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Abstract

This paper is devoted to investigating the rotating Boussinesq equa-
tions of inviscid, incompressible flows with both fast Rossby waves and
fast internal gravity waves. The main objective is to establish a rigor-
ous derivation and justification of a new generalized quasi-geostrophic
approximation in a channel domain with no normal flow at the upper
and lower solid boundaries, taking into account the resonance terms
due to the fast and slow waves interactions. Under these circumstances,
We are able to obtain uniform estimates and compactness without the
requirement of either well-prepared initial data (as in [10]) or domain
with no boundary (as in [17]). In particular, the nonlinear resonances
and the new limit system, which takes into account the fast waves
correction to the slow waves dynamics, are also identified without in-
troducing Fourier series expansion. The key ingredient includes the
introduction of (full) generalized potential vorticity.
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1 Introduction

We consider an inviscid incompressible fluid in a periodic channel domain
Q:=Qy x (0,h) C R3, with horizontal periodic domain €, := T? = (0, 1)?
and vertical domain height h € (0,00). Denote by v € R? the horizontal
velocity, w € R the vertical velocity, p € R the pressure, and p € R the
density, respectively. Let the following be the typical characteristic physical
scales for length, time, velocity, density, and pressure:

L length scale

U mean advective velocity
L

T, .= i eddy trunover time

Tr := f~! rotation time

Db mean density

D mean pressure.

Furthermore, set p = p(2) to be the background density stratification, which
is assumed to be linear in the vertical coordinate, and decompose the density
into the sum of stratification p and deviation pp0, i.e.,

p=pd+p



The buoyancy (Brunt-Véiséld) frequency is defined as

N\ 1/2
N = <_g(%p) ,
Pb

and the corresponding buoyancy time scale is

Ty := N1

In this geophysical situation, one can introduce the following relevant non-

dimensional numbers:

U
the Rossby number Ro := ff
the Froude number Fr .= L

" LN

the Euler number P .= #
_ 9L
I:.= ik

see, e.g., [34]. With such notations, the dimensionless rotating Boussinesq

equations are given by
v+ v - Vv 4+ wdv + %vl + PVyp =0,
Oyw + v - Vyw + wl,w + PO,p —T'0 = 0,
8,50—|—U-Vh0+w820+ﬁw =0,
divyv + 0,w = 0,
with
W|z=0,n =0 i.e., the impermeable boundary condition,
see, e.g., |34].
In this paper, we consider the quasi-geostrophic scale where

e The Rossby number is small

Ro=e < 1;
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e The flow is in geostropic balance, i.e., the rotation and the pressure

forces are in balance,

— 1
P=—
Ro’

e The Froude number is small and equal to the Rossby number,

Fr = Ro;

e The non-dimensional number I' is in balance with the inverse of the

Froude number 1

I'=—.
Fr

Then the rotating Buossinesq equations (1.1)) become

o+ v - Vyv +wdv + éULjL @ =0, (1.2a)
Byw + v - Vaw + wd,w + Gzp - g —0, (1.2b)
00+ v+ Va + w0+ = =0, (1.2¢)
divy v + 0,w = 0, (1.2d)
with
wls—op = 0. (1.2¢)

We refer the reader to [34, section 7.4] for the detailed derivation of system
. We remark that, the small Rossby number, i.e. Ro < 1, induces the
fast Rossby waves, and the small Froude number, i.e. Fr < 1, induces the
fast internal gravity waves. In our setting, i.e., system , both Rossby
and gravity waves are fast and they are coupled. In particular, they have
the same scale.

The goal of this work is to investigate the asymptotic limit of system
as € — 07 in the channel domain (., i.e., the quasi-geostrophic ap-
proximation, taking into account the fast-slow waves interaction and their
corresponding resonance terms.

Similar problem has been studied in the case of “well-prepared” initial
data by Bourgeois and Beale in [10], where the convergence, as well as
the convergence rate, of solutions to that of quasi-geostrophic equations
((2-27) and (2.29)), below) is proved. In particular, the well-prepared initial




data are chosen so that there are only slow waves in the dynamics and
no contribution of the fast waves. That is, the initial data is close to the
geostrophic balance (see (2.16)—(2.18), below). We remark that [10] assumes
that 9.pY 2=0,h = 0 together with the balanced initial data. This guarantees
that the system of equations satisfy some symmetry, and eventually can be
extended periodically to a system into T3, i.e., there is no boundary effect
as if one has a virtual boundary. The general convergence theory when
9.7°| 2=0,n 7 0 is still open. Here p° is the stream function associated with
the potential vorticity as in (2.26]). The existence of weak solutions for these
quasi-geostrophic equations is established in [42}|45]

Taking into account the fast waves, but without physical boundary (i.e.,
in T?), Embid and Majda studied the nonlinear resonances and established
the asymptotic limit of system in [17,|18,35]. The limiting system
is the quasi-geostrophic equation with nonlinear resonances on the
right-hand side, while the velocity and the temperature in the limiting quasi-
geostrophic equations are given by (2.16]) and ([2.17)), below, respectively.

In the case with vanishing viscosity, an Ekman boundary layer will arise
in the channel domain, which leads to Ekman pumping. This is verified
in [14], in the case with well-prepared initial data (i.e., slow waves only). To
the best of the authors’ knowledge, the asymptotic limit taking into account
both the fast waves and the Ekman pumping is open. The global well-
posedness of solutions to the quasi-geostrophic system with Ekman pumping
was established in [41].

In this paper, we introduce the notion of (full) generalized potential
vorticity (i.e., ® and ¥ defined in and , below, respectively),
which allows us to separately describe the slow and the fast waves of the dy-
namics of system in a channel domain without introducing any bound-
ary layer. Moreover, the interaction between the slow and fast waves can
be easily tracked and investigated. Therefore, we are able to establish the
asymptotic limit as ¢ — 07 in the channel for general initial data. In par-
ticular, we drop the requirement of well-prepared initial data or periodic
spatial domain required in [10] and [17], respectively. In addition, the fast
waves correction to the slow dynamics is identified as a new resonance term.

We remark that in our context, the terms slow (fast) waves and slow
(fast) dynamics, as well as well-prepared (ill-prepared or general) initial data
and balanced (unbalanced) initial data are interchangeable, respectively.
This terminology is widely used in the literature.

Before stating the main results in detail, we would like to put this work
in the context of the study of asymptotic limit in the following subsection.



1.1 Asymptotic limit and boundary layer

We should stress that the following references are by no mean exhaustive.

The study of low Mach number limit of the compressible flows was pi-
oneered by Klainerman and Majda in [28}29], where the convergence with
only slow waves (i.e., well-prepared initial data) was shown in domains with-
out boundary. In R3, Ukai in [52] showed the dispersion of the fast acoustic
waves and thus established the low Mach number limit with large acoustic
waves. As pointed out in [15], such dispersion in R3 is characterized by
the Strichartz estimate [27,[50]. In the case of T3, [31] showed the weak
convergence of low Mach number limit for compressible flows by investigat-
ing the nonlinear resonances of fast acoustic waves. The general theory of
fast singular limit was developed by Schochet in [48,49] for hyperbolic sys-
tems, which was later extended to parabolic systems in [21]. We refer the
reader to [1,2,[12}(13./19,/20,[37,39] and the references therein for more studies
of low Mach number limit in domains without boundary. When there is
physical boundary in the underlying domain, the low Much number limit
of viscous flows may give rise to a boundary layer. This is first studied in
terms of eigenvalue-eigenfunction pairs in [24]. Recently in [38], by introduc-
ing uniform estimates in the co-normal Sobolev norm, together with some
L™ estimates, the low Mach number limit of compressible viscous flows is
established in smooth domain with Navier-slip boundary condition and gen-
eral initial data. However, the corresponding low Mach number limit with
no-slip boundary condition is still open.

Meanwhile, in the vanishing viscosity limit of the incompressible Navier—
Stokes equations with no-slip boundary condition, the Prandtl boundary
layer was introduced by Prandtl in 1904 [44] and became the paradigm of
further mathematical studies. See, e.g., [16] for a derivation of the Prandtl
equations. However it turned out to be the most singular. The boundary
layer is due to the no-slip boundary condition for the Navier-Stokes and since
this effect is not present at the level of the Euler equation, a discontinuity
appears in the zero viscosity limit. Due to the nonlinearity of the problem
such singularity may escape from the boundary layer and propagate in the
fluid. This is one of the main source of turbulence, and as a consequence
the Prandtl boundary layer is strongly unstable, and therefore may exist
only for short time and under strict regularity hypothesis, see, e.g., [33./46),
47]. A direct proof of such asymptotic limit, with the incompressible Euler
equations as the limiting equations, without introducing the boundary layer
correction can be found in [7,40]. For general, smooth, but not analytic,



initial data, the vanishing viscosity limit is still an open challenging problem.
The pioneer work in this direction is by Kato [25]. See, also, [8,/9] and
references therein for related results.

With fast rotation and vanishing viscosity (but no fast internal waves) in
a domain with no-slip boundary condition, the Ekman boundary layer may
arise, which is an important phenomenon in the atmospheric and oceanic
study (see, for instance, [34.43]). In [23] and [36], the asymptotic limit of fast
rotation and vanishing viscosity with the Ekman boundary layer correction
was established for flows with and without fast waves, respectively.

With only fast rotation in a domain without boundary (T2 or R?), the
asymptotic limit of the Euler or Navier-Stokes equations was studied in
[4-6], where the limit dynamics is characterized by two dimensions three
components (2D3C) flows, and the prolonging effect of fast rotation on the
life-span of the solution was established. Such a regularizing effect of fast
rotation was demonstrated in the case of a simple convection model in [3|
32]. See also [22,30] for the study in the primitive equations, and [11]
for some examples in the study of mathematical geophysics, including the
aforementioned Ekman boundary layer.

As mentioned before, in this paper, we study the singular limit e — 07 of
system in the periodic channel domain € = T2 x (0, ). In particular,
it will be established that the fast rotation induced by strong Coriolis force
in suppresses the possible emergence of a boundary layer near the
boundary.

1.2 Main results

The first main result of this paper is the following:

Theorem 1.1 (Uniform-in-¢ estimate). Consider the initial data
(Vin, Win, Oim) € H3(Q)

of the solution (v,w,0) to system (1.2)), satisfying the compatibility condi-
tions divp vin + O;win = 0 and Win|,=0, = 0. Then there exists T,Ci, €
(0,00), depending only on the initial data and independent of €, such that

sup ||v(t), w(t),0(t . < Cin. 1.3
R EORTORTO] (13)
Proof. The proof of this theorem is done in section O



The local well-posedness theory of solutions in H3(f2) to system for
fixed € € (0,1) is classical and thus is omitted here. See, for instance, [26].
With continuity arguments, the uniform estimate implies the uniform-
in-¢ local well-posedness with initial data as in the theorem.

Our second main result of this paper is to investigate the limit system,
as follows:

Theorem 1.2 (Convergence theory). Let T > 0 be as in Theorem[1.1], and
let (®,V, Hy, Hp,, Z) be defined as in f, below. Then there exists a
subsequence of € that as e — 0%, one has the following convergence in strong
topology:

d— D, in C([0,T]; H'(Q)), (1.4)
Ho, Hy, — Hp0, Hyp, i C([0,T]; H¥?(T?)), (1.5)
T (T £ iTh) oy in  C([0,T); H(R)), (1.6)
and
T (Z+iZY) > 2y in  C([0,T); H*(Q)), (1.7)

and in suitable weak-x topology (see section , the limit
((I)IJ?HP,‘J?Hp,hva,:tazppm) (18)

satisfies system (4.46)), below.

Proof. This is done in section [d In particular, the strong convergence can
be found in (4.11)), (4.12), (4.22)), and (4.23), respectively. O

Remark 1. In this paper, we have not explored the well-posedness, in partic-
ular, the uniqueness, of solutions to the limit system (4.46[). For this reason,
we only have the subsequence convergence in Theorem However, if
one manages to show the well-posedness of solutions to system , the
convergence should be of the whole sequence of e — 0.

The rest of this paper is organized as follows. In section [2| some prelim-
inaries will be provided, including the notations and a boundary-to-domain
extension (lifting) Lemma. The classical quasi-geostrophic approximation
with only slow waves, i.e., well-prepared initial data, will be reviewed in
section The key linear slow-fast waves structure will be discussed in
section [2.3] Section [3]is dedicated to the proof of Theorem This paper
will finish with the proof of Theorem [T.2]in section



2 Preliminaries

2.1 Notations and an extension Lemma

In this paper, we have been and will be using

X\ (X (2.1)
Xo X1 '
to denote the rotation of a two-dimensional vector. divy and curl;, represent

the horizontal divergence and curl operators, respectively. Then for any two-
dimensional vector field X = (X1, X5)T, one has

divy, X+ = —curl, X  and  curl, X+ = divy, X. (2.2)
For any functions A and B, the & norms are written as
1A B, = [ Allx + [ Bl »- (2.3)

We will use ABl to represent the inverse Laplacian subject to the Dirich-
let boundary condition at z = 0,h and the periodic boundary condition
horizontally, i.e.,

AA' A=A with (AR'A)|.—0s = 0. (2.4)
Therefore, the definition implies
AAL =1d. (2.5)

However, observe that
AG'A £1d, (2.6)

which plays an important role in the proof of short time stability of analytic
Prandtl boundary layer [33,40].

Moreover, A,:l is the inverse Laplacian in the horizontal variable with
zero mean value. Therefore, one has that

ATARLA=A - N Adzdy. (2.7)

We will need the following extension (lifting) Lemma:



Lemma 1. There exists a bi-linear extension operator
Ey : D'(T?) x D'(T?) — D'(Q), (2.8)

such that for any A, B € Hs_%(']l‘z), Ey(A, B) € H*(R) satisfying

104 B) 10y < Coll 4B sy 29)
and
Ey(A, B)|.=0 = A and  Eu(A, B)|,—n = B. (2.10)
Moreover, the following property holds:
0Ep(A, B) = Ep(0:A, 0 B). (2.11)

Proof. Let xo : [0,h] — [0, 1] be a C*°([0, h]) monotonic function such that

XO(Z):{1 in ze0,h/4), 219

0 in z€ (3h/4,1).
Denote by, ), = (z,y)" € T?, for A, B € D'(T?),
Az,y) = Z Akei%’g'f’l, and B(z,y) = Z BkeiQ”E'f’l. (2.13)
kez? Fez2
For z € [0, h], we define
Eb(A,B) — Z AkeiQﬂ'lz-fheﬂﬂzXO(Z)
kez?

4 Z BkeiZWE-fhe—|E|(h—z)<1 ~ xo(2)).
kez?

(2.14)

Then it is easy to verify that E;(A, B) satisfies the properties in the Lemma.
This finishes the proof. O

2.2 Classical quasi-geostrophic approximation and the po-
tential vorticity formulation for inviscid flows

In this section, we review the formal quasi-geostrophic approximation with
only slow waves of system ([1.2)), i.e., with well-prepared initial data. This
is done by first introducing the formal asymptotic expansion ansatz

w(x? y7 Z? t) = wo(x? y? Z? t) +€w1(x7 y? 27 t) (2'15)

10



for ¢» € {v,w,p,0}. Then, after substituting (2.15) in system (|1.2)) and
matching the O(¢~1) and O(1) terms, one has

Wt + Vi =0, (2.16)
d.p° — 0" =0, (2.17)
w’ =0, (2.18)
® 4+ 00 Vo + w900 + (vh)t + Vipt =0, (2.19)
O + 0% Viyw? + w00,w’ + a,p' — 0t =0, (2.20)
0% +1° - V30° + 10°0,0° + w' =0, (2.21)
divy, 00 4 9,w° = 0, (2.22)
and
w’|,—on = 0. (2.23)
In addition, the O(¢) terms of (1.2d)) and (1.2€) yield
divy o' 4 d,w' =0, (2.24)
and
w!|,—on = 0. (2.25)

Following [10,/17], we introduce the potential vorticity formulation. In-
deed, from (2.16)) and (2.17)), it follows that

Ap” = (Ap + 022 )p" = curl, v° + 0.6°. (2.26)

In particular, the quantity on the right hand side of (2.26]) is referred to as
the potential vorticity in the literature, and p° is the corresponding steam
function. In fact, this terminology is justified by observing that the potential

vorticity is transported (see (2.27)), below). After applying curl, to (2.19),
0, to (2.21]), and summing up the resulting equations, one arrives at Ertel’s

conservation (transport) of the potential vorticity, i.e.,

O Ap° + 0¥ -V, ApY =0, (2.27)

where we have applied the fact, thanks to (2.16)), (2.17), (2.18), and ([2.22]),
that

00" -V =0, w’=0, and  divy0°’=0. (2.28)

11



In addition, thanks to (2.17)), , and ([2.25)), one can show that
01(02p"]=0n) + 0°|z=0n - Vi(92p"]2=0n) = 0. (2.29)

The system formed by (2.16)), ([2.17)), [2.27)), and (2.29) is the well-known

potential vorticity formulation of the classical quasi-geostrophic approxima-
tion. In particular, describes the evolution of ‘boundary conditions’
for the stream function pY, i.e., 9,p°| 2=0,h, Which is used to invert the Lapla-
cian in 0 = Vﬁpo = V,fA]_VI(ApO), where A]_Vl here is the inverse Laplacian
with Neumann type boundary condition at z = 0, h and periodic boundary
condition horizontally. Observe from that if 9,p°| 2=0,, = 0 initially,
it remains zero. This is one of the underlying observation behind the well-
prepared initial data in [10]. In addition, observe that A&l is unique up
to a constant, which, without loss of generality, can be taken to be zero,
justifying the notation of inverse.

2.3 The slow—fast waves structure: Linear analysis

Our goal in this section is to investigate the linear slow-fast waves structure
of system . This will guide us to obtain uniform-in-¢ estimates as well
as nonlinear waves interaction analysis in the next sections. Without loss
of generality, we write (v, w;,6;) and py, i.e., the linear variables, and the
linear system associated with system as follows:

1 Vv

Oy —i-gvll + Zpl =0, (2.30a)

0, 0
By + =P ~Z =0, (2.30b)

€ €
Y +% =0,  (2.30c)
divy, v + 0wy =0, (2.30(1)

with

Wyl z=0.n =0 i.e., impermeable boundary condition, (2.30e)

and periodic boundary condition horizontally.

The linear version of Ertel’s conservation (transport) of the potential
vorticity (0.6; + curly v;) and the corresponding stream function p; read,

thanks to (2.30a), (2.30d)), and (2.30¢)),

Ahpl + azzpl = 0,0, + curly, vy, at(Ahpl + 8zzpl) = 8t(3291 + curly, vl) =0.
(2.31a)

12



Meanwhile, taking the trace of (2.30c) to the channel boundary yields
0¢01] =0, = 0. (2.31b)
On the other hand, one can verify that
1 L oL 1
8t(Vh 0, + Vyw; — 8z1)l) + E(Vh 0, + Vyw; — 8zvl) =0. (2.310)

Last but not least, integrating (2.30a]) in the horizontal variables yields

1 L
Gt/ u(z,y, z) dedy + - (/ v(z,y,2) d:cdy) =0. (2.31d)
T2 9 T2

Moreover, observe that ([2.30b]) and (2.30c)) imply

00| s—on) = 0. (2.32)

Equations (2.31a)) and (2.31c) form the linear full generalized potential
vorticity equations. A few remarks about this linear structure are in order:

e While system is stable with respect to the L? norm, i.e., one
can get uniform-in-¢ L? estimate by taking the L2-inner product of
, , and with respect to v;, wy, and 6;, the same
can not be said about the H® estimate for s > 1. This is due to
the absence of boundary condition for the higher order derivatives
of p; and w;. For this reason, only in the case of periodic spatial
domains (e.g., [17]), or in the case with well-prepared initial data and
d:pils=op = 0 (e.g., [10]; see (2.32))), one can verify the uniform H*
estimates and the asymptotic limit as ¢ — 07;

e On the other hand, (2.31a), (2.31c|), and (2.31d]) completely eliminate

pr, and in particular, the underlying quantities in this system are stable
with respect to any spatial derivatives. Therefore, one can get uniform-
in-e H® estimates without any restriction for these quantities;

e To be more precise, the estimates of the horizontal derivatives can
be achived from . Then from (2.31a), (2.31d), and (2.30d)), one
can derive the estimates of 9,60;, 0,v;, and Jd,w;, respectively, in terms
of the horizontal derivatives. Bootstrap arguments will lead to H*
estimates;

13



e One can regard and as the equations of the slow waves
(dynamics), and and as the equations of the fast waves
(dynamics). That is, one is able to separate the slow and fast state
variables;

e From (2:30d) and (2.31d), one can conclude that as € — 0, wy, V-0, —
0,v; — 0, weakly in the sense of distribution. This is consistent with

£10). @19, and (19

Now we shall write down the slow-fast waves of linear system ([2.30]).
Denote by

®)(z,y,2,t) :==0,0, + curl, vy (the potential vorticity), (2.33)
U (z,y,z,t) := 91 + Vyw; — Oy, (2.34)
Hl,0($aya ) 9l|z 0, (235)
Hip(,y,t) :=bi]-=n, (2.36)
and
Z1(z,t) ::/ v(z,y, z) dzedy. (2.37)
T2

Correspondingly, let @i, Wiy, Hoin, Hpin, and Zj, be the initial data at
t =0 for ®;, ¥;, Ho, Hy, and Z;, respectively. In particular, ®; and ¥;
form the generalized potential vorticity, and are the main ingredient of, and
to be explored later in, this work. Then it follows from system , that

linear slow variables: q)l(t) = (I)im Hly()(t) = H()Jn, Hl,h(t) = Hh,in:

/e Uin + 105 /e Uin — iU
linear fast variables: W;(t) = e’/ e Yin 1%y peit/eTn” Tin

2 S
and  Zy(t) = /e Zn i ivje Bin — 12y
2 .

(2.38)

We claim that (®;,¥;, Hy o, H;p,2Z;) as in (2.38)) provide complete in-
formation on the solutions of system (2.30). This can be seen by writing
(v, wy, ;) in terms of (P, Vy, Hy o, Hy p, Z;). First, taking div, and curly, to

(2.34]) yields that, respectively, thanks to (2.30d)) and (2.33]),

Apw; + 0,,w; = divy, (239)

14



and

ARl + 0,0, = 9,P; + curly, ¥, or, equivalently
A(0; — Ey(Hy, Hyp)) = curly Wy + 0.9 — AEy(Hy o, Hy py). (2.40)

Note that, thanks to (2.10)), (2.30€]), (2.35)), and (2.36]),

wil;—o,, =0  and (0; — Ey(Hi0, Hy p))|2=0,n = 0.

Therefore, let ABI be the three-dimensional inverse Laplacian with Dirichlet
boundary condition on {z = 0,h} and periodic boundary condition in the

horizontal directions. From ([2.39)) and (2.40)), one has

wy =Ap divy, (2.41)
and
0, :Eb(Hl,Oa Hl,h) + ABl(curlh U, + 0,9 — AEb(Hl,07 Hl,h))- (242)

To calculate vy, let Agl be the two-dimensional inverse Laplace with zero
horizontal mean value. Then, thanks to (2.30d)) and (2.33)), one has

divy v = =0,y and curl, v; = ®; — 0,6, (2.43)
and, therefore, it follows that
v =24+ VhA,jldivh v + VﬁAglcurlh v,
or, after substituting , , and in the above expression, one
has
v =7, — VA, 10, (AL divy, ¥;)
+ Vir A @) — 0.Ey(Hyo, Hip) (2.44)
— 8ZA51(curlh U, + 0.9 — AEy(Hy 0, Hi 1))

We remind the reader that (®;, V;, H; o, H j,, Z;) are as in , with (U, Z;)
being fast state variables and (®;, H; o, H; ;) slow state variables. Therefore,
one can decompose v;, w;, ) in terms of slow and fast waves in an unam-
biguous fashion.

15



3 Uniform-in-¢ estimates of the Euler equations

with fast Rossby and gravity waves

In this and the following sections, we will proceed to the nonlinear analysis.
In particular, we focus in this section on the uniform-in-¢ estimates for
system ([1.2)) in this section. Inspired by the discussion in section we

define
O(z,y,2,t) :=0,0 + curly, v,
U(z,y,2,t) =Vl + Vyw — d.v,
Ho(z,y,t) :=b|.~0,
Hp(x,y,t) :=0].=n,

and

Z(z,t) = /11‘2 v(z,y, z,t)dedy.

~~ o~~~
NS TUIN N
— — ~— ~—

(3.5)

Recall that ® and ¥ form the generalized potential vorticity. From
(1.2a)), (1.2b), (L.2c), and (1.2d)), one can write down the following equations

Oscurly v + v - Vyeurly, v + wd,curly, v

O,w

+curly, v - divy, v + O,v - Vﬁ =0,

o0t V0.
v n hOzP
€ €

010,v + v - 0,v + wd,0,v +

+0,v - Vv + 0, wd,v = 0,

O Vyw +v - VpVyw + wd, Vyw + ———
—i—(th)TVhw + 0, wVyw =0,

VR0 +v -V, V0 +wo, V0 + M
+(Vav) V0 + 0.0V w = 0,

0,0. o,w

+0,v - V0 + d,wd,0 = 0.
Consequently, one has, from system (1.2)), that
0P +v-Vp®+wd,®+ Ny =0,

1
atxlf+u-vh\1/+wazw+gw+zv2:o,

16
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9

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11a)
(3.11Db)



O:Hy + U‘z:O -VypHy =0, (3.110)

8tHh+’U|z:h-VhHh:O, (3.11(1)
1
N + gZL + N3 =0, (3.11¢)
where

Ny :=curlyv - divp v + 9,0 - Vf;w + 0,v - V0 + 0,w0,0, (3.11f)

Ny :=((Viv) 'Vi) " + 0.0 - Viyw + (Vi) T Viw + 0wV pw
—0,v - Vv — 0,wd,v, (3.11g)
N3 ::/ 0, (wv) dzdy. (3.11h)

'[FQ

We continue with the uniform-in-¢ estimates in the following steps: 1.
establish estimates for the horizontal derivatives; then 2. establish estimates
for the vertical derivatives; finally, 3. close the estimates.

Estimates for the horizontal derivatives

Let Oy € {0:,0y} and v € {0,1,2,3}. Applying 0} to system (1.2)) leads to

« « 1 o, | vha}?p
0opv + (v Vh+w8Z)6hv+€8hv +— (3.12)

+05 (v - Vyv + wd,v) — (v - Vi, + wd,)d5v = 0,

o o 0.05p  0p0

0oy w + (v- Vi, +wd,) 0w + 5 - (3.13)

+05 (v - Vaw + wd,w) — (v - Vi + wd,) 0w = 0,
8t8h9+(UVh+waz)8h9+ e (314)

+05 (v - Vil + wd,0) — (v Vy, +wd,)0n6 =0,
divy, 8;';1) + azaﬁw =0, 6hw\zzo,h =0. (3.15)

Taking the L-inner product of (3.12)—(3.14)) with 207, 205w, 20510, respec-
tively, applying integration by parts, and summing up the resultants lead

17



to
D oo, 0w, 089 2
S / 00 (0 Vo + wdov) — (v- Vi + w0,)00] - 00 di
-2 /[ag(u - Vhw + wd,w) — (v- V), + wd,)ofw] x dfwdz  (3.16)
—2 /[ag(u V30 + w0.0) — (v Vi, + wd.) 0] x 020

1/2
H2(Q

5/2

< Cllv,w, 0| H3(Q)

R ||v,w,9||

for some generic constant C' € (0, 00), where in the last inequality we have
applied the Holder inequality, the Gagliardo-Nirenberg inequality, and the
Sobolev embedding inequality.

Estimates for the vertical derivatives

As before, let 0 € {0,,0,,0.} and 8 € {0,1,2}. Applying 98 to equations
(3.11a) and (3.11b)) leads to

0,0°® + (v- V), + wd.)°® + 9° N,
+8%(v - Vp® 4+ wd,®) — (v - V), + wd,)0°® = 0,

(3.17)

1
00%W + (v - V), + wd,)0° U + —9°Tt + 9P N.
t (v Vi + w) c 2 (3.18)

+0° (v - VU + wd, V) — (v- V), + wd,)d° T = 0.

Taking the L2-inner product of ([3.17) and (3.18) with 20°® and 20°U,
respectively, applying integration by parts, and summing up the resultants

lead to

% 07,07 | iz(m = —2/(851\71 :0P® + 0PN, - 0°W) dit

—2/[8’8(1)-Vh<13+w8z¢>)—(U-Vh+w8z)85<1>]-86<1>d9? 510
3.19

_2/[35(0 VAT 4 0D T) — (v Vi + wd,)0P] - 9P di
2 2
S CHvawaellem) H(I”‘I’HHQ(Q) +C||U’w’(9”H3(Q) ||(I’"I’HH2(Q)’

for some absolute constant C' € (0, 00), where in the last inequality we have
applied the Holder inequality, the Gagliardo-Nirenberg inequality, and the
Sobolev embedding inequality.
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Closing the estimates

Define the total “energy” functional by

¢:= | v ?{2(9) + |07, 0w, 056 Hiz(ﬂ)' (3.20)
O {00y },
ae{0,1,2,3)

We observe that
1
Iel ||U’w’9H§{3(Q) <€< C|‘”7w’9||§{3(9)’ (3.21)

for some generic constant C' € (0,00). Indeed, the right-hand side inequality

in (3.21)) follows directly from the definition of ® and ¥ in (3.1)) and (3.2).
To show the left-hand side inequality, notice that

.0 = -V + V6 + Vyw, 9,0 = ® — curly v,
and

O,w = —divy v.
Thus,

> opo.v, 080.w,050:0]| . @ < CE
ae{0,1,2}

Similarly, following a bootstrap argument on the derivatives implies the left-
hand side part of (3.21)).

Consequently, (3.16)) and (3.19)) yield
de < ces (3.22)
dt— — ’ '
for some generic constant C' € (0,00). In particular, from (3.22)) and (3.21]),
one concludes that there exists 7" € (0,00), depending only on the initial
data and independent of ¢, such that

2 2 . ) ] 2
OzltlgT || U(t), w(t), H(t) || H3(Q) < C()zltlgT Qf(t) <20 || Vin, Win, Oin || H3(Q)
(3.23)

for the same constant C' as in (3.21]). This finishes the proof of Theorem
LI
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4 Convergence theory

4.1 Convergence theory: Part 1, compactness

What is left is to establish the convergence of the solutions to system as
e — 07, which we will do in two steps. In this subsection, we will conclude
the weak and strong compactness, thanks to the uniform estimate . In
the next subsection, we will deal with the convergence of the nonlinearities.
In the rest of this paper, we denote by T" € (0,00) the uniform-in-e
existence time established in section [3| at . Cin € (0,00) will denote a
constant that is independent of €, different from line to line, depending only
on the initial data. With such notations, thanks to , by virtue of the
definitions of ®, ¥, Hy, Hp, and Z in 7, respectively, we have

oiltlgT( [ @), (1) || @) T || Ho(t), Ha(t) ||H5/2('11‘2) + [z H3(Q)) < Cin-

(4.1)
Similarly, from (3.I1f)—(3.111), it follows that
sup (||N17N2’N3||H2(Q)) SCin' (42)

0<t<T

From (3.11al)—(3.11¢]), one has, thanks to (3.23)), (4.1), and (4.2)), that

SZ‘ET( [0:2(2), €000 (2) || 1 + || OeHo (1), BeHR(E) || g2 o)

0= (4.3)

+|| 02 (t) ||H2(Q)) < Cin.

Consequently, by virtue of the Aubin compactness theorem [51, Theorem
2.1], there exist

2y Ty € LXO.THQ), Hyo Hyp € LXOTHXT),
and  Zp,vp, wy, 0, € L=(0,T; H*(Q)),
with

0, € L0, T; HY(Q),  8;Hpp,8:H, ), € L>(0,T; H/*(T?),  (4.5)

such that there exists a subsequence of ¢ that as e — 07,

o0 5P, T, weak-+ in  L™(0,T; H*(Q)), (4.6)
Ho, Hy, = Hyo, Hy weak- in  L>(0,T; HY?(T?)), (4.7)
Z,0,w,0 = Zp vp,wp, 0,  weak-x in L>®(0,T; H3(Q)), (4.8)
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9,0 = 0,9, weak-x in L0, T; H'(Q)) (4.9)

O Ho, O Hy, = 0;Hp 0,0 Hyp weak-xin  L®(0,T; H¥*(T?))  (4.10)
and

d— o, in  C([0,T); H(Q)), (4.11)

Hy, Hy, — Hyo, Hp ), in  C([0,T); H*(T?) (4.12)

Furthermore, from ([1.2d)), (3.11b]) and (3.11¢€]), after sending ¢ — 07, one
can verify that w, = ¥, = Z, = 0. In fact, after taking the inner product
of corresponding equations with e and a test function in D’((0,7") x Q) and
passing the limit & — 07, it is easy to verify that w, = ¥, = Z, = 0 in the
sense of distribution. Then it follows from the regularity of wy, ¥,, and Z,
that they are equal to zero. Following similar arguments from the definition,
it is easy to show that,

wy =0, ®,=0,0,+curlv,, Vi, + Vyw, — v, =0,
divh Up + Ozwp =0, Hp70 = 9p|z:(], Hp7h = 9p|zzh,

(4.13)
and / vp(z,y, 2) dedy = 0,
'JTQ

or, equivalently, repeating similar calculation as in (2.39)—(2.44]), one has

wp = 0, 0p = Ey(Hp,0, Hypp) + Ap' (0@ — AEy(Hp0, Hp 1)),
and Up = VﬁAgl[@p — 0:Ep(Hp,0, Hp )

— 9.A51 (0@, — AEy(Hp0, Hpp)))-
[@.13))

Remark 2. We can perform the following calculation to rewrite 6,. Let
P = N, — 0.Ey(Hpp, Hyp) — 0.A51(0.®, — AEy(Hpo, Hyp))]- Then
direct calculation shows that
0,P =1, 10,9, — 0,.Ep(Hyp0, Hpp)
— (A = Ap)ALN (0.9, — AEy(Hpo, Hyp))]
=Ey(Hp0, Hpp) + AL (0:®, — AEy(Hyp0, Hp )

=0p

~ [ IEs(Hyo: Hyn) + A5} 0.8, — AEy(Hyo, Hyp)] dod,
T

=:Q(z)
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where we have applied (2.5) and (2.7). Together with (4.13]), we have
z z
0, = 0,(P +/ Q) d2) and v, = Vi (P + / Q) d7").
0 0

This is consistent with the classical theory of the quasi-geostrophic approx-
imation. See, for instance, [10,/17].

Next, to handle the fast waves, i.e., ¥ and Z, following Schochet’s theory
[49], from (3.11b|) and (3.11€)), one has

O[T (W +iTH)] = —v - Vp[eT6 (U + iT)]
—wd, [ (U 4+ T L)] — ¥ (N + iNy),
and  O[eT:(Z £iZ1)) = —eFit (N3 £ iN{). (4.15)

From (4.14) and (4.15)), thanks to (3.23]), (4.1), and (4.2)), it follows that

sup. ([| ufe™E (W) = 0 O)]]| g1y + (|07 (2(0) £ 02
0<t<T

+ [ € (R (1) £ U 0) || gy + 1720 £iZ5 (1) || o)

(4.14)

Moy

S C'in-
(4.16)
Therefore, by the Aubin compactness theorem |51, Theorem 2.1], there exist
Yp+ € L0, T; H*(Q)), zp+ € L(0,T; H3()), (417)
dhp+ € L0, T; HY(Q)), and  8izp+ € L2(0,T; HA(Q)),
such that there exists a subsequence of € that as e — 07,
Uy Sy weak-+ in  L™(0,T; H*(Q)), (4.18)
AR weak-+ in L0, T; H3(Q)), (4.19)
Vs > Oy + weak-x in  L*(0,T; H'(Q)), (4.20)
s > Opzp s weak-+ in  L™(0,T; H*(Q)), (4.21)
and
Uy = Yps in  C([0,T]; H'()), (4.22)
Zy — 2p s in  C([0,T); H*(Q)), (4.23)
where

W= e T (W(t) 40 (1) and  Zy = eFE(Z(1) £iZ5(1).  (4.24)

22



In particular, directly one can verify that

it —it it it
2U — (e"sfp+ +e ety ) =€ (Vg —thpq) +e = (Vo — ¢y ) (4.25)
—0 in  L®0,T;H'(Q)), ase— 0T,

and
-t - -1 it
27 — (e zpq +e ezp ) =€ (Zp —zpq) te (2o — 7 )

4.26
— 0 in L®(0,T; H*(Q)), ase—07. (4.26)

To conclude this section, we write the fast-slow-error decomposition of
v,w,f. Let

1 1
Wy = §A51divh Vp+, Oy = iAglcurlh Yp.+, and
1

Vi = §(Zp7i — thglazABIdth ¢p,i — VﬁAﬁlazAz)lCuﬂh wpi)‘
(4.27)
Thanks to (4.17)), one has that
Wi, O+, Vi € L0, T; H () (4.28)
and Wy, 004,80,V € L™=(0,T; H*()). '
Repeating the exact calculation as in ([2.39)-(2.44) leads to
_A—Llg; _ it —it
w —AD divp, U= e’ W, +e W_ +werr, (4'29)
= Wfast,+ = Wfast, —
0 =Ey(Ho, Hy) + Ap' (curly, ¥ + 0,® — AEy(Hy, Hy))
=FEy(Ho, Hp,) + ABl(aZ(I) — AEy(Hy, Hh)) + ei£@+ + 67%@_

=bs1ow ::efast,+ :Zefast,—
+ 061‘1"7
and
v =27~ VA0, (AR divy, U)
+ Vi AL @ — 0.Ey(Ho, Hy)
— 9,07 (cwrl, ¥ + 0.9 — AE,(Ho, Hy))] (4.31)

VAT ®—0.E,(Ho,Hy) it it

—hazzf,l(azcb—AEb(Ho,Hh))] + e'= Vi +e ' V. e,

=Vfast,+ ='Vfast,—

= Uslow
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where, thanks to (4.1)), (4.17), (4.25), and (4.26)), the error terms satisfy

su Verr (1), Werr (1), Oerr (t < Cin,
Ogth” ( ) ( ) ( )H HS(Q) (4'32)
Verrs Werr, and Oy — 0 in L®(0,T; H*(Q)), ase — 0T,

In addition, thanks to , , , , , and , we

have
OiltlgT || Vslow Oslow || H3(Q) < Ch and (4 33)
OzltlgT || O¢Vslow (t)a O0iOs10w (t) H H2(Q) < Cin.

Moreover, there exists a subsequence of € that as ¢ — 07, we also have
Uslow s eslow — Up, Hp in C(Oa T; HQ(Q))a
and Vslow > Oslow A Up, O weak-* in L>(0,T; HS(Q)),

ase — 0.
(4.34)

4.2 Convergence theory: Part 2, convergence of the nonlin-
earities

In this section, we finish the convergence theory by investigating the con-
vergence of the nonlinearities.

Convergence of the slow waves (3.11a)), , and (3.11d))

First, we investigate N, defined in (3.11f)). Notice that Nj is quadratic.
substituting (4.29)—(4.31), we write

N1 = curly, Vg1ow - divy, Vsiow + 02 Vsiow * Vibslow

::Nl,slow

: 1
curly, Ufast,+ * divy, Utast,+ + 8Z'Ufast,:lz : vh Wtast, T
+ az'Ufast,:I: : vhefast,q: + azwfast,:l:azefast,q:

:ZNl,res

curlp, vs1ow-divp Ufast,:t+cur1}L Ufast,:l:‘divh Uslow
1
+ +8zvslow 'V}L Wrast, 4 +0. Uslow'vhgfast,:t
+8z Wfast,i'vheslow +az wfast,iazeslow

::Nl,fast,l

: 1
curly Vfast,+ * divy, Ufast,+ 1 azvfast,i : vh Wfast,+
+ aZ/UfaSt,:l: : vhefast,:i: + azwfast,:lzazgfast,:l:

::Nl,fast,Z
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+ the rest terms.
—_—

::Nl,err

Then thanks to (3.23), (4.28), (4.32)), and (4.34)), we have, as e — 0T,

N1 slow — curlp vy - divy vy + 0zvp - Vi, =0 in C([0,T7; Hl(Q)),

(4.35)

Nl,fast,l; Nl,fast,Q —0 Weakly in Lp(ov T; Hl(Q)) Vp € (17 OO):
(4.36)
Nierr — 0 in L>(0,T; H'(Q)), (4.37)

and

N1 res — curly, Vi - divy, Vi + 0,V - ViWe 4 0.Vy - V05 + 0,W10,0+
in  L®(0,T; H*(Q)).

(4.38)

Consequently, as € — 0T, in the sense of distribution, the limit of equa-
tion (3.11al) is

0Py + vp - V@) + w, 0,9, + curly, Vi - divy, Vo (4.39)

+0. Ve - ViWe 4+ 0.Vy - V305 + 0.W10.04 = 0.

Here we have omitted the convergence of the advection terms, which is left
to the reader.

The limit equations of (3.11¢)) and (3.11d)) follow similarly. The proof is
left to the reader and we only state the result as follows:

O Hp0 + Up’Z=O “VipHpo =0, (4.40)
O Hph + vplo=n - VnHpp = 0. (4.41)

We remind the reader that v, wy, 6, (Vi, Wi, ©4, respectively) are de-
termined by ®,, Hpo, Hypn (¥p 4, 2p+), respectively), as in (13 ((#.27),
respectively). Therefore, the equations for ®,, Hyo, and Hpp, i.e., (4.39),
, and , can be considered as the equations of vy, wp,0,, with
source terms given by the resonances involving Vi, W4, and ©4 (equiv-
alently ¢, + and z,1). To close the system, we will investigate the limit

equations of (4.14]) and (4.15)) in the following.

25



Convergence of the fast waves (4.14) and (4.15|)
Using the notation of (4.24)), (4.14) and (4.15)) can be written as

t

Vi +v- VU 4+ wd, Uy +eTle(Ny +iNs) =0, @Eia)

t

017+ +eTie (N3 +iN5) = 0. @E15)

Thanks to (4.8) and (4.18)—(4.23), we only need to investigate the limit of
T Ny and eTic N3,
Repeating the same arguments as for Ny, above, one can show that

it L T T 1
e:FZSNQ =eT'e ((thfast,i) vhgslow + (vhvslow) Vh(gfast,i)
it 1 it T
+ et's 8zeslow . vh Wrast,+ + et'e (vhvslow) vhwfast,:lz
t
— T2 (03 Vtast,+ - VUsiow + O2Vslow * Vi Uast,+)

it
— €72 0, Wiast 1+ 0> Vslow + the rest.

—0 in the sense of distribution

After substituting ([4.29)—(4.31)) and sending ¢ — 0T, it follows that

eFENy = ((ViVe) Vi, + (Vavy) V40"
+ 0.0, - Vii W + (Vavy) ' Vi, W

(4.42)
- 8ZV:|: . thp - azvp . VhVi - 8zWi82vp = Nw
in LP(0,T; H'(R)) Vpe (1,00).
Therefore, the limit of (4.14) as ¢ — 0T is
Op+ +vp - Vpibp + + wp0,0p + + (Nw + ZNqﬁ) = 0. (4.43)

Last but not least, one has that

ejF’fNB —eFiE 0 (Weast, + Vslow ) dxdy + the rest,

T2 . o
—0 in the sense of distribution
and thus
eFie N, 4/ 9, (Wyv,) dedy =: N
2T =(Wavp) dody =: N. (4.44)
in LP(0,T; HY(Q)) Vpe (1,00).

Consequently, as ¢ — 0T, the limit of (4.15) is

dzpt + (N, £ iN}) = 0. (4.45)
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Conclusion

The limit system for the slow limit variables ®,, H;, and the fast limit vari-
ables v, 4, zp + is then, from (4.39)), (4.40), (4.41)), (4.43), and (4.45)),

@y +vp - Vi®p + No =0, (4.46a)
OpHp,o + vplz=0 - ViHpo = 0, (4.46D)
OuHpp + vplo=n - VaHpp =0, (4.46¢)
Otpt + Up - Vatpx + (Ny £iNg) =0, (4.46d)
dzpt + (N, £ iN}) =0, (4.46¢)
where
Ng = curly, Ve - divy Vi + 0:Vie - Vi W + 02V - V3O + 0: W10+,
(4.46f)

and Ny and N, are defined in (4.42) and (4.44), above, respectively. This
finishes the proof of Theorem (1.2
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