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Abstract

We consider the three-dimensional incompressible Euler equations on a bounded
domain © with C® boundary. We prove that if the velocity field u € C%*(Q) with a > 0
(where we are omitting the time dependence), it follows that the pressure p € C%%(Q).
In order to prove this result we use a local parametrisation of the boundary and a very
weak formulation of the boundary condition for the pressure, as was introduced in [C.
Bardos and E.S. Titi, Philos. Trans. Royal Soc. A, 380 (2022), 20210073]. Moreover,
we provide an example illustrating the necessity of this new very weak formulation of
the boundary condition for the pressure. This result is of importance for the proof of
the first half of the Onsager Conjecture, the sufficient conditions for energy conservation
of weak solutions to the three-dimensional incompressible Euler equations in bounded
domains.
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1 Introduction

Since the introduction of techniques from convex integration to fluid mechanics, especially
the incompressible Euler equations, it is known that there exist weak solutions of the Euler
equations [15, I7]. The existence of weak solutions of the general Cauchy problem was first
proven in [38]. Since then, the techniques of convex integration have been steadily improved
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to construct Holder continuous solutions of the Euler equations in a sequence of papers
[4, 5, 13, 16, 27] (and see references therein). Reviews of these techniques can be found in
6], [14].

Since it is possible to construct weak solutions of the Euler equations with compact
support by using convex integration, it is trivial to construct weak solutions on bounded
domains. However, such solutions have a trivial ‘interaction’ with the boundary, since they are
zero near the boundary. Because boundary effects play an important role in the understanding
of turbulence [3] 22], it is worthwhile to try to understand the interaction of weak solutions
with the boundary.

One essential element to that is the pressure. In this work, we consider the three-
dimensional Euler equations of an ideal incompressible fluid in a C® bounded domain 2 C R3,
which are

Ou+V-(u®u)+Vp=0, V- -u=0, (1.1)

where u : Q x (0,7) — R? is the velocity field and p : Q x (0,7) — R is the pressure. In
addition, we assume the following boundary condition

(u-n)loa= 0, (1.2)

where n is the outward normal vector to the boundary.

In standard treatments of mathematical fluid mechanics, such as [33], the pressure is
removed by using the Leray-Helmholtz decomposition. The pressure can then be recovered
via the equation

—Ap=(VeV): (u®u). (1.3)
The goal of this paper is to prove that in a C® bounded domain Q C R? for velocity fields
with u € C%*(Q) for a € (0, 1), the pressure p € C**(Q) with the same exponent «.

This type of pressure regularity problem, to the knowledge of the authors, was first
considered in [I0, [36]. It was proven in these papers that if u € C%%(R"), then p € C%?*(R").
This result was then extended to Besov spaces in [9] (see also [§]).

If equation is considered in the presence of boundaries, formally one can take the
normal component of the Fuler equations in order to find

d(u-n)+[V-(u®@u)] -n+dp=0.

Following [3], for a C* bounded domain the advective term can be written formally as follows
(where we are using the Einstein summation convention)

[V-(u@u)} -n:ui@ujnj:—(ué@u):Vn+u-V(u-n).

We now calculate the second term in the above expression. To fix ideas, we do the calculation
and highlight the issue in two dimensions (but the three-dimensional case works the same
way), see also [3]. It should be stressed that these computations are done in the context of
smooth solutions. We will formally derive the boundary condition that will be rigorously
justified in this paper. In what follows 7 will denote the tangent vector to the boundary in
the two-dimensional case, we compute that

u-V(u-n)=(u-7)0-(u-n)+ (u-n)o,(u-n)
= %8n(u )40 ((u-7)(u-n)) = (u-n)d(u-7)=0(u-n)*+ 0 ((u-7)(u-n)),



where for the last equality we have used the incompressibility of the velocity field, i.e. that
O-(u-7) = —0p(u-n). Therefore we can write the normal component of the Euler equations
at the boundary as follows

Op = (u@u) : Vn—0,(u-n)> =0, ((u-7)(u-n)) — (u-n).

Since Oy(u - n)|ag= 0 and &((u -7)(u - n)) lao= 0, we conclude that the boundary condition
associated with equation (|1.3)) is

On(p+ (u-n)?) = (u®u): Vn. (1.4)

In particular, one can easily show that if u € C%*(Q) with & > £ then 9, (u-n)* = 0. In this
paper, however, we are also interested in the low regularity setting i.e. for a € (0, %], so this
equality, as we will show later, does not generally hold. In fact, in section 8§ we will construct
an example of a Holder continuous incompressible velocity field u € C%%(Q) satisfying the
boundary condition (u - n)|go= 0 for which 9, (u - n)?|gn¢ D' (09).

We will study the problem given by equation (|1.3)) and Neumann boundary condition
. We will refer to equation (1.4)) as the very weak boundary condition for the pressure,
in order to distinguish it from the usual weak boundary condition 0,p = (u ® u) : Vn. We
will prove that if u € C%*(Q), then p € C%%(Q) for any a > 0. Note that we will omit the
time dependence of the pressure and the velocity field throughout this paper, as it does not
play a role of significance here.

The reason we prove this regularity result in the setting of Holder spaces is because these
spaces play an essential role in the theory of turbulence. As was first pointed out by Onsager
in [32], there is a relation between Hélder regularity of the velocity field of a fluid flow on the
one hand and the loss of energy via anomalous dissipation on the other hand. This relation
is referred to as Onsager’s conjecture.

Onsager’s conjecture was first proven on the torus in a series of works [7, 11, 20, 21].
Onsager’s conjecture was proven on bounded domains with C? boundary in [1], after results
for the half plane in [34]. Then in [2] the first half of the conjecture was proven under only
an interior Holder regularity assumption on the velocity field. For the proof in [I] the C%®
regularity of the pressure was necessary. The purpose of this paper is to give a full proof of
this statement in the three-dimensional case.

In the two-dimensional setting, in [3] the pressure regularity condition was addressed.
In particular, it was shown that the velocity field and the pressure have the same Holder
regularity for a bounded domain €2 in two dimensions. The very weak formulation of the
Neumann boundary condition for the pressure given in equation (1.4) was introduced in
[3]. This was an essential part of the proof, as it allows to construct a trace formula which
establishes that the normal derivative of p+ (u-n)? is continuous in the H~2(92) norm near
the boundary. This is then applied in the elliptic estimates in order to establish the C%*(Q)
regularity of the pressure.

The goal of this paper is to extend the approach in [3] to three dimensions. In order to
go from two to three dimensions, several modifications of the proof are necessary. Instead of
a global parametrisation of the boundary, we need a local parametrisation of the boundary.

While this work was being completed, the paper [18] came to our attention. In that paper
the authors also prove a regularity result for the pressure, but with a different boundary
condition. In particular, the authors use the boundary condition d,p = (u ® u) : Vn as

3



opposed to the boundary condition . These two formulations of the boundary condition
are equivalent say if u - V(u - n)|sgo= 0.

As we stressed above, this is true for classical solutions as well as for the case when
u € C%(Q) with a > 1/2, but in the case when u € C%*(Q) for 0 < a < £ we will show
in section |8 that u - V(u - n)|sq in some cases is not even an element of D’'(952). For this
reason, we prove the result with the weaker formulation of the boundary condition for the
pressure , which holds for all Holder continuous velocity fields. Moreover, our proof is
more explicit because it relies on localisation arguments.

In [3] the proof relies on a global localisation which considers the velocity field near the
boundary and away from the boundary. In this contribution, we modify this localisation,
namely we introduce a partition of unity of the region near the boundary itself. The reason
for doing so is that in two dimensions, the boundary can be parametrised globally, but in
three dimensions this is not possible. That means that the near-boundary analysis has to be
done in a local coordinate system and then extended globally. We expect that our proof is
quite robust, i.e. it can be extended to higher dimensions without much effort and for other
hydrodynamical systems.

We will first give an imprecise version of the result that we will prove (the precise version
is stated in section [2)).

Theorem 1.1. Let u € C%*(Q) be a velocity field on a open set Q C R® with a C* boundary
and let o € (0,1). Moreover we assume that u is divergence-free and that (u-n)|sq= 0 as the
boundary condition. Then by introducing a new weak formulation of the boundary condition
(1.4), it holds that

[Pllcoa@ < Cllu® ullcoo ). (1.5)

Now we outline the proof of this result. In section [2| we introduce a parametrisation of
the boundary region (including the extension of the velocity field outside the domain €2). In
particular we define the local coordinate system and state the differential operators in these
coordinates. The proof then proceeds in the following steps:

e We first mollify the velocity field, which is done in section [3] This is not as straight-
forward as in the torus or the whole space, as the mollified velocity u¢ has to satisfy
the boundary condition . One needs to split the velocity field into an interior and
boundary part. The parametrisation of the boundary region is then used to extend the
velocity field over the boundary.

e Then it is possible to use standard Schauder theory, as can be found in [23, 24] 26|
29, 30]. This will give us a candidate for a near the boundary truncated and mollified
pressure P€, of which we are going to take the limit ¢ — 0 at the end of the proof.

e We then prove that that the C%*(Q) norm of P¢ is bounded by the C%*(Q) norm of
u® ® v uniformly in e. In section [4] we derive the interior estimates, while in section
[6] we obtain the boundary estimates. In order to deal with the boundary condition we
establish a trace lemma in section Bl In section [ we then combine the estimates from
sections and take the limit ¢ — 0 to establish the regularity estimate from Theorem
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Finally, in section |8| we provide an example that illustrates why the very weak boundary
condition is necessary. To be more precise, we will construct an example of a velocity
field in C%*(Q) for 0 < o < § with (u - n)|agg= 0 for which 8, (u - n)?|sa¢ D’'(0S2). Therefore
one cannot consider the terms d,p or 9,(u - n)? individually at the boundary (as they are
ill-defined).

In particular, d,(u - n)? is not well-defined at the boundary and it is definitely not equal
to zero in the case when the velocity field u € C**(Q) for 0 < o < 4. As a result, it is
necessary to consider (as was done in (1.4))) the sum 9, (p+ (u-n)?) together at the boundary
to obtain a well-defined boundary condition.

In appendices [A] and [B] we establish some Schauder-type estimates that will be used
throughout the paper. To conclude, in appendix [C] we will continue with the example given
in section [§ and show that 9, (u - n)? is not defined for a dense set of points away from the
boundary.

2 Local parametrisation of the boundary

We introduce a coordinate system for the region near the boundary 90€). We will assume
throughout that the domain €2 is simply connected.

We introduce ¢ : [0, 00) — [0, 1] to be a nonincreasing smooth function defined as follows
(for some § > 0)

(2.1)

1, if dist(z,0Q) <9,
o) = o OO
0, if dist(z, 002) > 20.

Now we introduce the sets (for a given open set U C 0f)

Vs = {z € R*| d(x,09) < §}, :
Voo = {x € V5| d(z,U) < 6}. (2.3)

The fact that 00 is C® means that around any point 2o € 9 there exist Cartesian coordinates
(71,22, 73) and a C? function a : R* — R such that the surface 92 is locally parametrised
as (x1,x2,a(ry,22)) on a subset Uy, C 0f). Then by the compactness of the boundary
0, we know that there exist finitely many sets Uy, ..., U,, which cover the boundary (with
corresponding points 1y, ..., Tpy).

Locally on U,,, the inward normal vector to 912 is given by

((9@ Oa _1>
¢1+|@x11 T | ge|? \Omy Ows

We then introduce the coordinate system (see [3] and [39, Theorem 2.12])

n = n17n27n3

r1 = 01 + sni (01, 02),
x2:<72+sn2(01,02), 2.

xg = a(oy, 09) + sns(o1, 02),



for (01, 09, 5) € [0,8]3. This transformation is C?, as the normal vector n is C?. Alternatively,

equations (2.4)-(2.6]) can be written as follows
lL'(O'l,O'Q,S) :y(01702)+5'n(01702), (27)

where y moves on the local patch U, of the surface 92 and is given by y(o1, 02) = (y1, Y2, y3) =
(01,09,a(01,02)). We introduce the following notation for the coordinate transformation

Gz (01,09, 8) = x(01, 09, 8) = (21, T2, T3). (2.8)

Taking the derivative of x in the normal coordinate s, we find that

85$ = Tl(O'l,O'Q) = ( da_ Oa —1)

80'1’ 80'2’

Now we calculate the partial derivatives of x with respect to the tangential variables. We
first calculate the partial derivatives of y to be

Oa Oa
0oy = (1,0,2%), a,y=(0,1,22).
Y ( 301) Y ( 302)

It is easy to see that these vectors are orthogonal to n(oy,09). We note that d,,n and J,,n
are orthogonal to n by definition (as n has unit length). The tangent vectors at any point
(01,02, s) are then given by

T1(01,09,8) = Opyx = 05,y + SOy,

T2(01,09,8) = Opy® = 05,y + SO0y,

which are orthogonal to n (as the component parts of the tangent vectors are). The vectors
71, 7> and n form a basis for R? for every point in Vsu,,- However, we observe that in general
this coordinate system is not orthogonal.

Now we turn to computing the gradient, divergence and Laplacian in this new coordinate
system. The Jacobian matrix of the coordinate transformation is given by

o 14 50,11 505,11 ny
J=——-= SOy, N2 1+ 50,m2 N2 | = (05y + 505,10, Opyy + 05,m,10).
(01,03, 5) g 0+ 805,n3 Ogya + $05,n3 N3
(2.9)
As shown in the proof of Theorem 2.12 in [39], as the Jacobian has nonzero determinant at
T, it is locally invertible and a C? diffeomorphism.
We now introduce the following notation (for the sake of brevity)

aij = (J‘l(J‘l)T)ij fori,j=1,2,3, (2.10)
b= +/det(JTJ). (2.11)

It is easy to see that (aij>?,j:1 is a symmetric matrix, in fact it is the metric tensor that is
associated with the coordinate system ([2.4))-(2.6)).



The gradient, the divergence and the Laplacian in the given coordinate system are given
by (see equations 9.60, 9.69 and 9.70 in [25])

Vf= (%JCI (a1171 + a2 72 + azin) + % (a1271 + a7 + azn) + g—J; (a1371 + as372 + assn)
(2.12)
V.oy= 2 [ aal (bvy) + %(bw) aas(bvg)] , (2.13)
oy ol oot ]) v ontl o)
+%{%<b{a31§fl+ 32§f —|—a332ﬂ), (2.14)

where (v, v9,v3) are the components of the vector v in the coordinates (o1, 09, s).

We recall that we showed earlier that the normal vector n has unit length and is orthogonal
to the other tangent vectors at every point in Vs p, . This means in particular that (as (as;)
is the metric tensor)

a3z = 1, 31 = A13 = Q921 = A12 = 0 (215)

We now introduce the operator A, to be

110 of of d of of
AL f = 5{8_01 <b{0l118 = +a12802]) + - [802 (b[ama o +a22802])

This allows us to rewrite the expression for the Laplacian as follows

1obof Lo 0% f
bdsds  0s2
Remark 2.1. We note that we could have derived the expression for the gradient, the diver-

gence and the Laplacian directly. We observe that there is the following relation between the
tangent vectors

Af=Af+ (2.16)

o .0 0 0
o, ~ g+ (T g (T g
o .0 9 0
Er (J )12(9_01 +(J )228_02 +(J )328_
o o0 ., 9 0
I (J )138_01 + (J )238_02 + (J )33(9

and similarly we have

0 (14—5%(0’1,0’2)) 0 8712(0_170_2) 0 +(aa +San3) 0

60'1 8 01 (9 T 8 01 (99(:2 80’1 80'1 8x3’
a anl 0 One 0 da ons\ O
80'2 80’2 (0-170-2)(9 X1 <1+880'2 (0-170-2)> 8x2 + (80'2 +5802)8x3’

o _ 0, 0 0
88 - 6x1 "2 8ZE2 s (91‘3 -



These relations stipulate how the vector components transform between the different bases,
this allows one to rewrite the differential operators in the coordinates from equations (2.4))-
(2.6) by rewriting the standard expressions for these operators in Cartesian coordinates.

Remark 2.2. We note that it is straightforward to extend coordinate system — to
higher dimensions. As in the three-dimensional case, one can rely on the compactness of the
boundary to obtain a finite number of surface patches to cover the boundary. The formulae
for the gradient, divergence and Laplacian operators have higher-dimensional generalisations
of the same form.

Remark 2.3. In order to have a working proof we require that 9Q € C®. The reason is that this
implies that the normal vector n is a C? function of (¢, 05). The Jacobian matrix J involves
tangential derivatives of n, which makes that J has C! regularity. Since the divergence and
Laplacian involve first-order derivatives of .J, we need J to be C! and therefore cannot lower
the regularity requirement on the boundary.

We expect that by using the variational formulation of the equation with the same choice
of coordinates will allow us to weaken the boundary regularity requirement to C? instead
of C3. Then one has to perform the Schauder-type estimates from section |§| in the weak
formulation, see for example [23].

Throughout the paper, we will consider a modified pressure defined by
P:=p+o¢(u-n)? (2.17)

where ¢ is a smooth cutoff function that was defined in (2.1)). The result we will prove in
this paper can now be stated more precisely as follows.

Theorem 2.4. Let Q2 be an open set in R® with C* boundary and assume that u € C%*()
for o € (0,1) is a velocity field which is divergence-free and satisfies (u-n)|go= 0. Then there
is a unique function P € C%%(Q) with the following properties:

1. It satisfies the following estimate
”PHCO,& S CHU ® UHC0,0L’ (218)
the positive constant C' depends only on €2 and «.

2. In any region Vsy, fori=1,...,m, the map s — OsP(-, s) lies in the space C([0,8); H*(U;))
where s € [0,0) is the normal coordinate and U; is the local patch of the boundary. By
using a partition of unity over the patches Uy, ... Uy, the function O;P(-,s) can be
extended to a function in C([0,6), H"2(00Q)), i.e. a function defined globally near the
boundary.

3. The function P satisfies the following equation in 2
— AP =(VeV): (uu)— Alp(x)(u-n)?), (2.19)

which is satisfied in the sense of distributions. In particular, it means that for test
functions ¢ € D(2)

—/PAwdx:/uiuj(?i@jwdx—/(b(x)(u-n)QAwd:z:. (2.20)
Q 0 Q
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Moreover, P satisfies the boundary condition
P =(u®u):Vn ond, (2.21)

where 0, is the normal derivative. This equation holds in H=2(0S). Moreover, the
average of P satisfies

/Q P(x)dz = /Q o () (u - n)2dz, (2.22)

where (u-n)? is defined locally on each patch Vsy, and extended globally by using the
partition of unity.

3 Mollification of the velocity field

Lemma 3.1. Consider a velocity u € C%*(Q) which is divergence-free and tangential to the

boundary (so (u-n)laga=0), there exists a family of divergence-free velocity fields u® € C*°(Q)
which converge to u in C%P(Q) for B € (0,a) as € — 0. In addition, we have the estimate

||u6||co,a(g) S CH’U,Hco,a(Q). (31)

Proof. We first introduce the three-dimensional vector stream function ¥ to be the solution
of the following elliptic boundary-value problem (cf. [3, 12, [37])

{—Aw =V xu in{Q, (3.2)

=0 on 09,
which can be derived from V x ¢» = u,V -1 = 0 and 1|go= 0. This elliptic problem has a

unique solution in Hg (), while the equations hold in H~'(Q2) and the boundary condition
holds in the trace sense. We define

vi=u—V X.

It is easy to check that V-v =0, V x v =0 and (v-n)lsga= 0 (as ((V X ¥) - n)|ag= 0 in
H=2(0Q) by the generalised Stokes theorem), and as a result we have that

Av=Au—-V x (AyY) =V x (=V xu+ Ayp) = 0.

This implies in particular that v € C*(€2). Now since V x v = 0, there exists ¢ € C>(Q2)
such that v = V¢. Then we find that

Ag=0in €, 09,9=0 on 0N. (3.3)

Therefore we know that ¢ is constant and hence v is equal to zero, and therefore u = V x 1.
This implies in particular that ¢» € C1*(Q). Now we move on to the localisation argument.

First we consider a function ¢; € C?(R?) such that supp(¢;) C V5. We then introduce
a partition of unity pi, ..., pm of the sets Vsp,, ..., Vsp,, (which cover the region near the
boundary). We define the following decompositions

Y=Yy + i = o1 + (1 — d1)7),
Vo= o1p1Y + ..+ Q1pt =1+ U



We introduce a nonnegative radial mollifier ¢ with support in By(1) and the property
Jgs @(x)dz = 1. Moreover, we define

o) = 1¢(f)

Observe that ¢; € Co*(Vsy,) for j=1,...,m
First we deal with the interior part of the velocity field, which we observe to have compact
support in 2. We define the function

i () = pex i € CZ(Q),

for € suitably small. Note that 1§ converges to 1; in the C*(€) norm as ¢ — 0 by standard
mollification estimates. Moreover, it holds that ||1)f||c1.e) < Cl|¢;il|cre). Therefore uf =
V x 9¢ is the interior part of the mollified velocity and 1t Satlsﬁes the requlred properties.

Now we consider the boundary parts vq,...,%,,. In particular, we need to define an
extension for these functions in order to prove the mollification estimates. We consider an
odd extension of the form

Y;(o1,09,5) if s > 0,

3.4
—1;(01, 09, —s) if s <0. (3.4)

wj’v:ﬁ,U]- (01’ 02, S) = {

Recall that we assume the normal to point inward. Note that wj e C1*(Vsp,) and it can be
extended by zero outside Vp,. We then observe that we € C°(Vsp,) and also w](al, 09,0) =

0. The odd extension ensures that wj (01,02,0) = 0.
We now define the function

=¥+ U5 (3.5)
Jj=1

We prove this converges to ¢ in the C'(€2) norm as € — 0. It is easy to see that

$1 Zwe
j=1

m
€ it =0
<[ = ¥illor) + Z||¢1Pj¢ - %Hcl(V&Uj) 0.
j=1

1(Q)

16 = Blony < 11 = 6286 — ¥l + \

In addition, it holds that ¢ — 1 in C*({) and HQZHCW(Q) < CO|Y]|cre for some constant

C. Now we take i .= V x ¢ € C*°(R3), which satisfies the divergence-free condition. We
also get that @€ — u in C%#(Q) for 8 € (0, ) and moreover, it holds that

||| co.a(@) < Cllullcoa(qy
Since '(Z€|aQ: 0, simple calculations show that (V x 1;6) ‘nloga= (uc-n)lsga= 0. O

Remark 3.2. We remark that this result also holds if the boundary 99 is C? instead of C3.
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Corollary 3.3. Since u¢ is C**(Q), by standard elliptic theory there exists a unique function
p¢ € C**(Q) such that

—Ap*=(VeV): (v ®@u) inQ,
Oppt =u@u:Vn, on 0L,

/Qpedx =0. (3.8)

The whole point of mollifying the velocity is that it allows to find a candidate mollified
pressure p¢ by using standard Schauder theory. Since the mollified candidate pressure is
smooth, it allows us to do many estimates more easily after which we can take the limit
e — 0.

Remark 3.4. As was mentioned before, we will not directly work with boundary condition
(3.7), but we will introduce a weaker notion of boundary condition. We first observe that if
u € C*(Q) with o > 3 and (u - n)|go= 0, then it holds that

We will use this to modify the boundary condition (3.7)) as follows
On, [p + ¢ (u - n)2] = (u®u):Vn on o (3.10)

This boundary condition will be referred to as the very weak boundary condition, in order
to distinguish it from the usual boundary condition d,p = (v ® u) : Vn. The two notions are
equivalent when o > %

In section [5| we will show that 0,(p + (u - n)?) € C%%([0,8); H2(d9Q)) for some § > 0.
However, in section [§]we will give an example of a velocity field for which 9, ((u-n)?) ¢ D'(09).
This justifies the use of the very weak boundary condition, as for such a velocity field it is
not possible to consider d,p|oq independently (even as a distribution at the boundary).

In appendix[C] we will even show more, namely that in the example of section [§|the normal
derivative is not defined (as a distribution) on a dense set of points away from the boundary.

We note that the main difference of our approach compared to the one in [1§] is that
we use the very weak boundary condition , while the authors of [I8] use the standard
boundary condition.

4 Interior estimate

We will derive estimates for the pressure separately in the interior of the domain and in the
region near the boundary. We first establish the interior estimate. We now introduce several
cutoff functions. In order to separate the behaviour of the pressure near and far away from
the boundary, we recall that in equation (2.1)) we defined the function ¢. We consider the
parameters d0q, 02 and d3 such that (for some small v < §)

0<0; <dp—7y<d3<d—27.
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We then introduce functions

0if 0 < s <4y, 1if 0 <s<d3+7,
dils) =4 Y gyls) =4 s
1if s > 69 — Oif s >0 —1.

Observe that ¢ and ¢y, are nonincreasing while ¢; is nondecreasing and that ¢; and ¢, are over-
lapping (but they are not a partition of unity). Once again, we write (for x € €2 sufficiently
close to the boundary)

¢i(x) = ¢i(d(z,09)),  ¢o(x) = ¢p(d(z,09)).

Then we introduce the functions ¢y, ..., ¢, through the definition

Gvj = Dup;-

We then define the functions

P(x) = p*(x) + ¢(x)(u(x) - n(2))%, (4.1)
Pi(x) = ¢i(x) P*(2) = ¢i(@) (p"(2) + d(2)(u(2) - n())?), (4.2)
Py (x) = ¢y(@) P*(2) = (@) (p"(2) + (u() - n(2))?), (4.3)
Py j(x) = pj(@)du(z) P(x) = pj(x)dp(x) (" () + (u(x) - n())?) (4.4)

Note that we used that ¢,(x)p(x) = ¢p(z) which holds by definition of the cutoff functions.
We first prove an estimate for the interior pressure Pf.

Proposition 4.1. Let Pf be the function defined in equation (4.2)). The following estimate
holds for the interior mollified pressure

1P [l coay < Cillu® @ uf| o) + Dil [P L) (4.5)
Note that the constants C; and D; are independent of €.

Proof. We calculate that Pf satisfies the equation

—AP; = —(A¢;) P =2(V¢;) - VP — ¢, AP
= —(A¢;)P* —2(V¢;) - VP — ¢i(A(d(u - n)?) + Ap°)
= —(A¢) P =2(Ven) - VP = ¢i(A(¢(u - n)*) = (VO V) : (u ® u)).

We then decompose the interior pressure as Pf; and Pf, which satisfy that

—AF;, = —(Adi) P —2(V¢y) - VP,
—AP = —pi(Ap(uf 1)) = (V@ V)« (uf @ u)).

We establish estimate (4.5)) separately for Pf; and P,. We recall that the Green’s function

of the operator —A is given by
1

dr|z|

G(x) =

12



This means that P, is given by
1

peo— -
SL Y|

* (= (Agi) P* = 2(Vgy) - V).

which allows us to conclude estimate (4.5) for Py;.
By the Schauder estimate for the Dirichlet problem established in Theorem we know
that Py, also satisfies estimate (4.5)), which concludes the proof. ]

Now we move on to establishing the estimates for the boundary layer pressure.

5 Trace lemma

It follows that Py ; satisfies the following equation

— APy = —(Appp;) P = 2(V pp;) - VP + dup; ((V @ V) (u @u)— A(us- n)g)) . (5.1)

Now we need to write this equation in terms of the local coordinate system in the region

Vsu,

Lemma 5.1. Assume that x € V(;’Uj, then we have the following expression of equation (/5.1))
(in terms of the local coordinates (01,09, 5s) defined in equations (2.4])-(2.6))

1avaR, PR e e o
— Ay — s 08] - 632J = —(Agypp;)P* — 2V (pyp;) - VP — 234%0;‘)@
1]~ 02 . o2 2,
+ Gvp; (E Lﬂﬂ Josdio, (busu§) + 2 Z 9005 (bus(us - n)) + o5 (b(u® - n)?)
10b0(uf - n 82 ut-n
_ AT<(u6,n>2)> . g% ( o ) ) . <852 ) )>’ (5‘2)

where the specific form of the differential operator V. is given in the proof.

Proof. In the coordinate system ([2.4)-(2.6)) we can write the divergence as follows

(Vo V): (u @ uf) {Zaa(% (busus)
(]

+2 Z 8012 bus(u - n)) + 88322 (blu® - n)Q)} .

Moreover, we compute that (by using equation (12.16)))

106 0P N PP,
bOs Os 0s2 "’

A ) = A ((u - mp) + L DO Tl ),

APbe’J — ATPbEJ +

13



We can now compute the gradient of the pressure to be (using (2.15)))

or (animi + )+ or (a1271 + axnm) + or
T aA91Te T T
80'1 1171 2112 80'2 1271 2212 85

and similarly we can compute the gradient of ¢,p;. By introducing the notation

VP =

n,

D) 0
V.f = 51 (a1171 + anm2) + a_ajcz(CLlQTl + azm),

then we find that

oP©
(Voup;) - VP =V (dpp;) - VP + 5s(¢b/)j)¥
These calculations allow us to express equation as follows
€ 1 9b aPIi j 82Pb€, j € € oP¢
— AR = o asj - 352] =~ () P* = 2V (wp;) - VP = 205(dwp;) =
173 92 9?2 b 52 b2
+¢"”j(3{i; P00, +2Z 5o LU ) + 55 (blut - n)’)
e dob0 ) )
A ) =355 a5 9s2 )

]

It is crucial to observe that the definition of P¢ in equation (4.1)) (i.e. combining the term
(u-n)? as part of P¢) has the consequence that on the right-hand side of equation there
are no terms which have second order derivatives in s (after some further manipulations,
which will be done in the proof of the next lemma). This makes it possible to establish
the following trace lemma, which will be crucial for the proof of the final regularity result
(Theorem [2.4]).

Lemma 5.2. The following equation holds for OsP; for every region V&Uj

5
0P, (1 r8) = NS, ) +/ 05 (-, 8')ds', (5.3)
where A° and ©° (which are specified in the proof) satisfy the local estimates
1AS | o o611 (07 < Collu @ ul o) + Dol Pl =), (5.4)
||@E|’CO,O¢([075]’H—2(UJ,)) S C’bHue ® UEHCO,a(Q) + DbHPEHLoo(Q). (55)

These estimates can then be put together to yield a global estimate for A and ©° for the
region near the boundary.

Proof. The proof will be done locally, i.e. for a given patch Vs, C Vs, which can then be

extended to the whole region near the boundary using the partition of unity of Uy, ..., Up,.
We start by rewriting equation ([5.2]) as follows
0P . 10b0F . opP«
— M AP 4 - (A )P — 2V (dup;) - Vi P — 20, (dups
052 b,j + bOs Os ( ¢bpj) <¢bp]) (¢bp]) Os

14



1[< 02 2. 82b b d(uc - n)
Y - €46 2 but(ue - Z 2 (uf-n)? + =
+¢bpj(bL]Z::1 30, ") ¥ ;8@05( wiutn)) + 5t n) 5=,

— A ((uf - n)2)))
By integrating over s we find that (and integrating by parts)

10b pe_ 20
3 5Py + 20, (dnpy) P — 2

0P, = ) — 2 =2 0b(u - n)

8

2

b 9%b
+/ |:A7Pb€,j — (Agup;) P* =2V 1 (dwp;) - VP + ¢bﬂj< {Z 90 8(; (buiug) + Fa2 U n)’
S 7 J

- ol n?)) = 5 (55 ) P+ 20 —@(%?)Z%z (s )

— % (gb%pj 35b) (uf - n)] ds'.

Now we introduce the notation

e _10b pe _ 20005 =D PoPj 10

S n)”

82
O = A B, — (Adup) P — 2V, (upy) - V. P+ ¢bpj( [Z dod0, D) + Bz
7 J

0 (10b 200
— Ar((uf n)Q))> ~ 3 (gg) Py + 203 (dvp;) PC — 2@( (b;pj) ; 9o, (bug(u® - n))

a .
- (gbbbpf 8sb) (u - n).

This yields equation ([5.3)).

Now we multiply the equation we derived for 9, P ; by a test function ¢(a1,09) € H*(Uj).
We then integrate with respect to o1 and o9 once or twice, dependent on the term (such that
the terms P¢ and v ® u° no longer have any derivatives). From this we obtain estimates
and for A and ©° .

One can see that A§ only contains first-order derivatives of u® with respect to o1 and
02, which means that A°(-,-,s) € H '(U;). The terms in ©¢ have at most second-order
derivatives in oy and o9, so ©° lies in H2(U;). O

6 Estimate of the boundary layer pressure

We will now establish an estimate for the boundary layer pressure, analogous to estimate
(4.1). As was calculated before, the local boundary layer pressure satisfies the problem

0P

— APy = —(A¢pp;) PC — 2V o (¢wp;) - VP — 205(dpp;) P

15



+ Gvp; E 22: > (bugus +QZ o (bus(u® - n)) + 82 — (b(u® - n)?)
b b = 00,00 Uit Jo;0s il 0s2 “

_ AT((U6 . n)2)) — %%8(1655”) ) — a (U&S.Qn) )) in Vsu,,

8nP,f7j =pj (u Ru: Vn), on 0N U, Plij =0 on GV&UJ.\@Q.

The local boundary Schauder-type estimate for Fy; is given in the next proposition (for
each region Vs, ), the local estimates can then be patched together to yield a global estimate
for P¢ on Vj.

Proposition 6.1. The boundary layer pressure satisfies the following local estimate
155 llcoe i) < Cllu @ u[cowvsy,) + DBl oo s o)

Proof We first observe that there indeed exists a unique solution Fj; because of Theorem
| The estimate is derived in the proof of Theorem [B O

7 Taking the limit ¢ — 0
Now we see that by collecting the estimates from Propositions [£.1] and [6.1] we find that
[P0y < 15 lcoae) + [ Fllcoa(@) < Cllu @ uf[coa(q) + DIIP |- (7.1)

We will now show that the inequality still holds without the term D||P¢||1 (), up to an
enlarging of the constant C.

Proposition 7.1. The following estimate holds for P¢
||P6||L00(Q) < CHUE@U/EHCO,&(Q). (72)
Once again, the constant C' does not depend on e.

Proof. We argue by contradiction. If the inequality does not hold, there exists a subsequence
(which we still call P¢) such that

I Hue X 'LLEHCO,Q(Q)
1m
e—0 ||P€||LOO(Q)

=0. (7.3)

Now we introduce the following functions

PE

G = —
| P<]| o< ()

These functions solve the following boundary-value problem

AG = L (Vo) @u) - A -n)?) O (7.4)
[P/l Loe (o)
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1
OG- =————u®u:Vn) on o, (7.5)
HPEHLM(Q)( )

“(x x:; ) (u€ - n)%dx
/Q ) = / o(z)(ut - n)Pda. (7.6)

The sequence ||G€||co.0(q) is bounded. By using the Arzela-Ascoli theorem we know that there
exists a subsequence, for which we also write G¢, converging strongly to a given function G
in C°(Q). Note that it also converges in any Holder space with exponent less than «, which
can be seen by using an interpolation inequality.

By assumption we know that [|G||r~@) = ||G]|z=@ = 1. It follows by equation (7.3)
that the right-hand sides of equations and of the boundary-value problem for G¢
all go to zero as € — 0 in the space C%?(Q) for B € [0, ). This means that G satisfies the
equation

—AG =0 in Q.
Next we show that 0,G is well-defined and is equal to zero. Using Lemma [5.2, we know
that Ac( ) 5 o )
€(. . S €. . S
88g5 '('7 "8) = 2o +/ B -ds’.
" [Pl S5 [1P]lee
We first observe that the map s — 9,G; ;(-,-,s) is a map from [0,0) to H*(U;). By using

estimates and (| ., we find that

H SOI) uiﬂ +Db7
HP HL°° €0 ([0,6);H=(U;)] [Pl o< €02 (Q)
o el o,
[P o CO([0,6);H=2(U;)] [Pl o< €02 (Q)

which means that the sequence {0;Gj ;} is equicontinuous in s. We next show that for
every s € [0, 4], the sequence {0;G(-, -, s)} has a convergent subsequence. We have that the

AE(',~,S)

sequence W

is bounded uniformly in € in H~*(U;) for fixed s, then by the compact

embedding of H'(U;) into H?(U;) we have a strongly convergent subsequence in H2(U;).
Now by examining the expression for 9;Fy; in the proof of Lemma [5.2] it can be seen
that estimate (5.5 can be improved to

u¢ ® uc

<Gyl
1P<]| oo

+Db7

H [1P<]| o

C0([0,0);H =2+ (U;)] o ()

where we have used Proposition in bounding the term A, Py, in the H~***(U;) norm
(with respect to the variables oy and o).

66('7
[Pl oo

This allows us to conclude that the sequence { } has a convergent subsequence in

H=2(U;) for fixed s € [0,d]. Therefore the same holds for the sequence {8596(-, ~,5)}. By

the Arzela-Ascoli theorem we therefore conclude that the sequence {0;G¢} has a convergent

17



subsequence in C*([0,4d]; H2(U;)), we will refer to the limit as 9;G. Moreover, the right-
hand side of equation ((7.4) goes to zero in H~2(952). We conclude that (as 9,G is continuous
in s)

9sG(-,-,0) =0 in H%(09). (7.7)

Hence G satisfies the following boundary-value problem
—AG=0, inQ (7.8)
9,G o= 0. / G(2)dz = 0. (7.9)
Q

The only solution to this boundary-value problem is G = 0, this is in contradiction with the
assumption [|G|| () = 1. Therefore inequality ([7.2)) must hold. O

Remark 7.2. We are providing the full details of the proof of Proposition also in part to
provide a corrected proof of Proposition 3.11 in [3]. In particular, equation (3.41) as given
in [3] is not correct. The statement itself of Proposition 3.11 in [3] is correct and the given
proof can be adapted by using the method outlined above.

Finally we are able to prove Theorem [2.4]
Proof of Theorem[2.]. By Lemma [3.1 we know that

|u® @ u|| o) < |lu @ ul|coe

Moreover, we know that u¢ ® u¢ converges to u ® u in the C%#(Q) norm for any 3 € [0, a).
This follows from standard mollification estimates and interpolation inequalities.

Then combining inequalities and (7.2), we find that || P¢|co.(q) is bounded. This
means that we are able to take a subsequence, which we also denote by P¢, which converges
in the C°(Q) norm to the limit P € C%%(Q).

By using Lemma [5.2], we find that

P(oy,09,8) — P(01,09,0) = hm(P (01,09,8) — P(01,09,0))

s m 6
/ 11_{%( Jl,az,s)—i-/s/ ©5(01, 09, 8")ds’ )ds (7.10)

By estimates and , we know that the limits lim,_,g A€ and lim._,q ©€ exist as elements
of C%*([0,4]; H~2(0S2)). This implies that P € C([0,d5 + €], H%(92)) near the boundary.
Because it holds that 0; 5 ; = p; (u€®u6 : Vn) on U;N0SY, then by the established convergence
we conclude

0sP(01,09,0) =u®u: Vn,

which holds in H~2(U;) (locally for every patch U; and then extended globally by using a
partition of unity). This allows us to conclude that P € C%%(Q) solves the boundary-value
problem stated in Theorem [2.4] O
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8 The necessity of a very weak boundary condition

It has been argued before that we should consider the following weaker boundary condition

%(p—k (u-n)?) = (u®u): Vn,

when u € C%*(Q) for a € (0, 1], rather than the standard weak formulation of the boundary
condition d,p = (u®u) : Vn. We present an example of a Holder continuous incompressible
vector field u € C%*(Q) for a € (0, 5] for which 9, (u-n)? is not well-defined as a distribution
on 0f2 when 0 < a < %; moreover, when o = % it is not equal to zero whenever it makes sense
as a distribution on 0f2, while the velocity field satisfies the boundary condition (u-n)|gq= 0.

Example 8.1. We consider the following stream function (for 0 < o < %)

1 oo
Pz, y,t ~ E —(@tDk gin (287 x) sin(287y), (8.1)
k=0

>1

in the two-dimensional periodic channel, i.e.
Q=T x[0,1].

The velocity field corresponding to this stream function is given by

w(z,y,t) = — Z 2% sin (2% ) cos(2¥y), (8.2)
k=0
ug(z,y,t) = Z 27 cos (28w sin(2%y). (8.3)
k=0

We will refer to this velocity field as the Weierstrass flow.
We claim that the Weierstrass flow satisfies the following properties:

1. The velocity field u = (uy, ug) belongs to C%*(Q) for every 0 < o < 1.
2. It satisfies the boundary condition (u - n)|gq= 0.

3. It is divergence-free in the sense of distributions.

4. Tt holds that 9, (u - n)?*|sa¢ D' (09).

We now present a proof of this claim.

Proof. 1) Let

N
ul (z,y) = — Z 27 sin(2%7x) cos(2 ),
k=0
N
ud (z,y) = Z 27 cos (2% ) sin(27y).
k=0
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Observe that the partial sums u{ and ul are smooth C*({2) functions, which converge
uniformly, as N — 0o, to u; and us, respectively. Therefore the limit u; and uy are continu-
ous.

Next, we prove that the Weierstrass flow is C%*(€Q). We will only prove that u, is Holder
continuous, as the proof for wu; is similar. Observe that

o0

ug(z + h1,y + he) —ua(z,y) = Z 27 cos(28m(z + hy)) sin(257 (y + hy))
k=0
- Z 27 cos (2% sin(2%y).
k=0
We can rewrite this as follows
ug(z + hy,y + he) —us(x,y) = Z 27% cos(2%(z + hy)) (sin(2k7r(y + ho)) — sin(2k7ry))
k=0

+ Z 2~k <cos(2k7r(x +hy)) — cos(2k7m)> sin(2F7y)

= Z 27N cos(2%(x + hy)) cos(28 71w (22 + hy)) sin(28hy)
k=0

+ Z 27 gin (2817 (22 + hy)) sin(2" ' why ) sin(2F7y).
k=0
Splitting the above sum into parts 0 < k < py, k > p; respectively 0 < k < p, and k > py for
some positive integers p; and py satisfying 2P~ |hy| < 1 < 2P| hy| and 2P2 7L hy| < 1 < 2P2|hy|.
This implies

|ug(x + h1,y + ha) —us(x,y)| < Z 27 cos(28 (2 + hy))||cos(28 71w (2y + ho))||sin(28 " hy)|
k=0

+ ) 27 sin (2 (2 + hy))|[sin(2 kg ) ||sin(20y)| <27 [sin(28 why))|

0 k=0

0o D2 e
+ Z 27ak+1|sin(2k71ﬂ_hl>’ < Z (Qak+1 . 2k1ﬂ'|h2’> + Z g—ak+1

=0 k=0 k=p2+1

p1 o
n Z (2—ak+1 ] 2k—1ﬂ_|h1|) + Z o—ak+1

k=0 k=p1+1

_ _ 2 1 — 2(1—a)(p2+1) 1 — 20— (p1+1)
= (7 27 e ol i g
. , 1—a . 9(1—a)(p2+1) ) o(1—a)(p1+1)

< 2—a 1 2—11 2 — T——
<@ oo 2l B

In the above we have used the fact that |sin z| < |z] that 1 < 2P1|hy| < 2 and 1 < 22| hy| < 2.
In particular, this means that

277 < By |7, 2707 < [Ryl”.
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From this we are able to conclude that

21—a 22—a 22—a
uz(z + ha,y + ho) — ua(z, y)| < (|7 + [ha]®) R Te [ e d T

1 -2« 21704 21704
1 2w
< 21704 h [
= <1—2—a+21—a—1>‘ I

where h = (hy, hy). Therefore u € C%%(Q).
2) We demonstrate that the velocity field satisfies the boundary condition us = u-n = 0 on
0€). Indeed, one can check that

ug(z,0) = Z 27 cos(2%rx) sin(2%7 - 0) = 0,
k=0

since the function is continuous and the series converges uniformly. Similarly, one can check
that us(x, 1) = 0 and hence (u - n)|go= 0.

3) We will now show that the velocity field is divergence-free in the sense of distributions.
We can easily check that

Opud + Oyun = 0.

This means that the partial sums u” are weakly divergence-free, i.e.
/ u™ - Vodr =0, VYo e D(Q;R).
Q

Since uf and u} converge in L*°(Q) to u; and uy, therefore it follows that

/u-V¢dm—O.
Q

We conclude that w is divergence-free in the sense of distributions.
4) Now we focus on the case when « € (0,1) and show that 9, (u - n)?|sq cannot be defined
as an element of D’(09). In particular, this implies that 9, (u - n)* ¢ H~2(d9). In fact, in
Appendix |C| we will show that away from the boundary 9,u3(-,y) cannot be defined as an
element of D'(T) for a dense set of points y € [0,1]. It should be noted that d,u, is perfectly
well-defined as a distribution on the whole domain, but as we will show below d,u3(-, y) might
not be a distribution.

In this section, we will consider the case y = 0, as this concerns the boundary condition.
More precisely first one observes that the function (for # € D(T))

Uy:0) = (u(-y), 6) = / Bz, y)6(x)d (8.4)

belongs to C%%(0,1) and is equal to 0 for y = 0, 1.
Hence the existence of the derivative on the boundary (i.e. for y = 0) follows if the

following limit exists

- 2
Jim [ (e )(e)da
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As already observed in [3] this limit exists and is equal to 0 as long as % <a <1 To

explore the behaviour for the case 0 < a < % we will consider the Weierstrass series defined
in equations (8.2)) and (8.3]) and as a consequence, in this situation one has

o0

v(x,y) = (ua(m,y))? = Z (2_O‘(k1+k2) cos(2M mz) cos(2%2 ) sin(2%y) sin(2k2y)>,
k1,k2=0

U:6) = 3 [ ol y)ola)ds (55)

k1,k2=

= Z (/2“<k1+k2) cos(2M ) cos(2k27r:c)9(a:’)dx> sin(2¥1y) sin(2%2y).
kike=0 N7 T

The purpose of this section is to consider the case 0 < a < % and to prove the following
proposition regarding the function U(y; ) as defined in equation (8.5)).

Proposition 8.2.

1. Suppose 6 € D(T) satisfies
/G(x)dx =0, (8.6)
T

then the limit .
lim — [ v(z,y)0(x)dx

is well-defined and is equal to 0.
2. Otherwise if 0 < a < % and
/H(x)da: # 0, (8.7)
then it holds that ;

1
lim inf -
y—=0+ y

= OQ.

‘ /T v(z, y)0(x)dw

As a consequence the function

U:6) = [ ol n(o)ds (3.8)

does not have a well-defined derivative at the point y = 0.

3. Ifa=1% and

2

/Tﬁ(a:)da: # 0, (8.9)

then we have that
> 2. (8.10)

1
lim inf =
y—0+ y

/Tv(sc,y)ﬁ(a:)da:

Consequently, if the derivative of U(y,0) exists it is not equal to zero.
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Proof. For the proof one first eliminates the nonresonant terms (i.e., the terms involving
ki1 # ko ) and then a comparison argument is used. As such the subscripts R and NR are
used to denote the resonant and nonresonant parts of U, respectively.

Then one has the following.

Lemma 8.3. The functions

Unr(y,0) = Z (2_0‘(’“1”“2) / cos(2M ) cos (282 )6z ) da sin (21 y) sin(2k2y)>
k1, ko=0,k1 £k> T
(8.11)
belong to C1([0,1]), moreover we have that 9,Unr(y;0)|,—0= 0.
Proof. One first recalls the following trigonometric identity
1
cos(2M ) cos(2M2 ) = 5(005((2’“1 + 282)r2) + cos((2F — 2%)mx)).
Then for ky # ky and m > 0 it holds that
/cos(2k17mj) cos(2F2m2)0(2)dw = (=" /COS((2k1 + 2%2) ) il 0(z)dx
T 2(m (2 4 2k2))2m [ dx?m
(=)™ k k >
+ 2lr (2 — gka))m Tcos((Z 1—2 2)7T:E)d$2m(9(l‘)dl‘,
(8.12)

moreover we have

d
d—(sin(2k17ry) sin(27y)) = 2M 7 cos(2M y) sin(2M7y)) + 2% 7 sin(2% wy) cos(2M7y). (8.13)
Y

Combining equations (8.12)) and (8.13]) one obtains that

dily( /T cos(2M ) cos(2k27rx)9(a:)d$> sin(2"y) sin(2’“2y)‘

(8.14)
T x)|dx
- 2(m(2k1  2k2))2m © 2((7r(2k1 — 2k2))2m T |dx?m
which for m > 1 constitute the terms of an absolutely converging series.
As a consequence the function
Unr(y;0) = Z (2‘a<k1+k2)/cos(2k17rx) cos(2"7x)0(z)dx sin(2" 7y) sin(2k27ry))
k1 ,ko=0,k1 £k> T
belongs to the space C'([0,1]) and satisfies the relation:

8yUNR(y;0)\y:0: 0. (815)
O
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Therefore one only has to consider the resonant part of the Weierstrass series, which is

- ki Q—M( /T (cos(2k7rx))20(x)dx> (sin(2Fmy)2. (8.16)

By using the identity
1
(cos(2Fmz))? = 3 (1 - cos(2k+17rx)), (8.17)

one has that

Similarly as before, the functions

o

Urnr(y;0) = %Z 22‘“’“(/Tcos(2k“7rx)6(x)dx) (sin(2F7y))? (8.18)

k=0

are the terms of a series converging in C'([0,1]) with derivative equal to 0 for y = 0. Hence
the completion of the proof now relies only on the analysis of the behaviour of the term

;URR y; 0 /9 deZ 20k (sin(2Fmy)?, (8.19)

which is equal to 0 when
/G(x)dx =0. (8.20)
T

This proves point 1 of Proposition . To prove point 2 one introduces the sequence y,, = 27"
(which is converging to 0, as n — co) and consider the expression

yiURR(yn; 0) =21 " 27k (sin(2¥727))%, (8.21)
n k=0

We first observe that sin(2*727") = 0 for k > n. Therefore, the above sum is actually given
by

n—1
1
—Upg(yn; 0) = 2" 272 (sin(2" 7)), (8.22)
Yn k=0
Now we observe that for 0 < k < n — 1 we have that 0 < 281 < 5. We recall that for
T € [O, g] it holds that sin(z) > gar. Applying this to the series above gives

n—1
L Unnlyni0) = 2132 Zak( 2t ) =2 Y " g2k(ie)
Yn Z ;

_ 2—n+1 22n(1 o) _ 1 B 2

22(1—a) _ 1 ~ 922(1—a) _ 1(

2n(1—2a) . 2—n)
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From the above we conclude that

. =00 if0<a<i,
liminf —Ugrg(yn;0)< >2 ifa=

n—oo yn

%, (8.23)
>0 ifa>1i
Observing that

U<y7 9) - UNR(ya 0) + UR(y7 9) - UNR(y, 9) + URNR(y7 9) + URR(y7 6)

completes the proof of the point 2 of Proposition Since for a > 1 we have that lim 2"('~2)
goes to 0 with n — oo point 2 is not in contradiction with point 1 of Proposition [8.2 O]
O

Remark 8.4. The definition of 9, (u-n)? turns out to be a subtle issue for solutions in C%*().
In the case a > % the definition is trivial, as was observed before. For 0 < a < % it depends
on the mean of the function #(z). The trace of the d,u3 term remains well-defined as an
element of the dual of test functions with mean value 0, on the other hand it is no longer
defined when the mean value of the test functions is not 0.

In two space variables in a domain €2 with a geodesic change of variable the same results
hold when introducing the Weierstrass flow as in equations and . Now z is the
tangential variable and y the distance to 0f2.

Remark 8.5. In fact the whole derivation which was detailed above is local in nature and
could be considered on the boundary 0f) or on any hyper surface ¥ C 0€2. This leads to the
following theorem.

Theorem 8.6. Let ¥ C Q be a hypersurface with local geodesic coordinates, tangential coordi-
nate x and normal coordinate y. Suppose F(u) is a C* function and consider the trace

Oy F(u)(z,y)|s.
Then:

1. If u € C**(Q) with 1 < a and (u-n)|se= 0, then the trace of 0,F(u) on ¥ is well-
defined.

2. Otherwise if 0 < o < 3, the trace d,F(u) # 0 on X is not well-defined even as an
element of y — D'(X).

3. If a= %, even if the trace 0,F (u) is well-defined, it is nonzero.

9 Conclusion

The result proven in this paper is a generalisation of the result proven in [3] from the 2D to the
3D incompressible Euler equations. We use the very weak boundary condition introduced

in [3] and moreover show its necessity, namely by constructing the example of a velocity
field for which 9,(u - n)?an¢ D'(052), as outlined in section [§f One key difference with
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the work [3] is that we now use local parametrisations of the boundary as opposed to a
global parametrisation. Note that in principle our approach can be generalised easily without
many problems to any dimension, by using the higher-dimensional analogue of the coordinate
transformation ([2.4)-(2.6)).

This result constitutes the last part of the proof of the first half of the Onsager conjecture
(the sufficient conditions for energy conservation of weak solutions) in the presence of bound-
aries, which was given in [I]. Because the phenomenon of anomalous dissipation is intimately
related with low regularity weak solutions of the Euler equations, we expect the very weak
boundary condition considered in this work to have connections with the dissipation anomaly
and turbulence.
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A Schauder-type estimate for Dirichlet problem

In this appendix, we will prove a Schauder-type estimate that will be used in the main body
of the paper. We will use the Einstein summation convention in what follows. The estimate
is given in the following theorem.

Theorem A.1. Let v € Hj(Q2) (where Q C R® is an open set with C** boundary for a > 0)
be the unique solution of the following problem

v=0 on 09,
where F;; € C**(Q). Then the following estimate holds
Hcho,a(Q) S CHFHCO,&(Q) (AQ)

Proof. We recall from [19, Theorem 1] that the Green’s function G exists and it satisfies the
following problem

{AyG(x,y) =0z —y) forzeQ, (A.3)

G(z,y) =0 fory € 09Q.
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Moreover, from from [19, Theorem 1] we know that it satisfies the following pointwise
estimates (in the case of three dimensions)

G (z,y)| < Cle—yl™, (A.4)

ID°G(z,y)| < Clz —y| 72, (A.5)

|DYG(z,y)| < Clz —y| 2, (A.6)

|DYG(x,y) — D'G(z,y)| < |z — 2|* max{|z — y[ 7%, [z — y[ 77}, (A7)
|DYG(x,y) — D'G(z,y)| < |z — zlmax{|z — y|™, |z —y| '}, (A.8)

where [ is a multi-index of order 1 and ~ is a multi-index of order 2. Now using the Green’s
function we can write the solution as (where the partial derivatives are with respect to )

v(x) = —AG(x,y)aiaj(Ej(y))dyz /Q&G(%y)@j(ﬂj(y) —Fyle)dy = | Gl,9)0;Finids

— [ 00,6.0)(F,) - FoleDdy+ [ (Fy) = Fy()aG(z,p)nyds
Q G
In the first line the last integral vanishes due to the properties of the Green’s function. Now
we derive the Schauder estimate (where we let T = (21 4+ 22)/2 and 6 = |z — 29|, see [2§] for
a related derivation)

v(ry) —v(zg) = —'jgfif%(;(xlyy)(fﬁj(y)'—'fﬁj(xl))dy'+’jgﬂ(f§‘(y)'—’fﬂj(lh))é%(?(xl»y)"jdy

- /a (Fy(y) — Fy(w2)0C (2, ynydy + / 0:0,G (2, 9) (Fy(y) — Fy(2))dy

Q

- / (00,G (21,) — 0,0,G 2, y))(Fy(2) — Fy(w))dy

\Bs ()

Fy(an) = Fiaz) [ o DA )y~ | @06 ) = Fole)idy

NB;(T)

+

—~

s @G (Fyw) - Fuaady — (Fye) = Fylew)) [ Gy
QNB;s(T) OO\ Bs ()

+ /  [0:G(@a,y) — G 1, y)] [Fywa) — Fy(y)]nydy
OO\ Bs(T)

i /mmB (*)<Fi‘(y) = Fij(21))0:G (21, y)n;dy — (Fij(y) — Fij(22))0;G (2, y)n;dy

0NBs(7)

S C(SO‘ = C|.1'1 — l’z'a,

which follows from the following bounds (which rely on the pointwise estimates on the Green’s
function)

| (00,6(@) - 00,6 ) (Fy(ed) ~ Fy@dy < [ o1~ walfas — "
Q\B;(T) Q\Bs(T)

- max{|z; — y|_47 |ze — y|_4}dy < 6%,

(Fy(1) — Fy(a)) / 0.0,G 1, y)dy = (Fyy(a1) — Fiy(22)) / 5,G 1, y)nidy

O\Bs(z) O(\Bs(T))
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<z — 29|® |z — y|Pdy S 67,

9(Q\B;(T))
| @aGenE) - Folady < [ o=yl edy S
QNB;(T) QNB;(Z)
(Fij(w1) — Fz‘j(l‘Z))/ 0iG (21, y)dy < |11 — 22|" |21 — y| 2dy < 09,
O\ B; (T) 0N\B;(7)

/ [@G(iﬁ% y) — 0;G (a1, ?J)] [Ej(xZ) - E-j(y)]njdy

OO\ B;(Z)

< / 2y — | mas{ar — v Jes — | P s — yl* < 67,
OO\ B5(Z)

/ (Fij(y) — Fij(21))0iG (21, y)n;dy < / |z — y| 7y S 6%,
O0NB;s(T) O0QNBs(T)

the other bounds follow in a similar fashion. In the above we have used that |y — |7}, |y —
25|71 < 2 on Q\Bs(T) (which can be seen by using the reverse triangle inequality).
This concludes the proof of the Schauder estimate. O]

Remark A.2. This proof can be easily adapted to the case where terms of the form c(x)v
appear on the right-hand side.

B Schauder-type estimate for Dirichlet-Neumann prob-
lem

In section [6] we consider the pressure near the boundary. The resulting functions satisfy a
Dirichlet-Neumann problem of the following type

—Av=f inQ,
v=0 1inIp, (B.1)
O, v =g in'y.

Here  is still the domain, while I'p and I'y are open sets in 9 such that I'y = 0Q\I'p. We
will first prove existence and uniqueness of solutions to this problem in the space Hjp (),
which consists of the H'(2) functions with zero trace on I'p. The weak formulation of the
problem is (as can be found in [35, p. 516])

/Q Vo - Viide = /Q Fodz + /F ) gibdo, (B.2)

where ¢ is an arbitrary test function in H&FD(Q). We will first prove existence and unique-
ness, based on the method outlined in [35, Chapter 8§].

Theorem B.1. The Dirichlet-Neumann problem (B.1) has a unique solution in Hyyp ().
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Proof. By Theorem 7.91 in [35], we know that the Poincaré inequality holds for functions in
Hjp, (). This means in particular that we may take the following norm

lullmy, = Vel 2. (B.3)

Now we prove the existence and uniqueness for the Dirichlet-Neumann problem by using the
Lax-Milgram theorem. We introduce the bilinear form B : Hyp (€2) x Hyp () — R which
is given by

B[?}17’l)2] = / V’Ul . VUQdCL’.
Q

It is easy to verify that B is coercive and continuous in the space H&FD. Moreover, since
f e L*(Q) and g € L*(99) it is easy to check that the map ¢ — [, fibdz + fFN gYdo is in

Hy, %D (Q). Therefore by the Lax-Milgram theorem there exists a unique solution in Hjp ()
for the Dirichlet-Neumann problem given in equation (B.1]). [

Now for the sake of completeness we would like to establish a Schauder estimate for the
Dirichlet-Neumann problem, as it does not seem to be stated in standard references such as
[23, 24, 29]. In order to do so, we will rely on the approach given in [31]. We will prove the
following result.

Theorem B.2. Let 9QNU; be a patch of 98Y given by the localisation. Let Py ; be a solution
to the following problem
—APs ;= —(Adpp;) P = 2(Vup;) - VP + gup; ((V ® V) (u @u) — A((us- n)2)> in Vs,

Pe=0 ondVsy,\(U;N0N), 0.P°=p, (u Qu: Vn) on 02N U;.
(B.4)
Then Fy; satisfies the following Schauder-type estimate

1P s sy < Cllut ® wllonas ) + DI mqvi (B.5)

Proof. By Theorem B.1|we know that problem (B.4) has a unique solution in Hy ;. \(U;n09) (Q).
OVe.U;

Now because 92 € C? we can map U; N Q by a C? mapping ¢ such that ¢(9Q N Uj;)
is flat (or alternatively, it is characterised by the second coordinate being 0) and ¥(Vsy,)
is the upper half of an open ball. If this is not possible, we can restrict to subsets of U;
such that the part of the boundary which intersects with 02 can be mapped to a flat set, by
compactness there are finitely many such sets. We can therefore transform the problem to
(see [29, Section 6.2] for concrete computations)

(@)D" + (@)D (x) = —(Adyps) P — 2AVup;) - VP + o ((v ®V): (u @ u)

SA{(w e n) ) = Fin v,

p =0 inY(dVsy,\(02NU;))), 0w =pj(u®@u:Vn) ifz,=0.
(B.6)
We have replaced P¢ by p¢, in order to distinguish the ‘unknown’ from the source terms.
In addition, the uniform ellipticity is preserved by Lemma 6.2.1 in [29] (this is why the C?
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regularity assumption on the boundary is crucial). Now we want to homogenise the Neumann
boundary condition. One can find a function G € C*(0f2) such that

gz :pj(u®u:Vn) if z, = 0.

Then by taking (where F” is the forcing on the right-hand side of the equation in problem

F1 = FI -+ aij&-ajG — blazG,
F=-G,

we end up with the problem

—a" (2)0;0;0;p° + bi(x)0;p°(x) = Fy  in (Vsy,),
pr=F iny(dVsy,\(0QNT;))), (B.7)
Oppt=0 ifx, =0.
Then we take an even extension of F' and v with respect to z,,. We write L/Jﬁ-/&\(]j) for the
even extension of w(\/(wj) through x,, = 0. This then leads to the problem

_aij(x)aiaﬂf + bl(l‘)azpﬁ(;c) = F1 n w(‘/&Uj), (B 8)
p-=F, ond(Vsy,).
Now we will prove the Schauder estimate by the continuity method, see [23, Section 5.5.1]
for example. We first define the following operator

L= —a"(2)0,0; + bi(z)0;,

which is the differential operator of the stated Dirichlet problem (B.8]). Then we introduce
the continuous family of operators

For all t € [0, 1] the problem associated with L; and the data F; and F3 has a unique solution.
Now we need to prove that it satisfies the Schauder estimate from Theorem [A.T] We define
the subset 3 C [0, 1] such that for all t € ¥ the estimate is satisfied. Now we will prove that
¥ is both open and closed and hence ¥ = [0, 1]. We first observe that for ¢ = 0 by Theorems
and estimate holds.

We will first show that ¥ is closed. Suppose we take a sequence t;, — ¢, such that for
all £, estimate holds. Then by compactness we know that there exists a subsequence of
solutions to the problems with operators L;, (which we label with v, ) converging uniformly
to v; (i.e. strong convergence in C°(£2)). This means that the Schauder estimate also holds
for vy.

Now we have to show that X is open. We take an arbitrary t, € X. We denote by
Uy, = Tyw the solution to the problem

— —

Lty = (Lyy — Ly)w + Fr in v (Vsy,),  we = Fy on 09(Vsy,).
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Then we observe that L;, — Ly = (t — t9)A + (to — t)L. By the assumed Schauder estimate
we get that (by an adaption of the proof of Theorem |A.1))

||Ttw1 — Ttw2||(;o,a S C|t — t0|||w1 — w2||00,a. (Bg)

Then if |t — o] is sufficiently small, the mapping T} is a contraction and hence the fixed point
solves the Dirichlet problem with the operator L;. Therefore the Schauder estimate holds for
a small neighbourhood around ¢ and hence ¥ is open and therefore ¥ = [0, 1] (as X cannot
be the empty set). In particular, estimate is true for the case t = 1, which is what we
wanted to show. ]

C The normal derivative of the Weierstrass flow away
from the boundary

We recall that in Example we constructed a flow (given in equations and (B.3))
such that 9,(u - n)?|sn¢ D'(09). In this appendix, we will show more, namely that actually
On(u-n)?(-,y) ¢ D'(T) for any y = 5%, where j = 1,2,...,2" —1 and m > 1. By reexamining
the proofs in section [} one can check that for any y > 0 Ung(-;0) and Ugng(-;0) are C*
functions.

We recall that Urr was defined by

o0

Urr(y;0) = l/T9(3:)d:15Z:2_20‘]"’(sin(2kﬁy)2, (C.1)

2
k=0

Now we will consider the following difference quotient for some y; = QLm (for some m > 2 and
j=1,2,...,2™)

Urr(y1 + h;0) — Urr(y1;
|h|

P = gy [0S et + )~ nizt )|

We will first rewrite the difference quotient as

h;0) — -0 1 oo
Urr(y1 + I |})L| Urr(y1;9) — i /H(x)deQ—Qak |:COS(2k+17Ty1) — cos(25F r(yy + h))]
T k=0
1 oo
= STl / 0(z)dx Z 2720k gin (287 (2y1 + h)) sin(2b7h).
T k=0

Now once again we select the sequence h,, = 27", as we did in Example[8.1] Once again, we
notice that sin(28~"7) = 0 for k > n, so we end up with the partial sum

. . . n—1
Urn(y + hni§)| Urn(y:9) =2t / 0(x)dx Z 272 gin(2%m (21 + 27)) sin(2¥ ")
n T k=0
n—1
=2t / (x)dx Z 2ok [sin(2k+17ry1) cos(2"7") 4 cos(2¥ M myy ) sin(2F" ) | sin(28 7).
T k=0
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Now we substitute our choice for y;. Since we are interested in the behaviour of Ugg as
n — oo we may assume without loss of generality that m < n. Then we obtain that

n—1
URR(yl + hni:)|_ URR<y17 9) _ 2n—1 / Q(ZE)CZ:L“ Z 2—2ak |:Sin(2k+1_m71'j) COS(Qk_nT(')
" T k=0
+ cos(2F 17 4) sin(Zk”ﬂ)] sin(2F ")
m—2
=2 / x)dx Z [2 20k gin (2M17m ) cos (28" r) sin(2k_"7r)] (C.2)
=0
—1
+ 2"_1/ x)dx Z {2 29k cos 2k+1_m7rj)(sin(2k_”7r))2} (C.3)
k=0
n—1
+ 2"_1/ x)dx Z [2 20k (sin 2’“‘”%))2}. (C4)

o

We first investigate the third sum in line (C.4]), we estimate

n—1 n—1

on— 1/9 dxz2 2ak(81n(2k n )) > gn— 1/9 deZ 20k 22k 2n+2

k=m k=m

22(1 a)n 1 22(17a)m _ 1:|

_ o—n+l - 21—a)k _ o—n+1 -
=2 /T@(x)dxkz 2 =2 /EQ( )dl‘[ 92(i-a) _ 1 22(1—a) _ |
9(1-2a)n+1 o 1 22(1-—a)m _ q

Now we need to show that the other two sums remain bounded, we observe that for x € [0, %]
we have that 2z < sin(z) < z, as a consequence we obtain

g1 /T G(x)dxtz_: [2—2% cos (21777 ) (sin (25" ))2]

m—1
> 9n- 1 / d[E Z |:2—2ak min{cos(2k+1_m7rj)22k_2”+2, 9—2ak I'IliIl{COS(2k+1_mﬂ'j)22k_2n’ﬂ'2}:|
k=0

m—1

=g ! /Te(x)dxz

[2_2“ min{cos(2F1 )22k 2 g2k min{cos(2k+1_m7rj)22k7r2}} :
k=0

m—2
2”_1/9(x)dxz [2_2“ sin(28717" 1) cos(28 ") sin (28 )
T

m—2
> gn—l / (x)dx Z [2_2ak min{sin(2°717"75) cos(28 ") 28 sin(2FT M) cos(2k_"7r)2k_"7r}}
T k=0

m—2

:2_1/9(x)dx {2_2‘1’“ min{sin(2°7"75) cos(2F )28 sin (25T y) cos(2k_"7r)2k7r}}.
T k=0
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Therefore both sums can be either bounded from below independent of n or they go to zero
as n — 00. Because the sum in equation ((C.4)) is going to infinity, we conclude that if a < %
we have that

hn; 60) — ;0
lim inf Urr(y1 + hn; 0) — Urr(y1; )‘ ~ oo, (C.5)
n—00 h,
for points y; of the form y; = % for j =1,...,2" 1 and m > 1. We conclude as a result

that d,u3(-,y) cannot be defined as a distribution (i.e. as an element of D'(T)) for a dense

set of points y € [0, 1].
/G(x)d:c
T

In the case o = % we have that
m—2

: ’2 + Z {2_2"]‘3_1 min { sin(2"! 7" 7j) cos(2Fr) 25+ sin (28 ) Cos(2k7r)2k7r}} ',
k=0

Urr(y1 + hy; 0) — Ugr(y1; 6)
h,

lim inf
n—oo

E

it therefore depends on the values of j and m whether this lower bound is nonzero.

References

[1] C. Bardos and E. S. Titi. Onsager’s conjecture for the incompressible Euler equations in
bounded domains. Archive for Rational Mechanics and Analysis, 228(1):197-207, 2018.

[2] C. Bardos, E. S. Titi, and E. Wiedemann. Onsager’s conjecture with physical boundaries
and an application to the vanishing viscosity limit. Communications in Mathematical
Physics, 370(1):291-310, 2019.

[3] C. W. Bardos and E. S. Titi. C%* boundary regularity for the pressure in weak so-
lutions of the 2D Euler equations. Philosophical Transactions of the Royal Society A,
380(2218):20210073, 2022.

[4] T. Buckmaster, C. De Lellis, P. Isett, and L. Székelyhidi Jr. Anomalous dissipation for
1/5-Holder Euler flows. Annals of Mathematics, pages 127-172, 2015.

[5] T. Buckmaster, C. De Lellis, L. Székelyhidi Jr., and V. Vicol. Onsager’s conjecture
for admissible weak solutions. Communications on Pure and Applied Mathematics,
72(2):229-274, 2019.

[6] T. Buckmaster and V. Vicol. Convex integration constructions in hydrodynamics. Bul-
letin of the American Mathematical Society, 58(1):1-44, 2021.

[7] A. Cheskidov, P. Constantin, S. Friedlander, and R. Shvydkoy. Energy conservation and
Onsager’s conjecture for the Euler equations. Nonlinearity, 21(6):1233, 2008.

[8] M. Colombo and L. De Rosa. Regularity in time of Holder solutions of Euler and hypodis-
sipative Navier-Stokes equations. SIAM Journal on Mathematical Analysis, 52(1):221-
238, 2020.

33



[9]

[19]

[20]

[21]

[22]

23]

M. Colombo, L. De Rosa, and L. Forcella. Regularity results for rough solutions of
the incompressible Euler equations via interpolation methods. Nonlinearity, 33(9):4818,
2020.

P. Constantin. Local formulae for the hydrodynamic pressure and applications. Russian
Mathematical Surveys, 69(3):395, 2014.

P. Constantin, W. E, and E. S. Titi. Onsager’s conjecture on the energy conservation for
solutions of Euler’s equation. Communications in Mathematical Physics, 165(1):207-209,
1994.

P. Constantin and C. Foias. Navier-Stokes Equations. University of Chicago Press, 1988.

S. Daneri and L. Székelyhidi. Non-uniqueness and h-principle for Holder-continuous
weak solutions of the Euler equations. Archive for Rational Mechanics and Analysis,
224(2):471-514, 2017.

C. De Lellis. The Onsager theorem. Surveys in Differential Geometry, 22(1):71-101,
2017.

C. De Lellis and L. Székelyhidi. On admissibility criteria for weak solutions of the Euler
equations. Archive for rational mechanics and analysis, 195(1):225-260, 2010.

C. De Lellis and L. Székelyhidi. Dissipative continuous Euler flows. Inventiones mathe-
maticae, 193(2):377-407, 2013.

C. De Lellis and L. Székelyhidi Jr. The Euler equations as a differential inclusion. Annals
of mathematics, pages 1417-1436, 2009.

L. De Rosa, M. Latocca, and G. Stefani. On double Holder regularity of the hydro-
dynamic pressure in bounded domains. Calculus of Variations and Partial Differential
FEquations, 62(3):85, 2023.

G. Dolzmann and S. Miiller. Estimates for Green’s matrices of elliptic systems by LP
theory. Manuscripta mathematica, 88(1):261-273, 1995.

J. Duchon and R. Robert. Inertial energy dissipation for weak solutions of incompressible
Euler and Navier-Stokes equations. Nonlinearity, 13(1):249, 2000.

G. L. Eyink. Energy dissipation without viscosity in ideal hydrodynamics I. Fourier
analysis and local energy transfer. Physica D: Nonlinear Phenomena, 78(3-4):222-240,
1994.

U. Frisch. Turbulence: the Legacy of A.N. Kolmogorov. Cambridge university press,
1995.

M. Giaquinta and L. Martinazzi. An Introduction to the Regularity Theory for Elliptic
Systems, Harmonic Maps and Minimal Graphs. Springer Science & Business Media,
2013.

34



[24]

[25]

[26]

[27]
28]

[29]

[30]
[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

D. Gilbarg and N. S. Trudinger. FElliptic Partial Differential Equations of Second Order,
volume 224. Springer, 2015.

P. Grinfeld. Introduction to Tensor Analysis and the Calculus of Moving Surfaces.
Springer, 2013.

Q. Han and F. Lin. Elliptic Partial Differential Equations, volume 1. American Mathe-
matical Soc., 2011.

P. Isett. A proof of Onsager’s conjecture. Annals of Mathematics, 188(3):871-963, 2018.

J. Jost. Partial Differential Equations, volume 214. Springer Science & Business Media,
2012.

N. V. Krylov. Lectures on Elliptic and Parabolic Equations in Holder Spaces, volume 12.
American Mathematical Soc., 1996.

O. A. Ladyzhenskaya. Linear and Quasilinear Elliptic Equations. Elsevier, 1968.

G. M. Lieberman. Oblique Derivative Problems for Elliptic Equations. World Scientific,
2013.

L. Onsager. Statistical hydrodynamics. 1l Nuovo Cimento (1943-1954), 6(2):279-287,
1949.

J. C. Robinson, J. L. Rodrigo, and W. Sadowski. The Three-Dimensional Navier—Stokes
Equations: Classical Theory, volume 157. Cambridge University Press, 2016.

J. C. Robinson, J. L. Rodrigo, and J. W. Skipper. Energy conservation for the Euler
equations on T? x R, for weak solutions defined without reference to the pressure.
Asymptotic Analysis, 110(3-4):185-202, 2018.

S. Salsa. Partial Differential Equations in Action: From Modelling to Theory, volume 99.
Springer, 2016.

L. Silvestre. A non obvious estimate for the pressure. Unpublished material. Retrieved
from http: //www. math. uchicago. edu/ luis/preprints/pressureestimate.
pdf, pages 1-4, 2010.

R. Temam. Navier-Stokes Equations: Theory and Numerical Analysis, volume 343.
American Mathematical Soc., 2001.

E. Wiedemann. Existence of weak solutions for the incompressible Euler equations.
Annales de 'Institut Henri Poincaré C, Analyse non linéaire, 28(5):727-730, 2011.

J. Wloka. Partial Differential Equations. Cambridge University Press, 1987.

35


http://www.math.uchicago.edu/luis/preprints/pressureestimate.pdf
http://www.math.uchicago.edu/luis/preprints/pressureestimate.pdf

	Introduction
	Local parametrisation of the boundary
	Mollification of the velocity field
	Interior estimate
	Trace lemma
	Estimate of the boundary layer pressure
	Taking the limit 0
	The necessity of a very weak boundary condition
	Conclusion
	Schauder-type estimate for Dirichlet problem
	Schauder-type estimate for Dirichlet-Neumann problem
	The normal derivative of the Weierstrass flow away from the boundary

