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Abstract

This paper considers the asymptotic limit of small aspect ratio between
vertical and horizontal spatial scales for viscous isothermal compressible
flows. In particular, it is observed that fast vertical acoustic waves arise
and induce an averaging mechanism of the density in the vertical variable,
which at the limit leads to the hydrostatic approximation of compressible
flows, i.e., the compressible primitive equations of atmospheric dynamics.
We justify the hydrostatic approximation for general as well as “well-
prepared” initial data. The initial data is called well-prepared when it
is close to the hydrostatic balance in a strong topology. Moreover, the
convergence rate is calculated in the well-prepared initial data case in
terms of the aspect ratio, as the latter goes to zero.
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1 Introduction

1.1 Hydrostatic approximation of compressible flows

The compressible primitive equations of atmospheric dynamics are the hydro-
static approximation of the compressible hydrodynamic equations, which are
obtained by replacing the evolutionary vertical momentum equation with the
hydrostatic balance equation (see (5)3, below). A formal derivation can be
found, e.g., in [17]. The small aspect ratio in the atmosphere between the
vertical scale and the horizontal planetary scale plays an essential role in this
derivation and is the main factor behind the hydrostatic approximation. The
hydrostatic approximation is commonly used in the atmospheric science mod-
els, and has successfully simplified the complex hydrodynamic equations and
their computational aspects. In this work, our goal is to rigorously justify
the hydrostatic approximation for viscous compressible flows and to provide a
mathematical foundation for its application. For more backgrounds about the
hydrostatic approximation, see, e.g., [37, 38,41,42]

Recall that the dynamics of compressible isothermal flow in a thin periodic
channel domain is governed, after omitting the viscosities, by the isothermal
compressible Euler equations in the domain Ωε = 2T2×(0, ε), for small ε ∈ (0, 1):

∂tρ+ divh(ρv) + ∂z(ρw) = 0, in Ωε,

ρ∂tv + ρv · ∇hv + ρw∂zv +∇hρ = 0, in Ωε,

ρ∂tw + ρv · ∇hw + ρw∂zw + ∂zρ = 0, in Ωε,

(EQ)

subject to the impenetrable boundary condition at the wall boundaries

w
∣∣
z=0,ε

= 0,

where ρ, v, w represent the unknown density, the horizontal velocity, and the
vertical velocity, respectively. Here divh,∇h represent the horizontal divergence
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and the horizontal gradient, respectively (see section 1.2, below). 2T2 ⊂ R2 is
the periodic horizontal domain (flat torus) with period 2 in each direction.

Alternatively, set σ := log ρ, which, for simplicity, we will still refer to as the
density. Then, in the region where ρ > 0, (EQ) is equivalent to

∂tσ + v · ∇hσ + w∂zσ + divhv + ∂zw = 0, in Ωε,

∂tv + v · ∇hv + w∂zv +∇hσ = 0, in Ωε,

∂tw + v · ∇hw + w∂zw + ∂zσ = 0, in Ωε,

(EQ’)

with w
∣∣
z=0,ε

= 0. As ε→ 0+, it is expected that

(
1

ε

∫ ε

0

σ(·, z′) dz′, 1

ε

∫ ε

0

v(·, z′) dz′)

will converge to solutions to the two-dimensional compressible Euler equations.
This has been verified in the viscous case (i.e., the compressible Navier-Stokes
equations) in [2] (see also [45]). In view of multi-scale analysis, this is to say
that, if one considers the multi-scale expansion of the solutions to (EQ’) by
writing

σ(x, y, z, t) =σ0(x, y, z/ε, t) + εσ1(x, y, z/ε, t) + · · · ,
v(x, y, z, t) =v0(x, y, z/ε, t) + εv1(x, y, z/ε, t) + · · · ,
w(x, y, z, t) =w0(x, y, z/ε, t) + εw1(x, y, z/ε, t) + · · · ,

it should be expected that (
∫ 1

0
σ0(·, z′) dz′,

∫ 1

0
v0(·, z′) dz′) solves the two-dimensional

compressible Euler equations and w0 ≡ 0. Therefore, the non-trivial leading or-
der of the vertical velocity w is w1, and one can easily check that the equations
satisfied by (σ0, v0, w1) are exactly given by the inviscid compressible primitive
equations, i.e., equations (5), below, without the viscosities. To capture the
above scale analysis rigorously, we consider the ansatz

σ(x, y, z) :=σε(x, y, z/ε),

v(x, y, z) :=vε(x, y, z/ε),

w(x, y, z) :=εwε(x, y, z/ε),

(1)

and denote by z′ := z/ε ∈ (0, 1) and Ω := 2T2× (0, 1). Then we write down the
equations satisfied by (σε, vε, wε) in Ω, taking into account the eddy viscosities:

∂tσε + vε · ∇hσε + wε∂zσε + divhvε + ∂zwε = 0, in Ω,

∂tvε + vε · ∇hvε + wε∂zvε +∇hσε = ∆hvε + ∂zzvε, in Ω,

ε2
(
∂twε + vε · ∇hwε + wε∂zwε

)
+ ∂zσε = ε2

(
∆hwε + ∂zzwε

)
, in Ω,

(2)

subject to the impenetrable and stress-free boundary conditions at the wall
boundaries

wε
∣∣
z=0,1

= 0, ∂zvε
∣∣
z=0,1

= 0, (3)
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where we have dropped the prime sign for the vertical variable.
We remark that (2) can also be obtained by considering ansatz (1) in the

viscous version of (EQ’) with viscosities ∆hvε+ε−2∂zzvε and ∆hwε+ε−2∂zzwε
on the right-hand side of the horizontal momentum equation (EQ’)2 and the
vertical momentum equation (EQ’)3, respectively.

Let us observe that the solutions to (2) is invariant with respect to the
following symmetry:

σε, vε, wε are even, even, and odd in the z-variable, respectively. (SYM)

For this reason, in this work, we equivalently consider the following viscous
compressible hydrodynamic system with turbulence eddy viscosities: for small
ε ∈ (0, 1),

∂tσε + vε · ∇hσε + wε∂zσε + divhvε + ∂zwε = 0, in 2T3,

∂tvε + vε · ∇hvε + wε∂zvε +∇hσε = ∆hvε + ∂zzvε, in 2T3,

ε2
(
∂twε + vε · ∇hwε + wε∂zwε

)
+ ∂zσε = ε2

(
∆hwε + ∂zzwε

)
, in 2T3,

(4)

satisfying the symmetry in (SYM) and the periodic boundary condition in all
directions. Notice that the boundary conditions in (3) are automatically satisfied
by regular solutions to (4) owing to symmetry (SYM), and one can obtain a
solution to (2) with (3) by restricting any regular solution of (4) to the domain
Ω.

The formal limit system of (4), as ε→ 0+, is
∂tσp + vp · ∇hσp + wp∂zσp + divhvp + ∂zwp = 0, in 2T3,

∂tvp + vp · ∇hvp + wp∂zvp +∇hσp = ∆hvp + ∂zzvp, in 2T3,

∂zσp = 0, in 2T3,

(5)

satisfying the same symmetry as in (SYM), with σε, vε, wε replaced by σp, vp, wp,
respectively.

Before we move on to the discussion of our strategy to rigorously establish
the aforementioned limiting problem, we would like to mention some relevant
previous results.

As for the compressible hydrodynamic equations for viscous flows, i.e., the
compressible Navier-Stokes equations, the derivation of the system can be found
in [18, 39]. In [18, 40], global weak solutions to the compressible Navier-Stokes
equations are constructed. Recently, the authors in [33] and [55] independently
construct global weak solutions to the compressible Navier-Strokes equations
with degenerate viscosities. See also [3] and [5] for relevant developments. As
for the strong solutions of the compressible Navier-Stokes equations, [13–15,31]
establish the local well-posedness of strong and classical solutions with vac-
uum. Without vacuum, the local well-posedness theory can be dated back
to [29, 51, 53]. The first global well-posedness result is established in [46, 47],
where the asymptotic stability of constant states is studied with respect to
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small perturbations. A global existence theorem with vacuum and small energy
is given in [28] (see also [27]). We refer readers, for other developments of the
compressible Navier-Stokes equations to, e.g., [4, 23,24,26,56,59].

As for the compressible primitive equations (PE) (5), one can find the me-
teorological discussion and applications of the system in, e.g., [50] and [58]. In
two dimensions, the global weak solutions are constructed in [16, 20]. The sta-
bility of weak solutions is established in [17]. Uniqueness of the weak solutions
in two dimensions is studied in [30]. As for the three-dimensional dynamics,
the existence of global weak solutions for the compressible primitive equations
with degenerate viscosities is established in [42] and [57], independently. The
local well-posedness of strong solutions for the compressible primitive equations
with constant viscosities is established in [41]. We introduce the PE diagram
and study the small Mach number limit of the compressible primitive equations
in [43] and [44]. For readers’ convenience, results concerning the incompressible
primitive equations can be found in [1, 6–12,21,22,25,32,34,35,48,49].

We would like to remark that, the well-posedness of local strong or classical
solutions to (4) for any fixed ε ∈ (0, 1), and (5), follows easily, using the similar
arguments as in [29] and [41], respectively. We only mention that wp in (5) can
be calculated by

wp(·h, z) = −e−σp(·h)

∫ z

0

eσp(·h)

(
ṽp(·h, z′) · ∇hσp(·h) + divhṽp(·h, z′)

)
dz′, (6)

using the continuity equation (5)1, while the vertical average part of the conti-
nuity equation yields an evolutionary equation for σp, i.e.,

∂tσp + vp · ∇hσp + divhvp = 0.

Here we have used the fact that σp is independent of the z-variable due to the
hydrostatic equation (5)3, ·h denotes the horizontal variables, i.e., x, y, and ·
and ·̃ are the vertical average and fluctuation, respectively, defined explicitly in
(11) in section 1.2, below.

To establish the asymptotic limit as ε→ 0+, we will need to establish some
uniform-in-ε estimates for (σε, vε, wε). While in the case of the incompressible
flows, e.g., [1, 35, 36], the vertical velocity can be represented by the horizontal
velocity, using the incompressibility condition, this benefit no longer exists in
the compressible case. Instead, for the compressible primitive equations, as in
(6), the vertical velocity is represented by the density σp combined with the
horizontal velocity vp, which does not involve any time derivative. This allows
us to consider (5)1 and (5)2 as closed evolutionary equations of (σp, vp) only, and
thus allows us to construct the local strong solutions in [41]. However, all these
structures do not work for equations (4). Indeed, the vertical momentum equa-
tion (4)3 can only provide estimates for εwε, while using the continuity equation
(4)1, the representation of wε in terms of σε and vε involves the time derivative
∂tσε (see (26), below). This may involve high oscillations, as ε→ 0+, and is the
main obstacle to overcome in this work. It is worth noticing that, in [19,52], by
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assuming the uniform-in-ε existence of, and bounds on, global weak solutions
to fluid system (2) with and without viscosity, and with the additional assump-
tion that the density is independent of the z-variable, the authors justify the
hydrostatic approximation in compressible fluid. However, these assumptions
in [19, 52] can not be justified physically for atmospheric dynamics. They are
mathematically assumed in order to essentially avoid dealing with the obstacle
mentioned above. In this paper, our goal is to overcome these difficulties by
showing the uniform-in-ε existence, bounds, and convergence.

To motivate our strategy and to shed light on the treatment of this obstacle,
let us consider the following linear model system:

∂tη + divhψ
h + ∂zψ

z = 0,

∂tψ
h +∇hη = ∆ψh,

ε2∂tψ
z + ∂zη = ε2∆ψz,

(7)

with unknown scalar functions η, ψh, and ψz in 2T3, subject to the symmetry
that η, ψh, ψz are even, even, and odd in the z-variable, respectively, similar to
(SYM). In particular, ψz|z=0 = 0. Then the standard Hs estimate of (7), for
every s ∈ Z+, yields

sup
0≤t≤T

‖η(t), ψh(t), εψz(t)‖2Hs +

∫ T

0

‖ψh(t), εψz(t)‖2Hs+1 dt <∞,

for any T ∈ (0,∞), which allows us to pass the limit ε → 0+ in (7)2 and (7)3,
but not (7)1, due to the lack of compactness of the ψz sequence.

To overcome this obstacle, we focus instead on the hyperbolic structure of
the system ∂tη + ∂zψ

z + · · · = 0,

∂tψ
z +

1

ε2
∂zη + · · · = 0.

(8)

Then from (8), one can obtain a wave equation for η, i.e.,

∂ttη −
1

ε2
∂zzη = · · · ,

which can provide uniform-in-ε estimates for ∂tη. In the end, using (8)1 again,
one can write ψz(z) = −

∫ z
0

(∂tη(z′) + · · · ) dz′, from which one can obtain the
required uniform-in-ε estimates of ψz, and thus the missing (weak) compactness
of ψz is obtained. In other words, one has to take advantage of the oscillatory
nature of the underlying system in order to obtain the required uniform-in-ε
estimates.

Back to (7), the contribution of the viscosities (i.e., ∆ψh and ∆ψz) should
also be taken into consideration. One can calculate, similarly,

∂ttη = −divh∂tψ
h − ∂z∂tψz = ∆hη +

1

ε2
∂zzη −∆(divhψ

h + ∂zψ
z),
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where, using (7)1, we have ∆(divhψ
h + ∂zψ

z) = −∂t∆η. Therefore, we arrive
at

∂t(∂tη −∆η)−∆hη −
1

ε2
∂zzη = 0,

which is a strongly damped wave equation. Using such a structure in the non-
linear problem (4) (see (38), below), one can obtain the required uniform-in-ε
estimates for ∂tσε and hence those for wε.

In order to deal with the nonlinearities, we complement (4) with H3 initial
data. However, we remark that this may not be the optimal regularity for the
initial data.

After obtaining the aforementioned uniform-in-ε estimates, we will be able
to establish the limit of (4) as ε → 0+. This is done in section 3. However,
this is not enough to establish the convergence rates as ε → 0+. To explain
why, consider the difference (δσ, δv, δw) := (σε − σp, vε − vp, wε − wp). Then
(δσ, δv, δw) satisfies

∂tδσ + vε · ∇hδσ + wε∂zδσ + δv · ∇hσp + divhδv + ∂zδw = 0,

∂tδv + vε · ∇hδv + wε∂zδv + δv · ∇hvp + δw∂zvp

+∇hδσ = ∆hδv + ∂zzδv,

∂tδw + vε · ∇hδw + wε∂zδw + δv · ∇hwp + δw∂zwp

+
1

ε2
∂zδσ = ∆hδw + ∂zzδw +

(
∆hwp + ∂zzwp − ∂twp

− vp · ∇hwp − wp∂zwp
)
.

(9)

While the uniform-in-ε estimates work well for (δσ, δv, δw), because of the terms

∆hwp + ∂zzwp − ∂twp − vp · ∇hwp − wp∂zwp

on the right-hand side of (9)3, the uniform-in-ε estimates are not comparable
to ε, with the exception, however, only of the estimate

∂zδσ ∼ O(ε) in some norm. (10)

See (58), below. For comparison with the case of incompressible flows, we refer
the reader to [35,36], where such an issue does not exist.

Writing δσ = δσ + δ̃σ, see (11), below, we notice that (10) implies that

the fluctuation of δσ is of order ε, i.e., δ̃σ ∼ O(ε) in some norm. Inspired by
the study of (5) in [41], one can separate (9)1 into the (vertical) average part
and the fluctuation part. Then the average part is nothing but an evolutionary
equation of δσ and does not involve δw. Therefore, using the average part
and (9)2, one can show that δσ ∼ O(ε) and δv ∼ O(ε) in some norm. On
the other hand, the fluctuation part yields that the estimates for δw, in fact,

only involve ∂tδ̃σ. Therefore, one will only need to obtain an estimate of the
order ∂z∂tδσ ∼ O(ε) in some norm in order to close the estimates of converging
rates. This is established by the use of some additional uniform-in-ε estimates
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in section 4.1. That is, by assuming a well-prepared initial data, i.e., initial data
that is close to the hydrostatic approximation (see assumption (19), below).

The rest of this paper is organized as follows. In section 1.2, we introduce
the notations that have been and will be used in this paper, as well as the energy
and dissipation functionals. In section 1.3, we summarize the main theorems.
In section 2, we establish the uniform-in-ε estimates, which imply the necessary
weak and strong compactness in order to pass the limit ε→ 0+ in section 3. In
section 4, we focus on the study of convergence rates, which is established for a
restricted class of well-prepared initial data, see (19), below. Readers who are
more interested in the converging rates can skip directly to section 4.2.

1.2 Preliminaries

In this paper, we consistently use t ∈ [0,∞) to represent the temporal variable,
x, y ∈ 2T to represent the horizontal spatial variables, and z ∈ 2T to represent
the vertical spatial variable. We have and will use ∇h,divh, and ∆h to represent
the horizontal gradient, the horizontal divergence, and the horizontal Laplace
operator, respectively; that is,

∇h :=

(
∂x
∂y

)
, divh := ∇h·, ∆h := divh∇h.

Using such notations, we have

∆ = ∆h + ∂zz.

Also, for any function f , we denote the vertical average and fluctuation of f as

f(x, y) :=

∫ 1

0

f(x, y, z) dz, f̃ := f − f, (11)

also known as the barotropic and baroclinic modes, respectively. |f(z, t)|X , ‖f(t)‖X
are used to denote the X-norm in the horizontal domain 2T2 for any fixed z, t,
and in the three-dimensional domain 2T3 for any fixed t, respectively.

The following functionals will be used in this paper:

E = E(t) := ‖vε, εwε‖H3 + ‖∂tσε,∇hσε,
∂zσε
ε
‖H2 + ‖σε‖H4

+ ‖wε, ∂zwε‖H2 ,
(12)

D = D(t) := ‖∂tvε, ∂t(εwε)‖H2 + ‖vε, εwε‖H4 + ‖∂tσε,∇hσε,
∂zσε
ε
‖H3

+ ‖wε, ∂zwε‖H3 .
(13)

Correspondingly, we denote the functionals of temporal derivatives as,

E1 = E1(t) := ‖∂tvε, ∂t(εwε)‖H1 + ‖∂2
t σε, ∂t∇hσε,

∂z∂tσε
ε
‖L2

+ ‖∂tσε‖H2 + ‖∂twε, ∂z∂twε‖L2 ,
(14)
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D1 = D1(t) := ‖∂2
t vε, ∂

2
t (εwε)‖L2 + ‖∂tvε, ∂t(εwε)‖H2

+ ‖∂2
t σε, ∂t∇hσε,

∂z∂tσε
ε
‖H1 + ‖∂twε, ∂z∂twε‖H1 .

(15)

We will use N(·) to denote a locally Lipschitz nonlinear function of its ar-
gument(s), which can be different from line to line. For any two quantities Q1

and Q2, Q1 . Q2 is used to represent Q1 ≤ CQ2 for some constant C ∈ (0,∞),
whose value will be different from line to line.

1.3 Main theorems

We consider (4) with initial data

(σε, vε, wε)
∣∣
t=0

= (σ0,ε, v0,ε, w0,ε). (16)

Then the initial data for the time derivatives ∂tσε, ∂tvε, ∂twε, ∂
2
t σε are given

through compatibility by employing the equations in (4), inductively, i.e.,

(∂tσε, ∂tvε, ∂twε, ∂
2
t σε)

∣∣
t=0

= (σ1,ε, v1,ε, w1,ε, σ2,ε),

where σ1,ε, v1,ε, w1,ε, σ2,ε, v2,ε, w2,ε are given by

σ1,ε + v0,ε · ∇hσ0,ε + w0,ε∂zσ0,ε + divhv0,ε + ∂zw0,ε = 0,

v1,ε + v0,ε · ∇hv0,ε + w0,ε∂zv0,ε +∇hσ0,ε = ∆hv0,ε + ∂zzv0,ε,

w1,ε + v0,ε · ∇hw0,ε + w0,ε∂zw0,ε +
1

ε2
∂zσ0,ε = ∆hw0,ε + ∂zzw0,ε,

σ2,ε + v0,ε · ∇hσ1,ε + w0,ε∂zσ1,ε + v1,ε · ∇hσ0,ε

+w1,ε∂zσ0,ε + divhv1,ε + ∂zw1,ε = 0.

The first theorem in this paper is concerning the uniform-in-ε estimates and
the justification of hydrostatic approximation limit:

Theorem 1 (Hydrostatic approximation). Suppose that the initial data in (16)
satisfies E(0) < ∞. Then there is a T ∗ ∈ (0,∞), independent of ε, such that
the solution to (4) with initial data (16) satisfies

sup
0≤t≤T∗

E2(t) +

∫ T∗

0

D2(t) dt < C0 <∞, (17)

where C0 is some positive constant depending only on E(0) and is independent
of ε. Moreover, there exist (σp, vp, wp) with

σp ∈ L∞(0, T ∗;H4), ∂tσp ∈ L∞(0, T ∗;H2) ∩ L2(0, T ∗;H3),

vp ∈ L∞(0, T ∗;H3) ∩ L2(0, T ∗;H4), ∂tvp ∈ L2(0, T ∗;H2),

wp, ∂zwp ∈ L∞(0, T ∗;H2) ∩ L2(0, T ∗;H3),

such that for a subsequence of {(σε, vε, wε)}, as ε→ 0+,

σε
∗
⇀ σp weak-∗ in L∞(0, T ∗;H4),
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σε → σp in L∞(0, T ∗;H3) ∩ C([0, T ∗];H3),

∂tσε, wε, ∂zwε
∗
⇀ ∂tσp, wp, ∂zwp weak-∗ in L∞(0, T ∗;H2),

∂tσε, wε, ∂zwε ⇀ ∂tσp, wp, ∂zwp weakly in L2(0, T ∗;H3),

vε
∗
⇀ vp weak-∗ in L∞(0, T ∗;H3),

vε → vp in L∞(0, T ∗;H2) ∩ C([0, T ∗];H2),

vε ⇀ vp weakly in L2(0, T ∗;H4),

∂tvε ⇀ ∂tvp weakly in L2(0, T ∗;H2),

and (σp, vp, wp) is a solution to (5).
In addition, suppose that the initial data in (16) satisfies E1(0) <∞. Then

there is a T ∗∗ ∈ (0, T ∗], independent of ε, such that

sup
0≤t≤T∗∗

(E2(t) + E2
1(t)) +

∫ T∗∗

0

(D2(t) +D1(t)) dt < C1 <∞, (18)

where C1 is some positive constant depending only on E(0) and E1(0) and is
independent of ε.

We summarize the convergence rates in the following theorem:

Theorem 2 (Rates of convergence). Suppose that the solution (σp, vp, wp) to
(5) given by the limit in Theorem 1 satisfies

‖σp‖L∞(0,T∗∗;H4) + ‖∂tσp‖L∞(0,T∗∗;H2) + ‖vp‖L∞(0,T∗∗;H3)

+‖vp‖L2(0,T∗∗;H4) + ‖wp‖L∞(0,T∗∗;H2) < Cp <∞,

for some constant Cp ∈ (0,∞), and the initial data in (16) satisfy

‖σ0,ε − σp
∣∣
t=0

, v0,ε − vp
∣∣
t=0
‖L2 . ε. (19)

Then under the conditions in Theorem 1, i.e., E(0), E1(0) <∞, we have

‖σε − σp, vε − vp‖L∞(0,T∗∗;L2) + ‖vε − vp‖L2(0,T∗∗;H1) ≤ C2ε,

‖wε − wp‖L∞(0,T∗∗;L2) ≤ C2ε
2/3, ‖wε − wp‖L2(0,T∗∗;L2) ≤ C2ε

3/4,
(20)

where C2 ∈ (0,∞) is a constant depending only on E(0), E1(0) and Cp, and is
independent of ε.

Proof of Theorem 1. The uniform estimates in (17) and (18) are shown in sec-
tion 2.5 and section 4.1, given by (58) and (76), respectively. The convergence
is given in section 3, below.

Proof of Theorem 2. (20) is the consequence of (93) and (98), in section 4.2,
below.

Remark 1. Assumption (19) on the initial data above is the definition of well-
prepared initial data, i.e., it essentially assumes that the initial data is close to
the hydrostatic approximation.
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Remark 2. Theorem 1 guarantees the convergence of a subsequence to a solution
of the limit equations. However, since the strong solution to the limit equations
is well-posed, and in particular, is unique (see, e.g., [41]), the convergence is
actually of the full sequence. Theorem 2 states the convergence rate of the full
sequence for well-prepared initial data.

2 Uniform-in-ε estimates

In this section, we shorten the notations by dropping the subscript ε in (σε, vε, wε),
i.e., (σ, v, w) = (σε, vε, wε). Recall that we already have short time existence
and uniqueness of solutions to (4) on a time interval that might depend on ε
(see, e.g., [13]). The main goal of this section is to obtain the existence time
and corresponding estimates that are independent of ε.

2.1 L2–estimates

Take the L2-inner product of (4)2 with ∂tv − ∆v, and (4)3 with ∂tw − ∆w,
respectively. One obtains,

‖∂tv −∆v‖2L2 = −
∫ (

∂tv −∆v
)
·
(
∇hσ + v · ∇hv + w∂zv

)
d~x

≤ 1

2
‖∂tv −∆v‖2L2 + C

(
‖∇hσ‖2L2 + ‖v · ∇hv‖2L2 + ‖w∂zv‖2L2

)
,

(21)

ε2‖∂tw −∆w‖2L2 = −ε2

∫ (
∂tw −∆w

)( 1

ε2
∂zσ + v · ∇hw + w∂zw

)
d~x

≤ ε2

2
‖∂tw −∆w‖2L2 +

C

ε2
‖∂zσ‖2L2 + Cε2

(
‖v · ∇hw‖2L2 + ‖w∂zw‖2L2

)
,

(22)

where we have applied the Hölder and Young inequalities. Notice that, for
η = v, w, applying integration by parts yields

‖∂tη −∆η‖2L2 =
d

dt
‖∇η‖2L2 + ‖∂tη‖2L2 + ‖∇2η‖2L2 . (23)

Thus (21) and (22) can be written as,

d

dt
‖∇v, ε∇w‖2L2 + ‖∂tv,∇2v, ε∂tw, ε∇2w‖2L2 ≤ C‖∇hσ,

∂zσ

ε
‖2L2

+ C

2∑
i=1

‖Ii‖2L2 ,
(24)

where
I1 =

(
v · ∇hv, v · ∇h(εw)

)
, I2 =

(
w∂zv, w∂z(εw)

)
. (25)

We postpone the estimates for ‖Ii‖L2 to section 2.4. However, even without
detailed calculations, one can see that, a uniform-in-ε estimate for w is necessary,
for instance, to get an estimate for I2. This indeed is the main challenge to be
addressed in this work. In the next section, we discuss our strategy to overcome
this obstacle.
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2.2 Estimates for the vertical velocity and the density

We use (4)1 to represent w in terms of σ and v. Indeed, after multiplying (4)1

with eσ, it follows that

∂te
σ + divh(eσv) + ∂z(e

σw) = 0.

Thus, recalling that ·h represents the horizontal variables x, y, one has that,

w(·h, z) = −e−σ(·h,z)
∫ z

0

eσ(·h,z′)
(
∂tσ(·h, z′) + v(·h, z′) · ∇hσ(·h, z′)

+divhv(·h, z′)
)
dz′.

(26)

Similarly, we remark that we can represent δw in terms of δσ, δv, σp, vp, and
wp, by using (9)1, even thought we don’t need it now. One can obtain, after
multiplying (9)1 with eδσ, that

∂te
δσ + vp · ∇heδσ + wp∂ze

δσ + eδσδv · ∇hσp + divh(eδσδv) + ∂z(e
δσδw) = 0,

and

δw(·h, z) = −e−δσ(·h,z)
∫ z

0

eδσ(·h,z′)
(
∂tδσ(·h, z′) + v(·h, z′) · ∇hδσ(·h, z′)

+ δv(·h, z′) · ∇hσp(·h, z′) + wp(·h, z′)∂zδσ(·h, z′) + divhδv(·h, z′)
)
dz′.

(27)

Eventually, we will return to (27). Then directly using the representation of w
in (26), we have the following:

Proposition 1. Assuming w is given by (26), one can show that

‖w, ∂zw‖H2 ≤ Ce2‖σ‖H2
(
‖σ‖3H3 + 1

)(
‖∂tσ‖H2 + ‖v‖H3 + ‖σ‖H3‖v‖H2

)
, (28)

‖w, ∂zw‖H3 ≤ Ce2‖σ‖H2
(
‖σ‖4H4 + 1

)(
‖∂tσ‖H3 + ‖v‖H4 + ‖σ‖H4‖v‖H3

)
, (29)

for some generic positive constant C ∈ (0,∞), independent of ε.

Proof. To simplify the notations, denote by

Ξ := ∂tσ + v · ∇hσ + divhv. (30)

Next, we calculate the derivatives of w:

∂zw = e−σ∂zσ

∫ z

0

(
eσΞ

)
dz′ − Ξ,

∂hw = e−σ∂hσ

∫ z

0

(
eσΞ

)
dz′ − e−σ

∫ z

0

(
eσ∂hσΞ + eσ∂hΞ

)
dz′,

∂zzw = e−σ
(
∂zzσ − (∂zσ)2

) ∫ z

0

(
eσΞ

)
dz′ + ∂zσΞ− ∂zΞ,
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∂hzw = e−σ
(
∂hzσ − ∂hσ∂zσ

) ∫ z

0

(
eσΞ

)
dz′

+ e−σ∂zσ

∫ z

0

(
eσ∂hσΞ + eσ∂hΞ

)
dz′ − ∂hΞ,

∂hhw = e−σ
(
∂hhσ − (∂hσ)2

) ∫ z

0

(
eσΞ

)
dz′

+ 2e−σ∂hσ

∫ z

0

(
eσ∂hσΞ + eσ∂hΞ

)
dz′

− e−σ
∫ z

0

[
eσ
(
∂hhσ + (∂hσ)2

)
Ξ + 2eσ∂hσ∂hΞ + eσ∂hhΞ

]
dz′,

∂zzzw = e−σ
(
∂zzzσ − 3∂zσ∂zzσ + (∂zσ)3

) ∫ z

0

(
eσΞ

)
dz′

+
(
2∂zzσ − (∂zσ)2

)
Ξ + ∂zσ∂zΞ− ∂zzΞ,

∂hzzw = e−σ
(
∂hzzσ − 2∂hzσ∂zσ − ∂hσ∂zzσ + ∂hσ(∂zσ)2

)
×
∫ z

0

(
eσΞ

)
dz′ + e−σ

(
∂zzσ − (∂zσ)2

) ∫ z

0

(
eσ∂hσΞ + eσ∂hΞ

)
dz′

+ ∂hzσΞ + ∂zσ∂hΞ− ∂hzΞ,

∂hhzw = e−σ
(
∂hhzσ − 2∂hσ∂hzσ − ∂hhσ∂zσ + (∂hσ)2∂zσ

) ∫ z

0

(
eσΞ

)
dz′

+ 2e−σ
(
∂hzσ − ∂hσ∂zσ

) ∫ z

0

(
eσ∂hσΞ + eσ∂hΞ

)
dz′

+ e−σ∂zσ

∫ z

0

[
eσ
(
∂hhσ + (∂hσ)2

)
Ξ + 2eσ∂hσ∂hΞ + eσ∂hhΞ

]
dz′

− ∂hhΞ,

∂hhhw = e−σ
(
∂hhhσ − 3∂hσ∂hhσ + (∂hσ)3

) ∫ z

0

(
eσΞ

)
dz′

+ 3e−σ
(
∂hhσ − (∂hσ)2

) ∫ z

0

(
eσ∂hσΞ + eσ∂hΞ

)
dz′

+ 3e−σ∂hσ

∫ z

0

[
eσ
(
∂hhσ + (∂hσ)2

)
Ξ + 2eσ∂hσ∂hΞ + eσ∂hhΞ

]
dz′

− e−σ
∫ z

0

[
eσ
(
∂hhhσ + 3∂hσ∂hhσ + (∂hσ)3

)
Ξ + 3eσ

(
∂hhσ + (∂hσ)2

)
∂hΞ

+ 3eσ∂hσ∂hhΞ + eσ∂hhhΞ
]
dz′,

∂zzzzw = e−σ
[
∂zzzzσ − 3(∂zzσ)2 − 4∂zσ∂zzzσ + 6(∂zσ)2∂zzσ − (∂zσ)4

]
×
∫ z

0

(
eσΞ

)
dz′ +

(
3∂zzzσ − 5∂zσ∂zzσ + (∂zσ)3

)
Ξ

+
(
3∂zzσ − (∂zσ)2

)
∂zΞ + ∂zσ∂zzΞ− ∂zzzΞ,

∂hzzzw = e−σ
[
∂hzzzσ − 3∂hzzσ∂zσ − 3∂hzσ∂zzσ − ∂hσ∂zzzσ
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+ 3∂hzσ(∂zσ)2 + 3∂hσ∂zσ∂zzσ − ∂hσ(∂zσ)3
]
×
∫ z

0

(
eσΞ

)
dz′

+ e−σ
[
∂zzzσ − 3∂zσ∂zzσ + (∂zσ)3

] ∫ z

0

(
eσ∂hσΞ + eσ∂hΞ

)
dz′

+
(
2∂hzzσ − 2∂hzσ∂zσ

)
Ξ +

(
2∂zzσ − (∂zσ)2

)
∂hΞ + ∂hzσ∂zΞ

+ ∂zσ∂hzΞ− ∂hzzΞ,
∂hhzzw = e−σ

[
∂hhzzσ − 2(∂hzσ)2 − 2∂hσ∂hzzσ − 2∂hhzσ∂zσ

− ∂hhσ∂zzσ + 4∂hσ∂zσ∂hzσ + (∂hσ)2∂zzσ + ∂hhσ(∂zσ)2

− (∂hσ)2(∂zσ)2
]
×
∫ z

0

(
eσΞ

)
dz′ + 2e−σ

[
∂hzzσ − 2∂hzσ∂zσ

− ∂hσ∂zzσ + ∂hσ(∂zσ)2
]
×
∫ z

0

(
eσ∂hσΞ + eσ∂hΞ

)
dz′

+ e−σ
[
∂zzσ − (∂zσ)2

] ∫ z

0

[
eσ
(
∂hhσ + (∂hσ)2

)
Ξ + 2eσ∂hσ∂hΞ

+ eσ∂hhΞ
]
dz′ + ∂hhzσΞ + 2∂hzσ∂hΞ + ∂zσ∂hhΞ− ∂hhzΞ,

∂hhhzw = e−σ
[
∂hhhzσ − 3∂hzσ∂hhσ − 3∂hσ∂hhzσ + 3(∂hσ)2∂hzσ

− ∂hhhσ∂zσ + 3∂hσ∂zσ∂hhσ − (∂hσ)3∂zσ
]
×
∫ z

0

(
eσΞ

)
dz′

+ 3e−σ
[
∂hhzσ − 2∂hσ∂hzσ − ∂hhσ∂zσ + (∂hσ)2∂zσ

]
×
∫ z

0

(
eσ∂hσΞ + eσ∂hΞ

)
dz′ + 3e−σ

[
∂hzσ − ∂hσ∂zσ

]
×
∫ z

0

[
eσ
(
∂hhσ + (∂hσ)2

)
Ξ + 2eσ∂hσ∂hΞ + eσ∂hhΞ

]
dz′

+ e−σ∂zσ

∫ z

0

[
eσ
(
∂hhhσ + 3∂hσ∂hhσ + (∂hσ)3

)
Ξ

+ 3eσ
(
∂hhσ + (∂hσ)2

)
∂hΞ + 3eσ∂hσ∂hhΞ + eσ∂hhhΞ

]
dz′ − ∂hhhΞ.

Next, after applying the Hölder, Minkowski, the Sobolev embedding inequal-
ities, and that Hm is an algebra for m ≥ 2, we obtain

‖w‖L2 . ‖e−σ‖L∞‖eσ
(
∂tσ + v · ∇hσ + divhv

)
‖L2

. ‖e−σ‖L∞‖eσ‖L∞
(
‖∂tσ‖L2 + ‖v‖L6‖∇hσ‖L3 + ‖∇hv‖L2)

. e2‖σ‖H2
(
‖∂tσ‖L2 + ‖v‖H1‖σ‖H2 + ‖v‖H1

)
.

(31)

Similarly, with details omitted, one can also show,

‖∂zw,∇hw, ∂zzw,∇h∂zw‖L2 . e2‖σ‖H2
(
‖σ‖2H3 + 1

)
×
(
‖∂tσ‖H1 + ‖σ‖H3‖v‖H1 + ‖v‖H2

)
,

(32)

‖∇2
hw‖L2 . e2‖σ‖H2

(
‖σ‖2H3 + 1

)(
‖∂tσ‖H2 + ‖σ‖H3‖v‖H2 + ‖v‖H3

)
, (33)

‖∇2∂zw‖L2 . e2‖σ‖H2
(
‖σ‖3H3 + 1

)(
‖∂tσ‖H2 + ‖σ‖H3‖v‖H2 + ‖v‖H3

)
, (34)
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‖∇3
hw‖L2 . e2‖σ‖H2

(
‖σ‖3H3 + 1

)(
‖∂tσ‖H3 + ‖σ‖H4‖v‖H3 + ‖v‖H4

)
, (35)

‖∇3∂zw‖L2 . e2‖σ‖H2
(
‖σ‖4H4 + 1

)(
‖∂tσ‖H3 + ‖σ‖H4‖v‖H3 + ‖v‖H4

)
. (36)

We summarize inequalities (28) and (29) from inequalities (31)–(36).

In view of (28) and (29), the estimates for w can be bounded by the estimates
for ∂tσ, which may not be bounded and induce fast oscillation as ε → 0+.
Therefore, we will need to obtain the uniform estimates for ∂tσ. To achieve this
goal, we formulate a strongly damped wave equation for σ in the following (see
(38), below). In fact, after applying ∂t to (4)1, divh to (4)2, and ∂z to (4)3, and
combining the resultant equations, we obtain, with direct calculations,

∂ttσ + v · ∇h∂tσ + w∂z∂tσ + ∂tv · ∇hσ + ∂tw∂zσ

= −divh∂tv − ∂z∂tw = ∆hσ +
1

ε2
∂zzσ −∆(divhv + ∂zw)

+ divh
(
v · ∇hv + w∂zv

)
+ ∂z

(
v · ∇hw + w∂zw

)
.

(37)

On the other hand, from (4)1, we have

−∆(divhv + ∂zw) = ∆(∂tσ + v · ∇hσ + w∂zσ)

= ∂t∆σ + (v · ∇h + w∂z)∆σ + ∆v · ∇hσ + 2∇v : ∇h∇σ
+ ∆w∂zσ + 2∇w · ∂z∇σ.

Hence, after substituting the above identity to (37), we arrive at the following
equation:

∂t
(
∂tσ −∆σ) + (v · ∇h + w∂z)

(
∂tσ −∆σ

)
−∆hσ −

1

ε2
∂zzσ =

4∑
j=1

Jj , (38)

where
J1 := ∂tv · ∇hσ −∆v · ∇hσ − 2∇v : ∇h∇σ,
J2 := ∂tw∂zσ −∆w∂zσ − 2∇w · ∂z∇σ,
J3 := divh

(
v · ∇hv + w∂zv

)
,

J4 := ∂z
(
v · ∇hw + w∂zw

)
.

(39)

Next, we take the L2–inner product of (38) with ∂tσ −∆σ. Noticing that,∫ (
−∆hσ −

1

ε2
∂zzσ

)(
∂tσ −∆σ

)
d~x

=
1

2

d

dt
‖∇hσ,

∂zσ

ε
‖2L2 + ‖∇∇hσ,

∇∂zσ
ε
‖2L2 ,
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we arrive at:

1

2

d

dt
‖∂tσ −∆σ,∇hσ,

∂zσ

ε
‖2L2 + ‖∇∇hσ,

∇∂zσ
ε
‖2L2

=
1

2

∫ (
divhv + ∂zw

)
|∂tσ −∆σ|2 d~x+

∫ (
∂tσ −∆σ

)( 4∑
j=1

Jj
)
d~x

. ‖∂tσ −∆σ‖2L2‖∇hv, ∂zw‖H2 + ‖∂tσ −∆σ‖L2

4∑
j=1

‖Jj‖L2 .

(40)

On the other hand, we take the L2-inner product of (38) with ∂tσ, and arrive
at:

1

2

d

dt
‖∂tσ,∇hσ,

∂zσ

ε
‖2L2 + ‖∇∂tσ‖2L2

=
1

2

∫
(divhv + ∂zw

)(
|∂tσ|2 − 2∆σ∂tσ

)
d~x

−
∫

(v · ∇h + w∂z)∂tσ∆σ d~x+

∫
∂tσ
( 4∑
j=1

Jj
)
d~x

.
(
‖∂tσ‖2L2 + ‖∆σ‖2L2

)
‖∇hv, ∂zw‖H2

+ ‖v, w‖H2‖∇∂tσ‖L2‖∆σ‖L2 + ‖∂tσ‖L2

4∑
j=1

‖Jj‖L2 ,

(41)

where we have substituted, after applying integration by parts,∫ (
(v · ∇h + w∂z)∆σ

)
∂tσ d~x = −

∫
(divhv + ∂zw)∆σ∂tσ d~x

−
∫ (

(v · ∇h + w∂z)∂tσ

)
∆σ d~x.

Thus, (40) and (41) yield

d

dt

{
‖∂tσ, ∂tσ −∆σ‖2L2 + 2‖∇hσ,

∂zσ

ε
‖2L2

}
+ 2‖∇∇hσ,

∇∂zσ
ε

,∇∂tσ‖2L2

≤ C
(
‖∂tσ‖2L2 + ‖∂tσ −∆σ‖2L2)‖∇hv, ∂zw‖H2

+ C‖v, w‖H2‖∇∂tσ‖L2‖∆σ‖L2

+ C
(
‖∂tσ‖L2 + ‖∂tσ −∆σ‖L2

) 4∑
j=1

‖Jj‖L2 .

(42)

We postpone the estimates for ‖Jj‖L2 , j = 1, 2, 3, 4, to section 2.4.

2.3 Higher order uniform-in-ε estimates

In this section, we will derive higher order estimates, i.e., estimates for higher
order spatial derivatives, corresponding to (24) and (42). These are the essential
parts for closing the estimates for the nonlinearities.
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Take the L2-inner product of (4)2 with ∆2(∂tv−∆v), and (4)3 with ∆2(∂tw−
∆w), respectively. This yields, after applying integration by parts,

‖∆(∂tv −∆v)‖2L2 = −
∫

∆(∂tv −∆v) ·∆
(
∇hσ + v · ∇hv

+ w∂zv
)
d~x ≤ 1

2
‖∆(∂tv −∆v)‖2L2

+ C
(
‖∆∇hσ‖2L2 + ‖∆(v · ∇hv)‖2L2 + ‖∆(w∂zv)‖2L2

)
,

(43)

ε2‖∆(∂tw −∆w)‖2L2 = −ε2

∫
∆(∂tw −∆w)×∆

( 1

ε2
∂zσ

+ v · ∇hw + w∂zw
)
d~x ≤ ε2

2
‖∆(∂tw −∆w)‖2L2

+
C

ε2
‖∆∂zσ‖2L2 + Cε2

(
‖∆(v · ∇hw)‖2L2 + ‖∆(w∂zw)‖2L2

)
.

(44)

Notice, similarly to (23), for η = v, w, after applying integration by parts, we
have the identity

‖∆(∂tη −∆η)‖2L2 =
d

dt
‖∇3η‖2L2 + ‖∇2∂tη‖2L2 + ‖∇4η‖2L2 . (45)

Therefore, (43) and (44) imply, after applying the Hölder inequality, that

d

dt
‖∇3v, ε∇3w‖2L2 + ‖∇2∂tv,∇4v, ε∇2∂tw, ε∇4w‖2L2

≤ C‖∇2∇hσ,
∇2∂zσ

ε
‖2L2 + C

2∑
i=1

‖Ii‖2H2 .
(46)

Notice, again, that after applying integration by parts, we have the following
identities:∫

∂t(∂tσ −∆σ)∆2(∂tσ −∆σ) d~x =
1

2

d

dt
‖∇2(∂tσ −∆σ)‖2L2 ,∫

(−∆hσ −
1

ε2
∂zzσ)∆2(∂tσ −∆σ) d~x =

1

2

d

dt
‖∇2∇hσ,

∇2∂zσ

ε
‖2L2

+ ‖∇3∇hσ,
∇3∂zσ

ε
‖2L2 ,∫

(v · ∇h + w∂z)
(
∂tσ −∆σ

)
∆2(∂tσ −∆σ) d~x =

∫
∆(∂tσ −∆σ)

×∆
[
(v · ∇h + w∂z)

(
∂tσ −∆σ

)]
d~x

=

∫
(v · ∇h + w∂z)∆(∂tσ −∆σ)∆(∂tσ −∆σ) d~x︸ ︷︷ ︸

=−
1

2
∫

(divhv+∂zw)|∆(∂tσ−∆σ)|2 d~x

+ 2
∑

∂∈{∂h,∂z}

∫
(∂v · ∇h + ∂w∂z)

(
∂t∂σ −∆∂σ

)
∆(∂tσ −∆σ) d~x
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+

∫
(∆v · ∇h + ∆w∂z)

(
∂tσ −∆σ

)
∆(∂tσ −∆σ) d~x.

Thus, taking the L2-inner product of (38) with ∆2(∂tσ − ∆σ) yields, after
substituting the identities above, that

1

2

d

dt
‖∇2(∂tσ −∆σ),∇2∇hσ,

∇2∂zσ

ε
‖2L2 + ‖∇3∇hσ,

∇3∂zσ

ε
‖2L2

=

4∑
j=1

∫
∆Jj ×∆(∂tσ −∆σ) d~x+

1

2

∫
(divhv + ∂zw)|∆(∂tσ −∆σ)|2 d~x

− 2
∑

∂∈{∂h,∂z}

∫
(∂v · ∇h + ∂w∂z)

(
∂t∂σ −∆∂σ

)
∆(∂tσ −∆σ) d~x

−
∫

(∆v · ∇h + ∆w∂z)
(
∂tσ −∆σ

)
∆(∂tσ −∆σ) d~x

. ‖∇v,∇w‖L∞‖∇2(∂tσ −∆σ)‖2L2 + ‖∇2v,∇2w‖L3‖∇(∂tσ −∆σ)‖L6

× ‖∇2(∂tσ −∆σ)‖L2 +

4∑
j=1

‖∇2Jj‖L2‖∇2(∂tσ −∆σ)‖L2

. ‖v, w‖H3‖∂tσ −∆σ‖2H2 +

4∑
j=1

‖Jj‖H2‖∂tσ −∆σ‖H2 ,

(47)
where Jj , j = 1, 2, 3, 4, are as in (39).

On the other hand, we apply integration by parts to obtain the following
integral identities:∫

∂t(∂tσ −∆σ)∆2∂tσ d~x =
1

2

d

dt
‖∇2∂tσ‖2L2 + ‖∇3∂tσ‖2L2 ,∫

(−∆hσ −
1

ε2
∂zzσ)∆2∂tσ d~x =

1

2

d

dt
‖∇2∇hσ,

∇2∂zσ

ε
‖2L2 ,∫

(v · ∇h + w∂z)
(
∂tσ −∆σ

)
∆2∂tσ d~x

= −
∑

∂∈{∂h,∂z}

∫
(∂v · ∇h + ∂w∂z)(∂tσ −∆σ)∂∆∂tσ d~x

−
∑

∂∈{∂h,∂z}

∫
(v · ∇h + w∂z)(∂t∂σ −∆∂σ)∂∆∂tσ d~x.

Therefore, taking the L2-inner product of (38) with ∆2∂tσ yields, after substi-
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tuting the identities above, that

1

2

d

dt
‖∇2∂tσ,∇2∇hσ,

∇2∂zσ

ε
‖2L2 + ‖∇3∂tσ‖2L2

=

4∑
j=1

∫
∆Jj ×∆∂tσ d~x+

∑
∂∈{∂h,∂z}

∫
(v · ∇h + w∂z)∂(∂tσ −∆σ)∂∆∂tσ d~x

+
∑

∂∈{∂h,∂z}

∫
(∂v · ∇h + ∂w∂z)(∂tσ −∆σ)∂∆∂tσ d~x

. ‖∇v,∇w‖L3‖∇(∂tσ −∆σ)‖L6‖∇∆∂tσ‖L2

+ ‖v, w‖L∞‖∇2(∂tσ −∆σ)‖L2‖∇∆∂tσ‖L2 +

4∑
j=1

‖∇2Jj‖L2‖∇2∂tσ‖L2

. ‖v, w‖H2‖∂tσ −∆σ‖H2‖∂tσ‖H3 +

4∑
j=1

‖Jj‖H2‖∂tσ‖H2 ,

(48)
where Jj , j = 1, 2, 3, 4, are as in (39).

2.4 Uniform-in-ε estimates for the nonlinearities

In this section, we will estimate ‖Ii‖H2 , ‖Jj‖H2 , i = 1, 2, j = 1, 2, 3, 4.

Proposition 2. Ii, Jj, i = 1, 2, j = 1, 2, 3, 4, given by (25) and (39), satisfy
the following estimates:

‖Ii‖H2 ≤ CE2, i = 1, 2, (49)

‖Jj‖H2 ≤ CE(E +D), j = 1, 2, 3, 4, (50)

where E and D are as in (12) and (13), respectively, and C ∈ (0,∞) is some
generic constant, independent of ε.

Proof. We will only sketch the estimates for

‖∇2Ii,∇2Jj‖L2 , i = 1, 2, j = 1, 2, 3, 4.

The rests of (49) and (50) can be derived via similar arguments. We organize
the proof in the following order:

∇2J4,∇2J3,∇2J1,∇2J2,∇2I1,∇2I2.

Estimate for ‖∇2J4‖L2 : From the definition, one can write

J4 = ∂z(v · ∇hw)︸ ︷︷ ︸
J41

+ ∂z(w∂zw)︸ ︷︷ ︸
J42

.

Then applying the Hölder and Sobolev embedding inequalities yields

‖∇2J41‖L2 .
∑

∂∈{∂h,∂z}

(
‖∂2∂zv · ∇hw‖L2 + ‖∂∂zv · ∇h∂w‖L2
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+ ‖∂zv · ∇h∂2w‖L2 + ‖v · ∇h∂z∂2w‖L2 + ‖∂v · ∇h∂z∂w‖L2

+ ‖∂2v · ∇h∂zw‖L2

)
.

∑
∂∈{∂h,∂z}

(
‖∂2∂zv‖L2‖∇hw‖L∞

+ ‖∂∂zv‖L6‖∇h∂w‖L3 + ‖∂zv‖L∞‖∇h∂2w‖L2

+ ‖v‖L∞‖∇h∂z∂2w‖L2 + ‖∂v‖L3‖∇h∂z∂w‖L6

+ ‖∂2v‖L2‖∇h∂zw‖L∞
)

. ‖v‖H3‖w‖H3 + ‖v‖H2‖∂zw‖H3

. ED,

‖∇2J42‖L2 .
∑

∂∈{∂h,∂z}

(
‖∂2∂zw∂zw‖L2 + ‖∂∂zw∂z∂w‖L2

+ ‖∂zw∂z∂2w‖L2 + ‖∂2w∂zzw‖L2 + ‖∂w∂zz∂w‖L2

+ ‖w∂zz∂2w‖L2

)
.

∑
∂∈{∂h,∂z}

(
‖∂2∂zw‖L2‖∂zw‖L∞

+ ‖∂∂zw‖L3‖∂z∂w‖L6 + ‖∂zw‖L∞‖∂z∂2w‖L2

+ ‖∂2w‖L2‖∂zzw‖L∞ + ‖∂w‖L3‖∂zz∂w‖L6

+ ‖w‖L∞‖∂zz∂2w‖L2

)
. ‖∂zw‖H2‖∂zw‖H2 + ‖w‖H2‖∂zw‖H3

. E2 + ED.

Estimate for ‖∇2J3‖L2 : We write

J3 = divh(v · ∇hv)︸ ︷︷ ︸
J31

+ divh(w∂zv)︸ ︷︷ ︸
J32

.

Then applying the Hölder and Sobolev embedding inequalities yields

‖∇2J31‖L2 .
∑

∂∈{∂h,∂z}

(
‖∂3v · ∇hv‖L2 + ‖∂2v · ∇h∂v‖L2

+ ‖∂v · ∇h∂2v‖L2 + ‖v · ∇h∂3v‖L2

)
.

∑
∂∈{∂h,∂z}

(
‖∂3v‖L2‖∇hv‖L∞ + ‖∂2v‖L6‖∇h∂v‖L3

+ ‖∂v‖L∞‖∇h∂2v‖L2 + ‖v‖L∞‖∇h∂3v‖L2

)
. ‖v‖H3‖v‖H3 + ‖v‖H2‖v‖H4 . E2 + ED,

‖∇2J32‖L2 . ‖w‖H3‖v‖H3 + ‖w‖H2‖v‖H4 . ED.

Estimate for ‖∇2J1‖L2 :

J1 = ∂tv · ∇hσ︸ ︷︷ ︸
J11

−∆v · ∇hσ︸ ︷︷ ︸
J12

−2∇v : ∇h∇σ︸ ︷︷ ︸
J13

.
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We list the estimates in the following:

‖∇2J11‖L2 .
∑

∂∈{∂h,∂z}

(
‖∂2∂tv · ∇hσ‖L2 + ‖∂∂tv · ∇h∂σ‖L2

+ ‖∂tv · ∇h∂2σ‖L2

)
.

∑
∂∈{∂h,∂z}

(
‖∂2∂tv‖L2‖∇hσ‖L∞

+ ‖∂∂tv‖L3‖∇h∂σ‖L6 + ‖∂tv‖L∞‖∇h∂2σ‖L2

)
. ‖∂tv‖H2‖σ‖H3 . ED,

‖∇2J12‖L2 . ‖∆v‖H2‖σ‖H3 . ED,

‖∇2J13‖L2 .
∑

∂∈{∂h,∂z}

(
‖∂2∇v : ∇h∇σ‖L2 + ‖∂∇v : ∇h∇∂σ‖L2

+ ‖∇v : ∇h∇∂2σ‖L2

)
.

∑
∂∈{∂h,∂z}

(
‖∂2∇v‖L2‖∇h∇σ‖L∞

+ ‖∂∇v‖L3‖∇h∇∂σ‖L6 + ‖∇v‖L∞‖∇h∇∂2σ‖L2

)
. ‖v‖H3‖σ‖H4 . E2.

Estimate for ‖∇2J2‖L2 : We write J2 as

J2 = ∂t(εw)
∂zσ

ε︸ ︷︷ ︸
J21

−∆(εw)
∂zσ

ε︸ ︷︷ ︸
J22

−2∇(εw) · ∇∂zσ
ε︸ ︷︷ ︸

J23

.

Then applying the Hölder and Sobolev embedding inequalities implies,

‖∇2J21‖L2 .
∑

∂∈{∂h,∂z}

(
‖∂2∂t(εw)

∂zσ

ε
‖L2 + ‖∂∂t(εw)

∂z∂σ

ε
‖L2

+ ‖∂t(εw)
∂z∂

2σ

ε
‖L2

)
.

∑
∂∈{∂h,∂z}

(
‖∂2∂t(εw)‖L2‖∂zσ

ε
‖L∞

+ ‖∂∂t(εw)‖L6‖∂z∂σ
ε
‖L3 + ‖∂t(εw)‖L∞‖

∂z∂
2σ

ε
‖L2

)
. ‖∂t(εw)‖H2‖∂zσ

ε
‖H2 . ED,

‖∇2J22‖L2 . ‖∆(εw)‖H2‖∂zσ
ε
‖H2 . ED,

‖∇2J23‖L2 .
∑

∂∈{∂h,∂z}

(
‖∂2∇(εw) · ∇∂zσ

ε
‖L2 + ‖∂∇(εw) · ∇∂z∂σ

ε
‖L2

+ ‖∇(εw) · ∇∂z∂
2σ

ε
‖L2 .

)
.

∑
∂∈{∂h,∂z}

(
‖∂2∇(εw)‖L2‖∇∂zσ

ε
‖L∞
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+ ‖∂∇(εw)‖L6‖∇∂z∂σ
ε
‖L3 + ‖∇(εw)‖L∞‖

∇∂z∂2σ

ε
‖L2

)
. ‖εw‖H3‖∂zσ

ε
‖H3 . ED.

Estimate for ‖∇2I1‖L2 , ‖∇2I2‖L2 : The estimates are similar. They are,

‖∇2I1‖L2 .
∑

∂∈{∂h,∂z}

(
‖∂2v · ∇h(v, εw)‖L2 + ‖∂v · ∇h∂(v, εw)‖L2

+ ‖v · ∇h∂2(v, εw)‖L2

)
.

∑
∂∈{∂h,∂z}

(
‖∂2v‖L2‖∇h(v, εw)‖L∞

+ ‖∂v‖L3‖∇h∂(v, εw)‖L6 + ‖v‖L∞‖∇h∂2(v, εw)‖L2

)
. ‖v‖H2‖v, εw‖H3 . E2,

‖∇2I2‖L2 .
∑

∂∈{∂h,∂z}

(
‖∂2w∂z(v, εw)‖L2 + ‖∂w∂z∂(v, εw)‖L2

+ ‖w∂z∂2(v, εw)‖L2

)
.

∑
∂∈{∂h,∂z}

(
‖∂2w‖L2‖∂z(v, εw)‖L∞

+ ‖∂w‖L3‖∂z∂(v, εw)‖L6 + ‖w‖L∞‖∂z∂2(v, εw)‖L2

)
. ‖w‖H2‖v, εw‖H3 . E2.

2.5 Summary of uniform-in-ε estimates

To summarize the estimates in the previous sections, let

E := ‖v,∇v, εw,∇(εw), σ, ∂tσ −∆σ, ∂tσ‖2L2 + 2‖∇hσ,
∂zσ

ε
‖2L2

+ ‖∇3v,∇3(εw),∇2∂tσ,∇2(∂tσ −∆σ)‖2L2 + 2‖∇2∇hσ,
∇2∂zσ

ε
‖2L2 ,

(51)

D := ‖∂tv,∇2v, ∂t(εw),∇2(εw)‖2L2 + 2‖∇∂tσ,∇∇hσ,
∇∂zσ
ε
‖2L2

+ ‖∇2∂tv,∇4v,∇2∂t(εw),∇4(εw)‖2L2 + 2‖∇3∂tσ,∇3∇hσ,
∇3∂zσ

ε
‖2L2 .

(52)

Then, from the estimates in (28), (29), the definitions in (12), (13), (51), and
(52), one concludes, after applying the triangle inequality and the interpolation
inequality for Sobolev spaces, that

E ≤ E2 ≤ N(E),

D ≤ N(E , 1)
√
D + N(E).

(53)
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Let us recall once again that N(·) is a locally Lipschitz in its argument.
Applying the Cauchy–Schwarz inequality implies that

d

dt
‖v, εw, σ‖2L2 ≤ 2‖v, εw, σ‖L2‖∂tv, ∂t(εw), ∂tσ‖L2 . (54)

Thus, (24), (42), (46), (47), (48), and (54) yield

d

dt
E +D ≤ N(E) + C(E + E2)D + C

2∑
i=1

‖Ii‖2H2 + CE

4∑
j=1

‖Jj‖H2

≤ N(E) + N(E)D ≤ N(E) + N(E , 1)
√
D,

(55)

where the second and the last inequalities are consequences of (49), (50), and
(53). Therefore, (55) implies, after applying the Cauchy–Schwarz inequality,
that

d

dt
E +

1

2
D ≤ N(E , 1). (56)

Then for some T ∗ ∈ (0,∞), independent of ε, provided that E(0) is finite, we
have

sup
0≤t≤T∗

E(t) +

∫ T∗

0

D(t) dt <∞. (57)

Together with (53), we have

sup
0≤t≤T∗

E2(t) +

∫ T∗

0

D2(t) dt ≤ C <∞, (58)

where C ∈ (0,∞) depends only on the initial data and is independent of ε.

3 Convergence to the compressible primitive equa-
tions

The definitions of E,D in (12), (13), respectively, and estimate (58) imply that
there are a time T ∗ ∈ (0,∞) and a constant C ∈ (0,∞), which are independent
of ε, such that

‖vε, εwε‖L∞(0,T∗;H3) + ‖∂tvε, ∂t(εwε)‖L2(0,T∗;H2) + ‖vε, εwε‖L2(0,T∗;H4)

+‖∂tσε,∇hσε,
∂zσε
ε
‖L∞(0,T∗;H2) + ‖σε‖L∞(0,T∗;H4)

+‖∂tσε,∇hσε,
∂zσε
ε
‖L2(0,T∗;H3) + ‖wε, ∂zwε‖L∞(0,T∗;H2)

+‖wε, ∂zwε‖L2(0,T∗;H3) < C.

(59)

Then from (59), one can conclude that there exist

σ∗ ∈ L∞(0, T ∗;H4), ∂tσ
∗ ∈ L∞(0, T ∗;H2) ∩ L2(0, T ∗;H3),

v∗ ∈ L∞(0, T ∗;H3) ∩ L2(0, T ∗;H4), ∂tv
∗ ∈ L2(0, T ∗;H2),

w∗, ∂zw
∗ ∈ L∞(0, T ∗;H2) ∩ L2(0, T ∗;H3),

(60)
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such that for a subsequence of {(σε, vε, wε)}, as ε→ 0+, one has,

σε
∗
⇀ σ∗ weak-∗ in L∞(0, T ∗;H4),

σε → σ∗ in L∞(0, T ∗;H3) ∩ C([0, T ∗];H3),

∂tσε, wε, ∂zwε
∗
⇀ ∂tσ

∗, w∗, ∂zw
∗ weak-∗ in L∞(0, T ∗;H2),

∂tσε, wε, ∂zwε ⇀ ∂tσ
∗, w∗, ∂zw

∗ weakly in L2(0, T ∗;H3),

vε
∗
⇀ v∗ weak-∗ in L∞(0, T ∗;H3),

vε → v∗ in L∞(0, T ∗;H2) ∩ C([0, T ∗];H2),

vε ⇀ v∗ weakly in L2(0, T ∗;H4),

∂tvε ⇀ ∂tv
∗ weakly in L2(0, T ∗;H2),

where we have applied the Aubin compactness Lemma (see, e.g., [54]). Then it
is easy to verify that (σ∗, v∗, w∗) satisfies the compressible primitive equations
(5), after applying the above weak and strong convergences in each terms in
system (4). We omit the details.

4 The rates of convergence in terms of ε

In this section, we aim at investigating the rates of convergence of δσ, δv, δv to
0, as ε→ 0+. In section 4.1, we derive some additional uniform-in-ε estimates,
which will be used in section 4.2 to derive estimates for the rates of convergence.
In section 4.3, we provide the proofs of some Propositions, which have been used
in section 4.1.

We shorten the notations by dropping the subscript ε in (σε, vε, wε), i.e.,
(σ, v, w) = (σε, vε, wε).

4.1 Additional uniform-in-ε bounds

The additional uniform-in-ε estimates, in order to obtain the convergence rates,
are basically the temporal derivative version of the estimates in section 2. De-
note by

E1 := ‖∂tv,∇∂tv, ∂t(εw),∇∂t(εw), ∂2
t σ −∆∂tσ, ∂

2
t σ‖2L2

+ 2‖∇h∂tσ,
∂z∂tσ

ε
‖2L2 ,

(61)

D1 := ‖∂2
t v,∇2∂tv, ∂

2
t (εw),∇2∂t(εw)‖2L2 + 2‖∇∇h∂tσ,

∇∂z∂tσ
ε

‖2L2

+ 2‖∇∂2
t σ‖2L2 .

(62)

After applying one temporal derivative to (4)2, (4)3, and (38), we obtain the
following set of equations:

∂tvt −∆hvt − ∂zzvt = −∂t∇hσ − ∂t(v · ∇hv)− ∂t(w∂zv), (63)
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∂twt −∆hwt − ∂zzwt = − 1

ε2
∂z∂tσ − ∂t(v · ∇hw)− ∂t(w∂zw), (64)

∂t
(
∂tσt −∆σt

)
+ (v · ∇h + w∂z)

(
∂tσt −∆σt

)
−∆hσt −

1

ε2
∂zzσt

= −(vt · ∇h + wt∂z)
(
∂tσ −∆σ

)
+

4∑
j=1

(Jj)t,
(65)

where Jj , j = 1, 2, 3, 4, are as in (39). Take the L2-inner product of (63), (64)
with ∂tvt −∆vt, ε

2(∂twt −∆wt), respectively. Then after applying integration
by parts and the Hölder inequality in the resultant equations, similar arguments
as in from (21) to (24) lead to

d

dt
‖∇∂tv, ε∇∂tw‖2L2 + ‖∂2

t v,∇2∂tv, ε∂
2
tw, ε∇2∂tw‖2L2

≤ C‖∇h∂tσ,
∂z∂tσ

ε
‖2L2 + C

2∑
i=1

‖∂tIi‖2L2 ,
(66)

for some constant C ∈ (0,∞), independent of ε. In addition, applying the
Cauchy-Schwarz inequality yields,

d

dt
‖∂tv, ∂t(εw)‖2L2 ≤ 2‖∂tv, ∂t(εw)‖L2‖∂2

t v, ∂
2
t (εw)‖L2 . (67)

On the other hand, taking the L2-inner product of (65) with ∂tσt − ∆σt
yields, after applying integration by parts, the Hölder and Sobolev inequalities,

1

2

d

dt
‖∂2
t σ −∆∂tσ,∇h∂tσ,

∂z∂tσ

ε
‖2L2 + ‖∇∇h∂tσ,

∇∂z∂tσ
ε

‖2L2

=

4∑
j=1

∫
∂tJj × (∂2

t σ −∆∂tσ) d~x+
1

2

∫
(divhv + ∂zw)|∂2

t σ −∆∂tσ|2 d~x

−
∫

(vt · ∇h + wt∂z)
(
∂tσ −∆σ

)(
∂2
t σ −∆∂tσ

)
d~x

.
4∑
j=1

‖∂tJj‖L2‖∂2
t σ −∆∂tσ‖L2 + ‖∇hv, ∂zw‖L∞‖∂2

t σ −∆∂tσ‖2L2

+ ‖vt, wt‖L3‖∇∂tσ,∇∆σ‖L6‖∂2
t σ −∆∂tσ‖L2

.
4∑
j=1

‖∂tJj‖L2‖∂2
t σ −∆∂tσ‖L2 + (‖v‖H3 + ‖∂zw‖H2)‖∂2

t σ −∆∂tσ‖2L2

+ ‖vt, wt‖H1‖∇∂tσ,∇∆σ‖H1‖∂2
t σ −∆∂tσ‖L2 .

(68)

In the meantime, after taking the L2-inner product of (65) with ∂2
t σ and ap-

plying integration by parts, the Hölder and Sobolev inequalities in the resultant
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equation, one can show that

1

2

d

dt
‖∂2
t σ,∇h∂tσ,

∂z∂tσ

ε
‖2L2 + ‖∇∂2

t σ‖2L2

=

4∑
j=1

∫
∂tJj × ∂2

t σ d~x+
1

2

∫
(divhv + ∂zw)|∂2

t σ|2 d~x

−
∫ [

(divhv + ∂zw)∆∂tσ

]
∂2
t σ d~x−

∫ [
(v · ∇h + w∂z)∂

2
t σ

]
∆∂tσ d~x

−
∫ [

(vt · ∇h + wt∂z)
(
∂tσ −∆σ

)]
∂2
t σ d~x

.
4∑
j=1

‖∂tJj‖L2‖∂2
t σ‖L2 + ‖divhv, ∂zw‖L∞‖∆∂tσ, ∂2

t σ‖2L2

+ ‖v, w‖L∞‖∇∂2
t σ‖L2‖∆∂tσ‖L2

+ ‖∂tv, ∂tw‖L3‖∇∂tσ,∇∆σ‖L6‖∂2
t σ‖L2

.
4∑
j=1

‖∂tJj‖L2‖∂2
t σ‖L2 + (‖v‖H3 + ‖∂zw‖H2)‖∆∂tσ, ∂2

t σ‖2L2

+ ‖v, w‖H2‖∇∂2
t σ‖L2‖∆∂tσ‖L2

+ ‖∂tv, ∂tw‖H1‖∇∂tσ,∇∆σ‖H1‖∂2
t σ‖L2 .

(69)

Next, we state the estimates for ‖∂tIi‖L2 , ‖∂tJj‖L2 , , i = 1, 2, j = 1, 2, 3, 4
in the following:

Proposition 3. Ii,Jj, i = 1, 2, j = 1, 2, 3, 4, given by (25) and (39), satisfy
the following estimates:

‖∂tIi‖L2 ≤ C(E + E1)2, i = 1, 2, (70)

‖∂tJj‖L2 ≤ C(E + E1)(E + E1 +D +D1), j = 1, 2, 3, 4, (71)

where C ∈ (0,∞) is some generic constant, independent of ε. Here, E,D,E1, D1

are defined in (12), (13), (14), and (15), respectively.

In addition, we state the estimates for ‖∂tw, ∂z∂tw‖L2 , ‖∂tw, ∂z∂tw‖H1 in
the following:

Proposition 4. Let w be given as in (26). Then it holds

‖∂tw, ∂z∂tw‖L2 ≤ Ce2‖σ‖H2
(
‖σ‖2H3 + ‖∂tσ‖2H1 + 1

)(
‖∂2
t σ‖L2

+ ‖∂tv‖H1 + ‖∂tv‖H1‖σ‖H2 + ‖v‖H2‖∂tσ‖H1 + ‖∂tσ‖H2

+ ‖v‖H3 + ‖v‖H2‖σ‖H3

)
,

‖∂tw, ∂z∂tw‖H1 ≤ Ce2‖σ‖H2
(
‖σ‖3H3 + ‖∂tσ‖3H2 + 1

)(
‖∂2
t σ‖H1

+ ‖∂tv‖H2 + ‖∂tv‖H2‖σ‖H2 + ‖v‖H2‖∂tσ‖H2 + ‖∂tσ‖H2

+ ‖v‖H3 + ‖v‖H3‖σ‖H3

)
,

(72)
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for some generic positive constant C ∈ (0,∞), independent of ε. In particular,

E1 ≤ E2
1 ≤ N(E , E1),

D1 ≤ N(E , E1, 1)
√
D1 + N(E , E1).

(73)

The proofs of Proposition 3 and Proposition 4 are similar to those of Propo-
sition 2 and Proposition 1, which are postponed to section 4.3.

Now we apply the estimates in Proposition 3. Indeed, (66), (67), (68), (69),
(70), and (71) yield

d

dt
E1 +D1 ≤ N(E,E1)(1 +D +D1).

After substituting (53) and (73) on the right-hand side of the above inequality
and applying the Young inequality in the resultant, one gets

d

dt
E1 +D1 ≤ N(E , E1, 1) +

1

2
D1 +D. (74)

Thus, there is some constant T ∗∗ ∈ (0, T ∗], independent of ε, provided that
E(0), E1(0) are finite, such that

sup
0≤t≤T∗∗

E1(t) +

∫ T∗∗

0

D1(t) ≤ C <∞, (75)

where C ∈ (0,∞) depends on the initial data but is independent of ε. Here we
have also used (57). It follows from (57), (73), and (75), that

sup
0≤t≤T∗∗

E2
1(t) +

∫ T∗∗

0

D2
1(t) dt <∞, for some T ∗∗ ∈ (0, T ∗]. (76)

4.2 Convergence rates in terms of ε

Our goal in this section is to estimate the convergence rates of δσ, δv, δw to zero,
as ε→ 0+.

In addition to (58) and (76), let (σp, vp, wp) be a solution to the hydrostatic
system (5), satisfying

‖σp‖L∞(0,T∗∗;H4) + ‖∂tσp‖L∞(0,T∗∗;H2) + ‖vp‖L∞(0,T∗∗;H3)

+‖vp‖L2(0,T∗∗;H4) + ‖wp‖L∞(0,T∗∗;H2) ≤ C <∞,
(77)

for some constant C ∈ (0,∞). Such a solution can be obtained as the limit
in Theorem 1, restricted to the sub-interval of time [0, T ∗∗] ⊂ [0, T ∗], which
was established in section 3. Alternatively, one can refer to [41] for the proof
of existence of such a solution to the compressible primitive equations. Let
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C ∈ (0,∞), independent of ε, be the bound given by (58), (76), and (77), i.e.,

‖v, εw‖L∞(0,T∗∗;H3) + ‖∂tv, ∂t(εw)‖L∞(0,T∗∗;H1) + ‖v, εw‖L2(0,T∗∗;H4)

+ ‖∂tv, ∂t(εw)‖L2(0,T∗∗;H2) + ‖∂2
t v, ∂

2
t (εw)‖L2(0,T∗∗;L2)

+ ‖∂tσ,∇hσ,
∂zσ

ε
‖L∞(0,T∗∗;H2) + ‖σ‖L∞(0,T∗∗;H4)

+ ‖∂2
t σ,∇h∂tσ,

∂z∂tσ

ε
‖L∞(0,T∗∗;L2) + ‖∂tσ‖L∞(0,T∗∗;H2)

+ ‖∂tσ,∇hσ,
∂zσ

ε
‖L2(0,T∗∗;H3) + ‖∂2

t σ,∇h∂tσ,
∂z∂tσ

ε
‖L2(0,T∗∗;H1)

+ ‖w, ∂zw‖L∞(0,T∗∗;H2) + ‖∂tw, ∂z∂tw‖L∞(0,T∗∗;L2)

+ ‖w, ∂zw‖L2(0,T∗∗;H3) + ‖∂tw, ∂z∂tw‖L2(0,T∗∗;H1)

+ ‖σp‖L∞(0,T∗∗;H4) + ‖∂tσp‖L∞(0,T∗∗;H2) + ‖vp‖L∞(0,T∗∗;H3)

+ ‖vp‖L2(0,T∗∗;H4) + ‖wp‖L∞(0,T∗∗;H2) < C.

(78)

Using (78) and the triangle inequality, we have

‖δσ‖L∞(0,T∗∗;H4) + ‖∂tδσ‖L∞(0,T∗∗;H2) + ‖δv‖L∞(0,T∗∗;H3)

+‖δv‖L2(0,T∗∗;H4) + ‖δw‖L∞(0,T∗∗;H2) < 2C.
(79)

Noticing that ∂zσp = 0 and therefore ∂zσ = ∂zδσ, (78) implies that

‖∂zδσ‖L∞(0,T∗∗;H2) + ‖∂zδσ‖L2(0,T∗∗;H3)

+ ‖∂z∂tδσ‖L∞(0,T∗∗,L2) + ‖∂z∂tδσ‖L2(0,T∗∗,H1) ≤ 2εC = O(ε).
(80)

This gives us partial information of the convergence rates.
Furthermore, we separate δσ by its vertical average and fluctuation, defined

as in (11), i.e.,

δσ = δσ + δ̃σ. (81)

Then the following inequalities are ture:

‖δ̃σ‖L2 . ‖∂zδσ‖L2 , (82)

‖∇hδ̃σ‖L2 . ‖∂z∇hδσ‖L2 , (83)

‖∂̃tδσ‖L2 . ‖∂z∂tδσ‖L2 . (84)

The proof of (82)–(84) follows directly from applying the one-dimensional Poincaré
inequality in the vertical direction, i.e.,

‖φ̃(·)‖L2(T) = ‖φ(·)− φ‖L2(T) . ‖∂zφ(·)‖L2(T).

We establish the rest of the required estimates in the following steps: the
estimate of δσ; the estimate of δv; summary of the estimates; convergence rates
via interpolation.
Step 1: estimates of δσ. Taking the vertical-average of (9)1 leads to

∂tδσ + v · ∇hδσ + δv · ∇hσp + divhδv + w∂zδσ = 0. (85)
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Then we take the L2-inner product of (85) with 2δσ, it follows,

d

dt
|δσ|2L2 = −2

∫
Ωh

v · ∇hδσ × δσ d~xh

− 2

∫
Ωh

(δv · ∇hσp + divhδv + w∂zδσ)× δσ d~xh =: N1 +N2.

(86)

N2 can be estimated, after applying the Hölder, Minkowski, and Sobolev em-
bedding inequalities, as

N2 .
(
‖δv‖L2 |∇hσp|L∞ + ‖∇δv‖L2 + ‖w‖L∞‖∂zδσ‖L2

)
|δσ|L2

.
(
‖δv‖L2 |∇hσp|H2 + ‖∇δv‖L2 + ‖w‖H2‖∂zδσ‖L2

)
|δσ|L2

. C|δσ|L2‖δv‖L2 + ‖∇δv‖L2 |δσ|L2 + εC|δσ|L2 ,

where we have substituted the bounds in (78) and (80). On the other hand, N1

can be written as, after substituting (81) and integration by parts,

N1 = −2

∫
Ωh

v · ∇hδσ × δσ d~xh − 2

∫
Ωh

v · ∇hδ̃σ × δσ d~xh

=

∫
Ωh

divhv × |δσ|2 d~xh − 2

∫
Ωh

v · ∇hδ̃σ × δσ d~xh.

Thus applying the Hölder, Minkowski, and Sobolev embedding inequalities and
(83) to the above identity yields

N1 . ‖∇v‖L∞ |δσ|2L2 + ‖v‖L∞‖∇hδ̃σ‖L2 |δσ|L2

. ‖v‖H3 |δσ|2L2 + ‖v‖H2‖∂zδσ‖H1 |δσ|L2 . C|δσ|2L2 + εC|δσ|L2 ,

where in the last inequality we have substituted the bounds in (78) and (80).
Hence, (86) implies that

d

dt
|δσ|2L2 . C

(
|δσ|2L2 + ‖δv‖2L2

)
+ εC|δσ|L2 + ‖∇δv‖L2 |δσ|L2 . (87)

Step 2: estimates of δv.
Taking the L2-inner product of (9)2 with 2δv leads to

d

dt
‖δv‖2L2 + 2‖∇δv‖2L2 =

∫
(divhv + ∂zw)|δv|2 d~x

− 2

∫
(δv · ∇hvp) · δv d~x+ 2

∫
δσ(divhδv) d~x−

∫
δw(∂zvp · δv) d~x

=: N3 +N4 +N5 +N6.

(88)

Again, applying the Hölder and Sobolev embedding inequalities leads to

N3 +N4 +N5 . (‖divhv‖L∞ + ‖∂zw‖L∞ + ‖∇hvp‖L∞)‖δv‖2L2
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+ ‖δσ‖L2‖divhδv‖L2 . (‖v‖H3 + ‖∂zw‖H2 + ‖vp‖H3)‖δv‖2L2

+ ‖δσ‖L2‖∇δv‖L2 . C‖δv‖2L2 + (|δσ|L2 + εC)‖∇δv‖L2 ,

where we have substituted (81), (82) and the bounds in (78) and (80). To
estimate N6, we first need to substitute (27) for δw, which leads to

N6 =

∫ [
e−δσ

(∫ z

0

[
eδσ(∂tδσ + v · ∇hδσ + δv · ∇hσp + wp∂zδσ + divhδv)

]
dz′
)

× (∂zvp · δv)

]
d~x =

∫ [
e−δσ

(∫ z

0

eδσ∂tδσ dz
′
)
× (∂zvp · δv)

]
d~x

+

∫ [
e−δσ

(∫ z

0

eδσ(v · ∇hδσ) dz′
)
× (∂zvp · δv)

]
d~x

+

∫ [
e−δσ

(∫ z

0

eδσ(δv · ∇hσp + wp∂zδσ + divhδv) dz′
)
× (∂zvp · δv)

]
d~x

=: N ′6 +N ′′6 +N ′′′6 .

N ′′′6 can be estimated, after applying the Hölder, Minkowski, and Sobolev
embedding inequalities, as

N ′′′6 . e2‖δσ‖L∞
(
‖δv‖L2‖∇hσp‖L∞ + ‖wp‖L∞‖∂zδσ‖L2 + ‖∇hδv‖L2

)
× ‖∂zvp‖L∞‖δv‖L2 . e2‖δσ‖H2

(
‖δv‖L2‖σp‖H3 + ‖wp‖H2‖∂zδσ‖L2

+ ‖∇δv‖L2

)
× ‖vp‖H3‖δv‖L2 . e2CC‖δv‖2L2 + εe2CC2‖δv‖L2

+ e2CC‖∇δv‖L2‖δv‖L2 ,

where we have substituted the bounds in (78), (79), and (80). On the other
hand, applying integration by parts in N ′′6 leads to

N ′′6 = −
∫ [(∫ z

0

(eδσδσv) dz′
)
· ∇h(e−δσ∂zvp · δv)

]
d~x

−
∫ [(∫ z

0

δσdivh(eδσv) dz′
)
× (e−δσ∂zvp · δv)

]
d~x.

Then, after expanding every term in the above expression and applying the
Hölder, Minkowski, and Sobolev embedding inequalities, one can derive

N ′′6 . e2‖δσ‖L∞‖v‖L∞‖∂zvp‖L∞‖δσ‖L2‖∇δv‖L2

+ e2‖δσ‖L∞
(
‖v‖L∞‖∇h∂zvp‖L∞ + ‖v‖L∞‖∂zvp‖L∞‖∇hδσ‖L∞

+ ‖∇hv‖L∞‖∂zvp‖L∞
)
‖δσ‖L2‖δv‖L2

. e4C(C3 + C2 + ‖vp‖2H4)(|δσ|L2 + εC)(‖∇δv‖L2 + ‖δv‖L2),

where in the last inequality we have substituted (81), (82), (78), (79), and (80).
In order to estimate N ′6, we first rewrite ∂tδσ into its average and fluctuation

parts; that is,

∂tδσ = ∂tδσ + ∂̃tδσ = −
(
v · ∇hδσ + δv · ∇hσp

+ divhδv + w∂zδσ
)

+ ∂̃tδσ,
(89)
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where we have substituted (85). Thus N ′6 can be written as

N ′6 = −
∫ [

e−δσ
(∫ z

0

eδσv · ∇hδσ dz′
)
× (∂zvp · δv)

]
d~x

−
∫ [

e−δσ
(∫ z

0

eδσ(δv · ∇hσp + divhδv + w∂zδσ) dz′
)
× (∂zvp · δv)

]
d~x

+

∫ [
e−δσ

(∫ z

0

eδσ∂̃tδσ dz
′
)
× (∂zvp · δv)

]
d~x =: N ′6,1 +N ′6,2 +N ′6,3.

N ′6,1 and N ′6,2 can be estimated in the same way as that of N ′′6 and N ′′′6 , respec-
tively. N ′6,3 can be estimated, after applying the Hölder, Minkowski, Sobolev
embedding inequalities and (84), as

N ′6,3 . e2‖δσ‖L∞ ‖∂zvp‖L∞‖∂z∂tδσ‖L2‖δv‖L2

. e2‖δσ‖H2 ‖vp‖H3‖∂z∂tδσ‖L2‖δv‖L2 . εe4CC2‖δv‖L2 ,

where we have substituted the bounds in (78), (79), and (80) in the last in-
equality. Consequently, after summing up the above estimates, (88) implies
that

d

dt
‖δv‖2L2 + 2‖∇δv‖2L2 . e4C(1 + C3 + ‖vp‖2H4)(‖δv‖L2 + |δσ|L2 + ε)

× (‖δv‖L2 + ‖∇δv‖L2).
(90)

Step 3: summary of the estimates and convergence rates. (87) and (90) imply,
after applying the Young inequality,

d

dt

(
|δσ|2L2 + ‖δv‖2L2

)
+ ‖∇δv‖2L2 ≤ Ce4C(1 +C3 + ‖vp‖2H4)(|δσ|2L2 + ‖δv‖2L2 + ε2).

(91)
Therefore, applying the Grönwall inequality to (91) yields

sup
0≤t≤T∗∗

(
|δσ(t)|2L2 + ‖δv(t)‖2L2

)
+

∫ T∗∗

0

‖∇δv(t)‖2L2 dt

≤ N(C, T ∗∗)(|δσ0|2L2 + ‖δv0‖2L2 + ε2),

(92)

where we have used the fact ‖vp‖L2(0,T∗∗;H4) < C. Together with (80) and (82),
(92) implies

‖δσ‖L∞(0,T∗∗;L2) + ‖δv‖L∞(0,T∗∗;L2) + ‖δv‖L2(0,T∗∗;H1)

≤ N(C, T ∗∗)(‖δσ0‖L2 + ‖δv0‖L2 + ε) = O(ε),
(93)

provided that ‖δσ0‖L2 + ‖δv0‖L2 = O(ε), which is assumption (19) for well-
prepared initial data.
Step 4: convergence rates via interpolation. Notice that, the Gagliardo-
Nirenberg interpolation inequality implies

‖δσ‖H1 . ‖δσ‖3/4L2 ‖δσ‖1/4H4 , ‖δv‖H1 . ‖δv‖2/3L2 ‖δv‖1/3H3 .
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Therefore, together with (79) and (93), it follows,

‖δσ‖L∞(0,T∗∗,H1) . N(C, T ∗∗)ε3/4 = O(ε3/4),

‖δv‖L∞(0,T∗∗,H1) . N(C, T ∗∗)ε2/3 = O(ε2/3).
(94)

From (89), one can derive, after applying the Hölder, Minkowski, and Sobolev
embedding inequalities,

‖∂tδσ‖L2 . ‖v‖L∞‖∇hδσ‖L2 + ‖δv‖L2‖∇hσp‖L∞ + ‖∇hδv‖L2

+ ‖w‖L∞‖∂zδσ‖L2 + ‖∂z∂tδσ‖L2 . ‖v‖H2‖δσ‖H1 + ‖σp‖H3‖δv‖L2

+ ‖δv‖H1 + ‖w‖H2‖∂zδσ‖L2 + ‖∂z∂tδσ‖L2 .

(95)

Thus (78), (80), (93) (94), and (95) yield,

‖∂tδσ‖L∞(0,T∗∗,L2) . N(C, T ∗∗)ε2/3 = O(ε2/3),

‖∂tδσ‖L2(0,T∗∗,L2) . N(C, T ∗∗)ε3/4 = O(ε3/4).
(96)

Similarly, from (27), after applying the Hölder, Minkowski, and Sobolev embed-
ding inequalities, one can derive,

‖δw‖L2 . e2‖δσ‖H2
(
‖∂tδσ‖L2 + ‖v‖H2‖δσ‖H1 + ‖σp‖H3‖δv‖L2

+ ‖δv‖H1 + ‖wp‖H2‖∂zδσ‖L2

)
.

(97)

Therefore, substituting (78), (79), (80), (93), (94), and (96) to (97) yields,

‖δw‖L∞(0,T∗∗;L2) . N(C, T ∗∗)ε2/3 = O(ε2/3),

‖δw‖L2(0,T∗∗;L2) . N(C, T ∗∗)ε3/4 = O(ε3/4).
(98)

4.3 Proofs of Proposition 3 and Proposition 4

Proof of Proposition 3. The proof is similar to that of Proposition 2. We list
the estimates for readers’ convenience:

‖∂tI1‖L2 . ‖∂tv‖L6‖∇v,∇(εw)‖L3 + ‖v‖L∞‖∇∂tv,∇∂t(εw)‖L2

. ‖∂tv, ∂t(εw)‖H1‖v, εw‖H2 . E1E,

‖∂tI2‖L2 . ‖∂tw‖L2‖∂z(εw), ∂zv‖L∞ + ‖w‖L∞‖∂z∂t(εw), ∂z∂tv‖L2

. ‖∂tw‖L2‖εw, v‖H3 + ‖w‖H2‖∂t(εw), ∂tv‖H1 . E1E,

where we have applied the Hölder and Sobolev embedding inequalities. Simi-
larly, we have,

‖∂tJ1‖L2 . ‖∂2
t v, ∂t∆v‖L2‖∇hσ‖L∞ + ‖∂tv,∆v‖L3‖∇h∂tσ‖L6

+ ‖∂t∇v‖L2‖∇h∇σ‖L∞ + ‖∇v‖L∞‖∇h∇∂tσ‖L2

. E(E + E1 +D +D1),
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‖∂tJ2‖L2 . ‖∂2
t (εw), ∂t∆(εw)‖L2‖∂zσ

ε
‖L∞ + ‖∂t(εw),∆(εw)‖L3‖∂z∂tσ

ε
‖L6

+ ‖∇∂t(εw)‖L3‖∇∂zσ
ε
‖L6 + ‖∇(εw)‖L2‖∇∂z∂tσ

ε
‖L2

. E(E + E1 +D +D1),

‖∂tJ3‖L2 . ‖∇∂tv‖L2‖∇hv‖L∞ + ‖∇v‖L∞‖∇h∂tv‖L2 + ‖∂tv‖L∞‖∇∇hv‖L2

+ ‖v‖L∞‖∇∇h∂tv‖L2 + ‖∇∂tw‖L2‖∂zv‖L∞ + ‖∇w‖L∞‖∂z∂tv‖L2

+ ‖∂tw‖L3‖∇∂zv‖L6 + ‖w‖L∞‖∇∂z∂tv‖L2

. (E + E1)(E + E1 +D +D1),

‖∂tJ4‖L2 . ‖∂z∂tv‖L3‖∇hw‖L6 + ‖∂zv‖L∞‖∇h∂tw‖L2 + ‖∂tv‖L3‖∇h∂zw‖L6

+ ‖v‖L∞‖∇h∂z∂tw‖L2 + ‖∂z∂tw‖L2‖∂zw‖L∞ + ‖∂zw‖L∞‖∂z∂tw, ‖L2

+ ‖∂tw‖L3‖∂2
zw‖L6 + ‖w‖L∞‖∂2

z∂tw‖L2

. (E + E1)(E + E1 +D +D1).

This completes the proof.

Proof of Proposition 4. We follow similar steps as in the proof of Proposition 1.
Recalling Ξ in (30), applying a temporal derivative to (26) leads to

∂tw = −e−σ
∫ z

0

eσ(∂tσΞ + ∂tΞ) dz′ + e−σ∂tσ

∫ z

0

eσΞ dz′.

Similarly,

∂z∂tw = e−σ∂zσ

∫ z

0

eσ(∂tσΞ + ∂tΞ) dz′ + e−σ(∂z∂tσ − ∂zσ∂tσ)

∫ z

0

eσΞ dz′

− ∂tΞ,

∂h∂tw = e−σ∂hσ

∫ z

0

eσ(∂tσΞ + ∂tΞ) dz′ + e−σ(∂h∂tσ − ∂hσ∂tσ)

∫ z

0

eσΞ dz′

− e−σ
∫ z

0

eσ(∂hσ∂tσΞ + ∂hσ∂tΞ + ∂h∂tσΞ + ∂tσ∂hΞ + ∂h∂tΞ) dz′

+ e−σ∂tσ

∫ z

0

eσ(∂hσΞ + ∂hΞ) dz′,

∂hz∂tw = e−σ∂zσ

∫ z

0

eσ(∂hσ∂tσΞ + ∂hσ∂tΞ + ∂tσ∂hΞ + ∂h∂tσΞ + ∂h∂tΞ) dz′

+ e−σ(∂hzσ − ∂hσ∂zσ)

∫ z

0

eσ(∂tσΞ + ∂tΞ) dz′ + e−σ(∂z∂tσ − ∂zσ∂tσ)

×
∫ z

0

eσ(∂hσΞ + ∂hΞ) dz′ + e−σ(∂hz∂tσ − ∂hzσ∂tσ − ∂zσ∂h∂tσ

− ∂hσ∂z∂tσ + ∂hσ∂zσ∂tσ)

∫ z

0

eσΞ dz′ − ∂h∂tΞ.
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Therefore, after applying the Hölder, Minkowski, and Sobolev embedding
inequalities, one obtains,

‖∂tw, ∂z∂tw‖L2 . e2‖σ‖H2
(
‖σ‖H3 + 1

)(
‖∂2
t σ‖L2 + ‖∂tv‖H1

+ ‖∂tv‖H1‖σ‖H2 + ‖v‖H2‖∂tσ‖H1 + ‖∂tσ‖H1(‖∂tσ‖H2

+ ‖v‖H3 + ‖v‖H2‖σ‖H3)
)
,

(99)

‖∂h∂tw, ∂hz∂tw‖L2 . e2‖σ‖H2
(
‖σ‖2H3 + 1

)(
‖∂2
t σ‖H1 + ‖∂tv‖H2

+ ‖∂tv‖H2‖σ‖H2 + ‖v‖H2‖∂tσ‖H2 + (‖∂tσ‖H2 + 1)

× (‖∂tσ‖H2 + ‖v‖H3 + ‖v‖H3‖σ‖H3)
)
.

(100)

This completes the proof of Proposition 4.
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