 4) then SU*(2,p™) has semidihedral Sylow 2-subgroups. We remark that SL(2,p™)
and SU(2,p™) are isomorphic.

Next, we describe the group denoted PGL*(2,p*™) in Section II1.2 of [1]. For p odd,
the group PT'L(2,p*™) is a semidirect product of PGL(2,p*™) by a cyclic group of order
2m acting as Galois automorphisms. The group PGL(2,p*™) has PSL(2,p*™) as a normal
subgroup of index two. Thus PT'L(2,p?™) contains three distinct subgroups, each having
PSL(2,p*) as a subgroup of index two. One of these is PGL(2,p?™), one is a semidirect
product of PSL(2,p*™) by the Galois automorphism of order two, and the third one is the
group we denote by PGL*(2,p*™). For example, PGL*(2,9) is isomorphic to the stabiliser
of a point in the Mathieu group Mi;. It is proved in Lemma 2.3 of Gorenstein [127] that
the Sylow 2-subgroups of PGL*(2, p*™) are semidihedral.

CASE 3.5.1. G has one class of involutions and one class of elements of order four. In
this case, G’ has no normal subgroup of index two. The group G/O(G) has a simple normal
subgroup with odd index, isomorphic to PSL(3,p™) with p™ = 3 (mod 4), PSU(3,p™)
with p™ = 1 (mod 4), or the Mathieu group Mj;. The principal block of kG has three
isomorphism classes of simple modules.

CASE 3.5.2. G has two classes of involutions and one class of elements of order four.
In this case, G has a normal subgroup K of index two with generalised quaternion Sylow
2-subgroups, and K has no normal subgroups of index two. The group G/O(G) is either
isomorphic to a subroup of I'L(2, p™) containing SL*(2, p™) with odd index, for some prime
power p™ = 3 (mod 4), or it is isomorphic to a subgroup of I'U(2, p™) containing SU*(2, p™)
with odd index, for some prime power p™ = 1 (mod 4). The principal block of kG has two
isomorphism classes of simple modules.

CASE 3.5.3. GG has one class of involutions and two classes of elements of order four. In
this case, G a normal subgroup K of index two with dihedral Sylow 2-subgroups, and K
has no normal subgroups of index two. The group G/O(G) is isomorphic to a subgroup of
PTL(2,p*™) containing PGL*(2,p*™) with odd index, for some odd prime p and positive
integer m. The principal block of kG has two isomorphism classes of simple modules.

CASE 3.5.4. G has two classes of involutions and two classes of elements of order four. In
this case, O(G) is a normal complement to a Sylow 2-subgroup SD, so that G/O(G) = SD
and H*BG = H*BSD. The principal block of kG is isomorphic to kSD, and has one
isomorphism class of simple modules, namely the trivial module.
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Representation theory and cohomology of groups with semidihedral Sylow 2-subgroups,
and more generally, blocks with semidihedral defect groups and finite dimensional alge-
bras of semidihedral type, are discussed in Erdmann [67,71,73-75,77|, as well as Ben-
son and Carlson [17], Bogdanic [29, 30|, Brauer [37] (Section VIII), Carlson, Mazza and
Thévenaz [47], Chin [50], Evens and Priddy [80], Generalov et al. [4,87,89,91-93,95,
99-106,114,119-121], Hayami [136,137], Holm [141,142], Holm and Zimmermann [145],
Kawai and Sasaki [153], Koshitani, Lassueur, and Sambale [162], Martino and Priddy [179],
Miiller [183], Olsson [189], Sasaki [198], Taillefer [210], Zhou and Zimmermann [214]. The
homology of QBG, was computed by Levi [167].

PROPOSITION 3.5.1. Suppose that G has a semidihedral Sylow 2-subgroup SD. Then the
homotopy type of BGQ is determined by |SD| and the number of classes of involutions and
of elements of order four. In particular, if G has no normal subgroup of index two, then the
homotopy type of BGY is determined by |SD].

ProoOF. This follows from Theorem 1.7.5 and the main theorem of [1] described above.
0

We end this section with a table of the various cases of algebras of semidihedral type in
characteristic two. Note that the definition of semidihedral type in [74] is slightly broader
than in [71,73]. In each case except SD(3X), there is a positive integer parameter k, which
in our context is equal to 2¢, and in some cases there are also further parameters. In the
case of SD(3XK) there are three integer parameters a > b > ¢, a > 2.

Erdmann [74] | [71,73] Case Group H* HH*
TIL.1(d) - - [05] [99]
TL.I(d") 354|  semidihedral | [80,95,185] | [114,143]
SD(2A), | [71]1I 3.5.3 SU*(2, p™) 50,91]
p™ =1 (mod 4)

SD(24), | [71] III 352|  PGL*(2,p*™), 50,91

SD(2B), [71] TV 3.5.2 — [B1(3Myy)] [4] [120]

SD(2B), |[71]1 3.5.3 SL*(2,p™) (50,102] | [103,104,106]
p™ =3 (mod 4)

SD(2B)3 [71] V 3.5.2 — [4]

SD(3A), |[73]1L,§5  |351|  PSU(3,p™), [87] 143]
p™ =1 (mod 4)

SD(3A)y (73] VII, §3 — — [91]

SD(3B), (73] IV, §7 — [92]

SD(3B) (73] I, §7 — (93]

SD(3C), (73] VI, §3 — —

SD(3C),y (excluded) — —

SD(3D) | [73] 1L §6 | 3.5.1 | PSL(3,p™), p" =3 [87] 143]

(mod 4), 11

SD(39) [73] VIII, §10 | — —

SD(B3H) | [73] IX, §10 —

SD(3K) (73] V, §9 — — [89] [121]
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REMARKS 3.5.2. The types with three simple modules are all derived equivalent to an
algebra in the family SD(3X) with uniquely determined values of a > b > ¢, by Theorem 4.8
of Holm [142]. For blocks with semidihedral defect group of order 8¢ and three simple
modules, these parameters are 2q > 2 > 1, so they are all derived equivalent.

Note that by Rickard [192,193], for self-injective algebras, a derived equivalence induces
a stable equivalence of Morita type. By a theorem of Happel (see for example Proposi-
tion 2.21.9 of Linckelmann [176]), for symmetric algebras, derived equivalence also induces
an isomorphism in Hochschild cohomology.

Unfortunately, there are are some copying errors in [73,74], and an incorrect correc-
tion in [53]. It is erroneously reported in statement (11.15) (c) of [73] (incorrectly labelled
(11.5) (c)) that the principal block of Mj; belongs to family IV. In Table 1 of [73], for family
IV, P, should be “as in I” and not “as in III”; the conditions for it to be a block should be
t =1 and k = 2""2, not the other way round. In the tables at the back of [74], the principal
blocks of PSL(3,p™) with p™ =3 (mod 4) are incorrectly assigned to SD(3B); rather than
SD(3D). In case SD(3X), the parameters should be a > b > ¢ > 1, a > 2 rather than
a>b>c>2 On pages 143-144 of [53], the correction there incorrectly states that both
My and PSL(3,p™) with p™ = 3 (mod 4) belong to family SD(3B);, and that there is only
one simple module with a non-trivial self-extension; in fact, the family is SD(3D), and there
are two such simple modules.

3.6. One class of involutions, one of order four

We begin with Case 3.5.1, where G has one class of involutions, and one class of elements
of order four. In this case, G has no normal subgroup of index two, and Proposition 2.2
of [1] implies that G/O(G) contains a simple normal subgroup with odd index. By the
main theorem of that paper, the simple groups with semidihedral Sylow 2-subgroups are as
follows.

(a) The projective special linear groups PSL(3,p™) with p™ =3 (mod 4).
(b) The projective special unitary groups PSU(3,p™) with p™ =1
(¢) The sporadic Mathieu group Mj; of order 7920.

Let G be a finite group with semidihedral Sylow 2-subgroups of order 8¢ and no normal
subgroups of index two, and let k be a field of characteristic two. Let B be the principal
block of kG. The structure of the projective indecomposable B-modules was determined by
Erdmann [67].

REMARK 3.6.1. The one case not treated in [67] is G = Mj;, which was treated in the
thesis of Schneider [199], and also in unpublished work of Alperin.

The principal blocks of M;; and PSL(3,p™) with p™ = 3 (mod 4) are in family III
of [73], which is SD(3D) of [74]. The principal blocks PSU(3,p™) with p™ = 1 (mod 4)
are in family II of [73], which is SD(3A); of [74].

REMARK 3.6.2. Fortunately, Proposition 3.5.1 allows us to do the analysis for just one
group for each size 8¢ of semidihedral Sylow 2-subgroup. We choose to examine PSL(3,p™),
where the 2-part of p™ + 1 is 2q.
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Let us look first at the cases of PSL(3,3) and Mj;, whose principal blocks are Morita
equivalent. There are three isomorphism classes of simple B-modules, all self-dual, denoted
k, M and N. These have dimensions 1, 12 and 26 in the case of PSL(3,3), and dimensions
1, 44 and 10 in the case of Mj;. Their projective covers are given by the following diagrams.

k M N
/N N\

N M k/\\ k N

| | | | |

k\\} N M M><N

| | | | |

M N k // k N
N N N

k M N

Note that N is periodic with period four, while k and M are not periodic. The quiver for B
is

(3.6.3) CN”Nk/“MDf

with relations
ef =0, be = 0, fb=0, da = aeb, cd = ebc, f? = beae, ac = d°.

This gives a presentation for the basic algebra of B. This corresponds to the case discussed
in Theorem VIII.9.12 (with k =1, s =4, t = 2) and Proposition IX.6.6 (ii) (with n = 4) of
Erdmann [74],

The unique self-dual grading (up to scalar multiples) on this quiver algebra is given by

We choose not to double these degrees, as the ch01ce above makes the degrees in H*BG =
Exty(k, k) into integers with no common factor.

The principal blocks of the simple groups PSL(3,p™) with p™ = 3 (mod 4) are very
similar, see Erdmann [67]. The only difference is that if the 2-part of p™ + 1 is 4¢ (with
q a power of two) then there are more repetitions of the simple module N in its projective
cover. The case treated above is ¢ = 2, and in the general case there are 2¢ — 1 copies of N in
the unserial module on the right hand side of the diagram instead of three. So the relation
ac = d? is replaced by ac = d*?~!. The Morita type of the principal block only depends on
q, and not on p™. So for example, the principal blocks of My, PSL(3,3), PSL(3,11) and
PSL(3,19) are Morita equivalent, with Sylow 2-subgroups of order 16, and the principal
blocks of PSL(3,7) and PSL(3,23) and PSL(3,71) are all Morita equivalent, with Sylow
2-subgroups of order 32. The grading also needs to be adjusted, as follows.

THEOREM 3.6.4. Let G = PSL(3,p™), where the 2-part of p™ + 1 is 2q (q = 2), or
G = My, with g =2, and let k be a field of characteristic two. Then the basic algebra of the
principal block is given by the quiver (3.6.3), with relations

ef =0, be = 0, fb=0, da = aeb, cd = ebc, f? = beae, ac = d* L.
The unique self dual grading, up to scalar multiples, on this algebra is given by
al=lel=q—3,  PBl=lf=35 ld=1  |fl=q¢
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PRrROOF. The quiver with relations follows from the work of Erdmann [67]. Given the
relations, the uniqueness of the grading up to scalars is easy linear algebra. Self duality just
means that |a| = |c| and |b] = |e]. O

REMARK 3.6.5. The given relations imply that

f3 = beaef =0,
cac = cd*™1 = ebed®?™% = ebebed*™3 = 0,
aca = d*7ta = d*2aeb = d*3aebeb = 0,
d*"! = qcd® = aebed = aebebe = 0.

Let a, 3,7, 0, €, ¢ in Extz(k® M@ N,k @ M @ N) be the elements dual to a, b, ¢, d, e,
f. These have degrees

ol =1yl =(-1,—¢+3), Bl=lel=(-1,-3), [o]=(-1-1), [|¢]=(-1,—0),
We can compute minimal resolutions of the simple modules as in [17], and the result is

as follows when ¢ = 2. For larger values of ¢, the only difference is that the chains of copies
of N in the resolutions of k and N are longer.

o B Yol b
N M N ) \
=k \ Kk 2R=nT N\ e o= 7]
| / | M
M N N k M PN
N/ N SN s k
N M |
ep’B ¢Pedp
Ped k M
/S N/
M o' N M
(k) = OBk D)= N YR
k M N SN KT M
NV M N :
OB o
k |
5 3
Be6*8 \ ecbkﬁ ﬁeslﬁ Il:l
(k)= N M k 07 (k) = RN
/ JoON S $°8 N M
N \ Bk M |
. M k
k M N AN
NN N s k M
N M k |
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K~ N M ON K |\'/|><N
N N y N ) SN N s | !
For all values of ¢, the minimal resolution of k takes the form

& 0 00 d 000
fe 0o ga f 00

(0 eac f 0) (0 ‘5_50)
0 achb b 0 0 fe

=Py BPBePue b ——————— PNPPuS Pueb Pk ————— PNnP Pu® Pc® Pu

[e=]

ab 00
(3227 (78, pon T, mo G0, o
0 0 eac f P ® Py @ Py 0 acbb fe ea f (a b)

PM@Pk %PN@PM —>PN@P|\/| —)Pk
This is the total complex of the following double complex:

Py <X Py

I e

B <% Py

_ ~ léaa_ lf

Py < Py < py LBy,

(3.6.6) l* ) léﬁ _ lf laeB
B« Py <l Py <R,

~ B léz‘zé_ lf ) laéi lé&é

Py <L Py« py <L Py < B < by
e, 1l e
Pl Pyl Py Pt Pyl Py



Here, a is the element of Hompg(Py, Px) opposite to a, and so on, so that the barred variables
satisfy the reverse of the relations in the quiver.

The extensions «, ..., ¢ satisfy the following relations, which are easy to verify using the
grading and the minimal resolutions above:

ae =0, By =0, ya =0, 5 =0, ef =0,

Bed? = ¢*Pe, £¢’B =0, ayd = dary, voa = 0,

(3.6.7) ms(a, €, B) = da, ms(B,7,a) =0, ms(y,a,e) =0,

Mag-1(6,...,0) =y, male,B,7) =10, my(7,0a,¢) = e,
ms(8,70,) = ¢*B,  ma(B,7, ) = ¢,
ma(7, a,e,¢*B) = ma(ed?, 8,7, a).
REMARK 3.6.8. The relation yda = 0 follows from the remaining relations in two ways:

Yoo = ymz(a, g, B) = ma(y, a, €)= 0,
yoa = mg(e, B,v)a = ems(B,v,a) = 0.

The last relation describes the unlabelled copy of k at the top of the left end of Q*(k). When
postmultiplied by e or premultiplied by £, this relation follows from the remaining relations:

m4<77 a, g, ¢26)€ = m4(77 a, g, ¢255> = m4(77 a, g, ﬁ€¢2) = m3<77 mg(Oé, g, 5)7 6¢2)
= m3(’77 50&7 €¢2) = M3(’7, (50&, €)¢2 = 5¢4
= €¢2m4(57 7, &, 6) = m4(5¢27 57 e 04)5,

/8m4(77 a, e, ¢26) = m4(ﬁa v, &, €)¢25 = ¢4B = ¢2m3(/6a 757 Oé)
= m3(¢267 ’757 CY) = m3<¢257 m3<€> ﬁa ’7)7 CY) = m4(¢2587 B: s Oé)
= m4<55¢27 /87 Y, Oé) = ﬁm4(€¢27 ﬁ? Y5 Oé).

THEOREM 3.6.9. Let G = PSL(3,p™), where the 2-part of p™ + 1 is 2q (q = 2), or
G = My with ¢ = 2. The cohomology ring H*BG = Extj(k, k) is generated by the commuting
elements

x:€¢ﬂv y:m4(77a7€7¢25) :m4(8¢2,ﬁ,”}/,&)7 Z:€¢357
subject to one relation:
H*BG = Exty(k,k) = K[z, , 2]/ (s + =)
where |£B‘ = (_37 —q— 1)7 ‘y’ = <_47 _4Q) and ’Z‘ = (_57 _3q - 1)

PrOOF. The structure of the cohomology ring of M;; was computed in [17], and is as
above, if we ignore the internal degrees. The principal blocks of PSL(3,p™) with p™ =
(mod 8) are Morita equivalent to that of M;;, and therefore give the same answer. The
analogous computation with possibly larger values of ¢ gives exactly the same answer for

PSL(3,p™) with p™ = 3 (mod 4). We show that the given elements satisfy these relations,
using the relations (3.6.7). We begin by observing (as in Remark 3.6.8) that

ﬂy - 5m4(77 Qa, €, ¢2ﬁ) - m4(ﬁ777 &,5)@526 - ¢4B7
ye = m4(6¢27 Ba Y, (1)5 = 6¢2m4(57 7, &, 6) = 5¢47
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and so

2%y = (e0Ped)(By) = (e¢Bed)(¢"5) = ed(Bed®)d° = e¢(¢?Be)d° = (e¢°B)(e¢°B) = 2°.

Commutativity is automatic for elements of H* BG, but also follows from the relations above:
yr = (ye)(68) = (¢¢")(68) = (e9)(¢"B) = (¢¢)(By) = zy
zx = (e4°B)(c9B) = (e6)(¢°Be)(68) = (£¢)(Be9”)(68) = (c¢B)(e4°B) = 22,
2y = (6°)(By) = (6°)(¢'B) = (£¢")(¢°B) = (ye)(¢°B) = y=. O

REMARK 3.6.10. Since the homotopy type of BG, only depends on the Sylow 2-subgroup
and the fusion, the cohomology ring is the same for G = PSU(3,p™) where the 2-part of
P —1is 2q (¢ = 2).

It would be possible, but not necessary for the currrent purposes, to do a similar analysis
for PSU(3,p™) to that contained in this section. The quiver in that case is as follows

c b
NZ kT M

with relations

2q—1

be =0, aca = a(ebca)*'eb, cac = (ebca)*~ ebc, acaca = 0, cacac = 0.

This admits a self-dual grading given by |a| = |¢| = ¢, |b] = |e| = 1 — ¢. The problem here,
though, is that the method of [17] for computing with projective resolutions doesn’t really
apply, and this makes the details of the computations quite tedious.

3.7. Ext and Hochschild cohomology over H*BG

Throughout this section, we are still working in Case 3.5.1. So we let G be a finite
group with a semidihedral Sylow 2-subgroup of order 8¢ and no normal subgroup of index
two, and k a field of characteristic two. Our next task is to compute Exty.zq(k, k) and
HH*H*BG by applying Theorems 1.11.2 and 1.11.5. Recall that by Theorem 3.6.9 and
Remark 3.6.10 we have H* BG = k|, v, 2]/ (x*y+2?) with |z| = (=3, —q¢—1), |y| = (—4, —4q)
and |z| = (=5, -3¢ — 1). Let f = 2%y + 2 € k[z, y, 2]. Then we have

gzo ﬁ:2 @:

ox dy v 0z 0
o f oA f o2 f
=Y, = 07 = 1,
0x? 0y? 022
T
oxdy oxdz oydz

Plugging these into Definition 1.11.1, for the algebra Cliff(q) we have variables &, 7, 2 dual
to x, y and z and s dual to f. These have degrees |z| = (—1,3,¢ + 1), |y| = (—1,4,4q),
IZ| = (—1,5,3¢+ 1), |s| = (—2,10,6q + 2). Here, the first is the Ext degree, the second
comes from the homological degree in H* BG, and the third is the internal degree coming
from the grading on the algebra B. So the degrees of the generators of H* BG come out as
lz] = (0,—-3,—q — 1), |y| = (0,—4,—4q) and |z| = (0,—5,—3¢ — 1). Then s is central, and
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we have relations 2% = ys, 92 = 0, 22 = s, 2+ 92 = 0, 22+ 22 = 0, §2 + 2 = 0. The

relation 22 = s makes s a redundant generator, and we end up with
(3.7.1) Cliff(q) = H*BG[z, 9, 2]/ (#* + y2%, 9%).
The differential is given by

(3.7.2) di =0, dy = %4, ds = 0.

THEOREM 3.7.3. We have
Exty. g (k, k) = A(Z,9) @ k[Z].
with degrees given by |z] = (—1,3,9 + 1), |y| = (—1,4,4q) and |2| = (—1,5,3¢+ 1).
ProoF. This follows from Theorem 1.11.2 and the computation (3.7.1) of Cliff(q). O
THEOREM 3.7.4. We have
H.QBGYy = A2, 7)) @ k[Z]
with |2] = (2,q + 1), |y| = (3,4q) and |Z| = (4,3q + 1).
PROOF. Theorem 3.7.3 gives the Fs page of the spectral sequence
Extir. po(k, k) = H.QBG,.
There is no room for differentials, and there are no ungrading problems. U
REMARK 3.7.5. This agrees with the answer given in Proposition 11.4.2.6 of Levi [167].

REMARK 3.7.6. When we compute the spectral sequence

EXt; oy (k. k) = H*BG

we get By = klz,y] ® A(z) with |z| = (=1,-2,—q — 1), |y| = (=1,—-3,—4¢) and |z| =

(—1,—4,—3q — 1). There are no differentials, but the relation 2* = 0 then ungrades to give

2% = 1%y.

THEOREM 3.7.7. The Hochschild cohomology ring of H*BG is given by
HH*H*BG = H*BG[z, 3]/ (2* + y2?%, 2%2%),

with
2| = (0,-3,—¢ — 1), ly| = (0, =4, —4q), 2| = (0, =5, -3¢ — 1),
lz] = (—1,3,9+ 1), |2 = (—=1,5,3¢ + 1).
Proor. This follows from (3.7.1) and (3.7.2), using Theorem 1.11.5. O

PROPOSITION 3.7.8. There are no non-zero elements of degree (—n,n—2,0) in the Hoch-
schild cohomology HH* H* BG with n > 2.

- PROOF. By Theorem 3.7.4, we have a k-basis for HH*H*BG consisting of the monomials
3/12,253:?:512Z3 with either i1 < 1 or i3 < 1. Suppose that such a monomial has degree
( ,0). Comparing degrees, we have

(379) —n:—€1—i3
(3710) n—2= —321 —412 —5€3+3€1+513,
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(3.7.11) 0= —(qg+1)iy —4qis — (3¢ + 1)es + (¢ + 1)1 + (3¢ + 1)is.

We shall show that there are no solutions in non-negative integers with n > 2.
First we deal with the case ¢ = 2. In this case, equation (3.7.11) becomes

(3.7.12) 0 = —3iy — iy — Tes + 31 + Tis.
Adding equations (3.7.10) and (3.7.12), we get
(3.7.13) n—2 = —6i, — 12iy — 1265 + 62, + 12is,
and so

n=2 (mod 6).

If instead, we add equations (3.7.9) and (3.7.10) and subtract equation (3.7.12), we get
—2= 422 + 283 — &1 — Sig, or
(3714) 4@2 + 263 =&+ 323 — 2.

So €1 and i3 determine iy and €3, and then i;. Let n = 6a + 2, so that equation (3.7.13)
becomes

(3715) a=—11 —2is+ €1+ 2i5 > 1.
From equation (3.7.9), we have i3 = 6a + 2 — 1. Then equation (3.7.14) gives 4iy + 2e5 =
€14+ 18a +6 — 351 — 2, so
2i2 :9(l+2—61—€3.
Finally, plugging these values of i, and i3 into equation (3.7.15) gives
11 :a—2i2—2€3+51+2’i3

=a—9a—24+e14+e3—2e3+e;+12a+4 — 2¢4

=4da+ 2 — €3.
Since a > 1, we see that both ¢; and i3 are greater than one, which is a contradiction. This
completes the case ¢ = 2.

Now suppose that ¢ > 2. Reading equations (3.7.9), (3.7.10), and (3.7.11) modulo four,
we see that €3 + 4, and n = e, + 13 are both even, and are congruent modulo four. So if
n > 2 then n > 4, i3 > 3, and hence i; < 1. So either ;1 = e3 =0 or iy, = 3 = 1. Adding
equations (3.7.9) and (3.7.10), we get

—2= —321 — 422 — 583 + 281 -+ 423

Since —3i; — 5eg is divisible by four, we deduce that e; = 1.
In the case i; =e3 =0, 1 = 1 we get i3 = iy — 1, n = iy. Equation (3.7.11) becomes

0= —4qis + (q+ 1)+ (3¢ + 1)(iy — 1)
= (—q+1)ia — 2¢

SO 79 is not an integer, which is a contradiction.
In the case iy = e3 =1, &1 = 1 we get i3 = iy + 1, n = iy + 2. Equation (3.7.11) becomes

0=—(¢g+1)—dgir — 3¢+ 1)+ (g+1) + (3g+ 1)(is + 1)
= (—q+ 1)iy
and so ip = 0, n = 2, again a contradiction. So for ¢ > 2 there are no monomials of this
form. O
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THEOREM 3.7.16. In Case 3.5.1, with the grading inherited from the internal grading on
the basic algebra of kG, the Ay structure of H* BG is intrinsically formal.

Proor. This follows from Propositions 1.4.2 and 3.7.8. 0

REMARK 3.7.17. Another proof of formality, but which does not give intrinsic formal-
ity, in Theorem 3.7.16 is to notice that there are endomorphisms of the resolution (3.6.6)
representing x, y and z, and strictly satisfying the relation 2%y = 22. The endomorphism
representing y just moves the whole diagram two places down and two places to the left. For
x, we move three places to the left, but then we have to compose with the maps

cb ¢

11

b ¢ 1 1
1 11 1
b e 1 1 1 1
1 11 1 11

Similarly, for z we move one place down and four to the left, and compose with the same
maps. This defines a quasi-isomorphism from the cohomology ring Ext,.(k, k) to the DG
algebra Endj(Px), which in turn is quasi-isomorphic to C*BG.

COROLLARY 3.7.18. In Case 3.5.1, we have
HH*H*BG = HH*C*BG = HH*C,QBG,.

PRrROOF. The first isomorphism follows from Theorem 3.7.16, while the second is true for
every group. [

3.8. A, structure of H.QBG,

We continue to work in Case 3.5.1. So G is a finite group with a semidihedral Sylow
2-subgroup of order 8¢ and no normal subgroup of index two, and k is a field of characteristic
two.

THEOREM 3.8.1. We have

HH*H,QBG, = k[z,y, 2] © A(Z,7, 2)

with
7 = (=1, -2,—¢—=1),  |yl=(-1,-3,-4q),  [z|=(-1,-4,-3¢—1),
2] =(0,2,¢+1), 9] = (0,3,4q), 2] = (0,4,3q +1).
Proor. This is a routine computation using Theorems 1.11.5 and 3.7.4. U

THEOREM 3.8.2. In Case 3.5.1, up to quasi-isomorphism, the maps m; in the Ay, struc-
ture on H,QBGY may be taken to be the k[z]-multilinear maps determined by

m3(i’7g7i) :22a m3(£7£@7§:) :'%22) m3@ai’f@) :m3(:ﬁg7£7g) 29227
and all m; with © > 3 vanish on all other triples of monomials not involving 2. We have
ms omg = 0 (Gerstenhaber’s circle product).
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This is the unique Ay algebra structure on this algebra, such that the map ms represents
the class x®y2? of degree (—3,1,0) in the Hochschild cohomology HH*H*QBGQ.

ProoF. Comparing Theorem 3.7.4 with Theorem 3.8.1, we see that in the spectral se-
quence
HH*H,QBG, = HH*C,QBG,
we have d?(§) = 2222, and no further differentials, and
(3.8.3) E? = E® = K[z,y, 2] /(2*%%) @ A(%, 2).
The relation 22 = 0 ungrades to 22 = y22, while the relation z? = 0 ungrades to z? = z%y.
It follows that mgz on ,  and ¢ in H*QBGQ in some order is a non-zero multiple of 22.

In degree ( 3 1,0), the Hochschild cohomology HH* H,QBG, is one dimensional, and is
spanned by z2y22. Smce the Hochschild cocycle myg is only well defined modulo coboundaries,
we examine the values of the coboundary of a 2-cochain f5 on these elements. For degree
reasons, we have fo(2,%) = fo(Z,9) = fo(9,2) = 0. Let fo(Z,29) = A\2% and fo(29,2) = pi>
Then we have

5.](2('%7'%7@) :)‘227 6.](‘2(‘%7@7'%) - <)\+M)227 5f2(g’:%7j:) :M22
Now everything is defined over 5. So working modulo these coboundaries, any assignment
with

ms(z,2,79) + ms(, 3/7 )+m3(g) i,&) =2

is valid. For symmetry we take ms(%, 9, 2) = 22 and m3(%, &, 9) = m3(9,2,2) = 0.
Using the fact that mg is a Hochschild cocycle, and Ty = ¢z, we then have
m3(,2,29) =0,  mg(2g,2,2) =0,  ms(29,9,9) =0,  ms(y,9,29) =0,
my(L,29,9) =0,  ms(9,29,2) =0,  ms(y, 2, 29) = ms(92, 2, 9),
ms(Z,y,2y) = ms(2y,y, T), ms(2, 27, &) = 2ms(2,9,2) = 252,
ma(2, 9, 29) +ma(29,2,9) = §2%,  ma(§E, 9, %) + ms(9, 3, 92) = §2%,

The 2-cochain f2 with fo(29,29) = 922, and f, = 0 on other monomials, has coboundary
8 fo(2, 9, 29) = 922 So adding a multiple of & f, to ms, we can assume that ms(z, g, 29) = 0.
It then follows that
m3<:i‘? Z)a i‘g) = mg(i@, Zj, i') = 07 m3(3~)7 jja i@) = mg(l'y, xz, y) = gé )
m3(‘%g7 :i.:g7 JA”) - m3(‘%7 j@a i'g) - Oa m3(‘%ga i‘y y) m3(y7 xy, ZE?J) = 07
m3(i.g7£.7'@g> = m3(£g7g7§jg) = Oa m3(xyax3/7$3/> 0.
Now, it is straightforward to compute directly that the Gerstenhaber circle product

mg o mg is the zero Hochschild cochain. Mostly all terms are zero, but there are a few cases
that involve some cancellation, such as for example

AAAAAA

A AA A

) )+m3($ y,mg(x Yy, )
A =0+21+21 =0,

= m3(m3(i7g7i)£g7'@) +m3(£am3(g7i‘ zy )
= mg (2%, &9, &) + ma(Z, §2°, &) + ms(2, 9, &

(m3 o m3)(:g7 ja :i‘gv ‘%7 i'g)



= my(92%, 2, 29) + ma(9, 22, 29) + ma(9,2,0) = §2° + §2* + 0 = 0.

By Proposition 1.5.4, we have dmy = mg o mg, so my is a Hochschild cocycle. Since there
are no non-zero Hochschild classes in degree (—4,2,0), this makes m,4 a coboundary, and so
we can take my = 0. Then my o m3 + m3 o my vanishes, and so mjs is a Hochschild cocycle.
Since there are no non-zero classes in degree (—5,3,0), it follows that ms is a coboundary,
and may hence be taken to be zero. We could continue this way, but eventually there are
non-zero elements of Hochschild cohomology in degree (—n,n — 2,0). So instead, define an
Ao algebra a with with H,a = H, QBGS, the same structure maps as H, QBGA up to ms,
and m; = 0 for ¢ > 4. Then the Koszul dual A, algebra b = Hompe g (k, k) has homology
isomorphic to H* BG as an associative algebra. To see this, we compute the spectral sequence
Ext}, .(k,k) = H,b. The map ms determines the d differential in this spectral sequence,
and so the E? page is given by (3.8.3). There is no room for further non-zero differentials or
for ungrading problems, so this is also H.b.

By Theorem 3.7.16, H* BG is intrinsically formal, and so b is quasi-isomorphic to C*BG
as an A, algebra. This implies that

a = Hompsp) (k, k) = Homps( - s (k, k) ~ H.QBG,. O
3.9. A differential graded model

We continue to work with Case 3.5.1. Theorem 3.8.2 suggests that there may be a nice
DG algebra quasi-isomorphic to C*QBGS . Since C*BG is formal, in order to produce such
an algebra, we look at endomorphisms of the minimal resolution of k over H*BG. This
resolution is eventually periodic of period one, and takes the following form.

z Yy
T z

Yy zxy
Yy T z

-

— (H*BG)* (H*BG)*
(“;‘ijxy) (vzz)
~———% (H*BG)> ——= H*BG — k.

he 4 x 4 identity matrix, except at the right hand end:

0

0100
0

0010 001).
(1))7 <000 >7 ( )

This endomorphism is in the centre of the endomorphism ring of the resolution, and so we
can regard everything as defined over k[Z].
Similarly, ¢ is given by shifting to the right and using the matrices

0000

i 1000 ( >a (100),
0100
t

and z is given by shifting to the right and using the matrices

(i) 6 oo

The map 2z shifts one to the right

Oo—OO  ~+

oo

00
00
10

[evlenlen)

o oow

0
0
0
1

ow oo
[=Nelog

00
00
01

ow o
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These matrices commute, and satisfy 4% = 0, but 42 is not zero, but rather y22. So we find
a homotopy ¢ from 22 to zero:

0010
. (8886), (88688).  (o00).
R 0000
Then we have 2 = 0, d€ = 22, €3 = 2€, and &9 + )€ = 22,

THEOREM 3.9.1. Let QQ be the DG algebra over k[Z] generated by elements &, § and
with

and with degrees
2 =(2,¢+1), [9]=(04q), [E[=(43¢+1), [§]=(52¢+2)
Then @ is quasi-isomorphic to C’*QBGQ.

ProoF. The algebra relations imply that this has a free k[Z]-basis consisting of the
elements 2'4°1€%2 with i > 0, €1,&2 € {0,1}. The differential sends the basis elements with
€9 = 1 bijectively to the basis elements with ¢+ > 2 and e = 0. So H.(Q is the algebra
k[2] ® A(%,¢), which is isomorphic to H,QBG,. The A, structure on H,Q is not formal.
Indeed, it is easy to check that ms represents the Hochschild class z2y22?. By Theorem 3.8.2,

there is a unique A, structure on this algebra such that ms represents this class. It follows
that () is quasi-isomorphic to C'*QBGQ . 0

REMARK 3.9.2. We can give an explicit quasi-isomorphism H*QBGQ — @ as follows.
The map f; is the k[Z]-module homomorphism which sends each monomial 1, z, ¢, 27 in
H*QBGQ to the monomial with the same name in (). The map f, is given by

L@, 2)=¢ 2,29 =89, fo(29,2) = 9,
and fs5 is zero on all other pairs of monomials. All higher f; are the zero map. From this

information, we can inductively compute the higher multiplications m; on H*QBGS , and
they agree with those given in Theorem 3.8.2. For example, we have

m2(f1 ® fQ - f2 ® fl)(‘%vg)?‘%) = 07
fo(1@my —my @ 1)(2,9,2) = £ + 46 = 27,
and so m3(2,9, %) = 22
3.10. Duality for Q[z7!]-modules

Continuing with Case 3.5.1, by Theorem 3.9.1, 2 is central in ). It therefore makes sense
to invert it and examine Q[27!] as an algebra over the graded field k[2, 27!]. This parallels
Section 2.10, so we give fewer details.

If X is any k[2, 27']-module, we write

X* = Homyz :11(X, k[2, 271]) = Homy (X, k).
PROPOSITION 3.10.1. There is a quasi-isomorphism of Q[2']-bimodules

QT = BQ)"
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PROOF. The proof is similar to the proof of Proposition 2.10.3. Consider the basis of
Q[271] as a k[2, 271]-module given by the monomials 2j1£%2. The map of k[2, 271]-modules
Q2] — ZI#Q[271]* sending all monomials to zero except that

1= (27— 1), T (g 1), g (2—1), 2= (1—1)
and these maps take all other monomials to zero, is easily checked to be a quasi-isomorphism
of Q[z7']-bimodules. Now |Zgy| = 5, and 2 is a periodicity generator of degree four, so
SEIQEE]r = B2 O

COROLLARY 3.10.2. If X is a homotopically projective Q[27']-module then we have a
quasi-tsomorphism

Homgpz-1(X, Q[27"]) =~ SHomy: :-11(X, k[2, 271]).
PRrROOF. The proof is essentially the same as that of Corollary 2.10.5. 0

THEOREM 3.10.3. Let X and Y be Q[271]-modules, such that X is homotopically projec-
tive, and its image in DP(Q[271]) is compact. Then we have a duality

Homgpz-1)(X, Y)" = Homgp—1 (Y, 271 X).
PROOF. The proof is essentially the same as that of Theorem 2.10.6. ]

3.11. The singularity category of C*BG

We examine the singularity category of C*BG in Case 3.5.1. By Theorem 3.7.16, the
Ao structure on C*BG is formal. This implies that the singularity category is given
by Ds(C*BG) =~ Dee(H*BG) and the cosingularity category is given by Dese(C*BG) =~
Desg(H*BG). We shall discuss Dgg (H*BG). If we were looking as just graded modules, this
would be equivalent to the category of maximal Cohen—Macaulay modules over H*BG =
k[z,y, z]/(x?y + 2?). In characteristic zero, this algebra was part of the classification theo-
rem of Knorrer [158] and Buchweitz, Greuel and Schreyer [43]. But in fact the proof goes
through for this algebra in arbitrary characteristic, see for example Proposition 14.19 of
Leuschke and Wiegand [166], and gives a category of bounded Cohen—Macaulay type (D).
They state the theorem for the complete local ring, but the arguments work just as well for
graded modules over the graded ring.

THEOREM 3.11.1. Let k be a field of arbitrary characteristic. The following matriz fac-
torisations describe all indecomposable MCM modules over k[z,y, z]/(x*y+22) with |z| = =3,
ly| = —4, |z] = —=5. We take the module to be the cokernel of the first matriz, which is the
image of the second matriz.

2 y\ [z —vy , 9.
(1) (_xg z) (xg p ), two generators in degrees n, n — 1;

(2) (_Zx iy) (; _:y), two generators in degrees n, n + 2;

z zy 0 0 z —xy 0 0
-z 2z 0 0 zr z 0
- 0 2z xy v 0 2z —xy
0 v -z =z 0 —y = =z
degreesm, n+2, n+95—4j, n+7—4j;

(3)

for some j > 1, four generators in
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z Ty 0 0 z —xy 0 0
(4) —T z 0 O T z 0
0 —ytt 2z ay 0 ¥t z —ay
- 0 -z oz v 0 oz oz
degrees n, n+2, n+3 —4j5, n+5—4j.

We write (1),,, (2),,, (3),; and (4), ; for these modules. For each of these modules M,
we have Q(M) = X573 (M), so in Dgg(M) we have X*34+1(A) = M. This periodicity is
induced by the degree four element z € HH*C* BG, whose square is the Eisenbud operator
for the relation z2y + 2.

The Auslander—Reiten quiver of this singularity category has type ZD. /%%, and the
modules above fit into this as follows.

for some 7 > 1, four generators in

(4) (4) (4)
e e
N VA

(4), (4), (4),
e e,
s N A N

(4); —(2) —(4); = (2) — (4),

The remaining question is this: Is every object in the singularity category of differential

graded modules equivalent to a module with zero differential? If so, the classification above
applies to Dg(C*BG).

We have Dgg(C*BG) =~ Dy (C.OQBGS). Now the element 2 € H,QBG), is the Eisenbud
operator for the relation 2%y = 2 in H*BG. It comes from an element of HH*C,QBG, with
the same name. It follows that Z is central, and we may invert it to obtain an equivalence

Dug(C"BG) = Desg (C.QBG) = DY(C.OBG, [271)).
3.12. Two classes of involutions, one of elements of order four

We now turn to the Case 3.5.2 of a finite group GG with semidihedral Sylow 2-subgroup
SD of order 8¢, ¢ > 2, with two classes of involutions and one class of elements of order four.
In this case, G has a normal subgroup K of index two with generalised quaternion Sylow
2-subgroups, and K has no normal subgroups of index two.

The principal blocks of this type are all in Erdmann’s classes SD(2A); and SD(2B).
Class SD(2B), turns out to be the easier to deal with, so we take G = SL*(2,p™) with
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p™ =3 (mod 4). The basic algebra of the principal block is given by the quiver

b

(3.12.1) aCkCMDd

with relations
db = bacba, cd = acbac, be = d*!, a* =0.
These imply that
d*b = dbacba = bacba®*cba = 0,
cd® = acbacd = acba®chac = 0,
beb = d* b = d*7?(d?b) = 0,
cbe = cd® = (cd*)d?? = 0.

This admits a Z-grading with |a| =1 —g¢, [b| = |¢| = ¢ — 3, |d| = 1.
The structures of the projective indecomposables are as follows:

k M
VRN RN
M k k M
| | | :
k M k
| | |
k k M M
| | |
M k k
| | |
k M k M
NS NS
k M

Here, the case ¢ = 2 is as shown, and the dotted lines indicate that for ¢ > 2 there are more
copies of M in the right arm of Py.

The minimal resolution of the trivial module may be computed using the method of [17],
and the result is as follows.

T 3
k z? i
M |\I/| lu( z |\I/|
k/ II( M M k |I(
= ! 2 = g I 3 = s |
)=, o Tl=w Nk PR= \ '
! k k | |
M M : | k M
K / M. /\ M kK k7
\k M k |
M
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ot

T
ot )
x%z M
k |
! k k
Tz M e |
K l|< xy M k
| |
/ |
D=y M G L W
k M Y | \ |
' s k M
k k \ |'( v/
M v

k

Y
k
k
\ k k
/s I\I/I M
k

The minimal resolution is the total complex of the following double complex:

Pu +% Py
o fbad
P, +* B,
B lEé&BE lBE&E@
Py & Py <& B« P,
(3.12.2) lE ll;(_:&l; lBE&BE ll;ail;é
e a a P, a P, ce

léa&ié lBE&EE lBE&BE ll;éﬁl;é

Pyl Py P« P p P

lE lEEFzE lBE&BE ll’aé&l’za ll’;a&ée lBEle;E

P+~ P+ P+ P +* B+~ P,
The cohomology ring in this case is therefore
H*BG =Koy, 2]/ (% + 22)

with
|'T’ = <_17q_1)7 |Z/| = (_47 —4Q), |Z| = (—3,—(]—1)-
The situation is therefore very similar to Case 3.5.1.

3.13. Ext and Hochschild cohomology

Continuing with Case 3.5.2, the proofs of the following theorems are exactly as in the
corresponding computations in Section 3.7 for Case 3.5.1.

THEOREM 3.13.1. We have
EXt;;;*BG(K k) = A(jja g) ® k[é]
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with degrees given by |#| = (=1,1,1 —q), |9| = (=1,4,4q) and |Z| = (—1,3,q+ 1). O
THEOREM 3.13.2. We have
H,QBG, = A(2,7) @ k[2]
with || = (0,1 —q), 9] = (3,4q) and |Z2| = (2,¢+ 1). O
THEOREM 3.13.3. We have
HH*H*BG = H*BG[z, 2] /(2* + y2%, 2%2%)
with |z| = (0,-1,¢ = 1), [y| = (0,—4,-4q), |2[ = (0,-3,—¢ = 1), [2| = (-1,1,1 — q),
12| = (—=1,3,¢+1). O

The proof of the following proposition follows along the same lines as the proof of Propo-
sition 3.7.8, but the details are different, so we spell them out.

PROPOSITION 3.13.4. There are no non-zero elements of degree (—n,n — 2,0) in the
Hochschild cohomology HH*H* BG with n > 2.

PROOF. We have a k-basis for HH* H* BG consisting of the monomials z1y% 2351 2%
with either i < 1 or i3 < 1. Suppose that such a monomial has degree (—n,n — 2,0).
Comparing degrees, we have

(3135) —Nn = —&1 — ig
(3136) n—2=—i; — 419 — 3e3 + &1+ 3ig
(3.13.7) 0=(q—1)iy —4qis — (¢+ Dez — (¢ — ey + (¢ + 1)is.

We shall show that there are no solutions in non-negative integers with n > 2.
First we deal with the case ¢ = 2. In this case, equation (3.13.7) becomes

(3.13.8) 0 =141 — 8iy — 33 — £1 + 3is.
Adding equations (3.13.6) and (3.13.8), we get
(3.13.9) n—2 = —12i, — 6e; + 6is,
and so

n=2 (mod 6).

If instead, we add equations (3.13.5) and (3.13.6) and subtract equation (3.13.8), we get
—2 =449 4+ €1 — i3, OF

(3.13.10) diy = —&1 + i3 — 2.

So i3 determines ¢; and i,.
Let n = 6a + 2, so that equation (3.13.9) gives

(3.13.11) a=—2y—e3+iz>1.

Equation (3.13.5) implies i3 = 6a + 2 — &1. Then equation (3.13.10) gives is = (3a — £1)/2.
Plugging these values for i and i3 into equation (3.13.11) gives

CL:—36L+€1—€3+6a+2—81:3a+2—63,

and so €3 = 2a + 2 is bigger than one. This contradiction completes the case ¢ = 2.
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Now suppose that ¢ > 2. Reading equations (3.13.5), (3.13.6), and (3.13.7) modulo four,
we see that €3 + i1 and n = €; + i3 are both even, and are congruent modulo four. Since
n > 2, we have n > 4, i3 > 3, and hence i; < 1. So either iy =e3 =0 or ¢; = e3 = 1. Adding
the equations (3.13.5) and (3.13.6), we get
(3.13.12) —2 = —iy — diy — 35 + 2is.

Since —i; — 3¢ is divisible by four, we deduce that 73 is odd, and hence ¢y = 1, and n = 1+13.

Since iy = €3 and £; = 1, equation (3.13.7) becomes

0= —dqir —2e5 — (¢ — 1)+ (¢ + 1)is
and equation (3.13.12) gives
2’i2 =1- 283 —f-Zg
Substituting, we get
0= —2q(1 — 253 —|—Zg) - 283 - (q - 1) + (q+ 1)13
=(1—q)is+ (4 —2)es +1 -3¢
and so
(4 — 2)es = (¢ — 1)iz + (3¢ — 1).
This is bigger than zero, so €3 = 1, which then gives i3 = 1. Then by equation (3.13.5),
n = €1 + 13 = 2, which is a contradiction. 0]

THEOREM 3.13.13. In Case 3.5.2, with the grading inherited from the internal grading
on the basic algebra of kG, the A structure of H*BG is formal.

REMARK 3.13.14. Another proof of formality, but which does not give intrinsic formality,
in Theorem 3.13.13 is to notice that there are endomorphisms of the resolution (3.12.2)
representing x, y and z, and strictly satisfying the relation 22y = z?. The endomorphism
representing y just moves the whole diagram two places up and two places to the right. For
x, we move one place to the right, but then we have to compose with the maps

cab ¢

1 1
cab ¢ 1 1

1 1 1 1
cab ¢ 1 1 1 1
1 1 1 1 1 1

Similarly, for z we move one place up and two to the right, and compose with the same
maps. This defines a quasi-isomorphism from the cohomology ring Ext,.(k, k) to the DG
algebra Endy(Pk), which in turn is quasi-isomorphic to C*BG.

COROLLARY 3.13.15. In Case 3.5.2, we have
HH*H*BG =~ HH*C*BG = HH*C,QBG,.

PROOF. The first isomorphism follows from Theorem 3.13.13, while the second is true
for every group. 0
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3.14. A, structure, a DG model, and duality

We continue to work in Case 3.5.2, and because the details are similar to those in
Case 3.5.1, we skip some details. So G is a finite group with a semidihedral Sylow 2-subgroup
of order 8¢, and has a normal subgroup K of index two with generalised quaternion Sylow
2-subgroups, and K has no normal subgroup of index two.

THEOREM 3.14.1. We have
HH*H,QBG, = k[z,y, 2] ® A&, 9, 2)

with
2] = (=1,0,g=1),  |l=(-1,-3,—4q), |z|=(-1,-2,—¢—1),
2] = (0,0,1 —q), |91 = (0,3, 4q), 2l = (0,2, +1).
Proor. This is a routine computation using Theorems 1.11.5 and 3.13.2. OJ

THEOREM 3.14.2. In Case 3.5.2, up to quasi-isomorphism, the maps m; in the A struc-
ture on H,QBGY may be taken to be the k[Z]-multilinear maps determined by

m3(i’7@7i’) :227 m3(£7£@7§7) :‘%22) m3(yaj;7'%g> :m3(§:g7i‘7g) :?2227
and all m; with 1 > 3 vanish on all other triples of monomials not involving 2. We have
ms omg = 0 (Gerstenhaber’s circle product).

This is the unique Ay algebra structure on this algebra, such that the map ms represents
the class x*y3* of degree (—3,1,0) in the Hochschild cohomology HH* H,QBG .

PROOF. This is the same as the proof of Theorem 3.8.2. 0

THEOREM 3.14.3. Let @ be the DG algebra over k[Z] generated by elements &, § and &
with

dit =0, dy=0, ¢*=0, 2y=74z,
d¢ =%, =1 €=0, &h+98=72"
and with degrees
2] = (0, +1), [9]=(3,49), [2l=(23¢+1), [¢[=(1,2¢+2)
Then @ is quasi-isomorphic to C’*QBGS.
PROOF. This is proved in the same way as Theorem 3.9.1. U

Since 2 is central in @, we may invert it. Let Q[27!] be the resulting DG algebra over
k[2,271].

PROPOSITION 3.14.4. There is a quasi-isomorphism of Q[2~]-bimodules
QI = xRz

COROLLARY 3.14.5. If X is a homotopically projective Q[2~']-module then we have a
quasi-isomorphism

HomQ[g_l](X, Q[éil]) ~ EHomk[272—1}(X’ k[Z, 271]).
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THEOREM 3.14.6. Let X and Y be Q[271]-modules, such that X is homotopically projec-
tive, and its image in DP(Q[271]) is compact. Then we have a duality

Homgpz-1)(X, Y)" = Homgp— (Y, 271 X).
3.15. One class of involutions, two of elements of order four

Now we consider Case 3.5.3, of a finite group G with semidihedral Sylow 2-subgroup SD
of order 8¢, ¢ > 2, with one class of involutions and two classes of elements of order four. In
this case, G has a normal subgroup K of index two with dihedral Sylow 2-subgroups, and
K has no normal subgroups of index two. The group K is therefore in Case 2.7.1 of the
classification of groups with dihedral Sylow 2-subgroups.

The principal blocks of this type are all in Erdmann’s class SD(2A4),. This causes a
problem with socle relations. To see this, let us look at the principal block By of the group
PGL*(2,p*™). Let k and M be the two simple modules. In the case ¢ = 2, their projective
covers are given by the following diagrams.

k M
/N |
k
|

k

M "
‘ Y
ll( |
M

k
|

k
N/ !
k M

< --x-x-=ZZ

The quiver for By is
b

o(CkZ M

[

with relations
be =0, (cba)*® = (ach)*, a® = cb(ach)* ! + A(cba)*

with A € k unknown at this point. If A # 0 then any non-trivial grading on this algebra has
la| = 0 and |b| + |¢| = 0, which then induces the trivial grading on cohomology.

We begin with the case ¢ = 2. In this case, we can choose G = My = PGL*(2,9).
Running the following Magma code, we find that the socle constant in the relations for the
algebra of type SD(2A), is equal to one.

SetSeed(1441119655) ;

M11:=Group("M11");

M10:=Stabiliser(M11,1);
A:=BasicAlgebraOfPrincipalBlock(M10,GF(2));
e:=IdempotentGenerators(A) [1];

f :=IdempotentGenerators(A) [2];
a:=NonIdempotentGenerators(A) [1];
b:=NonIdempotentGenerators(A) [2];
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c:=NonIdempotentGenerators(A) [3];
cc:=c*x(1+a"h);

aa:=atb*cc;

bb:=b;

ccxbb eq 0;

(aa*bb*cc) "4 eq (bb*cc*aa) "4;

aa”2 eq (bb*cc*aa) “3xbb*cc + (bb*cc*aa) "4;

It follows that there is no useful grading on the basic algebra, so we are going to have to
resort to other means.
Martino [178] computed the cohomology ring for groups in Case 3.5.3 to be

H*BG = K[y, z,w,v]/(y*, vy, yz, v* + 2*w)
with |y| = —1, |z] = =3, |w| = —4, |[v| = —5. Part of the A, structure is given by
ma(z,y,y") = v, ma(yyyty) = w
Mg 1(V, 9,0, 9, ..., y,v) = w iy’
The computation of the Ext ring is similar to the case of the semidihedral group.
THEOREM 3.15.1. In Case 3.5.3 we have
Extypo(k, k) = A(w) @ k(g, 2,0, 7 | ,
with n = (§,9,9), 9] = (=1,1), |2] = (=1,3), @] = (=1,4), [0] = (-1,
In the Eilenberg—Moore spectral sequence
Exti: sk, k) = H.QBG,

*=232=0,02 = 30,n

we have d?(0) = nz + 2n,

then d*(w) = n?,
E'=E*=An)@k(g 29" =2 =0).
Ungrading, we have |g| = 0, |n| = 1, |2| = 2, and since there are no lower terms in the
filtration, we have §* = 0, and n?> = 0. However, the relation 2? = 0 is harder to ungrade.
To compute the ring structure of H*QBGQ , and in particular the square of Z, we resort
to the method of squeezed resolutions described in Benson [16]. It is easy to compute the
minimal squeezed projective resolution for GG, which is as follows.

Gan (8 0) (@ 0.)
' 0 (cab) PM o P 0 cab PM @ PM 0 (cab) P @ P (b ab) P 0.

After the first step, this repeats with period two. Indeed, after the first step, it decomposes
as a direct sum of two copies of the two-periodic complex

(cab)?a (cab)?e

cab
= Py %% Py —— Pu.

The point here is that C,.QB Gg is quasi-isomorphic to the kG-endomorphism DG algebra of
this squeezed resolution.
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REMARK 3.15.2. There is an error in [16], which only shows up if QBG; is not connected,
namely when G/OP(G) is not trivial. Namely, the augmentation in Theorem 3.4 of that
paper should be to kG/OP(G) rather than to k. This affects the computation of products in
Section 4.6 of the paper, which we are using here.

The element y € H*QBG; is represented by the map of complexes
---—>PM@P|\/|—>P|\/|@PM—>P|(

lop Jop e

"'—>PM@PM—>PM@PM—>P|(

The square of this map is not zero, but is null homotopic, with homotopy u given by

Py & Py Py & Pu B

..—>PMEBPM—>PMEBPM—>PM@PM—>Pk
|an [ |G [@mree(, )
PO Py —— PO Py ——Pu O Py —— PO Pu—— B D P
and the element Z is represented by the map
~~~—>P|\/|EBP|\/|—>P|\/|EBPM—>Pk
e ey |®
--~—>P|\/|@PM—>PMEBP|\/|—>P|\/|@PM—>PM@P|\/|—>Pk

Now ug + gu does not commute with 2, but (ug + gu)(1+ A\g) does, so it is more convenient
to set

n = (uj + gu)(1+ A9).
This is represented by the map

---—)PM@Pm—>PMEBPM—>PM@PM—>Pk

[ [ @) [ embrere)

---—)PM@PM—>PM@PM—>PM@PM—)PM@PM—>Pk@Pk
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Thus 22 = 0, and §2 + 27 is the periodicity generator of degree two, central in the endomor-
phism algebra:

i —— Py Pu—Pu® Py—— F
e Jan @
i —— PO Pu—Pu®Pu—>Pu® Pu— Pu® Pu— P
THEOREM 3.15.3. In Case 3.5.3, we have
H.QBGy = M) @ k(5,2 | §° = 2 = 0)
with |n| =1, |y| =0 and |Z] = 2. O

It is interesting to note that the degree zero element ¢ is not central in H*QBGQ , while
Uz + 2y is the central periodicity generator. This is very similar to what happens for groups
with dihedral Sylow 2-subgroups in Case 2.7.2.

Part of the A, structure is given by ms(9,9,9) = n(1+A9), mag(n, ..., n) = (92 + 29)*.
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CHAPTER 4

The generalised quaternion case

4.1. Introduction

In this chapter, we discuss the case of finite groups with generalised quaternion Sylow
2-subgroups.

We begin with the generalised quaternion group Q of order 8¢ itself. The group algebra
in this case was analysed by Dade [59], and we describe a modified version of his presentation
as a quiver with relations. If ¢ = 1 and k contains [F4 then for suitable radical generators we
have

kQ=k(X,)Y | X?’=YXY, Y’=XYX, X'=Y*'=0).
If ¢ > 2, and k is any field of characteristic two, for suitable radical generators X and Y we
have

KQ=k(X,V | X2 = (YX) 'Y + (XY)¥, Y2 = (XY)2'X + (YX)™, X*=Y*=0).

See Theorem 4.2.1 for details.

There are three cases for the possible fusion in Q, leading to three types of cochains on
the classifying space of a finite group with this fusion. Probably the most interesting is the
case where GG has no normal subgroup of index two.

THEOREM 4.1.1. Let G be a finite group with generalised quaternion Sylow 2-subgroup,
and let k be a field of characteristic two. Then the following are equivalent:
(1) the Ax algebra C*BG is formal,
(2) the A algebra H.QBG, is formal,
(3) G has no normal subgroup of index two.

This theorem follows from Theorem 4.7.4, Corollary 4.7.5, and Theorem 4.9.2.

4.2. Generalised quaternion groups

The generalised quaternion group of order 8¢, ¢ a power of two, is given by the presen-
tation

Q= (g,h| g*=1*=(g7"h)*).
These relations imply that ¢g> = h? is central, and ¢* = h* = 1. If ¢ = 1, this is the
quaternion group of order eight.
THEOREM 4.2.1. We have the following presentations for kQ.

(i) In the case ¢ = 1, suppose that k contains Fy = {0,1,w, &0}, with 1 + w + w? = 0.
Set
X = gh+wg + wh, Y = gh+ wg + wh.
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Then
kQ=k(X,)Y | X*=YXY, Y’=XYX, X*'=Y*'=0).
The automorphism g — h — gh — g of Q of order three sends X — wX and

Y —»wY.
(ii) For q > 2, and any field k of characteristic two, set

q
u=g+h, v:u4q_3+2u2q_22, r=@+1)4+u, y=(h+1)+u,

2i=2
and finally, X = x + (zy)** 1, Y = y + (yz)**"1. Then the group algebra has the
following presentation:

kQ=k(X,Y | X? = (YX)* 'Y + (XY)*, V= (XY)* "' X + (Y X)%, X'=Y*=0).

These relations imply that (XY )% = X3 = (Y X)* = Y? is annihilated by X and
Y, and hence lie in Soc(kQ) = J*(kQ).

Proor. This follows Dade [59], with a change of variables in the second case. First, in
both cases X and Y are in J(kQ) and are linearly independent modulo J?(kQ), and therefore
generate kQ.

(i) A somewhat long computation shows that X? = (1+ ¢?)(gh + wh+&g) = Y XY, and
hence X* = 0. Applying the automorphism of Fy, we get Y? = XY X and Y* = 0. These
relations imply that kQ is spanned by 1, X, Y, XY, YX, XYX, YXY and XYXY =
Y XY X, so comparing dimensions, these relations define kQ.

(i) By [59], the elements x and y in J(kQ) satisfy

kQ = (z,y | 2* = y* = (ay)* ' + (y2)* 'y + (2y)™, ' =y' =0).
These relations imply that (ry)%? = 2® = (yx)?? = 33 spans Soc(kQ) = J*(kQ), 2? = y? is
central, and J?*1(kQ) = 0. Since X and Y are congruent to x and y modulo J?7~1(kQ), it

follows that monomials in X and Y of length at least three are equal to the corresponding
monomials in x and y. So X and Y satisfy

X2 =2 4 (2y)* " w = (yo)*ly + (2y)? = (YX)PY + (XY)™
Yi=y 4 (y2)" e = (ay)* e+ (y2)* = (XY)TY + (YX)™,
and X* =Y* = 0. Note that unlike 22 and y?, the elements X? and Y? are not central. [

REMARK 4.2.2. Tt is erroneously stated on page 303 of [74], page 38 of [94], and page 518
of [118] that the group algebra of the generalised quaternion group is as given here, but
without the extra term (XY)??, (Y X)?? in the expressions for X? and Y.

REMARK 4.2.3. In the case of the quaternion group of order eight, over a field containing
[Fy, there is a Z/3-grading on the group algebra given by |X| =1 and |Y| = —1. This is the
grading induced by the automorphism of order three.

In the case of the generalised quaternion groups of order at least 16, there is no non-trivial
grading on the group algebra for which the generators X and Y are homogeneous, because
of the socle terms in the relations.
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It is known that k(@ has tame representation type, by embedding Q into a semidihedral
group of twice the order. By a theorem of Green [131, Theorem 8], as long as k is algebraically
closed, inducing an indecomposable kQ-module gives an indecomposable module for the
semidihedral group. On the other hand, although the indecomposables for the semidihedral
group are classified, nobody has been able to use this to classify indecomposable modules
for generalised quaternion groups.

The cohomology ring for ¢ = 1 is

H*BG = k[u,v, 2]/ (u® + uv + v*, v*v + uv?)

with |u] = |v| = 1 and |z| = 4, and with v and v dual to U = X + wY = gh + h and
V=wX+&Y =gh+g.
For ¢ > 2, we have
H*BG = klz,y, 2/ (zy, 2° +°),
again with |z| = |y| = 1 and |z|] = 4, and with z and y dual to X and Y. See for example
Rusin [197] or Martino and Priddy [179].

Note that if k contains 4 then the cohomology of the quaternion group of order eight
can be made to fit the same pattern by using the elements z, y in H'BG dual to X and Y
in J(kQ). These are homogeneous with respect to the grading described in Remark 4.2.3, so
that the Z x Z/3-grading is given by |z| = (—1,—1), |y| = (—=1,1) and |z| = (—4,0).

4.3. HH*H*BQ

The cohomology ring H*BQ = k[z,y, z|/(zy, z* + y?) is a complete intersection of codi-
mension two, so we can calculate HH*H*BQ and Ext}:pq(k,k) using Theorems 1.11.5
and 1.11.2. We first compute Cliff(q).

PROPOSITION 4.3.1. Let Q be a generalised quaternion group of order 8¢ with q a power
of two. Let k be a field of characteristic two, and if ¢ = 1, we suppose that k contains Fy.
Then the algebra Cliff(q) is equal to H*BQ(Z, 7, Z; $1, S2), where s; and so are central, and

P =g =2=0, Ty + 9T = s, Tz =Z1, Uz = zy.
The degrees are given by |z| = |g| = (=1,1), || = (=1,4), |s1] = (—2,2), |s2] = (—2,3).
The differential d on Cliff(q) is given by
d(2) = ys; + 125y, d(9)) = x81 + y*s9, d(2) =d(s1) =d(s3) = 0.

PROOF. Let fi(z,y,2) = xy and fo(z,y,2) = 2>+ 93, so that H*BQ = k[z,y, 2]/(f1, f2).
Then we have

Of O Oh o 0k b 0
or 7 oy ’ 0z T Ox Oy v 0z ’
9 fy o £, 9 £, o0 f, o f, 9O f,
= 07 = 07 = 07 = x? = y? = 07
Ox? 0y? 02?2 Ox? Jy? 022
Pho_ Pho_ Pho_, Pk Ph_, PR
oxdy ' 0x0z ' Oydx  Ox0y  Oxdz  Oydz
Plugging these into Definition 1.11.1, with s; and sy the degree —2 generators corresponding
to the relations f; and fo, we get the given relations and differential for Cliff(q). 0
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REMARK 4.3.2. In the case of the quaternion group of order eight without assuming
that k contains Fy, the algebra Cliff(q) is equal to H*BQ(w, 0, 2; 51, 2), where s; and so are

central, and

0 =0 = 4o + o0 =
0] =

The degrees are given by |u]| =
The differential d on Cllff( ) is given by

d(@) = vs; +v2sy,  d(D) =us; +ulsy,  d(2) =d(s1) =d(s2) = 0.
THEOREM 4.3.3. The Hochschild cohomology HH* H* BQ is

H*BQI2, 51, 89, w1, wo] / (2%wy + ywa, y*wy + 2wy,
w81 + Y280, Ys1 + 1289, W1S1 + Wasy, W, W3, wiwy, 57).
where
wy = T + Yy, wy = y°3 + z29.
The generators have degrees |z| = (—1,4), |s1| = (=2,2), |s2| = (=2,3), |w1| = (—1,0),
lwy| = (=1, —1).
ProoOF. This follows from Theorem 1.11.5 and Proposition 4.3.1 0

4.4. Loops on BQQ

Since Q is a finite 2-group, we have 2B Qg ~ (). So we should expect to see the Eilenberg—
Moore spectral sequence converging to kQ.

THEOREM 4.4.1. If Q is a generalised quaternion group of order 8q with either ¢ > 2 or
k containing Fy, then

Exty:po(k k) = k(2,7 | =9 =0) @k[z,s]/(2?).
The degrees are given by |z| = |g| = (—1,1), || = (=1,4) and |s| = (-2, 3).
If Q is a quaternion group of order eight then

Ext}; po(k, k) = k(@, 0 | 4% = 0° = 4b + 0a) @ k[Z, s]/(2°).
The degrees are given by |u| = |u| = (=1,1), |2] = (=1,4) and |s| = (-2, 3).

PROOF. In both cases, H*BQ is a complete intersection, so we compute the Ext ring
using Theorem 1.11.2. The algebra Cliff(q) is given by Proposition 4.3.1 and Remark 4.3.2.
The generator s; is redundant, so we eliminate it, and we write s for ss. 0]

For ¢ = 1, the differentials in the Eilenberg—Moore spectral sequence

Ext}i’ o (k. k) = kQ

are given by d?(s) = a* = 0* = (40 + 0a)? and d°(2) = s

If k contains [, then we can set & = Wi + wo and § = wii + 00, so that Extj} po(k, k)
becomes

We have 40 + 04 = 29 + g2, and d*(s) =
k 2



The differential d3(2) = s* then gives

E'=E>® =k{z,9|2*=9*>=0,(29)* = (92)°).
This is the associated graded of kQ with respect to the radical filtration, with & representing
X and ¢ representing Y.

The Eilenberg-Moore spectral sequence in the case ¢ > 2 is snmlar but the differentials
happen in the opposite order. The first differential is d(2) = s?, giving

E'=k(i,j |3 =" =0)® k[S]/(SQ)-
Then the next non-zero differential is d*972(s) = (24 + §1)%?, so that
EY = E* = k(3§ | 3* = 9" =0,(29)" = (§2)™).

This is again the associated graded of k() with respect to the radical filtration, with &
representing X and ¢ representing Y.

4.5. Isoclinism

In order to describe the finite groups with generalised quaterion Sylow 2-subgroups in
the next section, we first discuss isoclinism and the groups SL°(2,p™), which are isoclinic
to the groups SL*(2,p™) described in Section 3.5. We restrict ourselves to the situation we
need, rather than describing isoclinism in general.

Suppose that G is a finite group with a central subgroup of order two, Z = {1, z},
contained in a normal subgroup H of index |G : H| = 2. Then we can make a new group of
the same order as follows. Consider the maps

Z]2 — G X L[4 —17)]2,

where Z/4 = (v | ¥4 = 1), the first map sends the generator of Z/2 to (z,7?), and the second
map sends G to Z/2 surjectively with kernel H, and Z/4 to Z/2 with kernel (y2). Let G be
the kernel of the second map modulo the image of the first. Then G has the same order as G,
and is said to be isoclinic to G. The group G has a normal subgroup of index two isomorphic
to H, and a central subgroup of order two generated by (z,1) with G/((z,1)) = G/(z), but
G and G are not in general isomorphic.

If p: G — GL(n,C) is a complex representation of G with z represented as minus the
identity, then we can obtain a complex representation of G by sending elements of the
subgroup of index two isomorphic to H to the same matrices as before, but the elements
outside are multiplied by the complex number i. The character table of G therefore looks just
like that of G except that the character values of elements outside H on the representations
with 2z acting as minus the identity have been multiplied by 7. In particular, the character
degrees are the same.

As an example, let G be a semidihedral group of order 8¢, ¢ > 2, with presentation

G={(g,h|g""=1h"=1hgh™' =g*")

as in Section 3.2. The element z is ¢g*¢, and the normal subgroup H of index two is the
(generahsed) quaternion subgroup generated by ¢% and gh. Then G is generated by g = gv
and h = hy, with ¢2¢ identified with 42 = h2. We have

hgh™ = yhgh™ = 4g* " = g% = g\
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Thus } ~ B o
G=(g.h|g"=1Lh=g"hjh" =g

which is a presentation for the generalised quaternion group of order 8¢. Thus the semidi-

hedral group and generalised quaternion group of the same order are isoclinic.

Now let p™ be an odd prime power, and let us apply the same process to the groups
SL*(2,p™) and SU%(2,p™) described in Section 3.5. These have centres of order two, and
normal subgroups SL(2, p™) and SU (2, p™) of index two with (generalised) quaternion Sylow
2-subgroups. These data allow us to define isoclinic groups, which we shall denote SL°(2, p™)
and SU°(2,p™), of the same orders as SL*(2,p™) and SU=(2,p™). The groups SL°(2,p™)
with p™ = 3 (mod 4) and SU°(2,p™) with p” = 1 (mod 4) have generalised quaternion
Sylow 2-subgroups, and will appear in Case 4.6.2 in the next section.

4.6. Groups with generalised quaternion Sylow 2-subgroups

Groups with generalised quaternion Sylow 2-subgroups were classified by Brauer and
Suzuki [39], see also Section VII of Brauer [36], as well as Suzuki [208], Glauberman [124].
The main theorem is that if G has a generalised quaternion Sylow 2-subgroup then the
involution in the centre of a Sylow 2-subgroup has central image in G/O(G). So the quotient
of G/O(G) by this central involution has dihedral Sylow 2-subgroups of order 4¢, and no
odd order normal subgroups. Such groups were analysed by Gorenstein and Walter [129].
By Theorem 1.1 of Craven and Glesser [54], these also represent the only possible fusions
systems on a generalised quaternion 2-group. As a consequence, there are three mutually
exclusive possibilities for the fusion in G.

CASE 4.6.1. If G has one class of elements of order four then G/O(G) is isomorphic to
either the double cover 247 of the alternating group Az, or a subgroup of I'L(2, p™) with p™
a power of an odd prime, containing SL(2,p™) with odd index. The principal block of kG
has three isomorphism classes of simple modules.

CASE 4.6.2. If G has two classes of elements of order four then G has a normal subgroup
of index two, but no normal subgroup of index four. In this case, G/O(G) contains a normal
subgroup of odd index isomorphic to either SL°(2,p™) with p™ = 3 (mod 4) or SU°(2,p™)
with p™ = 1 (mod 4) (see Section 4.5). The principal block of kG has two isomorphism
classes of simple modules.

CASE 4.6.3. If G has three classes of elements of order four then O(G) is a normal
complement in G to a Sylow 2-subgroup Q, so that G/O(G) = Q and H*BG = H*BQ. The
principal block of kG is isomorphic to kQ, and has one isomorphism class of simple modules,
namely the trivial module.

PROPOSITION 4.6.1. Suppose that G has generalised quaternion Sylow 2-subgroup Q.
Then the homotopy type of BGQ is determined by |Q| and the number of conjugacy classes
of elements of order four.

PROOF. This follows from Theorem 1.7.5 and the classification theorem described above.
OJ
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Representation theory and cohomology of groups with generalised quaternion Sylow 2-
subgroups, and more generally, blocks with generalised quaternion defect groups and finite
dimensional algebras of quaternion type, are discussed in Erdmann [69,70,72,74-76], as
well as Bogdanic [31,32], Cabanes and Picaronny [46], Carlson, Mazza and Thévenaz [47],
Eisele [65], Erdmann and Skowronski [79], Generalov et al. [94,96,108,118], Hayami [135],
Holm [142], Holm, Kessar and Linckelmann [144], Ivanov et al. [146-149], Kawai and
Sasaki [153], Kessar and Linckelmann [156], Koshitani and Lassueur [161], Langer [164],
Martino and Priddy [179], Miiller [184], Olsson [189], Taillefer [210], Zhou and Zimmer-
mann [214]. The homology of QBG, was computed by Levi [167].

REMARK 4.6.2. Let B be the principal block of kG. In Case 4.6.1, one can put a (Z x Z)-
grading on the basic algebra of B, and in Case 4.6.2, one can put a Z-grading on the basic
algebra. In Case 4.6.3, there is no nontrivial grading. However, in all cases, these gradings
are unhelpful, because they induce the trivial grading on cohomology.

We end this section with a table of the various cases of algebras of quaternion type
in characteristic two, in Erdmann’s classification. We note some minor misprints. In the
appendix to [70], the entry k£ + 2 in the Cartan matrix for type II should be k + s. In the
entry for type Q(3X) in the tables at the end of [74], the last column should say ¢ = 3
mod 4 rather than ¢ = 1 mod 4. It seems unclear what happened to type Q(2B), of [74] in
the analysis of [69].

Erdmann [74] [69,70] Case Group H* HH*
TT.1(e) — — 94]
TIL.1(e') 16.3 Qan [185] | [118,135]
Q(2A) 69] T 462 SU°(2.p™), |[179]
p™ =1 (mod 4)

Q(2B), [69] 1T 4.6.2| SL°(2,p™), |[179]| [96,108]
p™ =3 (mod 4)

Q(2B), ? — —

Q2B), |69 11 (k=1)| — -

Q(3A), o] | —

Q(3A)s [70] I |4.6.1| SL2,p™), | [179]
p™ =1 (mod 4)

Q(3B) 70| IV |4.6.1 245 [179]

Q(3€) [70] I - —

Q(3D) [70] V — —

Q(3K) [70] VI 4.6.1 SL(2,p™), [179]
p™ =3 (mod 4)

4.7. One class of elements of order four

Let GG be a finite group with quaternion or generalised quaternion Sylow 2-subgroups of
order 8¢, and let k be a field of characteristic two. In this section we shall be interested in
Case 4.6.1, and our approach will be to work directly with projective resolutions. Let us look
first at the case of SL(2,3) = Qg % Z/3, with ¢ = 1. There are three isomorphism classes of
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simple B-modules, all of dimension one, which we shall denote k, w and @. Their projective
covers are given by the following diagrams.

k w w
SN _ 7N VRN
w w ‘I) l|< k w
[ [ I I
PeSEEPC AR P,
I | - ! I
w w w - k k N w
N, S /
k w w
R, Fe P,
Note that k, w and w are all periodic with period four. The quiver for B is
k
(4.7.1) P
f

with relations
aba = fd, cde = bf, efe =db,
bab = ce, ded = ea, fef = ac,
abf =0, cdb =0, efd=0.
These relations imply that

(4.7.2) acd = bac = bfe = cef = dba = dce = eab = fdc = fea =0,
as well as
(4.7.3) cea = bfd, eac = dbf, ace = fdb,

and that the composite of any five arrows is zero.

For larger values of ¢, we can choose a prime power p”™ = 3 (mod 4) such that the 2-part
of p™ + 1 is 4¢q, and take G = SL(2,p™). In this case, we label the two non-trivial simple
modules M and N rather than w and @. By (1.3) of [76] (see also Theorem VII.8.8 of [74]),
the structures of the projectives are similar to the above, but longer. The quiver is the same,
but the relations are as follows:

(ab)zq_la — fd, (Cd)2q_lc — bf, (6f)2q_16 _ db,
(ba)*™ b = ce, (dc)*7td = ea, (fe)* 1 f = ac,
abf =0, cdb =0, efd=0.
Again, these imply relations (4.7.2) and (4.7.3), and that the composite of any 4¢+ 1 arrows
is zero.

We have
B = EndB(B)°p = EndB(Pk @D PM D PN>Op,
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and we write a for the element of Homp(Py, Px) opposite to a, and so on. The relations
satisfied by these are obtained by reversing those satisfied by the original elements.

THEOREM 4.7.4. Let G be a finite group with quaternion or generalised quaternion Sylow
2-subgroups and no normal subgroup of index two. Then

H*BG = Ay) ® k[2]
is a formal Ay structure. The degrees of the generators are |y| = —3 and |z| = —4.

PROOF. The minimal resolution P, of the trivial module over B is given by

(3) Cfé) (da)

. (d@)\ P|\/|@PN —>P|\/|@PN —)Pk

P, aec=dfb, P,
The cohomology H*BG = Extj(k, k) as an algebra is easily read off from this, and is as
given in the theorem.

One choice of a map of minimal resolutions y representing y is as follows.

c ed f
(E) (é Ba) (da) aec=dfb

Pk—>PM@PN—>PM@PN Pk ‘Pk P|\/|EBPN—>P|\/|@PN—>Pk

_s fb

(nl w&ml (ﬁg)l (%)l (nl

B P B Pyn— B Py— P

kaéE:Jﬂ) K (%) M & N(cd_f)MGB Nga) °F
€ ba

The element z lifts to the periodicity generator z: P, — P, of degree —4. We have yz = Zy,
and we have the following homotopy u from 4 o § to zero.

¢ ed f - I
P (b) Pu ®PN( e ba)PM ® Py (da) P aec=dfb
(00) (8)
© (3)
k PM@PN—>PM@PN

Thus du = g o . Moreover, it is easy to check that ug = 0 and yu = 0. Using the recipe of
Kadeishvili given in the proof of Theorem 1.3.8 for computing the A, structure on H*BG
from the differential graded algebra structure on Endg(P,), this implies that for all n > 2
we have my,(y,...,y) = 0. Explicitly, let A = Endg(P,) with m; the differential and my the
composition of endomorphisms. Then A is quasi-isomorphic to the A, algebra C*BG. The
map f; takes y°z% to 7°z°, and f, takes (yz', yz®) to uz*® and the remaining monomials to
zero. Then ug = 0 implies that ma(fo ® f1) = 0 while gu = 0 implies that ma(f1 ® f2) = 0.
We also check that fo(1 ® my —my ® 1) = 0. Now applying Remark 1.3.10, we may take
fi =0and m; = 0 for i > 3 to deduce that C*BG is formal. O

COROLLARY 4.7.5. Let G be a finite group with quaternion or generalised quaternion
Sylow 2-subgroup, and with no normal subgroup of index two.

93



(i) We have HH*H*BG = A(y, 2) ® k[z,y] with |y| = (0,—3), |z| = (0,—4), |9 =
<_173)7 |2| = (_174)' R

(ii) We have HH*C*BG = HH*C.QQBG, has the same generators and relations, but
the degrees are given by |y| = =3, |z| = —4, |y| = 2, |2| = 3.

(iii) We have H.QBG, = A(2) @ k[g] with |2| = 3 and || = 2. This is formal as an A
algebra.

(iv) We have HH*H,QBG, = A(y,%) @ k[z,¢] with |y| = (=1,-2), |2| = (-1, -3),
|91 = (0,2) and [2] = (0,3).

THEOREM 4.7.6. The category
Deg(H*BG) =~ Dgg(C* BG) =~ Dsg(CLQBG, ) ~ Do (H.QBGY) ~ DP(A(2) @ k[g, 57Y])

has four isomorphism classes of indecomposable objects. As objects in D°(A(2) ® k|7, 77!
they are k[g, 9] and A(2) @ K[y, 7], with zero differential, and their odd shifts. Both hav
period two, with 7 inducing the periodicity.

The category

Desg (H* BG) = Degg(C* BG) =~ Dgg (CLQBGY ) ~ Dgg(H.QBGY ) ~ DP(A(y) @ k[z, 271])

has eight isomorphism classes of indecomposable objects. As objects in D®(A(y) @ k[z, 271])
they are k[z, 271 and A(y) @k|z, 271 with zero differential, and their shifts. Both have period
four, with z inducing the periodicity.

The category

D°(H*BG) ~ D*(C*BG) ~ D°(C.QBG,) ~ D*(H.QBG,)

has a countable infinity of isomorphism classes of indecomposable objects, as follows. As
objects of DP(H*BG) for n > 0 there is an indecomposable module with generators u and v,
with z"u = yv, and there is one more indecomposable k[z]. These all have zero differential.

)

4.8. Two classes of elements of order four

In this section, we examine Case 4.6.2, of a finite group G with generalised quaternion
Sylow 2-subgroups of order 8¢ and two classes of elements of order four. This implies that
q=2.

THEOREM 4.8.1. Suppose that G is a finite group with generalised quaternion Sylow 2-
subgroups and two classes of elements of order four. Then

H*BG = kly, 2]/ (y"),
with ly| = —1, |z| = —4.

PrOOF. Without loss of generality, assume that O(G) = 1. Then G has a central
involution s, and the class of the central extension of G/(s) by (s), in the notation of
Section 2.13, is t + 2. So in the spectral sequence of the central extension, we have dy(w) =
t+y? ds(w) = Sq'(t + y*) = &+ yt, and H*BG = K[, y,1]/(Ey. t + 4%, € + yt) @ k[w']. In
this ring, we have t = y?, ¢ = yt = 93, and y* = £y = 0. So letting z be a representative of
w* in H*BG, the structure is as given. O
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THEOREM 4.8.2. The Ext ring of H*BG is given by
Extyypa(k, k) = A3, 2) @ K[n]

PROOF. The algebra H* BG is a complete intersection. The second partial derivatives of
the relation all vanish, so this follows by an easy application of Theorem 1.11.2. 0

COROLLARY 4.8.3. We have H.QBG, = A(4),%) @ k[n] with n = (4,9,9,9), |§] = 0,
|Z| =3 and |n| = 2.
PROOF. There is no room for differentials in the Eilenberg—Moore spectral sequence
Ext} 5 = H.QBG,.

For the ungrading, the only issue is to choose the correct representative for g so that it
squares to zero. This is possible, because the group of connected components is Z/2, and
the group algebra of this has a non-zero element that squares to zero. [l

THEOREM 4.8.4. The Hochschild cohomology of H* BG is given by
HH*H*BG = A(3,2) @ K[y, 2,1]/(y")
with ’y‘ = (07 _1)7 ‘Z‘ = (07 _4>7 ‘Q’ = <_1> 1)7 ’2‘ = (_174) and ‘77’ = (_274)

PrROOF. By Theorem 4.8.1, H*BG is a complete intersection, so this follows from The-
orem 1.11.5. U

THEOREM 4.8.5. The Hochschild cohomology of H*QBG;\ s given by
HH*H.QBGy = A9, 2,1) @ kly, 2,1
with |ZQ| = (070)7 ’2‘ = (073): W = (_17 _2)7 |y’ = (_170); |Z| = (_17 _3) and |77| - (Oa 2)

ProoF. By Corollary 4.8.3, H,QBG, is a complete intersection, so this follows from
Theorem 1.11.5. U

AAAAA

HH*H,QBG, = HH*C,QBG,
we have a differential d*(7) = y*.

4.9. Non-formality

Our goal in this section is to prove that in Case 4.6.2, C*BG is not formal as an A,
algebra. To do so, we shall show that the Massey triple product (y? y?, y?) vanishes, but
(y%,y% y2, y?) is equal to y*z.

If Gis SL°(2,p™) with p™ = 3 (mod 4) then G is an example of Case 4.6.2, and the
principal block belongs to Erdmann’s [74] class Q(2B);, which is labelled I in the Appendix
0 [69]. If G is SU°(2,p™) with p™ =1 (mod 4) then G is also an example of Case 4.6.2,
and the principal block belongs to Erdmann’s class Q(2A), which is labelled II in [69]. The
two types are derived equivalent.

95



Type Q(2B); is the easier to handle, so we assume that we are in the case of SL°(2,p™)
with p”™ = 3 (mod 4). The quiver for the principal block B is

b
o (kM
with relations
be=d* ', db=bacba, cd= acbac, a*= cbacbh+ N acb)?, ba® =0

for some value of the parameter A € k that has not been determined. Note that these
relations imply that

beb = d*71h = d* 7 2bacba = d**bacba’cha = 0,
che = cd*™ = acbacd®? = acba®cbacd* ™3 = 0,
a’c = chacbe + Aacbachbe = 0.

The projective covers of the simple modules k and M have the following diagrams (beware
of the extra socle term in the expression for a?):

k M
/ RN

M \ k k M
| | | |
k M k M
| | | !
k k M :

| | | |
M k k M
| | | |
k M k M

\k/ Ny

where the number of copies of M down the right hand side of the projective cover of M is
2qg — 1.
The minimal resolution of k is periodic with period four, and has the following form:

(a,b) (@) (a+)\g)éal_)a) (E&BE+§\6FLE&‘1 6?5) (a.b)
—)Pk@PM /Pk >Pk )Pk@PM Pk@PM—)Pk
We lift y € ExtﬁQ(k, k) to a map ¢ of resolutions as follows:
ab a? ZH_MCEEELBE (aal?é a/\aaéaagéc? E) a,b
Rom®™ p— @ g ) oo pamEe d )y o @D
PR P
P B PioPy————— B DB B
“ (@) X <a+/\§a‘156) k@M _a _ beab k@M (a,b) :
¢ cabc+Aeabca d
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The composite §° is zero, and we have the following homotopy u; from §* to zero:

- a+\beabe __a _ beab - 23
Pk (@) Pk ( c ) Pk@PM(cachr)\cabca d )Pk@PM (a,b) Pk (@) Pk
a2 0
52 52 a? ( 0 0) a2
@/ (o) | @ ogeas | L0 ) @ |
+\abcab) 0 Acb
B B P. o PR —> Pieo Py—— P
K (@3) k (a+>\§6a66> k@ M( Eaé) ® L (@,b) k
c cabc+)\cabca d
This satisfies u? = 0 and u7* = §tu,.
The composite w7y is given by the matrices
=z =z 0 beab a 0
__T_ 9T T
(0), (Abcabc 4+ A=abcabe), (O 0 ) : (0 0)
while yu, is given by the matrices
_ 0 beab + \abeab 0 b
@, (), (0 N2cabeab > ’ (0 0)

Since w1y + yu; is non-zero, we need to find a homotopy from it to zero. The following is
such a homotopy wus:
T T | \2-T——3 00 1
(0), (0, Abcab + A\“abcab), (0 E 0

Then fjuy + uyfy is a homotopy from §%u; + u1§? to zero, §2us + Jusf + usfy? is a homotopy
from 3u; +u1 g3 to zero, and JPus + §Pusf + Juay® +usf® is a homotopy from §u; +uyg* = 0
to zero.

At the next stage, the relevant composites are given by the matrices

L o —2
s (8) . (0, \bcab + Nabeab), ‘6 )
T \abcabe 0
y2u2y: ( 0 ) ) (0> 0)7 0
[ 0 0
yU2y2 : 0/’ (17 0)7 0
- 1 O
U’2y3: 0/° (07 0)7 O

Thus §73us + §2usl + Juaey? + usy® + u? is given by the matrices
3.7 7 o o 9
(1 A Oabcabc) . (1, Mbcab+ Nabeab),  (a20), (‘6) .

This is homotopic to §%Z, which is given by the matrices

(AEéBE) . (1,0), (@%0) (C_g) .
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The following is such a homotopy us:
ANa  Nbeab + Nabeab 0
(A%al_fa Aéab ) . 0,0),  (0), (0)

fi(y)

So we set

foly,y°) = fz( ) = f2(4%,97) = u,
Sy, 0% y) =
fs(? 7, y2)= Uy + us,
£y, %) = 7Pus + Juaf + waf® + §°2,
FP 0.0 y) = BP0 007 = faly, P uy?) =
So we have mg =0, my f3 = ma(fo ® f1 + f1 ® f2), and

(491) m4(y37 Y, y37 y) = m4<y27 y27 y27 y2> = m4(y7 y37 Y, yS) = yzz'
We can now check that the values of my fy + fimy and mo(fs ® fi + fo® fo+ f1 ® f3) on the
quadruples (v*,y,9°,9), (v*, %,y ¥*) and (y,¥° y,%°) are all equal to

TPug + TPual + Guad® + uaf® + u%

Equation (4.9.1) may now be interpreted in terms of Hochschild cohomology, using Propo-
sition 1.4.2. Since msz = 0, my is a Hochschild cocycle. It represents the element 7%y%z in
degree (—4,2), which by Theorem 4.8.4 is non-zero.

At the next stage, the expression ma(fys ® fi + f3® fo+ fo ® f3+ f1 ® f1) sends the
5-tuple (y%, y% y2, 42, ¥?) to usy® + (Juo + usy)uy + ur(Gus + uzy) + §%us, which is

0,  (3a® 0), (8 8) (Azo“s).

This is homotopic to zero, with homotopy w4 given by
)\2
()

sz 0 0
(0), (A2 Abeab) (0 0) ,
Thus we can take ms = 0 and f5(y?, %, v*, y?, ¥*) = uy4, to obtain

mifs + fims =me(fu@ i+ 3@ fo+ f2® fs+ [1 ® fa).

THEOREM 4.9.2. If G is a finite group with generalised quaternion Sylow 2-subgroups
and two classes of elements of order four, then C*BG and C,QBG, are not formal as As
algebras.

Proor. We have just shown that H*BG is not formal, since we can choose mg to be
zero, but then m, cannot be chosen to be zero. The fact that H *QBGQ is not formal follows
from the relation my(9,79,9,9) = n. This in turn follows from the fact that the Massey
product (7,9, 9,y) = n in Corollary 4.8.3 has no indeterminacy, see Theorem 1.4.5. O

This finally allows us to compute HH*C*BG = HH*C*QBGQ.

THEOREM 4.9.3. We have HH*C* BG = HH*C,.QBG, = A(j) @k[y, z,1]/(y*, v*n?) with
lyl = -1, |z| = —4, |9 =0, n=2.
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PROOF. The computation above of mz and my in H* BG, together with Corollary 4.8.3

show that in the spectral sequence
HH*H*BG = HH*C*BG

we have d? = 0 and d3(2) = y*n%. This then implies that 7 is a universal cycle, and F; = E..

Ungrading y* = 0 in E,,, we see that y* has to be a linear combination of the elements
y?zn and z'n*~2 with ¢ > 2. Since 7® = 0, the relation ungrading y* = 0 has to satisfy
y® = 0, so it cannot involve the elements 2'n*~2. So y* is some multiple of y?zn. But if it’s
a non-zero multiple then y® is a non-zero multiple of 3223n3. This contradiction shows that
y*=0in HH*H*BG.

Ungrading 3?n? = 0 in E,, we see that y?n? is a linear combination of the elements
Zin¥*l with 4 > 1. Again, since §® = 0, y?n? is nilpotent, and so we have y?n? = 0 in
HH*H*BG. 0]

It follows from this, that in the spectral sequence
HH*H,QBG, = HH*C,QBG, =~ HH*C*BG
we are forced to have d?(2) = y?n?, d*(7) = y*, to give the same answer for HH*C*BG.
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CHAPTER 5

Beyond tame

5.1. Introduction

In this chapter we discuss C*BG and C’*QBG; beyond the tame case. We’ve seen in
our discussion of tame representation type, that H*QBG; always has polynomial growth.

Furthermore, there is always a finitely generated central subalgebra over which H*QBG;2 is
finitely generated as a module.

This is not always the case for finite groups. There is a dichotomy, discovered by Ran
Levi, between polynomial and exponential growth for H*QBG;, and we discuss this in
Section 5.3. We give examples both of exponential growth and of polynomial growth beyond
tame representation type. For example, groups of Lie type in non-defining characteristic are
always of polynomial growth, as we shall explain in Section 5.7.

The other aspect revealed by our discussion of tame representation type is that in some
unexpected cases it turns out that C*BG is formal as an A, algebra. We begin with a
discussion of this phenomenon.

5.2. Formality

One of the surprising aspects of our work is the discovery that C*BG is formal in two of
the cases with semidihedral Sylow 2-subgroups, see Theorems 3.7.16 and 3.13.13, and also
when G has generalised quaternion Sylow subgroups and no normal subgroup of index two,
see Theorem 4.7.4. In this section, we discuss formality in general for the A, algebra C*BG.
We begin with finite p-groups.

THEOREM 5.2.1. Let G be a finite p-group. Then the following are equivalent.

(i) The comultiplication on a minimal resolution of k as a kG-module is strictly coas-
soctative.
(ii) The A algebra C*BG is formal.
(iii) H*BG is a polynomial ring.
(iv) p=2 and G is an elementary abelian 2-group.

PROOF. (i) = (ii): Let P, be a minimal resolution of k as a kG-module. Then the differ-
ential on Homyg(Ps, k) is zero, and so H* BG = Homyg (P, k) with the multiplication induced
from the comultiplication on P,. Since the comultiplication is coassociative, Homyq (P, k) is
a DG algebra with zero differential, and is therefore formal.

(ii) = (ili): If C*BG is formal then the Eilenberg-Moore spectral sequence gives an
isomorphism Ext}:54(k,k) = kG. In particular, Ext}z.(k, k) has finite total dimension
over k, so H*BG has finite global dimension. It follows that it is regular, and hence a
polynomial ring.

(ili) < (iv) is proved in Corollary 6.6 of Benson and Carlson [18].
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(iv) = (i): If G is cyclic of order two then the reduced bar resolution is minimal, so G
satisfies (i). If G is an elementary abelian 2-group then we express G as a direct product of
cyclic groups of order two, and form the tensor product of their minimal resolutions. The
comultiplication resulting from this is strictly coassociative. 0

As an illustration of the grading techniques, we prove the following, which also gives
another proof of (iv) = (ii) in Theorem 5.2.1.

THEOREM 5.2.2. Suppose that G is a finite group with elementary abelian Sylow 2-
subgroup D, and k is a field of characteristic two. Then there is a grading on kG such that
the Ay algebra C*BG 1is intrinsically formal. In particular, without reference to grading,
C*BG is formal.

ProOOF. By Theorem 1.8.2 and Remark 1.8.3, we can suppose that G is a semidirect
product D x H, with H a p/-subgroup of Aut(D).

Let D = (g1,...,9,) = (Z/2)". The group H acts on kD, and this gives a short exact
sequene of kH-modules

0 — JX(kD) — J(kD) — J(kD)/J*(kD) — 0.

Since p does not divide |H|, this sequence splits. Let U be an invariant complement to

J*(kD) in J(kD), and let X1, ..., X, be a basis for U. Then
kD = k[X1,..., X, ]/(XE,..., X2).

We can put a grading on kD by setting | X;| = 1. Putting elements of H in degree zero then
defines a grading on kG. This gives us an H-invariant grading on H*BD = k[xy, ..., z,| with
|z;| = (=1,—1). Then the ring H*BG = (H*BD)" is doubly graded. The cohomological
degrees of elements are equal to their internal degrees. The A, maps m;: H*BG — H*BG
have degrees (i — 2,0), see Theorem 1.3.8. So for ¢ > 2 we have m; = 0, since either the
source or the target is zero. [

REMARK 5.2.3. A discussion of formality for C* BG in the case of a compact Lie group G
can be found in Benson and Greenlees [21]. The last section of this paper has an discussion
of the literature.

5.3. Polynomial versus exponential growth

DEFINITION 5.3.1. Let f be a real valued function on the non-negative integers. We say
that f grows at most polynomially if there exists a polynomial function p such that for all
n > 0 we have |f(n)| < p(n).

In commutative algebra, we have the following theorem, characterising complete inter-
sections.

THEOREM 5.3.2 (Gulliksen [134], Theorem 2.3). Let R be a commutative local ring with
residue field k. Then R is a complete intersection if and only if Exty(k,k) has polynomial
growth.

The corresponding theorem for loop space homology of finite complexes is as follows.
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DEFINITION 5.3.3. Let f be a real valued function on the non-negative integers. We say
that f grows at least semi-exponentially if there exists a constant C' > 1 such that for n large

enough > " [ f(9)] > oV,

EXAMPLE 5.3.4. The partition function p(n) satisfies logp(n) ~ m %” as n — 00, SO

p(n) has semi-exponential growth.

THEOREM 5.3.5 (Felix, Halperin and Thomas [81]). Let X be a simply connected finite
CW complez, and p a prime. Then H,(QX;F,) grows either at most polynomially, or at
least semi-exponentially.

REMARK 5.3.6. Anick [3] found examples where the growth is semi-exponential but not
exponential, in the contexts of both Theorem 5.3.2 and Theorem 5.3.5.

DEFINITION 5.3.7. A finite CW complex is said to be elliptic at p if if H,(QX;F,) has
polynomial growth.

Using Theorem 5.3.5, Levi [169] proved the following,.

THEOREM 5.3.8. For a finite group G, the loop space homology H*QBG;7 grows either at
most polynomially or at least semi-exponentially.

Examples are given in Levi [168,169] of groups for which the homology contains a free
algebra on two variables, so that the growth is exponential. No examples are currently known
where the growth is at least semi-exponential but not exponential.

REMARK 5.3.9. A discussion of various derived notions of complete intersections, in the
context of polynomial versus semi-exponential growth, can be found in Benson, Greenlees
and Shamir [24], Greenlees, Hess and Shamir [132]. The hope is that for spaces of the form
BG;7 with G a finite group, these notions coincide, and describe when H*QBG; has at most
polynomial growth.

5.4. An exponential compact Lie example

For non-connected compact Lie groups, it is not hard to cook up examples of exponential
growth. In this section, we give an example which is not only of exponential growth, but
also formal. In Section 5.5 we give a finite group example based on this one.

Let k = @, let T be an r-dimensional torus, and let G = T x Z/2, where the involution
inverts every element of 7. Then H*BT = Qlzy,...,z,] with |z;| =2 for 1 < i < r, and
H*BG is the subalgebra generated by z; ; = z;2; with 1 <@ < j < r. The relations are

2
Liiljj = &

i, Liiljk = Lijlik, T jlre = Tiklje = LigLj k-

Here, distinct letters in the subscripts represent distinct indices. This is a Koszul algebra, so
Ext}. g (k, k) is the Koszul dual, which is a non-commutative algebra generated by degree
(—1,2) elements &, ; with relations

B,=0, [T dig) =0, [F ) 37 =0,
(g, i) + [Zig, Tag] =0, [Zig, Be] + [, Tje] + [Bie, ] = 0.

Note that here, for elements z, 2’ of odd degree, [z, 2] means zz’ + 2'x.
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The Eilenberg-Moore spectral sequence
Ext}y. 56(Q, Q) = H.QBGy

has no room for differentials or ungrading problems, so H*QBG& is the same ring as
Ext«pe(Q, Q), but where the generators Z;; are in degree one. For r > 3, this has ex-
ponential growth. For example, when r = 3 it is a free module on eight generators over the
free subalgebra Q(Z1 9, &1 3, T2,3), and the quotient by the ideal generated by &2, T13, T23
is an exterior algebra on &1, Z22, 33. The Poincaré series for r = 3 is given by

(141¢)?

T =1+ 6t + 21¢% + 64t + 192t* + 576t° + - - -

> " dimy H,QBGq =
n=0
For general r, we have
o L5) /ry\ 46 00
20 (9:)1" A 1+1t)"
S trdimg 178G = =08 S g, g ape - L)
o (1-1) = i () (=)
This is an example of the general relation (1.12.5) between the Poincaré series of a Koszul
algebra and its dual. To apply the formula literally, the variable ¢ in the first sum is replaced
by st~2, and in the second by st.

REMARK 5.4.1. It follows from the main theorem of Benson and Greenlees [21] that for
this family of examples, the A, structure on H*BG is formal. Then since it is a Koszul
algebra, it follows that the Koszul dual H*QBG& is also formal.

5.5. An exponential finite group example

The loop space homology in the cases discussed in Chapters 24 is of polynomial growth,
and almost commutative, in the sense that there is a central subring over which the whole
ring is finitely generated as a module. In this section, for contrast, we examine a finite group
example where H*QBG; has exponential growth. We take our cue from what happened in
the compact Lie example of Section 5.4. This is related to Levi’s example but is somewhat
simpler to analyse using our technique of introducing an internal grading on the group
algebra.

Let p be an odd prime, k be a field of characteristic p, and let G' be the group

(Z/p < Z[p) x Z/2
given by the presentation
(9,h,s| g" =h =s*=1,gh = hg,sg = g 's,sh=h""s).
Let H be the subgroup of index two generated by ¢ and h, and let X = Zf;ll g'/i and

Y = Zf;ll h'/i as elements of kH < kG. Then we have the following presentation for the
group algebra:

kG =k(X,Y,s | XP =Y? =0,XY = YX,sX = —Xs,5Y = —Ys,s> = 1),

We can put a double grading on this by setting | X| = (1,0), |Y| = (0,1) and |s| = (0,0).
Then
H*BH = k[u,v] ® A(z,y)
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with |u| = (-2,—p,0), |v| = (=2,0,—p), |z| = (=1,-1,0) and |y| = (—1,0,—1). The
cohomology ring H*B(G is equal to the invariants of the action of s, which is the subring
generated by a = u?, b = uv, c = v?, a = zu, B = xv, ¥ = yu, 6 = yv, and € = zy. Regarding
a, b and ¢ as polynomial generators and the rest as exterior generators, the further relations
are:

ac="b, af=ba, bf=ca, ad=10by, bd=cy, ac=oay, be=ad=p,
ce=060, af=0, 9 =0, ac=0, pe=0, =0, 0de=0.

Ignoring the higher multiplications, this is a Koszul algebra, and so its Ext algebra is the
Koszul dual, with eight generators and 16 relations:

EXt;}tBG(kv k) = k<&7 A? éu &7 37 ’3/7 57 €

Q>
)
I
(o)
o
|
=
>

The degrees are
|€L| = (_17472]7;0)7 |b| = (_1747p7p)7 |é| = (_17470;2]7); ’OAC| = (_1737p+170)7
|6‘ = (—1,371,]9), |’A>/| :(_1737]971)7 |6| :(_173707p+1>7 |é| :<_17271>1)'
Since the differentials in the Eilenberg—Moore spectral sequence preserve the two internal
degrees, it is easy to see that there is no room for non-zero differentials. For example, d"(a)
has last degree zero, so it can only involve a and &. No monomial in these has the appropriate
third degree.
Similarly, when we ungrade the E* page of the spectral sequence, there are no other
monomials of the same internal degrees as the quadratic terms in the list, so the ungraded

relations are the same as in £°. It follows that H*QBG; >~ Extypo(k, k) is as described
above, but where the first two degrees have been added:

al = (3,2p,0), 1b] = (3,p,p), e] = (3,0,2p), &l = (2,p+1,0),
|5| = (27 1,]9), |6/| - (2,]77 1)? |5| = (2707p+ 1)7 |é| - (L 1, 1)'

This algebra contains for example the free algebra k(@,?}, and therefore has exponential
growth.
To obtain this Poincaré series, we use the formula (1.12.5). For R = H*BG we have

14t P4t st 570
Pr(s:t) = (1 — st=4)2 '

For R' = H*QBG; we have

1+ st3)?
(s,t) =1 —stT ) = ( .
pr(s,t) = 1/pr(=s e R

Setting s = 1 and cancelling gives the required Poincaré series.
(1—t+¢)

[ ap gz = LHE O 1260 4 326 4 841 + 22017 + 576" - -

> " dimy H,QBG, =

n=0
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which agrees with the answer given in Section 2 of [16] in the case p = 3.

REMARK 5.5.1. A similar but more complicated analysis holds in larger rank. Let G =
(Z/p)" x Z/2 with the involution inverting every element of order p, and let H be the normal
subgroup of index two. The group algebra kG has r internal gradings, one for each factor of
H. The cohomology ring H*BG is equal to the invariants of the involution on H*BH. This
is again a Koszul algebra, with Koszul dual Exty: g, (k, k). There is no room for non-zero
differentials in the Eilenberg—-Moore spectral sequence, and no ungrading problems, so we
have H'*QBG}A7 = Ext}:zo(k, k). This again has exponential growth, but the task of writing
down the Poincaré series is more complicated.

5.6. Reflection groups

We do not want to give the impression that polynomial growth for H,2B G; only happens
for finite or tame representation type. We therefore mention the following. In the next two
sections we give further examples of polynomial growth.

THEOREM 5.6.1. Suppose that G is a semidirect product E x H with E an elementary
abelian p-group (p odd), and H a p-adic reflection group of order prime to p, acting on E
via the reduction modulo p of the reflection representation. Then H*BG is a polynomial
tensor exterior algebra. In this case, H*QBG; 18 also usually polynomial tensor exterior,
and always has polynomial growth.

PROOF. We have H*BG = (H*BE)"| the invariants of H on H*BE. It follows from
a theorem of Solomon [203] that H*BG is a polynomial algebra tensored with an exterior
algebra. So Exty.pq(k, k) is also polynomial tensor exterior, and has polynomial growth.
It then follows from the Eilenberg-Moore spectral sequence that H*QBG; has polynomial
growth. O

REMARK 5.6.2. In the theorem, if we use a single grading on kG by powers of the
radical, the polynomial generators for H*BG lie in degrees (—2n;, —pn;) and the exterior
ones in degrees (—2n; +1, —p(n; — 1) — 1), where n; runs over the degrees of the fundamental
invariants of the reflection group H. So the polynomial generators of Exty.pq(k, k) are in
degree (—1,2n; — 1,p(n; — 1) + 1) and the exterior generators are in degrees (—1,2n;, pn;).
There is no room for non-zero differentials, but it occasionally happens that the exterior
relations ungrade to have non-zero squares and commutators in the polynomial part. An
example of this is the symmetric group of degree three at the prime three, with £ = Z/3
and H =7/2.

5.7. Groups of Lie type in non-defining characteristic

In this section, we describe why, if G is a finite group of Lie type in non-defining char-
acteristic p, H*QBG;J has polynomial growth. This is a consequence of a construction
of Quillen [191], elaborated in Friedlander [84, 85], Fiedorowicz and Priddy [82], Wilker-
son [211], and Kleinerman [157].

Let G be a connected compact Lie group, and let G(p™) be the corresponding finite
group of Lie type over the finite field F,». Let ¢ be a prime different from p, and k a field
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of characteristic £. Then there is an Adams operation 1*": BG, — BG, and a homotopy
fibre square

BG(p™), ——— BG,

lidxid
A idxpP™ A A

In the case of a twisted group of Lie type, 1?" is replaced by its composite with a diagram
automorphism, and the same homotopy fibre square results.

We consider the Eilenberg—Moore spectral sequence of this fibre square with coefficients
in k:

Tor!! PG5S ([*BG, H*BG) = H*BG(p™)

If 7 is not a torsion prime for G then H*BG is a polynomial ring. In this case, the spectral
sequence stops at the Ey page, and gives a finite filtration on H*BG(p™) whose associated
graded is a polynomial algebra tensored with an exterior algebra. The degrees of the polyno-
mial generators are twice the degrees of suitable fundamental invariants of the Weyl group,
while the degrees of the exterior generators are one less.

If ¢ is an odd prime then there is no ungrading problem, and this gives the structure
of the cohomology as a polynomial tensor exterior algebra. On the other hand, if ¢ = 2,
it can happen that the exterior generators ungrade to give elements whose square is not
necessarily zero, but is expressible in terms of the other generators. The exact relations
can be difficult to determine. Independently of the exact relations, the answer is always a
complete intersection.

We now apply another Eilenberg-Moore spectral sequence (see Remark 1.6.3)

Bt} pogm (ki k) = H.QBG(p™), .

So the associated graded of H,QQBG (pm)2 is usually a polynomial tensor exterior algebra. If
¢ = 2, the computation has to be made using Theorem 1.11.2. The result is that H,.QBG (p™)
has polynomial growth. It is finite as a module over its centre, and the centre is finitely
generated as a k-algebra.

EXAMPLE 5.7.1 (Quillen [191}). Let G = U(n), of Lie type A,,_1. We have
H*BU(n) = K|ey, . . ., ¢l

where the ¢; are the Chern classes of degree 2n. Then G(p™) is the general linear group
GL(n,p™).
For ¢ odd, this gives

H*BGL(n,p™) = K[cr, cory - oy cir) @ Aey, €9y ., €47)

where r is the order of p™ modulo ¢, and t is the integer part of n/r. The degrees are
|cir] = —2ir, |es,| = —2ir + 1. Then the associated graded of H,QBGL(n,p™), is

k[é’m é?’r‘a s 7ét7’] ® A(6T7 é27"; o 7ét’r‘)

with |é;,| = 2ir — 2, |¢;-| = 2ir — 1. Beware that there is no reason why the answer should
be graded commutative, so it is not obvious how to ungrade the square zero relations for the
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¢;r. For example, in characteristic three we have

see Section 1.13. But in any case, the answer has polynomial growth.
For ¢ = 2, we have r = 1 and t = n. In this case, if p = 1 (mod 4) we get the same
answer as above, but if p™ =3 (mod 4) then we have

j—1
€j2< = Z CaC2j—1—qa-
a=0

Here, cgj_1_, is interpreted as zero if 2j —1 —a > n. This gives a complete intersection with
Krull dimension n, with n + [ 5] generators ey, ..., ey, C,¢4,... and | 5] relations. So by
Theorem 1.11.2, the E? term of the Eilenberg—Moore spectral sequence is finite as a module
over a central polynomial subring with [ %] generators. So H,QBGL(n, pm)2 has polynomial
growth.

ExAMPLE 5.7.2 (Kleinerman [157]). Let G = G5 and ¢ = 2. Two is a torsion prime for
G, and we have
H*BGy = Kk[dy, dg, d7].
The Eilenberg-Moore spectral sequence gives the associated graded of H* BG5(p™) (p an odd
prime) to be k[dy, ds, d7|@A(y3, ys, ys). Ungrading the relations gives y3 = yg, y2 = y3dr+yeds
and y2 = ysdr + yeds (Grbi¢ [130]). So H* BG5(p™) is the complete intersection

K[da, do, d7, y3, ys) /(3 + ysdr + y3da, ys + ysdr + y3de).
Using Theorem 1.11.2, we see that the E? page of the Eilenberg-Moore spectral sequence
for H.QQBGy(p ); is generated over the central subalgebra k|[sjo, s12] by elements d4, d@, d7,
U3, Us- The relations say that all squares and commutators of the latter elements are zero
except for A
y5 [d77y3] = S10, [dz, Js5] = s12-

There is no room for differentials, but ungrading the E*° page requires some work. This is
done in the paper of Levi and Seeliger [172], where they also compute the coproduct and
action of the dual Steenrod algebra. It turns out that E> as given above is isomorphic to
H.QBG, (pm)g The degrees are added, so that the elements d; and 7; now have degree 1 — 1,
and the elements s; have degree j — 2.

This is of polynomial growth, since it is finitely generated (actually free of rank 2°) over
the central polynomial subalgebra k[sqg, s12] with Poincaré series

I+ A+ ) A+t + )1+ (1+3)(1+1°)
(1 —t8)(1 — t19) T A=) —)

> dimy H,QBGy(p™); =

n=0
5.8. An exotic example: BSol(q)

Let ¢ be an odd prime power, and let Sol(q) be the exotic Benson—Solomon 2-local
finite group. This was originally discussed as a configuration that was proved not to come
from a finite group in Solomon [204]. Its classifying space BSol(q) was then discussed in
Benson [14], and finally it was constructed as a fusion system and linking system by Levi
and Oliver [171]. Using the fibre square like the one in the previous section, the associated
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graded of H*BSol(q) was computed in [14] to be a polynomial ring on generators in degrees
8, 12, 14 and 15 tensored with an exterior algebra on generators in degrees 7, 11, 13 and
14. The ungrading was carried out by Grbi¢ [130], who computed it to be the codimension
three complete intersection

H*BSOI(q) = k[u87 U2, U14, U15, Y7, Y11, y13]/<f227 f267 f28)

where the (homological) degrees are minus the subscripts, and where
Jo2 =yt + usyi + ussyr,
fo6 = Yis + w2y + ussy1,
fos = 7 + way? + wisyns.

Applying Theorem 1.11.2, we find that Extj/. psei, (k, k) is generated over a central sub-
algebra k[sq, So6, Sog] by elements g, 112, 14, U15, Y7, Y11, J13- Lhe degrees of the elements ;
and y; are (—1,4), while the degrees of the s; are (=2, 7). The relations say that all squares
and commutators of the latter elements are zero except for

gty = [ns, 97 = 522, Gts = [, 1] = se6, (G5, G13] = s2s.
In the Eilenberg-Moore spectral sequence
Exty- psoi(q) (k. k) = H.Q2BSol(q)

there is no room for non-zero differentials, but ungrading the E°° page takes more work.
This is done in the paper of Levi and Seeliger [172], where they also compute the coproduct
and action of the dual Steenrod algebra. It turns out that E* as given above is isomorphic
to H.Q2BSol(q). The degrees are added, so that the @; and §; now have degree i — 1 and the
s; have degree j — 2.

This is of polynomial growth, since it is finitely generated (actually free of rank 27) as a
module over the central polynomial subalgebra k[sag, S96, S2s], with Poincaré series

(1T (14 ") (1 4+ 13) (1 + ) (1 +5)(1 + t19)(1 + ¢12)
(1 — 20)(1 — #24)(1 — 126)

(1+¢7)(1 4 1) (1 + 1)
(1—t5)(1 — 10)(1 — ¢18)

> " dimy H,QBSol(q) =

n=0

5.9. Some questions

We end with some questions related to our computations.

QUESTION 5.9.1 (John Greenlees). For a finite group G, is D°(C*BG) generated by
C*BP, where P is a Sylow p-subgroup of G?

In the cases where we have been able to describe the structure of the singularity category,
the answer to this question is yes. It is also yes in the case of a finite p-group, by the work
of Greenlees and Stevenson [133].

QUESTION 5.9.2. The ring H*BG acts on D*(C*BG) ~ D°(C,QBG,) and hence on
Dy (C*BG) =~ Degg(Ci2BG,) and Degg(C*BG) ~ Dgp(C.QBG,). What are the supports
of these? In particular, is the support of Ds(C*BG) equal to the nucleus of G, as defined
in [19] and discussed further in [13]7
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QUESTION 5.9.3. In the examples that have been computed so far for H*QBG;, we have
the following.

(1) If the growth is polynomial then there is a central subring over which the homology
is finitely generated as a module.

(2) If the growth is semi-exponential then there is a free subalgebra on two generators,
which implies exponential growth.

To what extent are these true in general?

Is H*QBG; always finitely presented as an algebra?

Is the Poincaré series .
> " dimy H,QBG,
n=0

always a rational function of ¢7

110



10.
11.
12.
13.

14.

15.

16.

17.

18.

19.

20.

21.
22.

23.

Bibliography

J. L. Alperin, R. Brauer, and D. Gorenstein, Finite groups with quasi-dihedral and wreathed Sylow
2-subgroups, Trans. Amer. Math. Soc. 151 (1970), 1-261.

J. L. Alperin and M. Broué, Local methods in block theory, Ann. of Math. 110 (1979), no. 1, 143-157.
D. J. Anick, A counterexample to a conjecture of Serre, Ann. of Math. 115 (1982), no. 1, 1-33.

M. A. Antipov and A. I. Generalov, Cohomology of algebras of semidihedral type II, J. Math. Sci. 12
(2004), no. 1, 4681-4697.

T. Asai, A dimension formula for the cohomology rings of finite groups with dihedral Sylow 2-subgroups,
Comm. Algebra 19 (1991), no. 11, 3173-3190.

T. Asai and H. Sasaki, The mod 2 cohomology algebras of finite groups with dihedral Sylow 2-subgroups,
Comm. Algebra 21 (1993), no. 8, 2771-2790.

M. Aschbacher, R. Kessar, and B. Oliver, Fusion systems in algebra and topology, London Math. Soc.
Lecture Note Series, vol. 391, Cambridge University Press, 2011.

L. L. Avramov, Infinite free resolutions, Six lectures on commutative algebra (J. Elias, J. M. Giral,
R. M. Mir6-Roig, and S. Zarzuela, eds.), Progr. in Math., vol. 166, Birkh&user Verlag, Basel, 1998.

O. I. Balashov and A. I. Generalov, The Yoneda algebras for a certain class of dihedral algebras, Vestnik
St. Petersburg Univ. Math. 32 (1999), no. 3, 1-8, (Russian, English summary).

, Cohomology of algebras of dihedral type II, St. Petersburg Math. J. 13 (2002), no. 1, 1-16.

H. Bender, Finite groups with dihedral Sylow 2-subgroups, J. Algebra 70 (1981), 216-228.

H. Bender and G. Glauberman, Characters of finite groups with dihedral Sylow 2-subgroups, J. Algebra
70 (1981), 200-215.

D. J. Benson, Cohomology of modules in the principal block of a finite group, New York Journal of
Mathematics 1 (1995), 196-205.

, Cohomology of sporadic groups, finite loop spaces, and the Dickson invariants, Proceedings of
the 1994 Durham conference on Geometry and Cohomology in Group Theory (P. Kropholler, G. Niblo,
and R. Stohr, eds.), London Math. Soc. Lecture Note Series, vol. 252, 1998, pp. 10-23.

, Representations and Cohomology I: Basic representation theory of finite groups and associative
algebras, Cambridge Studies in Advanced Mathematics, vol. 30, Second Edition, Cambridge University
Press, 1998.

, An algebraic model for chains on Q(BG;), Trans. Amer. Math. Soc. 361 (2009), 2225-2242.

D. J. Benson and J. F. Carlson, Diagrammatic methods for modular representations and cohomology,
Comm. Algebra 15 (1987), 53-121.

, Projective resolutions and Poincaré duality complexes, Trans. Amer. Math. Soc. 132 (1994),
447-488.

D. J. Benson, J. F. Carlson, and G. R. Robinson, On the vanishing of group cohomology, J. Algebra
131 (1990), 40-73.

D. J. Benson and P. Etingof, Symmetric tensor categories in characteristic 2, Adv. in Math. 351 (2019),
967-999.

D. J. Benson and J. P. C. Greenlees, Formality of cochains on BG, Preprint, 2022.

_, The singularity and cosingularity category of C*BG for groups with cyclic Sylow p-subgroup,
Preprint, 2021.

, Massey products in the homology of the loopspace of a p-completed classifying space: finite
groups with cyclic Sylow p-subgroups, Proc. Edinb. Math. Soc. 64 (2021), no. 4, 908-915.

111



24

25.

26.

27.

28.

29.

30.

31

32.

33.

34.

35.
36.

37.

38.

39.

40.

41.
42.

43.

44.

45.

46.

47.

48.

49.
50.

D. J. Benson, J. P. C. Greenlees, and S. Shamir, Complete intersections and mod p cochains, Algebr.
Geom. Topol. 13 (2013), no. 1, 61-114.

D. J. Benson and H. Krause, Complexes of injective kG-modules, Algebra & Number Theory 2 (2008),
1-30.

J. Biatkowski, K. Erdmann, A. Hajduk, A. Skowronski, and K. Yamagata, Socle equivalences of weighted
surface algebras, J. Pure & Applied Algebra 226 (2022), paper no. 106886, 31pp.

J. M. Boardman and R. M. Vogt, Homotopy invariant algebraic structures on topological spaces, Lecture
Notes in Mathematics, vol. 347, Springer-Verlag, Berlin/New York, 1973.

D. Bogdanic, Graded blocks of group algebras with dihedral defect groups, Colloq. Math. 122 (2011),
no. 2, 149-176.

, Gradings on semidihedral blocks with three simple modules, Bull. Int. Math. Virtual Inst. 5
(2015), no. 2, 141-152.

, Gradings on semidihedral blocks with two simple modules, Bull. Int. Math. Virtual Inst. 5
(2015), no. 2, 133-140.

, Gradings on quaternion blocks with three simple modules, Bull. Int. Math. Virtual Inst. 11
(2021), no. 2, 319-325.

, Gradings on quaternion blocks with two simple modules, Bull. Int. Math. Virtual Inst. 11
(2021), no. 2, 255-260.

V. M. Bondarenko and Y. A. Drozd, Representation type of finite groups, (transl. from Russian) J.
Soviet Math. 20 (1982), 2515-2528.

A. K. Bousfield and D. M. Kan, Homotopy limits, completions and localizations, Lecture Notes in
Mathematics, vol. 304, Springer-Verlag, Berlin/New York, 1972.

R. Brauer, Investigations on group characters, Ann. of Math. 42 (1941), no. 4, 936-958.

, Some applications of the theory of blocks of characters of finite groups II, J. Algebra 1 (1964),
307-334.

, Some applications of the theory of blocks of characters of finite groups III, J. Algebra 3 (1966),
225-255.

, On 2-blocks with dihedral defect group, Symposia Math. XIII (Convegno di Gruppi e loro
Representazioni, INDAM, Rome, Academic Press, New York/London, 1974, pp. 367-393.

R. Brauer and M. Suzuki, On finite groups of even order whose 2-Sylow group is a quaternion group,
Proc. Nat. Acad. Sci. USA 45 (1959), 1757-1759.

C. Broto, R. Levi, and R. Oliver, Homotopy equivalences of p-completed classifying spaces of finite
groups, Invent. Math. 151 (2003), 611-664.

, The homotopy theory of fusion systems, J. Amer. Math. Soc. 16 (2003), 779-856.

R.-O. Buchweitz, E. L. Green, N. Snashall, and @. Solberg, Multiplicative structures for Koszul algebras,
Quarterly J. Math. (Oxford) 59 (2008), 441-454.

R.-O. Buchweitz, G.-M. Greuel, and F.-O. Schreyer, Cohen—Macaulay modules on hypersurface singu-
larities II, Invent. Math. 88 (1987), 165-182.

R.-O. Buchweitz and C. Roberts, The multiplicative structure on Hochschild cohomology of a complete
intersection, J. Pure & Applied Algebra 219 (2015), 402-428.

U. Buijs, J. M. Moreno-Fernandez, and A. Murillo, Ao, structures and Massey products, Mediterr. J.
Math. 17 (2020), no. 1, Paper No. 31, 15pp.

M. Cabanes and C. Picaronny, Types of blocks with dihedral or quaternion defect groups, J. Fac. Sci.
Univ. Tokyo Sect. 1A Math. 39 (1992), no. 1, 141-161.

J. F. Carlson, N. Mazza, and J. Thévenaz, Endotrivial modules over groups with quaternion or semi-
dihedral Sylow 2-subgroup, J. Eur. Math. Soc. 15 (2013), no. 1, 157-177.

H. Cartan and S. Eilenberg, Homological algebra, Princeton Mathematical Series, no. 19, Princeton
Univ. Press, 1956.

A. Chermak, Fusion systems and localities, Acta Math. 211 (2013), no. 1, 47-139.

A. Y. M. Chin, The cohomology rings of finite groups with semi-dihedral Sylow 2-subgroups, Bull.
Austral. Math. Soc. 51 (1995), no. 3, 421-432.

112



o1

52.

93.

54.

95.
96.

57.
58.
59.
60.
61.
62.
63.

64.
65.

66.
67.
68.
69.
70.
71.
72.
73.
4.
75.
76.
e
78.
79.

80.

81

C. Cibils and A. Solotar, Hochschild cohomology algebra of abelian groups, Arch. Math. (Basel) 68
(1997), no. 1, 17-21.

D. A. Craven, The theory of fusion systems, Cambridge Studies in Advanced Mathematics, vol. 131,
Cambridge University Press, 2011.

, Representation theory of finite groups: A guidebook, Universitext, Springer-Verlag, Berlin/New
York, 2019.

D. A. Craven and A. Glesser, Fusion systems on small p-groups, Trans. Amer. Math. Soc. 364 (2012),
no. 11, 5945-5967.

W. W. Crawley-Boevey, On tame algebras and bocses, Proc. London Math. Soc. (3) 56 (1988), 451-483.
, Functorial filtrations II: Clans and the Gel’fand problem, J. London Math. Soc. 40 (1989),
no. 1, 9-30.

, Functorial filtrations III: semidihedral algebras, J. London Math. Soc. 40 (1989), no. 1, 31-39.
E. C. Dade, Blocks with cyclic defect groups, Ann. of Math. 84 (1966), 20-48.

, Une extension de la théorie de Hall et Higman, J. Algebra 20 (1972), 570-609.

P. W. Donovan, Dihedral defect groups, J. Algebra 56 (1979), no. 1, 184-206.

P. W. Donovan and M.-R. Freislich, The indecomposable modular representations of certain groups with
dihedral Sylow subgroup, Math. Ann. 238 (1978), no. 3, 207-216.

Y. A. Drozd, Tame and wild matriz problems, Representation Theory II, Lecture Notes in Mathematics,
vol. 832, Springer-Verlag, Berlin/New York, 1980, pp. 242-258.

S. Eilenberg and J. C. Moore, Homology and fibrations I. Coalgebras, cotensor product and its derived
functors, Comment. Math. Helvetici 40 (1966), 199-236.

F. Eisele, p-Adic lifting problems and derived equivalences, J. Algebra 356 (2012), 90-114.

, Blocks with a generalized quaternion defect group and three simple modules over a 2-adic Ting,
J. Algebra 456 (2016), 294-322.

K. Erdmann, Principal blocks of groups with dihedral Sylow 2-subgroups, Comm. Algebra 5 (1977),
no. 7, 665-694.

, On 2-blocks with semidihedral defect groups, Trans. Amer. Math. Soc. 256 (1979), 267—287.

, Algebras and dihedral defect groups, Proc. London Math. Soc. (3) 54 (1987), no. 1, 88-114.

, Algebras and quaterion defect groups I, Math. Ann. 281 (1988), no. 4, 545-560.

, Algebras and quaterion defect groups II, Math. Ann. 281 (1988), no. 4, 561-582.

, Algebras and semidihedral defect groups I, Proc. London Math. Soc. (3) 57 (1988), no. 1,
109-150.

, On the number of simple modules of certain tame blocks and algebras, Arch. Math. (Basel) 51
(1988), no. 1, 34-38.

, Algebras and semidihedral defect groups II, Proc. London Math. Soc. (3) 60 (1990), no. 1,
123-165.

, Blocks of tame representation type and related algebras, Lecture Notes in Mathematics, vol.
1428, Springer-Verlag, Berlin/New York, 1990.

, On the local structure of tame blocks, Représentations linéaires des groupes finis (M. Cabanes,
ed.), Astérisque, vol. 181-182, Société Math. de France, 1990, pp. 173-189.

, On 2-modular representations of GUs(q), ¢ = 3 mod 4, Comm. Algebra 20 (1992), no. 12,
3479-3502.

, On semisimple deformations of local semidihedral algebras, Arch. Math. (Basel) 63 (1994),
no. 6, 481-487.

K. Erdmann and G. O. Michler, Blocks with dihedral defect groups in solvable groups, Math. Zeit. 154
(1977), no. 2, 143-151.

K. Erdmann and A. Skowroriski, Algebras of generalized quaternion type, Adv. in Math. 349 (2019),
1036-1116.

L. Evens and S. Priddy, The cohomology of the semi-dihedral group, Conference on algebraic topology
in honor of Peter Hilton (R. Piccinini and D. Sjerve, eds.), Contemp. Math., vol. 37, 1985, pp. 61-72.
Y. Félix, S. Halperin, and J.-C. Thomas, Elliptic spaces II, Enseign. Math. 39 (1993), 25-32.

113



82. Z. Fiedorowicz and S. Priddy, Homology of classical groups over finite fields and their associated infinite
loop spaces, Lecture Notes in Mathematics, vol. 674, Springer-Verlag, Berlin/New York, 1978.

83. M. A. Filippov and A. I. Generalov, Hochschild cohomology for algebras of dihedral type VII. The family
D(3R), J. Math. Sci. 240 (2019), no. 4, 408-427.

84. E. M. Friedlander, Computations of K -theories of finite fields, Topology 15 (1976), no. 1, 87-109.

85. , Etale homotopy of simplicial schemes, Ann. of Math. Studies, vol. 104, Princeton Univ. Press,

1982.
86. A. 1. Generalov, Cohomology of algebras of dihedral type I, J. Math. Sci. 112 (2002), no. 3, 4318-4331.

87. , Cohomology of algebras of semidihedral type I, St. Petersburg Math. J. 13 (2002), no. 4, 549-
573.

88. , Cohomology of algebras of dihedral type IV. The family D(2B), J. Math. Sci. 124 (2004), no. 1,
4719-4726.

89. , Cohomology of algebras of semidihedral type III. The family SD(3X), J. Math. Sci. 130 (2005),
no. 3, 4689-4698.

90. ___, Hochschild cohomology of algebras of dihedral type I. The family D(3X) in characteristic 2, St.
Petersburg Math. J. 16 (2005), no. 6, 961-1012.

91. | Cohomology of algebras of semidihedral type IV, J. Math. Sci. 134 (2006), no. 6, 2489-2510.

92. | Cohomology of algebras of semidihedral type V, J. Math. Sci. 140 (2007), no. 5, 676-689.

93. __, Cohomology of algebras of semidihedral type VI, J. Math. Sci. 147 (2007), no. 5, 7074-7083.

94. , Hochschild cohomology of algebras of quaternion type I. Generalized quaternion groups, St.
Petersburg Math. J. 18 (2007), no. 1, 37-76.

95. _, Cohomology of algebras of semidihedral type VII. Local algebras, J. Math. Sci. 161 (2009),
no. 4, 530-536.

96. , Hochschild cohomology of algebras of quaternion type III. Algebras with a small parameter,
J. Math. Sci. 156 (2009), no. 6, 877-900.

97. , Hochschild cohomology of algebras of dihedral type II. Local algebras, J. Math. Sci. 171 (2010),
no. 3, 357-379.

98. , Hochschild cohomology of algebras of dihedral type III. Local algebras in characteristic 2, Vestnik
St. Petersburg Univ. Math. 43 (2010), no. 1, 23-32.

99. , Hochschild cohomology of algebras of semidihedral type I. Group algebras of semidihedral groups,
St. Petersburg Math. J. 21 (2010), no. 2, 163-201.

100. , Hochschild cohomology of algebras of semidihedral type II. Local algebras, J. Math. Sci. 180
(2012), no. 3, 278-314.

101. , Hochschild cohomology of the integral group ring of the semidihedral group, J. Math. Sci. 183

(2012), no. 5, 640-657.
102. | Cohomology of algebras of semidihedral type VIII, J. Math. Sci. 188 (2013), no. 5, 582-590.

103. , Hochschild cohomology of algebras of semidihedral type III. The family SD(2B)s in character-
istic 2, J. Math. Sci. 192 (2013), no. 2, 200-214.
104. , Hochschild cohomology of algebras of semidihedral type IV. The cohomology algebra for the

family SD(2B)s(k, t, c) in the case ¢ =0, J. Math. Sci. 202 (2014), no. 3, 360-394.

, Hochschild cohomology of algebras of semidihedral type VI. The family SD(2B)s in character-

istic different from 2, J. Math. Sci. 222 (2017), no. 4, 404-416.

, Hochschild cohomology of algebras of semidihedral type VII. Algebras with a small parameter,
J. Math. Sci. 232 (2018), no. 5, 622-634.

107. , Cohomology of algebras of dihedral type V, J. Math. Sci. 252 (2021), no. 6, 775-781.

108. A. I. Generalov, A. A. Tvanov, and S. O. Ivanov, The Hochschild cohomology of algebras of quaternion
type II. The family Q(2B); in characteristic 2, J. Math. Sci. 151 (2008), no. 3, 2961-30009.

109. A. 1. Generalov and N. V. Kosmatov, Computation of the Yoneda algebras for algebras of dihedral type,
J. Math. Sci. 130 (2005), no. 3, 4699-4711.

, Projective resolutions and Yoneda algebras for algebras of dihedral type, Algebras and Repre-

sentation Theory 10 (2007), no. 3, 241-256.

105.

106.

110.

114



111.

112.

113.

114.

115.

116.

117.

118.

119.

120.

121.

122.

123.

124.
125.

126.
127.

128.
129.
130.
131.
132.
133.

134.
135.

136.

137.

138.

139.

, Projective resolutions and Yoneda algebras for algebras of dihedral type: The family D(3Q),
J. Math. Sci. 140 (2007), no. 2, 221-238.

A. 1. Generalov and N. Yu. Kosovskaya, Hochschild cohomology for algebras of dihedral type IV. The
family D(2B)(k, s,0), J. Math. Sci. 209 (2015), no. 4, 522-548.

, Hochschild cohomology of algebras of dihedral type VIII. Hochschild cohomology algebra for the
family D(2B)(k, s,0) in characteristic 2, J. Math. Sci. 243 (2019), no. 4, 535-560.

A. 1. Generalov and D. A. Nikulin, Hochschild cohomology of algebras of semidihedral type IX. Excep-
tional local algebras, J. Math. Sci. 247 (2020), no. 4, 507-517.

A. I. Generalov and E. A. Osiyuk, Cohomology of algebras of dihedral type III. The family D(2A),
J. Math. Sci. 124 (2004), no. 1, 4741-4753.

A. I. Generalov and D. B. Romanova, Hochschild cohomology for algebras of dihedral type VI. The
family D(2B)(k, s, 1), St. Petersburg Math. J. 27 (2016), no. 6, 923-940.

A. 1. Generalov, D. B. Romanova, and I. M. Zilberbord, Hochschild cohomology for algebras of dihedral
type V. The family D(3XK) in characteristic different from 2, J. Math. Sci. 219 (2016), no. 3, 385-404.
A. 1. Generalov and A. V. Semenov, Hochschild cohomology of algebras of quaternion type IV. Coho-
mology algebra for exceptional local algebras, J. Math. Sci. 247 (2020), no. 4, 518-549.

A. 1. Generalov and A. A. Zaykovskiy, On the derived equivalence of algebras of semidihedral type with
two simple modules, J. Math. Sci. 232 (2018), no. 5, 635-646.

, Hochschild cohomology of algebras of semidihedral type VIII. The family SD(2B)q, J. Math.
Sci. 240 (2019), no. 4, 395-407.

A. 1. Generalov and I. M. Zilberbord, Hochschild cohomology of algebras of semidihedral type V. The
family SD(3X), J. Math. Sci. 219 (2016), no. 4, 493-512.

M. Gerstenhaber, The cohomology structure of an associative ring, Ann. of Math. 78 (1963), no. 2,
267-288.

E. Getzler and J. D. S. Jones, A -algebras and the cyclic bar complex, llinois J. Math. 34 (1990),
no. 2, 256-283.

G. Glauberman, On groups with a quaternion Sylow 2-subgroup, Illinois J. Math. 18 (1974), 60-65.

G. Glauberman and J. Lynd, Control of fixed points and existence and uniqueness of centric linking
systems, Invent. Math. 206 (2016), no. 2, 441-484.

D. Gorenstein, Finite groups, Harper & Row, 1968.

, Finite groups the centralizers of whose involutions have normal 2-complements, Canadian J.
Math. 21 (1969), 335-357.

D. Gorenstein and J. Walter, On finite groups with dihedral Sylow 2-subgroups, Illinois J. Math. 6
(1962), 553-593.

, The characterization of finite groups with dihedral Sylow 2-subgroups I, II, III, J. Algebra 2
(1965), 85-151, 218-270, 354-393.

J. Grbié, The cohomology of exotic 2-local finite groups, Manuscripta Math. 120 (2006), no. 3, 307-318.
J. A. Green, On the indecomposable representations of a finite group, Math. Zeit. 70 (1959), 430—445.
J. P. C. Greenlees, K. Hess, and S. Shamir, Complete intersections in rational homotopy theory, J. Pure
& A
J. P
(202

pplied Algebra 217 (2013)7 no. 4, 636-663.

. C. Greenlees and G. Stevenson, Morita theory and singularity categories, Adv. in Math. 365

0), 107055, 51pp.
T. H. Gulliksen, On the deviations of a local ring, Math. Scand. 47 (1980), 5-20.
T. Hayami, Hochschild cohomology ring of the mod-2 group ring of the generalized quaternion group,
Comm. Algebra 34 (2006), no. 11, 3985-4005.
, Hochschild cohomology ring of the integral group ring of the semidihedral group, Algebra Colloq.
8 (2011), no. 2, 241-258.
, On Hochschild cohomology ring and integral cohomology ring for the semidihedral group, In-
ternat. J. Algebra Comput. 28 (2018), no. 2, 257-290.
K. Hicks, The Loewy structure and basic algebra structure for some three-dimensional projective special
unitary groups in characteristic 3, J. Algebra 202 (1998), 192-201.
D. G. Higman, Indecomposable representations at characteristic p, Duke Math. J. 21 (1954), 377-381.

115



140

141.
142.

143.
144.

145.

146.

147.

148.

149.

150.

151.

152.

153.

154.

155.

156.

157.

158.
159.

160.

161.

162.

163.

164.

165.
166.

. T. Holm, The Hochschild cohomology ring of a modular group algebra: the commutative case, Comm.
Algebra 24 (1996), no. 6, 1957-1969.

, Derived equivalent tame blocks, J. Algebra 194 (1997), 178-200.

, Derived equivalence classification of algebras of dihedral, semidihedral, and quaternion type,

J. Algebra 211 (1999), no. 1, 159-205.

, Hochschild cohomology of tame blocks, J. Algebra 271 (2004), 798-826.

T. Holm, R. Kessar, and M. Linckelmann, Blocks with a quaternion defect group over a 2-adic ring:

the case Ay, Glasgow Math. J. 49 (2007), no. 1, 29-43.

T. Holm and A. Zimmermann, Generalized Reynolds ideals and derived equivalences for algebras of

dihedral and semidihedral type, J. Algebra 320 (2008), no. 9, 3425-3437.

A. A. Tvanov, Hocschild cohomology of algebras of quaternionic type: the family Q(2B)1(k, s, a,c) over

a field of characteristic different from 2, Vestnik St. Petersburg Univ. Math. 43 (2010), no. 1, 54-62.

__, Hochschild cohomology of algebras of quaternion type: the family Q(2B)1 in characteristic 3,

J. Math. Sci. 183 (2012), no. 5, 658-674.

, The BV-algebra structure on the Hochschild cohomology of local algebras of quaternion type in

characteristic 2, Journal of Mathematical Sciences 219 (2016), no. 3, 427-461.

A. A. Ivanov, S. O. Ivanov, Y. V. Volkov, and G. Zhou, BV structure on Hochschild cohomology of the

group ring of quaternion group of order eight in characteristic two, J. Algebra 435 (2015), 174-203.

T. V. Kadeishvili, On the theory of homology of fiber spaces, Russian Math Surveys 35 (1980), no. 3,

231-238.

, The algebraic structure in the homology of an A(co)-algebra, Soobshch. Akad. Nauk Gruzin.

SSR 108 (1982), 249-252.

M. Kauer, Derived equivalence of graph algebras, Trends in the Representation Theory of Finite Di-

mensional Algebras (E. L. Green and B. Huisgen-Zimmermann, eds.), Contemp. Math., vol. 229, 1998,

pp. 201-213.

H. Kawai and H. Sasaki, Cohomology algebras of 2-blocks of finite groups with defect groups of rank

two, J. Algebra 306 (2006), no. 2, 301-321.

B. Keller, Introduction to A-infinity algebras and modules, Homology, Homotopy & Appl. 3 (2001),

1-35, — Addendum, ibid. 4 (2002), 25-28.

, A-infinity algebras in representation theory, Representations of Algebras, Proceedings of the

Ninth International Conference (Beijing 2000) (D. Happel and Y. B. Zhang, eds.), Beijing Normal

University Press, 2002, Vol. 1.

R. Kessar and M. Linckelmann, On perfect isometries for tame blocks, Bull. London Math. Soc. 34

(2002), no. 1, 46-54.

S. N. Kleinerman, The cohomology of Chevalley groups of exceptional Lie type, Mem. AMS, vol. 268,

American Math. Society, 1982.

H. Knorrer, Cohen—Macaulay modules on hypersurface singularities I, Invent. Math. 80 (1987), 153-164.

S. Koshitani, A remark on blocks with dihedral defect groups in solvable groups, Math. Zeit. 179 (1982),

no. 3, 401-406.

S. Koshitani and C. Lassueur, Splendid Morita equivalences for principal 2-blocks with dihedral defect

groups, Math. Zeit. 294 (2020), 639-666.

, Splendid Morita equivalences for principal blocks with generalised quaternion defect groups,

J. Algebra 558 (2020), 523-533.

S. Koshitani, C. Lassueur, and B. Sambale, Splendid Morita equivalences for principal blocks with

semidihedral defect groups, Proc. Amer. Math. Soc. 150 (2021), no. 1, 41-53.

P. Landrock, The principal block of finite groups with dihedral Sylow 2-subgroups, J. Algebra 39 (1976),

no. 2, 410-428.

M. Langer, Secondary multiplication in Tate cohomology of generalized quaternion groups, Homology,

Homotopy & Appl. 16 (2014), no. 1, 27-47.

K. Lefevre-Hasegawa, Sur les Ay -catégories, These de doctorat, Université Paris VII, 2003.

G. Leuschke and R. Wiegand, Cohen—Macaulay representations, Mathematical Surveys and Mono-

graphs, vol. 181, American Math. Society, 2012.

116



167

168.

169.

170.

171.

172.

173.

174.

175.
176.

177.

178.

179.

180.
181.

182.
183.

184.

185.

186.

187.

188.

189.

190.
191.

192.
193.
194.

195.
196.

R. Levi, On finite groups and homotopy theory, Mem. AMS, vol. 567, American Math. Society, 1995.

, A counter-ezample to a conjecture of Cohen, Algebraic topology: new trends in localization
and periodicity (Sant Feliu de Guixols, 1994), Birkhauser Verlag, Basel, 1996, pp. 261-269.

, On homological rate of growth and the homotopy type of QBG;, Math. Zeit. 226 (1997),
429-444.

R. Levi and A. Libman, Ezistence and uniqueness of classifying spaces for fusion systems over discrete
p-toral groups, J. London Math. Soc. 91 (2015), 47-70.

R. Levi and R. Oliver, Construction of 2-local finite groups of a type studied by Solomon and Benson,
Geom. Topol. 6 (2002), 917-990.

R. Levi and N. Seeliger, Loop space homology associated with the mod 2 Dickson invariants, Forum
Math. 24 (2012), 1161-1182.

M. Linckelmann, A derived equivalence for blocks with dihedral defect groups, J. Algebra 164 (1994),
244-255.

, Transfer in Hochschild cohomology of blocks of finite groups, Algebras and Representation
Theory 2 (1999), no. 2, 107-135.

, Fusion category algebras, J. Algebra 277 (2004), 222-235.

, The block theory of finite dimensional algebra I, London Math. Soc. Student Texts, vol. 91,
Cambridge University Press, 2018.

D.-M. Lu, J. H. Palmieri, Q.-S. Wu, and J. J. Zhang, A-infinity structure on Ext-algebras, J. Pure &
Applied Algebra 213 (2009), no. 11, 2017-2037.

J. R. Martino, Stable splittings and the Sylow 2-subgroups of SL3(F), ¢ odd, PhD Thesis, Northwestern
University, 1988.

J. R. Martino and S. Priddy, Classification of BG for groups with dihedral or quarternion Sylow 2-
subgroups, J. Pure & Applied Algebra 73 (1991), no. 1, 13-21.

U. Meierfrankenfeld and B. Stellmacher, The general F F-module theorem, J. Algebra 351 (2012), 1-63.
S. A. Merkulov, Strong homotopy algebras of a Kdhler manifold, Int. Math. Res. Not. (1999), no. 3,
153-164.

W. F. Moore, Cohomology over fiber products of local rings, J. Algebra 321 (2009), 758-773.

W. Miller, Gruppenalgebren tber nichtzyklishen p-Gruppen I. Die Dieder- und die Quasidiedergruppen,
J. Reine & Angew. Math. 266 (1974), 10-48.

, Gruppenalgebren tiber nichtzyklishen p-Gruppen II. Die Quaternionengruppe und die verallge-
meinerten Quaternionengruppen, J. Reine & Angew. Math. 267 (1974), 1-19.

H. J. Munkholm, Mod 2 cohomology of D2™ and its extensions by Zs, Conference on Algebraic Topology,
The University of Illinois at Chicago Circle, June 17-28, 1968 (V. Gugenheim, ed.), 1969, pp. 234-252.
C. Negron, The cup product on Hochschild cohomology via twisting cochains and applications to Koszul
rings, J. Pure & Applied Algebra 221 (2017), 1112-1133.

R. Oliver, Equivalences of classifying spaces completed at odd primes, Math. Proc. Camb. Phil. Soc.
137 (2004), 321-347.

, Equivalences of classifying spaces completed at the prime two, Mem. AMS, vol. 180, American
Math. Society, 2006.

J. B. Olsson, On 2-blocks with quaternion and quasidihedral defect groups, J. Algebra 36 (1975), no. 2,
212-241.

D. Petersen, A closer look at Kadeishvili’s theorem, High. Struct. 4 (2020), no. 2, 211-221.

D. G. Quillen, On the cohomology and K-theory of the general linear groups over a finite field, Ann. of
Math. 96 (1972), 552-586.

J. Rickard, Derived categories and stable equivalence, J. Pure & Applied Algebra 61 (1989), 303-317.
, Derived equivalences as derived functors, J. London Math. Soc. 43 (1991), 37—48.

C. M. Ringel, The representation type of local algebras, Representations of Algebras, Lecture Notes in
Mathematics, vol. 488, Springer-Verlag, Berlin/New York, 1974.

, The indecomposable representations of the dihedral 2-groups, Math. Ann. 214 (1975), 19-34.
M. Rothenberg and N. E. Steenrod, The cohomology of classifying spaces of H-spaces, Bull. Amer.
Math. Soc. 71 (1965), 872-875.

117



197

198.

199.
200.

201.
202.

203.
204.
205.
206.
207.
208.

209.
210.

211.

212.

213.
214.

. D. J. Rusin, The mod-2 cohomology of metacyclic 2-groups, J. Pure & Applied Algebra 44 (1987),
315-328.

H. Sasaki, The mod 2 cohomology algebras of finite groups with semidihedral Sylow 2-subgroups, Comm.
Algebra 22 (1994), 4123-4156.

G. J. A. Schneider, The Mathieu group My1, MSc. Thesis, Oxford, 1979.

S. F. Siegel and S. J. Witherspoon, The Hochschild cohomology ring of a group algebra, Proc. London
Math. Soc. (3) 79 (1999), 131-157.

G. Sjodin, A set of generators for Extr(k, k), Math. Scand. 38 (1976), no. 2, 199-210.

L. Smith, Homological algebra and the Eilenberg—Moore spectral sequence, Trans. Amer. Math. Soc. 129
(1967), 58-93.

L. Solomon, Invariants of finite reflection groups, Nagoya Math. J. 22 (1963), 57—64.

R. Solomon, Finite groups with Sylow 2-subgroups of type .3, J. Algebra 28 (1974), 182-198.

J. D. Stasheff, Homotopy associativity of H-spaces, I, Trans. Amer. Math. Soc. 108 (1963), 275-292.

, Homotopy associativity of H-spaces, II, Trans. Amer. Math. Soc. 108 (1963), 293-312.

, H-spaces from a homotopy point of view, Lecture Notes in Mathematics, vol. 161, Springer-
Verlag, Berlin/New York, 1970.

M. Suzuki, Applications of group characters, Finite Groups (M. Hall Jr., ed.), Proc. Symp. Pure Math.,
vol. 6, American Math. Society, 1962, pp. 101-105.

R. G. Swan, The p-period of a finite group, Illinois J. Math. 4 (1960), 341-346.

R. Taillefer, First Hochschild cohomology group and stable equivalence classification of Morita type of
some tame symmetric algebras, Homology, Homotopy & Appl. 21 (2019), no. 1, 19-48.

C. W. Wilkerson, Self-maps of classifying spaces, Localization in group theory and homotopy theory,
and related topics (Sympos., Battelle Seattle Res. Center, Seattle, Wash., 1974, Lecture Notes in
Mathematics, vol. 418, Springer-Verlag, Berlin/New York, 1974, pp. 150-157.

W. J. Wong, On finite groups whose 2-Sylow subgroups have cyclic subgroups of index 2, J. Austral.
Math. Soc. 4 (1964), 90-112.

, On finite groups with semi-dihedral Sylow 2-subgroups, J. Algebra 4 (1966), 52—63.

G. Zhou and A. Zimmermann, Classifying tame blocks and related algebras up to stable equivalences of
Morita type, J. Pure & Applied Algebra 215 (2011), no. 12, 2969-2986.

118



Index

abelian Sylow subgroups, 18 Eisenbud operator, 37, 47, 75
Adams operation, 106 elementary abelian 2-group, 101
A algebra, 10, 29 elliptic space, 103
alternating group Ay, 33 Endco-pa(k), 16
Auslander—Reiten quiver, 24, 26, 45, 46, 50, 75 errors, 37, 56, 62, 83, 86, 91

] exponential growth, 102, 110
bar A1res01utlon, 12 Ext’ (k, k), 21
BG,, 15 Exty(k, k), 16
block, 18 Ext! quiver, 35, 46
bounded derived category, 19
Bousfield-Kan p-completion, 15 fibre lemma, 16

finite p-group, 101

centric linking system, 17 finite representation type, 20

centric subgroup, 17 formal Ao algebra, 11, 12, 24, 26, 39, 44, 46, 50
Chern classes, 107 537 85, 93, 987 101
circle product, 14 free algebra, 20, 105, 110
classifying space, 15, 17 Frobenius automorphism, 9
of a block, 18 fusion
Cliff(q), 21, 27, 67, 87 category, 17
compact Lie group, 18, 102, 103, 106 system, 17, 33, 60
complete intersection, 21, 27, 53, 87, 95, 102 of a block, 18
completion, 15
cosingularity category, 19 I'L(n,p™), 9
cup product, 14 TL(2,p™), 90
cyclic ru(n,p™), 9
defect group, 20 generalised quaternion group, 85
Sylow subgroups, 23 Gerstenhaber
bracket, 14
defect group, 20 circle product, 14, 30, 70, 71, 80
derived GL(n,pm), 97 107
category, 19 GU(n,p™), 9
complete intersection, 103
DG algebra, 10, 16, 40 Hochschild cohomology, 13, 28, 37, 38, 47, 49, 68,
differential 88
bigraded algebra, 21 of an A, algebra, 12
graded algebra, 10, 16, 40 of complete intersection, 22
dihedral group, 25 Homexpa(k,—), 16
divided partial derivative, 21 Home gpan (k,—), 16
duality, 42, 73, 80 homotopically projective, 43, 74

Hopf algebra, 16, 22, 41

Eilenberg—Moore spectral sequence, 16, 31, 36, hypersurface, 27

47, 53, 58, 59, 82, 88, 101, 103, 105

119



intrinsically formal, 13, 70 PP 106

involutions, 25, 33, 60 PSL(n,p™), 9
isoclinism, 89 PSL(2,p™), 33
PSL(3,p™), 53, 62
Kadeishvili’s Theorem, 11 PSU(n,p™), 9
Koszul duality, 20, 22, 103 PSU(3,p™), 53, 62

Lie group, 18, 102, 103, 106

quasi-isomorphism, 11
linear resolution, 22

quaternion group, 85

linking system, 17 quiver, 35, 46, 63, 67, 81, 92, 96
of a block, 18
loop space, 16 reflection group, 106
representation type, 20
Massey product, 10, 13, 27, 30, 36, 47, 59, 95, 98 residue field. 102

Mathieu group Miq, 53, 60, 62

Rothenberg—Steenrod construction, 10, 16
metacyclic groups, 18

minimal saturation axiom, 17
Ao algebra, 11 semi-exponential growth, 102, 110
model, 11 semidihedral group, 53

morphism of A, algebras, 10 singularity category, 19

) SL(2,p™), 90

mlpotept space, 15, 16 SL(n,p™), 9

normalisation, 19 SL°(2,p™), 90, 95

0(@), 9 SL*(2,p™), 60, 90

Op’(G), 9 Sol(g), 108 .

0,(G), 9 squeezed resolution, 82
PO SU(n,p™), 9

Or(G), 9 ° m

0,(), 9 SUi(27p ), 90, 95

’ SU*(2,p™), 60, 90

p-adic reflection group, 106 subpairs, 18

p-bad, 15 Swan’s theorem, 18

p-complete, 15 Sylow subgroup, 7, 17

p-completion, 15 abelian, 18

p-good, 15 dihedral, 25

p-local finite group, 17 generalised quaternion, 85

p-nilpotent finite group, 7, 16 semidihedral, 53

partial derivatives, 21

.. . tame

partition function, 103 blocks, 20

iodici 42, 44, 74, 84
periodicity generator, 42, 44, 74, 84, 93 representation type, 20

i ;é Ei’p m))’ ?!;3 thick subcategory, 19
PI‘U(n’pm)’ 9 torus, 103
PGL(Q’pm)’ 23 translation functor, 26, 45, 50
PGL(n’ I;m)’ 9 trichotomy theorem, 20
igg‘((lpj?)é 60, 81 unitary group, 9
n7p ?

7 ( BG;), 15 Verdier quotient, 19
g;)gélc?crirxlfleal growth, 102, 109 wild representation type, 20

cover, 92

module, 92

resolution, 16, 91
transformations, 9

120



	Preface
	Chapter 1. Introduction and background
	1.1. Introduction
	1.2. Notation and conventions
	1.3. A∞ algebras and quasi-isomorphisms
	1.4. Hochschild cohomology
	1.5. The Gerstenhaber circle product
	1.6. Bousfield–Kan p-completion
	1.7. Classifying spaces and fusion systems
	1.8. Abelian Sylow subgroups
	1.9. Singularity and cosingularity categories
	1.10. Tame blocks
	1.11. Cohomology of complete intersections
	1.12. Koszul duality for graded algebras
	1.13. The cyclic case

	Chapter 2. The dihedral case
	2.1. Introduction
	2.2. Dihedral 2-groups
	2.3. HH*H*BD
	2.4. A∞ structure of H*BD
	2.5. Loops on BDٛ₂
	2.6. HH*kD
	2.7. Groups with dihedral Sylow 2-subgroups
	2.8. Loops on BGٛ₂: one class of involutions
	2.9. A differential graded model
	2.10. Duality for Q[s⁻¹]-modules
	2.11. Some indecomposables
	2.12. Classification of indecomposables
	2.13. Loops on BGٛ₂: two classes of involutions
	2.14. A related symmetric tensor category

	Chapter 3. The semidihedral case
	3.1. Introduction
	3.2. Semidihedral groups
	3.3. Resolutions for kSD
	3.4. Loops on BSDٛ₂
	3.5. Groups with semidihedral Sylow 2-subgroups
	3.6. One class of involutions, one of order four
	3.7. Ext and Hochschild cohomology over H*BG
	3.8. A∞ structure of H⁎ΩBGٛ₂
	3.9. A differential graded model
	3.10. Duality for Q[ẑ⁻¹]-modules
	3.11. The singularity category of C*BG
	3.12. Two classes of involutions, one of elements of order four
	3.13. Ext and Hochschild cohomology
	3.14. A∞ structure, a DG model, and duality
	3.15. One class of involutions, two of elements of order four

	Chapter 4. The generalised quaternion case
	4.1. Introduction
	4.2. Generalised quaternion groups
	4.3. HH*H*BQ
	4.4. Loops on BQٛ₂
	4.5. Isoclinism
	4.6. Groups with generalised quaternion Sylow 2-subgroups
	4.7. One class of elements of order four
	4.8. Two classes of elements of order four
	4.9. Non-formality

	Chapter 5. Beyond tame
	5.1. Introduction
	5.2. Formality
	5.3. Polynomial versus exponential growth
	5.4. An exponential compact Lie example
	5.5. An exponential finite group example
	5.6. Reflection groups
	5.7. Groups of Lie type in non-defining characteristic
	5.8. An exotic example: BSol(q)
	5.9. Some questions

	Bibliography
	Index

