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Abstract

We develop a convex integration scheme for constructing nonunique weak solutions
to the hydrostatic Euler equations (also known as the inviscid primitive equations of
oceanic and atmospheric dynamics) in both two and three dimensions. We also develop
such a scheme for the construction of nonunique weak solutions to the three-dimensional
viscous primitive equations, as well as the two-dimensional Prandtl equations.

While in [D.W. Boutros, S. Markfelder and E.S. Titi, arXiv:2208.08334 (2022)] the
classical notion of weak solution to the hydrostatic Euler equations was generalised,
we introduce here a further generalisation. For such generalised weak solutions we
show the existence and nonuniqueness for a large class of initial data. Moreover, we
construct infinitely many examples of generalised weak solutions which do not conserve
energy. The barotropic and baroclinic modes of solutions to the hydrostatic Euler
equations (which are the average and the fluctuation of the horizontal velocity in the
z-coordinate, respectively) that are constructed have different regularities.
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1 Introduction

1.1 Problems considered in this paper and context

In this work, we consider the following general equation (with (d + 1)-dimensional spatial
domain for d = 1, 2)

Ou — v Apu — V0 u+u - Viu +wd,u+ Vpp =0, (1.1)
Dp =0, (1.2)
Vh - U+ 8zw = 0,

where the horizontal velocity field u : T x (0,T7) — R?, the vertical velocity field w :
T4+ x (0,T) — R, and the pressure p : T¢*! — R are unknown, and the horizontal and
vertical viscosity parameters v;,v; > 0 are given constants. The d-dimensional horizontal
gradient is denoted by V, and the d-dimensional horizontal Laplacian by Aj,. Since the
pressure p is only determined up to an additive constant, we may require that p is mean-free.

In this paper we are interested in the following cases:

e Taking d = 2 and v; = v = 0 gives the three-dimensional hydrostatic Euler equations
of an incompressible fluid (also known as the inviscid primitive equations of oceanic
and atmospheric dynamics). In this paper, the terms inviscid primitive equations and
hydrostatic Euler equations will be used interchangeably.



e Taking d = 2 and v, v > 0 leads to the three-dimensional viscous primitive equations.
We remark that the cases with anistropic viscosities (v} > 0 and v} =0, or v; = 0 and
v} > 0) have also been studied.

e Taking d =1 and v; = v, = 0 yields the two-dimensional inviscid primitive equations
(or hydrostatic Euler equations).

e Taking d =1, v; =0 and v, > 0 yields the two-dimensional Prandtl equations.

In this paper, we will develop a convex integration scheme for system (L.1))-(L.3) for the
cases mentioned above. In particular, we will work with a generalised notion of weak solution.
While classical weak solutions have sufficient Lebesgue integrability for the nonlinearity to
make sense as an L' (T x (0, 7)) function, another notion of weak solution was introduced
in [7] where the nonlinearity is interpreted as a paraproduct. The generalised weak solutions
introduced in this paper treat the nonlinearity in an even more general way, see section [1.3.3]
below.

In all the cases of ((1.1)-(1.3) that we are interested in, we will show the existence of such
generalised weak solutions (for a dense set of initial data in the relevant spaces). In addition,
we will show that such weak solutions are nonunique.

If v; = v; = 0, we recall that classical spatially analytic solutions of (L.I)-(1.3)) (see
[40, 50, [51]) conserve the energy, i.e. the spatial L?(T9*!) norm of u. In [7] an analogue
of Onsager’s conjecture was studied for the three-dimensional hydrostatic Euler equations
and it was found that there exist several sufficient regularity criteria for weak solutions
which guarantee the conservation of energy. In particular, there exist several notions of weak
solutions for these equations, each of which have their own version of the analogue of the
Onsager conjecture.

In this work, we will construct generalised weak solutions to these equations, which do not
conserve energy and do not satisfy the regularity criteria mentioned above. In other words,
in this paper we prove a first result towards the aim of resolving the dissipation part of the
analogue of the Onsager conjecture for the inviscid primitive equations (hydrostatic Euler),
while the conservation part of the analogue of the Onsager conjecture has been studied in
[7], as was mentioned before.

1.2 Literature overview

In this section we will provide an overview of some of the literature that is related to this work.
As both the primitive and Prandtl equations as well as the Onsager conjecture have been the
subject matter of many works in recent years, this overview is by no means comprehensive
and is by necessity incomplete in reviewing all the relevant work.

Onsager’s conjecture was originally posed in [75] for the incompressible Euler equations.
The conjecture states that if a weak solution lies in L*((0,T); C®*(T?)) for a > 3 it must
conserve energy. If a < % energy might not be conserved.

In [37] a proof of a slightly weaker result than the first half of the conjecture was given.
A full proof of the first half was then given in [30]. In [35] a different proof was presented,
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which relied on an equation of local energy balance and a defect measure. In [3] [6] (see also
[4]) the problem was considered in the presence of physical boundaries and the first half of
the conjecture was proved in this case.

The existence of non-energy conserving solutions of the Euler equations of an incompress-
ible fluid was first shown in [84, 85]. To prove the existence of dissipative weak solutions
of the Euler equations (and to prove the second half of Onsager’s conjecture), techniques
from convex integration were used. They were introduced for the first time in the context of
incompressible fluid mechanics in [32] [34].

The second half of the conjecture was then proven in [47], after gradual success in the
papers [12], 33] (and see references therein). The proof in [47] relied on the Mikado flows that
were developed in [31]. In the work [13] dissipative Holder continuous solutions of the Euler
equations up to % were constructed.

Subsequently, an intermittent version of convex integration was developed. This was first
used in [I5] to prove the nonuniqueness of very weak (not Leray-Hopf) solutions to the Navier-
Stokes equations. In [I1] this result was extended to show the existence of nonunique weak
solutions with a bound on the singular set. In [I4] [72] an intermittent scheme was constructed
to prove the existence of non-energy conserving weak solutions of the Euler equations with
Sobolev regularity. In [64] the method of [I5] was generalised to the hyperviscous Navier-
Stokes equations to show the sharpness of the Lions exponent.

After the works [67H69] where a spatially intermittent convex integration scheme was
developed for the transport equation, temporal intermittency was introduced to the scheme
in [26, 28] to prove the nonuniqueness of weak solutions to the transport equation. This
scheme was then adapted to the Navier-Stokes equations in [27] to prove the sharpness of the
Prodi-Serrin criteria, and in [25] to show that L? is the critical space for nonuniqueness for
the 2D Navier-Stokes equations.

The primitive equations of oceanic and atmospheric dynamics were introduced in [81].
They were studied mathematically for the first time in [60-H62], in which the global existence
of weak solutions was proved. The short time existence of strong solutions was then obtained
in [43]. The global well-posedness of the viscous primitive equations was proven in [23],
see also [48]. In [53] 54] different boundary conditions were considered, and in [45] global
well-posedness was established using a semigroup method.

Subsequently, the cases with only horizontal viscosity (as well as only horizontal diffu-
sivity) were studied in [19-21]. The case with only vertical diffusivity and full viscosity was
looked at in [I8],24]. The case with only horizontal diffusivity and full viscosity was investi-
gated in [I7]. The small aspect ratio was rigorously justified in a weak sense in [2] (see also
[T0]). It was subsequently proven in a strong sense with full viscosity in [56] and with only
horizontal viscosity in [57] with error estimates in terms of the small aspect ratio .

The case with only vertical viscosity was studied in [80], in which linear ill-posedness was
proven. The ill-posedness can be counteracted by adding a linear damping term, see [22] for
more details. By considering the case of initial data with Gevrey regularity with certain con-
vexity conditions, in [39] local well-posedness was established. The local well-posedness for
analytic data was proven in [50] [51] (without rotation) and [40] (with rotation). By consider-
ing small data which are analytic in the horizontal variables, the paper [77] established global



well-posedness for the case without rotation and Dirichlet boundary conditions. Finally, [59]
considered the case of impermeable and stress-free boundary conditions.

The linear and nonlinear ill-posedness of the inviscid primitive equations in all Sobolev
spaces was proven in [44, 80]. The ill-posedness results in Sobolev spaces suggest that the
natural space for showing local well-posedness of the inviscid primitive equations is the space
of analytic functions, which was proved in [40, 50, 5I]. In [40] the role of fast rotation in
prolonging the life-space of solutions was investigated.

In [I6] it was shown that smooth solutions of the inviscid primitive equations can form
a singularity in finite time, see also [00]. In [29] the existence and nonuniqueness of weak
solutions with L* data was proven. In [7] several sufficient criteria for energy conservation
were proven. In the inviscid setting there have also been works studying the case of initial
data with a monotonicity assumption, see [9] 49, [66].

The Prandtl equations for the boundary layer were derived by Prandtl in [78]. In [73], [74]
the local well-posedness of the equations was shown under a monotonicity assumption. In [82]
the local well-posedness for analytic data was proven, while in [36] the blow-up of solutions
for certain classes of '™ data was proven. Further local well-posedness results were proved
in [46], 49, 52| [76], [77]. In [42] it was shown that the equations are nonlinearly unstable.

The linear ill-posedness of the Prandtl equations in all Sobolev spaces was shown in [3§]
(for further work see [63] and references therein). In the three-dimensional case a convex in-
tegration scheme was developed in [65]. The analytic local well-posedness has been improved
to Gevrey function spaces, see [58] and references therein.

1.3 Definitions and main results
1.3.1 Baroclinic and barotropic modes

Now we introduce the notion of barotropic and baroclinic modes, which is an important
decomposition of the solutions which has been explored extensively in the investigation of the
primitive equations. In the construction of the convex integration scheme for the primitive
equations we will not use this decomposition explicitly. However, it is an important idea
underlying the scheme.

We will illustrate this concept for the equations in the inviscid case, the viscous case is
similar and can be found in [23]. The 3D inviscid primitive equations are given by

ou~+u - Vyu+wo,u+ Vp =0, (1.4)
0.p =0, (1.5)
Vi -u+ 0w =0, (1.6)

where u : T x (0,7) — R? is the horizontal velocity field, w : T? x (0,T) — R the vertical
velocity field and p : T3 x (0,7) — R the pressure.

The barotropic mode w of a velocity field u is defined as follows
u(xy, xa,t) = /u(:z:l,a:Q,z,t) dz. (1.7)
T
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The baroclinic mode u is defined as the fluctuation
u=u—u. (1.8)

The primitive equations (1.4)-(1.6) can then be written formally as a coupled system of
evolution equations for the barotropic and baroclinic modes u and u, which are

Ot + (@ Vp)a+ [(@- Va)u+ (Vi - 0)u] + Vap =0, (1.9)
O+ (- Vi)u+wd.u+ (W-Vy)u+ (- Vi) — [(@- Va)u+ (Vy-w)u] =0.  (1.10)

Moreover, we have the following incompressibility conditions
Vhﬂ:Vh-%IJr@Zw:O, (1.11)

which formally follow from equation ((1.6)) and the periodicity of the functions.

In the convex integration scheme, we will add separate barotropic and baroclinic pertur-
bations. This leads to different regularities of the barotropic and baroclinic modes of the
solution and allows us to control different parts of the error.

The following estimates on the baroclinic and barotropic modes are standard

[l < Nlullee, — llullee S luflze-

1.3.2 Notation

Throughout the paper we will use the following notation.

e The components of the spatial variable are given by x = (21,2) if d = 1, and = =
(x1,29,2) if d = 2. For d = 1, x; represents the horizontal direction, for d = 2 the
horizontal position is given by (x1,z5). In both cases, z is the vertical direction.

e The horizontal velocity field is called u, the vertical velocity is denoted by w and the
full velocity by u = (u,w). They are d-, 1- and (d 4+ 1)-dimensional, respectively.

e We use the symbol V), for the horizontal gradient (which equals 0,, if d = 1), and V
for the full ((d + 1)-dimensional) gradient.

e For an integrability parameter 1 < p < oo, the Holder conjugate is denoted by p/, i.e.

1 1
54—17—1.

e Let 1 < p < oo. In section [T} p— denotes any parameter 1 < p— < p. In the other

sections we have to be a bit more precise. In particular there is a need to quantify the

‘—7in p—. More precisely there will be a § > 0 and we set p— = lié' Here we tacitly

assume that 0 is sufficiently small, such that p— > 1.

e For 1 < p,q < oo and s € R the Besov space B;q(']I‘S) is defined in appendix . Let
us emphasise here that Bj,(T?) = H*(T?), see Remark .



e Throughout this paper, we will omit the domain of a space-time norm if it is T¢**x [0, 77,
c.g. we Write H’HL;)(HS) = H‘HLp(((LT);Hs(ToH»l)).

e In view of section we define the barotropic and baroclinic part of any quantity
a = a(zx) by

6:/a(aj)dz, a=a—a.
T

1.3.3 Generalised weak solutions

In [7] two new types of weak solutions to the hydrostatic Euler equations — were
introduced. In the present paper we will consider a slightly different notion of weak solution,
which we will refer to as a generalised weak solution. This notion of solution is inspired by
the notion of a type III weak solution, as introduced in [7].

Before we state the results for the different cases of the system —, we will be
more specific regarding the notion of weak solution used in this paper. The weak solutions
of (LI)-(L.3) we consider are defined as follows: We assume that u € L*(T® x (0,7)),
w € D'(T? x (0,T)) and uw € L'((0,T); By 5,(T?)) for some suitably large s € R. System
— must then be satisfied in the sense of distributions, where the vertical advection
term

T
/0 (vw, az¢>B£ZoXBZo,1 dt,

is interpreted as a duality bracket between the term uw and the test function ¢ € D(T? x
(0,7).

If u and w happen to have sufficient regularity, for example when u € L2((0,T'); H*™(T?))
and w € L*((0,T); H*(T?)) (for some small § > 0), then by applying the paradifferential
calculus (see appendix [A]) we know that uw € L'((0,T); By 5,(T?)) . This is a stronger notion
of solution compared to the notion of a generalised weak solution that we introduced above,
as u is required to have (positive) Sobolev regularity and w has to possess some regularity
(i.e., it is more than just a distribution).

In the next few subsections, we will give precise definitions of the notion of weak solution
we will use, and we will state the theorems we will prove for the different cases of the system
(L.1)-(1.3). But generally speaking, we will split the nonlinearity uw into the barotropic-
vertical and baroclinic-vertical interactions, i.e., the terms ww and uw.

The baroclinic mode u of the constructed solutions will have sufficient regularity such that
uw can be interpreted as a paraproduct. The terms u and w do not have sufficient regularity
to apply the paradifferential calculus. However, as part of the convex integration scheme we
will obtain separate estimates on 2w in order to show that it lies in L'((0,T'); By 3,(T?)) for
some suitable s. Therefore the weak solutions we obtain are partly ‘generalised’ (as for the
baroclinic-vertical part of the nonlinearity) and partly ‘paradifferential’ (for the barotropic-
vertical part of the nonlinearity).



1.3.4 Results for the 3D inviscid primitive equations

We first introduce the notion of weak solution for the 3D inviscid primitive equations (|1.4])-

().

Definition 1.1. A triple (u, w, p) is called a weak solution of the hydrostatic Euler equations
(L4)-(L.6) if w € L*(T® x (0,T)), w € D'(T* x (0,T)) and p € L*(T? x (0,7)) such that
uw € L'((0,T); B;.3,(T?)) (where s > 0 is referred to as the regularity parameter) and the
equations are satisfied in the sense of distributions, i.e.

/ /u (9t<;51dq:dt—|—/ /u@u Vit do dt+
T3 T3

+/ (uw, 0:01) p—s s dt—l—/ /pVh prdxdt =0, (1.12)
0 R T3
/ /paz(bgdxdtzo, (1.13)
o Jrs
T
/(u,V¢3>dt:0, (1.14)
0

for all test functions ¢y, ¢ and ¢z in D(T3 x (0,T)).

Remark 1.2. We emphasise that this definition of weak solutions to — is more general
than the notion of weak solution introduced in [7]. While in [7] the velocity field of a weak
solution has sufficient regularity to automatically guarantee that uww € L'((0,T); By 5, (T?))
(by using the paradifferential calculus), in Definition [1.1| we do not have sufficient (separate)
regularity requirements on u and w such that the product uw is well-defined. Hence uw €
L'((0,T); By.5,(T?)) is a separate independent requirement of Definition .

In this paper we will prove the following result.

Theorem 1.3. Let T > 0 and suppose there exist smooth solutions of the hydrostatic Euler
equations (1.4)-(1.6) (u1,wi,p1) on [0,7/2] and (uz,ws,p2) on [T/2,T]. Moreover, let 1 <
G, G2, q3 < 00 and'| 0 < s1, 83 be parameters satisfying

2
go > 2, g3 < q1, S1 > S3, q— > s;+ 1. (115)
1

Then there ezists a weak solution (u,w,p) in the sense of Definition with reqularity

parameter s = 1 and with the following properties:

1. The solution satisfies that

(ulvwh 1)('7t) ift € [0,T/4),
(U,W,p)(-,t) - { (u2,w2,]]§2)(-,t) th € (3T/4,T] (116)

INote that s, does not appear in this paper.




2. We have that

u € LA(T? x (0,T)) N L7((0, T); H* (T?)),
i€ L% ((0,7); LA(T*) N L~ ((0,T); H(T*)),
w e L%((0,T): L*(T?)) N L%((0, T); H~*(T?)),

where uw and u denote the barotropic and baroclinic modes of u respectively.

Remark 1.4. Alternatively one can construct a weak solution with the properties stated in
Theorem where the only difference is that the endpoint time integrability is attained for
u rather than w. In other words

€ L®((0,T); L*(T*) N L=((0,T); H*(T*)),
w € L% ((0,T); L*(T*)) N L%~ ((0,7); H*(T?)),

see Remarks and [5.6/below. To this end however, we have to require that g3 < ¢ (strictly)
in ((1.15)).

Remark 1.5. By proceeding as in section [7| below, we can achieve in addition that w,u €
LY((0,T); Wh1(T3)). To this end, however, we have to require the constraints rather
than (1.15]), see also Theorem and Remark [1.13] below.

Remark 1.6. Again we would like to remark that the solutions constructed in Theorem[I.3|are
partially ‘generalised’ (see section[1.3.3) and partially ‘paradifferential’ as in [7]. In particular,
they have been inspired by the type III weak solutions that were introduced in [7].

More precisely, from the regularities of w and w stated in Theorem it follows that uw €
LY((0,T); By 5 (T?)) (see the proof of Theorem [1.3]in sections for details). The term uw
is estimated directly in L'((0,T); By 3, (T?)) as part of the convex integration scheme, as one
cannot obtain the regularity of the product uw simply from the regularities of @ and w (as
they are insufficient to apply the paradifferential calculus directly).

The specific form of the perturbations allows for a direct estimate, as was done for example in
[28]. Therefore the interpretation of the term ww can be seen as ‘paradifferential’, while the
interpretation of the term ww is in the sense of a ‘generalised weak solution’ (as in Definition

11).

Remark 1.7. In addition, we would like to emphasise that in the presence of physical bound-
aries the primitive equations are often studied with no-normal flow boundary conditions on
the top and bottom of the channel, i.e. w|,—o1= 0. However, in the convex integration
scheme developed in this paper we will work on the three-dimensional torus rather than the
channel. Note that solutions in the torus can be understood as solutions in the channel with
an in-flow out-flow boundary condition, i.e.

w(xy,x2,0,t) = w(xy, e, 1,t) = wp(z1, T2, t),

for a flow wg. In our case wg will be constructed as part of the convex integration scheme.
In other words we will not solve the boundary value problem for given wg and in particular,
not for the case of the impermeability boundary condition wg = 0.

We also remark that the constructed flow wp belongs to the space L%((0,T); L*(T?)) N
L%((0,T); H=*(T?)), where the parameters ¢4, ¢3 and s3 are the same as in Theorem ﬁ
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Theorem allows to show the nonuniqueness and existence of solutions which do not
conserve energy:

Corollary 1.8. For any analytic initial data there exist infinitely many global-in-time weak
solutions (u,w,p) of the hydrostatic FEuler equations (1.4)-(1.6) (in the sense of Definition
which satisfy the reqularity properties of Theorem and they do not conserve energy.

Proof. We take the smooth local-in-time solution for the given choice of analytic data (whose
existence can be proven using the methods from [40, [51]) as the first solution (uy,wy, p;) on
[0,7°/2], and the zero solution on [T/2,T] as (ua,ws,ps). Then Theorem [1.3| yields a weak
solution, which we may extend by zero for ¢ > T. If the initial data are non-zero, we can
conclude that the energy is not conserved as it is positive on [0,7'/4) and zero on (37'/4, c0).

Another global-in-time weak solution can be constructed similarly with replacing T" by
T'/4. This solution has positive energy on [0,7/16) while the energy is zero on (37'/16, c0).
Consequently the two solutions cannot coincide. Repeating this argument leads to infinitely
many global-in-time weak solutions with the same initial data, which are smooth and unique
for a small initial interval of time, but which do not conserve energy.

For zero initial data, we observe that Theorem allows one to ‘connect’ any analytic
initial data with any analytic data in finite time. Hence we may connect the zero initial data
to arbitrary analytic data with positive energy at t = 7. On the time interval [T, 00) we
then proceed as above. O]

1.3.5 Results for the 3D viscous primitive equations

We now consider the viscous primitive equations, which are given by

O — vy Apu — v, 0u+u - Viu +wd,u+ Vipp =0, (1.17)
8.p =0, (1.18)
Vi -u+ 0w =0, (1.19)

where v} and v are the horizontal and vertical viscosities. As before, u : T? x (0,T) — R? is
the horizontal velocity field, w : T3 x (0, 7)) — R the vertical velocity and p : T2 x (0,7) — R
the pressure. We have the following notion of weak solution for these equations.

Definition 1.9. A triple (u,w, p) is called a weak solution of the viscous primitive equations

EID-(CI9) if u € L2(T x (0,T)) 1 LX(0,T); WH(T*), w € DT x (0,T)) and p €
LY(T? x (0,T)) such that uw € L'((0,7); B;5,(T?)) (where s > 0 is referred to as the
regularity parameter) and the equations are satisfied in the sense of distributions, i.e.

T T T
/ / u - Oy da dt — l/;:/ Viu: Vi dedt — v / o,u - 0,¢1 dr dt+
o Jr3 o Jrs o Jrs3

T T T
+/ / u®uzvh¢1dxdt+/ <uw,8z¢1)Bl—s < B® 1dzf—l—/ / pVy - ¢rdaedt =0,
o JT3 0 e o J13

T
/ / p0, ¢ dx dt = 0,
0o Jr3

11



T
/ (u, Vids) dt = 0,
0
for all test functions ¢y, ¢ and ¢3 in D(T? x (0,7)).

In this paper we will prove the following result.

Theorem 1.10. Let T' > 0 and suppose there exist smooth solutions of the viscous primitive

equations (1.17)-(1.19) (u1,w1,p1) on [0,T7/2] and (ug,wse,ps) on [T/2,T]. Moreover, let
1< q1,q2,q93 < 00 and 0 < sy, s3 be parameters satisfying the following relations

2 1 1 1
G2 >2, q¢<q, S >S83 —>s5+1, 53>—<———>. (1.20)
7 9 (1 _ i) B @
a2
Then there ezists a weak solution (u,w,p) in the sense of Definition with reqularity
parameter s = 1 and with the following properties:

1. The solution satisfies that

(ul,wl, 1)(',25) th c [0,T/4),
(u,w, p)(-,t) = { (ug,w2,£2)(',t) if t € (37/4,T).

2. We have that
a e L*(T° x (0,7)) N L™ ((0,7); H(T%)) 0 L*((0, T); WHI(T?)),
@€ L%((0,T); LA(T*) 1 L% ((0, T); H*(T*) N L((0, T); W (T%)),
w € LE((0,T); L*(T*)) N L4~ ((0,T); H**(T?)).
Remark 1.11. Similar to Theorem one can even obtain endpoint time integrability for w.

With the modification described in Remarks [I.4] and [5.6] one can alternatively establish
endpoint time integrability for w.
Remark 1.12. The reader should notice that there exist parameters 1 < g1, ¢2,q3 < 0o and
0 < s1, s3 satisfying . Indeed for every g3 < 3/2, we have

1 1 1

4Q3 2

Hence there exists ¢; with
1 > 1 > 1 N 1
qs dg3 2

Thus ¢3 < ¢1 and for ¢, > 2 sufficiently large, the estimate
2 1 1 1
1 ) (1 - L) a3 42
q2

holds since the right-hand side converges to 5~ for g2 — oo. This allows to choose s; and s3

such that
2 1 (1 1>
——1>s5>8>— | ———|,
7 2(1_i> B Q@

q2

so all constraints in ([1.20]) are satisfied.
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Remark 1.13. We would like to emphasise that Theorem holds for any choice of viscosities
vy, vy € R, in particular even for the inviscid case v}, = v = 0.
Remark 1.14. Finally, we emphasise that the solutions constructed in Theorem [1.10] are not

of Leray-Hopf type, as they do not have a finite rate of mean energy dissipation (i.e. the
horizontal velocity field does not belong to the space L2((0,T); H'(T?))).

We now obtain the global existence of weak solutions as a corollary.

Corollary 1.15. For vi, v > 0 and any initial data ug € H*(T?) there exists infinitely many
global-in-time weak solutions (u,w,p) of the viscous primitive equations (1.17)-(1.19) (in the
sense of Definition which satisfy the reqularity properties of Theorem .

Proof. The proof works exactly as the proof of Corollary where the corresponding local
(even global) well-posedness result can be achieved by using the methods from [23]. O

Remark 1.16. The proof of nonuniqueness of global weak solutions works equally well in the
three cases of full, horizontal or vertical viscosity, which were studied in the works [T9-21].
Moreover, in the case of full viscosity the result can also be adapted to classes of initial data
belonging to different function spaces, by relying on the well-posedness results from [41].

1.3.6 Results for the 2D hydrostatic Euler equations

It is also possible to develop a convex integration scheme for the two-dimensional hydrostatic
Euler equations. They are given by

O + u0y, u + wo,u + Oy p = 0, (1.21)
0.p =0, (1.22)
Op,u + 0w = 0, (1.23)

where v : T? x (0,7) — R is the horizontal velocity, w : T? x (0,T) — R is the vertical
velocity and p : T? x (0,T) — R is the pressure. We first state the definition of weak solution
to these equations.

Definition 1.17. A triple (u,w,p) is called a weak solution of the two-dimensional hy-
drostatic Euler equations (L.21)-(1.23) if v € L*(T? x (0,T)), w € D'(T* x (0,T)) and
p € L'(T* x (0,T)) such that uw € L'((0,T); B;.5,(T?)) (where s > 0 is the regularity
parameter) and the equations are satisfied in the sense of distributions, i.e.,

/ / udypy d dt + / / 26x1¢1dxdt+
’]1‘2 T2

0 B, T2

/ / PO, dxdt = 0,
0o Jr2

T
/ (u, ngg) dt = O,

0
for all test functions ¢, ¢ and ¢3 in D(T? x (0,7)).
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In particular, we will prove the following theorem.

Theorem 1.18. Let T' > 0 and suppose there exist smooth solutions of the two-dimensional

hydrostatic Euler equations (1.21)-(1.23)) (uy, w1, p1) on [0,7/2] and (usg, ws, ps) on [T/2,T].
Moreover, let 1 < qo,q3 < o0 and 0 < s3 be parameters satisfyinﬂ

3 1 1 1 1 1
| ——— ) > s3> |l ———]>0, 1=>ss. (1.24)
2 a3 G2 1 43 Q2

q2

Then there erxists a weak solution (u,w,p) in the sense of Definition with regularity
parameter s = 1 and with the following properties:

1. The solution satisfies that

(1, w0, p) (- 1) = { (ur, wi,p1)( 1) ift € [0,T/4),

(ug, wo, p2) (-, t) if t € (3T/4,T).
2. We have that

we L=((0,T); L*(T?)) N LB ((0, T); H*(T?)),
w e L% ((0,T); L*(T?)) N L% ((0,T); H~*(T?)).

Remark 1.19. It might seem slightly odd to label the parameters by ¢o, ¢3 and s3 (rather
than ¢ etc.). The reason we chose to do so is because it will allow for easy comparisons with
the three-dimensional scheme from Theorem [I.3] We emphasise that there are no equivalent
parameters to ¢; and s; in the two-dimensional version of the scheme.

Remark 1.20. Remark is also true in the context of the two-dimensional hydrostatic
Euler equations ({1.21])-(1.23)), see Remark [8.7| below.

Remark 1.21. By proceeding as in section[d]we can achieve in addition that @, u € L*((0,T); W(T?)).
In contrast to the three-dimensional case (cf. Remark in two dimensions there is no need
to require stronger constraints for the parameters, see also Theorem and Remark |1.25]

We observe that it is possible to establish a two-dimensional analogue of Corollary
using the local well-posedness result from [50, [51] for analytic data in the channel. This
yields existence of infinitely many global weak solutions for suitable initial data.

1.3.7 Results for the two-dimensional Prandtl equations

Now we turn to studying the two-dimensional Prandtl equations, which are given by

O — V) 0,.u + u0y, u + wO,u + Oy p = 0, (1.25)
d.p =0, (1.26)
Oy, u + 0w = 0, (1.27)

2Note that (1.24)) implies g3 < g2 and g > 2.

14



where u : T? x (0,7) — R is the horizontal velocity, w : T? x (0,7) — R is the vertical
velocity and p : T? x (0,7) — R the pressure.

We observe that these equations differ from the two-dimensional hydrostatic Euler equa-
tions (|1.21))-(1.23) by the vertical viscosity term v;}0,.u. We introduce the following notion
of weak solution to the Prandtl equations (|1.25)-(1.27)).

Definition 1.22. A triple (u,w,p) is called a weak solution of the two-dimensional Prandtl
equations (L.28)-(L.27) if w € L*(T? x (0,7)) N L*((0,T); WHY(T?)), w € D'(T? x (0,7))
and p € L'(T? x (0,T)) such that ww € L'((0,T); By 5,(T?)) (where s > 0 is the regularity
parameter) and the equations are satisfied in the sense of distributions, i.e.,

T T T
/ / uOypy da dt — v} / D, ud, ¢y dz dt + / / u?0,, ¢1 da dt+
0 T2 0 T2 0 T2

T T
+/ (uw,@zcﬁl)Bl_s <B3. | dt —i—/ / POy, 1 dzdt = 0,
0 R 0 J12

T
//p@z(bgdxdt:(),
o Jr2

T

/ <u> v¢3> dt = 07

0

for all test functions ¢y, ¢ and ¢3 in D(T? x (0,7)).

We will prove the following result.

Theorem 1.23. Let T > 0 and suppose there exist smooth solutions of the two-dimensional

Prandtl equations (1.25))-(1.27)) (uy, w1, p1) on [0,7/2] and (ug, wa, pe) on [T/2,T]. Moreover,
let 1 < go,q3 < 00 and 0 < s3 be parameters satisfying

3 1 1 1 1 1
§QQ — - — >83>1—2 —— — ] >0, 12> s3. (128)

a3 q2

Then there exists a weak solution (u,w,p) in the sense of Definition with reqularity
parameter s = 1 and with the following properties:

1. The solution satisfies that

(uy,wy,pr)(-,t)  if t €10,T/4),
(w,w,p) (1) :{ (o wa p)(8) it € (3T/4.T.

2. We have that

u € L2((0,T); L*(T%) N L= ((0, T); H*(T*)) n L*((0, T); W(T?)),
w e L% ((0,7); L*(T%)) N L% ((0,7); H*(T%)).

Remark 1.24. Remark is also true in the context of the Prandtl equations ((1.25))-(1.27)).
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Remark 1.25. Similar to Remark Theorem holds for any v € R, in particular even
for the inviscid case v = 0.

We note that it is possible to establish an analogue of Corollary where one has to use
the local well-posedness result from [77, p. 6] (see also [89, p. 7186]) for analytic data in the
strip/channel. A straightforward adaption of the proof of Corollary yields the existence
of infinitely many global weak solutions for suitable initial data.

1.4 Further remarks and outline of the paper

Now that we have presented the results for the four cases of system (1.1)-(1.3) that we
consider in this paper, we would like to make some further remarks on these results. Some
conclusions that can be drawn are:

1. There exist weak solutions of the inviscid primitive equations — that do not
conserve energy. Compared to the solutions constructed in [29], the solutions that
we construct in this paper have Sobolev regularity. Moreover, they are related to the
notion of type III weak solutions, as introduced in [7], as the barotropic-vertical part
of the nonlinearity is interpreted as a paraproduct.

2. In addition, the scheme is able to construct solutions where the baroclinic and baro-
tropic modes have different regularities. This is expected, as the loss of derivative in
the advective term only occurs in the baroclinic equation. The barotropic mode must
have higher Sobolev regularity than the baroclinic mode in the scheme as otherwise
the paraproduct between the vertical velocity and the barotropic mode will not make
sense.

3. As far as we can tell, this is the first proof of nonuniqueness of weak solutions for the
viscous primitive equations. It shows that although the system is globally well-posed
(as shown in [23]), at low regularity the system has nonunique weak solutions. This is
true even if one has sufficiently regular Sobolev data for which global well-posedness
holds in the class of strong solutions.

4. To the best of our knowledge, this is the first convex integration scheme for the two-
dimensional Prandtl equations (in the three-dimensional case there is the work [65]),
as well as the two-dimensional hydrostatic Euler equations.

There are a few new features of the scheme that we wish to highlight:

e We have introduced a splitting of the Reynolds stress tensor into a barotropic and
baroclinic part. We add perturbations to separately deal with both these parts of
the error. We then ensure that the interactions between the two perturbations are
controlled.

e The splitting of the Reynolds stress tensor requires us to construct and use horizontal
and vertical inverse divergence operators, as the barotropic part depends only on the
horizontal variables, while the baroclinic part is mean-free with respect to the z-variable.
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e Having two parts of the perturbation allows us to use different scalings of the temporal
intermittency functions for the barotropic and baroclinic parts of the perturbation. This
makes it possible to ensure that the different perturbations have different regularities,
such that the interactions between the different parts can be controlled. In particular,
this is crucial to control the terms u, ® @, and w,u, (the barotropic-baroclinic and
vertical-baroclinic parts of the nonlinearity).

Now we present an outline of the paper. In sections we will develop the convex
integration scheme for the 3D inviscid primitive equations, in order to prove Theorem [I.3
In section [2| we state the core inductive proposition of the convex integration scheme and
prove Theorem using this proposition. In section |3| we discuss several preliminaries. In
particular, we introduce the inverse divergence operators, the spatial building blocks for the
convex integration, as well as the temporal intermittency functions. In addition, we will
discuss the choice of the frequency parameters.

In section 4| we introduce the perturbation that will be used in each iteration of the
convex integration scheme, and compute the new Reynolds stress tensor after adding the
perturbation. We will prove the estimates on the perturbation required for Proposition
in section 5] The estimates on the Reynolds stress tensor will be proven in section [6]

In sections we will develop convex integration schemes to study the other cases of
equations — that we are interested in this paper. These schemes differ from the
scheme presented in sections in some aspects, while other parts are similar. Therefore
for the sake of brevity, in sections [79 we will focus on the parts that differ from the convex
integration scheme for the 3D inviscid primitive equations.

In section [7] we provide an extension of the convex integration scheme to the viscous
primitive equations with full viscosity and prove Theorem [1.10l The cases with anisotropic
viscosities can be studied in a similar manner. In section[§|we investigate the two-dimensional
hydrostatic Euler equations and prove Theorem [I.1§ Finally, in section [9] we consider the
(two-dimensional) Prandtl equations and provide the proof for Theorem [1.23]

In appendix [A] we give a short introduction to Littlewood-Paley theory, Besov spaces and
paradifferential calculus, in order to make the paper self-contained. In appendix [B] we state
the improved Holder inequality, which was introduced in [68, Lemma 2.1], and we prove an
oscillatory paraproduct estimate based on this inequality. Moreover, we provide another proof
of Lemma [5.3| as an alternative to the proof given in section |5.1.2] This Lemma states a new
inequality needed to control the interaction between the vertical velocity and the baroclinic
mode, which turns out to be a critical part of the scheme.

2 The inductive proposition

The following underdetermined system of equations is called the hydrostatic Euler-Reynolds
System

ou+u-Vyu+ wo,u+ Vyp =V Ry, + 0.R,, (2.1)
azp = 07
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Vi-u+ 0,w=0, (2.3)

where u,w,p, R, and R, are the unknowns. Here the horizontal Reynolds stress tensorﬂ
Ry, : T? x [0, T] — 8**% is a function of (zy,xs,t), while the vertical Reynolds stress tensor
R, : T x [0,T] — R? is a function of (xy, s, z,t), and which is mean-free with respect to z,
ie. fol R,dz = 0. We will only work with smooth solutions to this system.

Remark 2.1. Notice that Ry, is independent of z. Hence we have R_f;v: Ry, see section [1.3.2]
Moreover by definition R, is mean-free with respect to z and thus R, = R,.

The following definition is inspired by [27, Definition 2.1].

Definition 2.2. We say that a smooth solution (u,w,p, Ry, R,) of the hydrostatic Euler-
Reynolds system (2.1)-(2.3) is well-prepared if there exists a time interval I C [0,7] and
parameter 7 > 0 such that Ry(z,t) = 0, R,(x,t) = 0 whenever dist(¢, [¢) < 7.

Remark 2.3. In the definition of well-preparedness, the trivial case I = [0,7] (i.e. without
restrictions on the support of R;, and R,) has not been excluded. In this case, the perturba-
tions considered in the inductive proposition will be supported on the whole time interval,
but the estimates stated in Proposition below also hold when I = [0,7]. Including the
trivial case in Definition therefore allows us to phrase Proposition in a more general
way.

The core of the proof of Theorem will revolve around proving the following inductive
proposition.

Proposition 2.4. Suppose (u,w,p, Rp, R,) is a smooth solution of the hydrostatic Euler-
Reynolds system — which 1s well-prepared with associated time interval I and pa-
rameter T > 0. Moreover consider parameters 1 < q1,q2,q3 < 00 and 0 < sy, s3 which satisfy
the following constmmtsﬁ

QQ>2, z>81—|-1, z>$3—|-3. (24)
q1 a3 a2
Finally let 6,¢ > 0 be arbitrary. Then there exists another smooth solution (u + u, +
Up, W + Wy, p + P, Ry, Ry 1) of the hydrostatic Euler-Reynolds system — which is
well-prepared with respect to the same time interval I and parameter /2, and has the fol-
lowing properties:

1. (Up, Uy, wp)(x,t) = (0,0,0) whenever dist(t, I¢) < 7/2.

3We denote the set of all symmetric 2 x 2 matrices by S2*2.
4Note that the constraints (2.4) are weaker than (1.15). Indeed from (1.15]) we deduce

2 2 2
83+*<81+1<*§f.
q2 q1 q3
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2. The following estimates are satisﬁeaﬁﬂ

| RnillLrzny < e (2.5)
”RUJ”Ll(Bl_’éO) < (2.6)
[y Lar (1101) < €, (2.7)
[tp|| o= (22) < €, (2.8)
[Tp]l Las—rrss) < €, (2.9)
lwpll - 12y < € (2.10)
[wpl g -5y < € (2.11)
[wpll oy 12y S I BRlIL2 L), (2.12)
|\prng(H_S3) SRkl 2y (2.13)

3. Moreover, we have the following bounds

= 1/2
HUPHLQ(LQ) S_/ HRhHL/l(Ll)a (214)
lwptty + wit, + wpu“Ll(B;éo) IS HRvHLl(Biéo)‘ (2.15)

Remark 2.5. Note that when writing %,, u,, we implicitly require %, to be independent of z
and u, mean-free with respect to z, see section [1.3.1]

Remark 2.6. Another version of Proposition [2.4] where (2.12) and (2.13)) are replaced by

[tp[[Lo2(z2) S 1 Rellzr (), (2.16)
[Up | Las(rrssy S | RnllLiony, (2.17)

is true as well, see Remark [5.6] This way we obtain the endpoint time integrability for @
rather than w in Theorem [I.3] see Remark

Next we prove Theorem |[1.3| using Proposition 2.4}

Proof of Theorem[1.5 We first take x; and ya to be a C*° partition of unity of [0, 7] such
that x;1 =1 on [0,37/8] and x2 = 1 on [57/8,T]. Then we define (ug, wo, po) as follows

(Uo,wmpo) = Xl(ul,whm) + XQ(u27w27p2)' (2-18)

For a suitable choice of x; and xa, (uo,wo,po) is no longer a solution of the hydrostatic
Euler equations, but with a proper deﬁnitionﬂ of Ry, R, it solves the hydrostatic Euler-
Reynolds system (2.1)-(2.3). Moreover (ug, wo,po, Rn0, Ruo) is well-prepared for the time
interval I := [T'/4,3T/4] C [0,T] and parameter 7, := T'/16.

°As usual we write X <Y if X < CY with a constant C. The implicit constant C' in (2.12)-(2.15) does
not depend on u,w, p, Ry, R, or €.

6As mentioned earlier, we quantify the ‘—’ in p— via p— : where § > 0 was fixed in the statement

_ 1
= 05
of the proposition.

"Using the inverse divergence operators from section a precise definition of Ry, o, Ry o is straightfor-

ward.
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Taking the sequence €, = 27", 0, = ¢ with a suitable choice of 6 > 0 (see below) and
applying Proposition inductively, we find a sequence of well-prepared solutions

(0+ 3 (w0 + 3w+ 3 P B ) (2.19)
k=1 k=1 k=1

of the hydrostatic Euler-Reynolds system with a sequence of well-preparedness parameters
{7} (and the same time interval I). Note that 7,, — 0.

Estimates (2.5)), (2.7)-(2.14) imply that the sequence {ﬂo—i—zzzl ﬂk} is a Cauchy sequence
in the space L*(T? x (0,7)) N L9 ((0,T); H**(T?)), the sequence {ﬂo +> 0 ﬂk} is Cauchy
in L2~((0,7); L*(T?)) N L=~ ((0,T); H*3(T?)) and the sequence {wo +> wk} is Cauchy

in L%((0,T); L*(T%)) N L% ((0,T); H=*3(T?*)). In particular, by choosing § appropriately we
can identify the limits @, 7 and w, as n — oo, lying in the spaces stated in Theorem [1.3]

Now we define the pressure p by
pi=—(An) " (Vi (Vi (e w)), (2.20)

where ©v = u + w.

Next, we check that the triple (@ + w,w,p) is a weak solution in the sense of Def-
inition . We first show that ww € L'((0,T); B;.2(T?)). According to Lemma ,
<E0+ZZ:1 Ek> <w0+ZZ:1 wk> 272 Gw in LY((0,T); B (T?)). Here we have also used that
1> s > s3 (which follows from ([1.15)) as well as Lemma [A.3] and the fact that qil + é <1
(which follows from g3 < ¢, see (1.15))) in order to obtain L' integrability in time. In ad-
dition, we have that (g + Zzlmwo + >y wk> 225w in LY(0,T); By A (T?)) by
estimates and ([2.15)).

Furthermore, we observe that (1.13]) immediately follows from the definition of p. More-
over since for any n € N the quintuple (2.19)) satisfies (2.3)), we find that (u,w,p) complies
with (1.14]). In order to show (|1.12)) we define the abbreviations

k=1
Wy = Wy + Zwka
k=1
n
Pn i =po+ Z P
k=1

Since (2.19) satisfies (2.1]), we observe that

T T
/ / un-atgpdxdt—i-/ / (un®un) : Viypdrdt
o Jr3 o Jr3
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T
/ (unwn,az@ < B dt+/ /pnvh pdxdt

/ / Ry : thodxdt—i—/ <Rv,n,3zg0>B;1 <BL | dt, (2.21)
T3 ,00 oo,
for any n € N and any test function ¢ € D(T? x (0,7)). Note that (2.5) and (2.6 imply

n—o0

Riun 2% 0 in LY((0,T); LY(T?)) and R,, > 0 in L*((0,T); B{ o (T?)), respectively.
Hence by taking the limit we deduce from - that

T T T
/ / u - Oppdr dt + / / (u®u) : Vipdrdt + / (vw, 0,p) g1 o pn  dt =0, (2.22)
0 T3 0 T3 0 1,00 X Poo,1

for any test function ¢ € D(T? x (0,7)) which is either mean-free with respect to z, or
independent of z with Vj, - ¢ = 0. Here we have used that for any n € N and ¢ mean-free
with respect to z,

T T
/ / pnvh-godxdt:/ / [pnvh- (/(pdz)} dzidzsdt =0,
o Jr3 0o Jr2 T

according to (2.2), and, furthermore, that for any n € N and ¢ independent of z with

Vi-o=0
T
//pnvh‘gpdxdtzo.
o Jr3

Now we are ready to prove (1.12). We may split the test function ¢; = ¢, + ggl into the
barotropic and baroclinic parts, and use the Helmholtz decomposition to find test functions
©,1, which are independent of z, and such that ¢; = ¢ + V¢ and Vj - ¢ = 0. Then by

(2.22)) we have
/ / u- 0t(/§1dxdt+/ / u®u : Vo dadt
T3 T3

—l—/ (uw, 3z¢1>3— B dt—I—/ /pVh o do dt

/ /pvh ¢1dxdt+/ /u OV dr dt
T3 T3

" /0 /T (@ u): Vi(Vath) + pAhw) da di
=0

where the latter equality follows from the fact that p is independent of z, (1.14) and the
definition of p in equation ([2.20)).

Finally, we observe that equation follows from Proposition because the time
interval I of well-preparedness stays the same for the sequence . In particular, all the
perturbations have support in the time interval I. Therefore since (ug,wq,po) agrees with
(ur,wy,pr) on [0,7/4) and with (ug,ws,ps) on (37/4,T], the constructed solution (u,w,p)
will have the same properties, as no perturbations with support in [0,7'/4) U (37'/4,T] have
been added. ]
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After recalling some preliminaries in section [3| we will prove Proposition [2.4] in sections
0l

3 Preliminaries

3.1 Outline

In this paper we are going to use Mikado flows as building blocks. These have been intro-
duced in [3I] and are built upon a geometric lemma which goes back to [71], see also [87,
Lemma 3.3]. Later on concentrated Mikado flows have been introduced in [68] in order to
construct solutions with Sobolev regularity. In this paper the term Mikado flows will always
refer to such Mikado flows with concentration.

In the proof of Proposition [2.4] we will handle the two error terms R;, and R, separately.
To treat R, we use two-dimensional Mikado flows and Mikado densities in two directions,
whereas for R;, we use two-dimensional Mikado flows in several directions which are given
by the above mentioned geometric lemma. We use the version of the Mikado flows which
was introduced in [27]. We recall these flows in section [3.4 We call the perturbation which
reduces the error R, vertical and the one which reduces R;, horizontal.

The above mentioned concentration is represented by the spatial concentration parameters
up, and pu,, which are used in the horizontal and vertical perturbation, respectively. Moreover,
the perturbations will be highly oscillating flows, and this oscillation is represented by the
spatial oscillation parameters o, and o,, which are again used in the horizontal and vertical
perturbation, respectively.

Finally we will use intermittent flows. To this end we introduce temporal intermittency
functions in section [3.5 These are time-dependent functions which contain the temporal
concentration parameters k,, K, and temporal oscillation parameters vy, v,.

3.2 The parameters

As mentioned in section we have two sets of four parameters, namely {u, op, kn, v} and
{1bo, Ou, K, Uy }, SO eight parameters in total. In addition to that, we work with two “master

parameters” A, and \,, which the other parameters depend on via
=L o= N 5.)
Ki =N i =N '

for ¢ = h,v and fixed exponents a;, b;, ¢; > 0. These exponents are determined in the following
Lemma. We will later fix Ay, A,. These parameters will be very large and such that o, 0, € N,
as well as ky, k, > 1.

Lemma 3.1. Let 1 < q1,q2,q3 < 00 and 0 < sy, s3 satisfy the following conditwmﬂ
2 2 2
—>81—|—1, — > 83+ —. (32)
41 4as a2
8Obviously conditions ([3.2)) are weaker than constraints (2.4]), which again are weaker than (1.15]).
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Then we can choose a;, b;,c; > 0 for 1 = h,v in (3.1) with the property that there exist

Vhy, Yo > 0 such that

K}ll/%l/ql (Uhluh)s*l < )‘I;%?

Tp Vnky My <A

’ﬂl;/%il/qg (O'vluv)s3 =1,

-1 1/2,,—1 —Yv
Oy VuRy' My SA’U ’

K, <A
and in addition p;, 0, ki, v; > X' fori = h,v.
Proof. We choose 0 < ap,a, < 1 and set
281
b, = —-—
2 _ S1 — 17
q1
53
b, = T, o
as 37T @
Cp, ‘= 2bh,
¢y = 2b,.

Notice that (3.2)) ensures that by, b, > 0. Consequently ¢y, c, > 0.
By taking logarithms, inequalities (3.3))-(3.7)) are equivalent to

1 1
_(§—a)ch—81(bh+1) 2’}/}“
1
bh_ah_50h+12’7ha
1 1
—(———)cv—33(bv+1) =0,
q2 qs

1
bv—av—icy—i—lz%,

0Cy > Yo

Using the definition of b, and ¢, we immediately conclude that (3.10) is valid.

~—~ o~ —~ —~
N O Ot W
—_ — T

The required additional estimates p;, 0y, ki, v; > A" for i = h, v translate into the bounds
1,a;,b;,¢; > ;. Since these upper bounds for ; are positive, it remains to show that the

upper bounds given by the left-hand sides of (3.8]), (3.9), (3.11) and (3.12) are positive as

well.

It is obvious that dc, > 0. Furthermore from our choice of a;, b;, ¢; we obtain

1
bi—ai—50i+1:1—ai>0,

1 1 2
_<___>Ch_31<bh—|—1):bh<——81—1) — 51 =51 > 0.

2 q ¢

and
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Remark 3.2. When proving Proposition , inequality (3.3) ensures that ||, za sy can be
made small (see section [5.1.1), while inequality guarantees that both ||w|| e (z+3) and
wpll ;a4 (-5 €A1 be made small (see section [5.1.2]). Moreover ({3.7) will be used at several
points during the proof. Finally, inequalities (3.4) and (3.6) make sure that the temporal
parts of the linear error are controlled, see section [6.3.1

3.3 Inverse divergence operators

Like in most of the convex integration schemes in the context of fluid dynamics in the liter-
ature, we will need inverse divergence operators in order to define the new Reynolds stress
tensors Ry 1 and R, ;. In this context the first inverse divergence operator goes back to [33].
In this paper we will work with three inverse divergence operators. The horizontal inverse
divergence R, and its bilinear version B will be used to define the new horizontal Reynolds
stress tensor Ry ;. Those operators are treated in sections [3.3.1] and [3.3.2] respectively. In
order to determine the new vertical Reynolds stress tensor R,; we need a “vertical inverse
divergence” which is just an integral in z. It is introduced in section |3.3.3]

3.3.1 Horizontal inverse divergence

Our horizontal inverse divergence coincides with the two-dimensional inverse divergence from
[27]. It is based upon the inverse divergence introduced in [33] and is defined as follows.

Definition 3.3. We define the mapf| Ry, : C°°(T? R?) — C(T?; S2*?) by
(Ruv)ij = RijrnVk (3.13)
where
Rz’jk,h = —Alzlak(sij + A,f@zé]k + Aglajézk (314)
for i, 7,k € {1,2}.

The following Lemma, which can also be found in [27, Appendix B], summarizes some
properties of the map Ry,.

Lemma 3.4. 1. The following identities hold

Vi (Rpv) =v — / vdz, for all v € C>(T?* R?), (3.15)
T2
RinApv = Vv + Vi, for all divergence-free v € C*(T?; R?). (3.16)

2. For 1 < p < oo, the operator Ry, is bounded, i.e., for all f € C®(T?% R?) we have that

IRaflle S 1] 2e- (3.17)

9We denote the set of all symmetric 2 x 2 matrices with zero trace by Sg**.

10We are using the Einstein summation convention here, in particular we sum over k = 1,2. Moreover, we
recall that d;; is the Kronecker delta and in the definition of the inverse horizontal Laplacian A;l we assume
the spatial horizontal average to be zero (in order to ensure uniqueness).
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If f is mean-free, i.e. [, fdx =0, then

|Rrf(o)|rr S 0_1HfHLp, for any o € N. (3.18)

~

3. The operator RV}, : C®(T% R?*2) — C>°(T?; 83*?) is a Calderdn-Zygmund operator,
in particular for any 1 < p < oo and all A € C=(T? R**?) we have

IRV - Al S A Le- (3.19)

For the proof we refer to [27, Appendix B].

3.3.2 Horizontal bilinear inverse divergence

Next we recall the bilinear inverse divergence operator from [27]. For our purposes we call it
horizontal bilinear inverse divergence.

Definition 3.5. We define B : C=(T?;R?) x C°(T?; R**?) — C=(T?;S5*%) b
(B(b, A))ij = b RijinAie — Ru(O:biRijienAuk), (3.20)
or written without components (where we have abused notation)

B(b, A) = bRA — Ry (VbR A). (3.21)

We will also use the following Lemma from [27].

Lemma 3.6. For 1 < p < 0o, b € C®(T*R?) and A € C*(T?* R**?) with [, Ade =0, it
holds that

V- (B(b,A)) =bA — / bAdzx. (3.22)
TZ
Moreover, we have the following estimate

1B(b, A)lr < [Ibllcr [RaAll o (3.23)

The proof of Lemma can be found in [27, Appendix B].

3.3.3 Vertical inverse divergence

Finally we introduce the vertical inverse divergence as follows.

Definition 3.7. We define the maplﬂ Ry : G (TP R?) — C(T% R?) by

(Ryv) (21, 22, 2) ::/ v(wy, e, 2")d2’ —/ / v(wy, e, 2") d2" d2. (3.24)

UWe denote the space of all functions in C°°(T3;R?) which have zero-mean with respect to z by
CO Z(Tg Rz)

25



The vertical inverse divergence operator has the following properties.

Lemma 3.8. 1. The following identities hold for any v € C§3,(T% R?)

R,vdz =0, (3.25)
T

0, R,v =, 3.26
R,(0..v) = 0, 3.27)

2. For1 <p,q <00 and s € R, the operator R, satisfies the following estimates

IRofllze S 1S llze, (3.28)
IR fllBy, S I fllBs,- (3.29)

Moreover,
IRof(a)|lzr S o fllze for any o € N. (3.30)

3. For any 1 < p < oo and all v e C*(T3;R?) we have
1RO e < vl ze- (3.31)

Proof. The identities (3.25]), (3.26)) are just a simple consequence of the definition of R,. We
also observe that

z 1 2!
Rv(azzv)(xl,xg,z):/ 8zzv(x1,x2,z/)dz/—// D..v(xy1, e, 2") d2" A2
0 o Jo

1

= 0,v(wy,19,2) — / Dv(xy, 39, 2')d2 = O,v(xq, 29, 2),
0
ie. (3.27).

Estimate (3.28)) is established simply by moving the L norm inside the integral. In order
to prove estimate ([3.29)), we first observe that

R f = AR, (3.32)

which can be VeriAﬁed by a direct computation. Alternatively, thanks to equation (3.25) we
have (R,f)r = 52— (where ks # 0) and then equation (3.32) follows by using the definition

2miks

of the Littlewood-Paley blocks. From ({3.32]) and (3.28) we obtain

1A R fllr = R flle S 1A fllLe,

which implies ((3.29)).
To prove (3.30) we set f,(x1,x2,2) := f(21,29,02) and compute

z 1 2!
Rufolona) = [ folwnan ) = [ [ fofonan ) de a2
0 0 0
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1 oz
1, T, 2")d2" d2
f( 1,42, )
0

J
:al/ f(:cl,mg,z’)dz’—az/ / f(x1,me,2") d2" 2
0 o Jo
. _//
o Jo

f(x1, @9, 2")d2" d2'.

Hence

HR fa(mlv Lo, ”L"

I e
()
0_1(/T /Ozf(xth,z') d

S oM f (@, w2, )| eeen)

1/p 1 2
dz) +ot ( / f(x1,@q,2") d2" 2
T|Jo Jo

P 1/p
/ f(x1,29,2") dz dz) +ot <
0 T
P 1/p 1 2
dz) +ot < / [z, 29, 2") d2" 2’
T|Jo Jo

P 1/p
dz)

P 1/p
dz)

P 1/p
dz)

IN

[y, 29, 2")d2" d2'

IA

This implies

1/p
Hva<U')HLP(T3) = (/Jlef(O'l’l,O'xz,0")”1211(1‘) dl‘l daﬁg)
T

1/p
- </11‘2Hf(0x17 02, ')ng(l‘) day dx?)

=0 [ fllzoers),
i.e. (3.30). The case p = oo follows in a similar fashion.

Finally observe that
z 1 p2
'Rvazv:/ E)Zvdz'—/ / o,vdz" d
0 0o Jo

1
:v—/ vd?/,
0

which immediately yields (3.31)). ]

3.4 Building blocks for the perturbation

Next we recall the building blocks. We begin with the Mikado flows and Mikado densities
which we use to handle R,. We state their existence together with their most important
properties in the following proposition. The construction of the Mikado flows and densities
is nowadays standard and goes back to [31]. For the proof of the following proposition we
refer to [27), Section 4.1].

27



Proposition 3.9. For each k € {1,2} there exist functions W;, € C®(T%*R?) and ¢ €
C>(T%R) (referred to as the Mikado flows and Mikado densities respectively) depending on
a parameter ., with the following properties:

1. The functions Wy, ¢r have zero mean for all k € {1,2}. Moreover

Widpdz = e, for all k € {1,2}, (3.33)

T2

where ey, denotes the k-th standard basis vector in R?, and by construction Wy, = ¢pes,.

2. For any k € {1,2} there exist{™| Q) € C=(T% A>*?) with zero mean such that Wy, =
Vi - Q. In particular, Vy, - Wy, = 0. Moreover Vy, - (Wior) = Wy - Vo, = 0.

3. Foralls>0,1<p<ooandk,k' €{1,2} with k # k' the following estimates hold:

S =
+
»

P llwsw(r2y S p

+
v

Sk SN
B =

(Willwserr2y S 1

17

Q% |l wewerzy S o
2

1_
Wi @ Wil zo(r2) S o 7

=

+
»
~—~ —~ —~ ~—~

Here the implicit constant may depend on s,p, but it does not depend on fi,.

Let us now recall the Mikado flows which we will use to treat R;. In the following
proposition By »(I) denotes the closed ball in §**2 around the identity matrix I with radius
1/2. For the proof we refer to [27, Lemma 4.2, Theorem 4.3].

Proposition 3.10. There exists N € N, N > 3 and for each k € A :={3,..., N} there exists
a flow Wy € C(T?;R?) (called Mikado flows) depending on a parameter p;, and a function
[y € C%(B1)2(1);R), with the following properties:

1. The flows Wy, have zero mean, i.e. sz Wydx =0, for all k € A. Moreover
> THR) [ We®@Widz=R  for all R € Byp(I). (3.38)
keA T2

2. For any k € A there exists Qp € C™(T?; A%*2) with zero mean such that Wy, = V- Q.
In particular, Vy, - Wy, = 0. Moreover, Vy, - (W), @ W) = Wy, - V, W, = 0.

3. Foralls>0,1<p<ooandk, k' € A with k # k' the following estimates hold:

11,
Willwsrprey S TP (3.39)
1 1
—3—1+s
||| wsw(r2y S ptp, ; (3.40)
1—-2
HWk & Wk’HLP(TQ) 5 Hy, P (341)

Here the implicit constant may depend on s, p, but it does not depend on py,.

12We denote the set of all skew-symmetric 2 x 2 matrices by A2*2.

28



The following Lemma is a simple corollary of (3.34)-(3.36]), (3.39) and (3.40)).

Lemma 3.11. Let 0 € N. Then we have the following bounds for all s >0, 1 < p < oo and
ke{l,2}, K € A:

[6x(0) e S (o)l 7, (3.42)
IWilo) wer S (o)l ", (3.43)
Wil S (o)t 7, (3.44)
1% ()l < (op) ™ 7, (3.45)
1% (0l S (o). (3.46)

Proof. For any s € Ny, the estimates simply follow from taking derivatives and ([3.34))-(3.36]),
(3.39) and (3.40). Then by interpolation we obtain the desired estimates for any s > 0. [

3.5 Intermittency

As was done in [26H28] we now introduce the temporal intermittency functions, which differ
for the horizontal and vertical perturbations. We first fix a non-negative function G €
C>((0,1/2)) with

/ G%(t)dt = 1. (3.47)
[0,1]

3.5.1 Horizontal temporal intermittency functions

We set
gn(t) = /i}lz/QG(liht),

more precisely, g5 is the 1-periodic extension of the right-hand side (where we require that
kn > 1). Note that from (3.47) we obtain the normalisation identity

/[01] grdt =1, (3.48)

and furthermore it is straightforward to verify that

lgnllr o)) S /4:}/2_1/1?, (3.49)

~Y

for any p € [1,00]. Subsequently, we introduce the temporal correction function

t
hp(t) = / (gi(T) —1)dr.
0
Due to (3.48)), hy, is 1-periodic and we have

[hallzoe o,y < 1. (3.50)
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3.5.2 Vertical temporal intermittency functions

The vertical temporal oscillation functions are given by the 1-periodic extension (assuming
that x, > 1) of
9o () = 52 Grut),  gJ1(1) = r, G kat).

The corresponding temporal correction function is defined by
t
hua) = [ (gua(gls(7) = 1) dr
0

In addition to that we need temporal oscillation functions where the argument of G is
shifted. Those are defined as the 1-periodic extension of

Gua(t) = w0/ BG (R, (t = 1/2)),  gfy(1) = wy "V 2C(ky (1 = 1/2))

with corresponding correction function

hv,2(t) = /0 (9;2(7)95;2(7) - 1) dr.

Since G has compact support in (0,1/2) and &, > 1, the functions g;; and g;, have disjoint
supports.

Note that due to the fact that ¢ > 2, we have 1/¢2 < 1—1/¢o which justifies the notation
g, fork=1,2
gv,k’ gv,k or — e

Similarly to the horizontal temporal functions which we introduced in section we
have the following estimates for any p € [1,00] and k € {1,2}

gl ooy S w2717, (3.51)
gl oo S ma” VY2, (3.52)
2wkl oo 0,17y < 1 (3.53)

Finally in a similar manner one can show that
g, s llwnrqoy S k=17 (3.54)

for any n € Ny and p € [1, o0].

4 Velocity perturbation and new Reynolds stress ten-
sor

In sections and [6] we prove Proposition hence we suppose that the assumptions of
Proposition [2.4] hold.

The perturbation will be written as

Up = Uph + Ueh + Ut h, (4.1)
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Up = Up v + Ue, + Ut v,

Wp = Wpy + Wt v,

where u,;, and u,, are referred to as the horizontal and vertical principal parts of the per-
turbation, while u.p, ey, urp and g, are referred to as the horizontal and vertical spatial
and temporal correctors.

Remark 4.1. We would like to remark that w, j, u. and u;;, do no depend on z, while u,, ,,, uc,,
and wu;, are mean-free with respect to z. Therefore, the first three are indeed a barotropic
perturbation, while the latter three are a baroclinic perturbation. This is already hidden in

and (132).

In sections and we define the horizontal perturbation @, and the vertical pertur-
bation u,, respectively. The pressure perturbation P is determined in section 4.2] Finally we
define the new Reynolds stress tensors R, ; and R, ; in section .

4.1 The horizontal perturbation

We begin by constructing the horizontal perturbation which consists (see above) of a principal
part u,p, a spatial corrector u.j and a temporal corrector u .

In order to construct w,;, we introduce a cutoff function y. First we choose ¥ €
C*(]0,00)) to be increasing and satisfying

(o) = { Al Brllway 0 <0 < | Rflow),
YT e it 0> 2 Rullos o).

Next we define the function
X(2,t) = X(|Ru(=,1)]).
It is straightforward to check that I — % € By (I for all (x,t) € T? x [0,7]. This means in

particular that we can evaluate the functions 'y (see Proposition |3.10) at I — %.

We now introduce a temporal smooth cutoff function § € C°°([0,T7; [0, 1]) which satisfies

0(t) = i (4.4)

?
T?

1 if dist(t, I°)
0 if dist(t, I°)

NI—=

in order to achieve the desired property of the supports of the perturbations %,, u,, w,. The
horizontal principal perturbation is then defined by

upp(x,t) = Zak(x,t)Wk(Uhx), (4.5)

where the W), are given by Proposition and the amplitude functions are

ax(2.£) = B(t)gn (vt V2, )T (ﬂ - %) (4.6)

31



Notice that u, , does not need to be divergence free. To overcome this we define the corrector
Uep, B8

Uep =0} Z Viay - Qi(opx). (4.7)
keA
Hence
_ -1
Uph + Uen =03, > Vi (ar(z, ) (0nz)), (4.8)
keA
which implies
Vi (U + ten) = 03" Y (VA ® V)t (ax(z, t)(opz)) =0, (4.9)
keA

as €, is skew-symmetric. Moreover, using the definition of 6 in (4.4]), we have u,; = u.p =0
whenever dist(t, [¢) < 7/2.

Next, we define the horizontal temporal corrector to be
U, = vy, b (pt) (Vi - Ry — Vi (Vi @ Vi) © Ry)). (4.10)

It is straightforward to check that (V, ® V;) : Rj, is mean-free (so that the inverse Laplacian
A;l can be applied to this expression), Vj, - u;, = 0, and that u;, = 0 whenever dist(t, ¢) <
T/2.

Finally notice, that u,p, u.p and u; ), are indeed independent of z.

4.2 The pressure perturbation

The pressure perturbation is defined as follows
P = —0g; (vpt)x + v, "0 (Vi @ Vi) 1 0y (hi(vnt) Ry). (4.11)

Note that 0,P = 0, since R}, and hence also x, are independent of z.

4.3 The vertical perturbation

We denote the components of the vertical Reynolds stress tensor as R, x, k = 1,2, i.e.,

_ Rv,l
R, = ( R) |

This allows us to define the vertical principal perturbation as

2 _
g
upyxt Z Uk

=1

Wy (T, 1) ngk vot)0(t)dr(0vx) || Ral| L1 21y, (4.13)

(t) Ry i(x, )Wy (oyx)

, 412
||Rh||u<u (4.12)
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where W}, and ¢, are given by Proposition [3.9]

We now introduce the vertical spatial corrector in order to make the perturbation diver-
gence free. We set

-1

Upy = ——— V e (Wt)OR, 1) (0T 4.14
, ||Rh||L1le (9o (V)0 R1) Ol ,). (414)
Observe that
—1
o,
Upy + Uy = — 75— V- gv ()0 R, 1 (0px) (4.15)
’ “Rallirn 2 Z k )
and hence
-1 2
o
Vh : (up,v + uc,v) = = Z(Vh & vh) : (g;k<y'ut)9Rv,ka(J’ux>) = 07

[RullLr ey =

since (2 is skew-symmetric. Notice that w,, is independent of z. Again according to the
definition of 6 in (4.4), up., = Ucp = Wy, = 0 whenever dist(¢, [¢) < 7/2.

Moreover, we introduce the vertical temporal corrector to be

2
Upy = yv_l Z hy (V1) 0, Ry €. (4.16)

k=1
Since u;, does not need to be divergence free, we introduce the corrector

2
e Z By o (Vo) Ok Ry .- (4.17)

It is then simple to check that Vj, - w, + 0,w;, = 0. Similar to u, see above, we have
U, = 0 and wy, = 0 whenever dist(¢, [¢) < 7/2.

Finally notice, that w,,, u., and wu;, are mean-free with respect to z because R, is
mean-free with respect to z.

4.4 New Reynolds stress tensors

The goal of this section is to define the new Reynolds stress tensors R;, and R,. These will
consist of several pieces.

4.4.1 Horizontal oscillation error

Let us first define

Rfar = Z akak/Wk(ohx) X Wk/ (O'hl’), (418)
k&' €A kA
Rosen =Y B<Vh(a;%), Wi(onz) @ Wi(op) — [ Wi @ W, diﬂ)» (4.19)
ke e
Rosc,t,h = V;lhh(vht)ﬁtRh. (420)
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where B is the bilinear inverse divergence operator from section Moreover, we set
Rosc,h = Rosc,ac,h + Rosc,t,h + Rfar‘ (421)
Lemma 4.2. We have

8tut,h + V,, - (Up7h X Up p + Rh) +V,P=V,- Rosc,h- (4.22)

Proof. Let us first look at the term V, - (u, ), ® up,p, + Rp). We may write

Vi - (upﬁ & Upp + Rh) =V - <Z aZWk(O'hCC) & Wk(O'hCL’) + Rh> + V5, - Rar.
keA

Using the definition of the ay, items 1 and 2 of Proposition [3.10| and Lemma [3.6] we find

Y (Z a2 Wi (opz) @ Wi(opz) + Rh)

keA
ke T2 e
= Z Vh(ai) . (Wk<0'hl’) X Wk(O'hl’) - Wk X Wk dl’)
T2

keA
+ 079, () Vix + (1 — 6%g; (uit)) Vi - Ry,
= Vi - Rosean + 095 (nt) Vix + (1 — 0%g5 (vnt)) Vi - Ry

Next we compute

8tut,h = I/}Zlat(hh(vhﬂ)vh - Ry, + V;lhh<Vht)Vh - O Ry,
— I/;lth}_Ll(vh (024 Vh) : 8t(hh(1/ht)Rh))
= (g}%(yht) - 1)vh ’ Rh + Vh ’ Rosc,t,h - V}jlth}jl(vh & vh) : at<hh(Vht)Rh).

Hence we have shown

Otrp + Vi (Upp @upp+ Rp) + VP = Vi (Roscan + Rosetn + Rear) + gi(Vht) (1— 92)Vh Ry,

If dist(¢,1¢) < 7, then R, = 0 by well-preparedness. If dist(¢,7¢) > 7 then 6(¢) = 1 and
hence 1 — 6% = 0. This completes the proof of (4.22).

O
4.4.2 Vertical oscillation error
We define
2
Rosenw = — Z g;k(yvt)g;k(yvt)QQvak ((bk(aym)Wk(avx) — [ oWy da:) : (4.23)
k=1 T2
2
Rosc,t,v = l/,U_1 Z hyvk(z/vt)(?thjkek. (424)

k=1
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and set
Rosc,v = Rosc,x,v + Rosc,t,'u- (425)

Lemma 4.3. We have
atutﬂ/ + 82 (wp,vup,'u + Rv) = aZROSC,U‘ (426)

Proof. First we observe that

WppUpy = — Z gu_,k(Vvt)gq—:k<yvt)92Rv,k¢k(O-”U'T>Wk<0-vx)7
k=1

since 9;:,1 giQ = 0, see section m Hence we obtain using Proposition
0 (wp i + Ry)

2
- Z g;k(yvt)gitk(VUt)@QazRv,k (¢k(0'v:[)Wk(UU:E) - oxWi d:)j)

TQ

2 2
) (gorwt) g (wut) = 1)0.Ryper + Y gy, (o) g, (vt) (1 — 07)0. R, ey
k=1

k=1
2
osca:v Z gvk Vv gvk Vy ) - 1)82Rv,kek~
k=1

Here we used that (1 —02)8ZRU7;€ = 0, see the proof of Lemma . Moreover a straightforward
computation shows

2 2
Oyt — Z (g;k(z/vt)g;fk(z/vt) — 1)82Rv’kek =u ! Z ho 1 (V1) 0,0, R, ke,
k=1 k=1
- az}%osc,t,fu»
which finishes the proof of Lemma O

4.4.3 Linear errors

Next we define the horizontal and vertical linear errors by

Rlin,h = Rh |:at (up,h + uc,h) + Vh : (ﬂ ® (up,h + Ue,h + ut,h) +u® (up,v + Ucv + ut,v)

+ (Up,h + uc,h + ut,h) X u+ (up,v + uc,v + ut,v) ® U):| ’

and
/\/

Rlinv = Rv |:at (up,fu + uc,v) + Vh : (a X (up,h + Ue,h + ut,h) +u (up,v + Ue,wv + ut,v)

)

’\/
+ (unh + U + um) R u+ (up,v + Uew + ut,v) ® u)
+ 0, (w (U, + U + Upp + Upy + Uew + Upe) + (Wpo + wtﬂ,)u)} .
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Note that the arguments of the operators R, and R, satisfy the required properties, i.e. they
are independent of z and mean-free with respect to z, respectively.

For convenience let us write

Riint.n = RO (up,h + Uc,h),
Rlin,t,v = Rvat (up,v + uc,v)>

and

Riin g = Riin g — Riinth,s
Rlin,:ﬂ,v = Rlin,v - Rlin,t,v-

4.4.4 Corrector errors

Finally, we define the horizontal and vertical corrector errors by

Reorn = R, {Vh : ((Uc,h + Ut,h) & (Uc,h + Ut,h) + Upp @ (Uc,h + Ut,h) + (Uc,h + ut,h) & Up p

+ (up,v + uc,v + ut,v) ® (up,v + uc,v + ut,v)):|

and

Rcor,v = Rv |:Vh : ((up,v + Ue,w + ut,'u) & (up,v + Ue,w + ut,v)
+ (up’h + Uepn + ut,h) & (upﬂ, + Uey + um)

+ (Upp + Uew + Us ) @ (Upp + Uep + uth))

+ 0, (wt,v (Up, + Uep + Uy + Upy + Uew + Upy)

+ Wp v (uc,v + ut,v)>:| .

As in section we remark that the arguments of the operators R; and R, satisfy the
required properties, i.e. they are independent of z and mean-free with respect to z, respec-
tively.

4.4.5 Conclusion
The new Reynolds stress tensors Ry, 1, R, 1 are then given by
Ry 1 = Rose.h, + Riinp + Reor b Ry 1 = Roscp + Riiny + Reorpp-
First, we note that by definition Rosc p, Riinn and Reo s (and consequently also Ry ;) are

independent of z. Moreover, by definition R, is mean-free with respect to z, and so are
Riin» and R, according to Lemma (consequently R, ; has the same property).
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Next we remark that Ry (z,t) = R,1(x,t) = 0 whenever dist(¢,/¢) < 7. Indeed, for
the oscillation errors Roscp, Roscp this follows from the fact that R, = R, = 0 whenever
dist(t,1¢) < 7, and the definition of 6, see . The fact that Rynn, = 0, Riny = 0,
Reory = 0, and Reory = 0 whenever dist(t,1°) < 7 immediately follows from item 1 of
Proposition [2.4 which we already proved in section and

Finally, with the help of

e the fact that V- (u + 7, + u,) + 0. (w + w,) =0,
e Lemmas [1.2] and [£.3]

e Lemmas [3.4 and [3.§

e the fact that [, (upp + tep) dz =0, see (4.8),

o and Q.upp = Ouuep = O upy = O,wy,, = 0, see section and section [4.3]
a long but straightforward computation shows
O(u+p + up) + (u+ 0y + Up) - Va(u+Tp + 1) + (0 + wp)0:(u + 1y +up) + Va(p + P)
= Oty + ) + V- (u® (@ + ) + (@ + ) @ u+ (T + ) @ (T + 7))
+ 0. (w(ﬂp + ) + wyu + wy (T, + ’dp)) + VP + V- Ry, + 0.R,
=V -Rp1+0,R, 1.

Hence (u + @, + 4y, w + wy, p+ P, Ry 1, Ry 1) solves (12.1)).

5 Estimates on the perturbation

In the remaining sections we will use the following convention: for quantities ¢); and Qs
we write (1 < @9 if there exists a constant C' such that @1 < CQs. In general we require
that C' does not depend on (u,w, p, Ry, R,). However if the right-hand side ()5 only contains
powers of the parameters p;, 0;, K, V4, i (i = h,v), then the implicit constant C' may depend
on (u,w,p, R, Ry,).

5.1 Principal perturbation

5.1.1 Horizontal principal perturbation

First, we estimate the horizontal part of the principal perturbation. We recall the following
Lemma from [27].

Lemma 5.1. We have the following estimates for all n,m € Ny, p € [1, <]
10/ V™ || ore=) < (Vhﬁh)"fi}/?_l/p, (5.1)
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1/2
H%wmswmmmmﬁgwwm), foranyt e 0,T).  (5.2)

The implicit constant in (5.1)) might depend on w or Ry, whereas the implicit constant in
(5.2) neither depends on t nor on u or Ry,.
For the proof we refer to [27, Lemma 5.2].

With Lemma 5.1 at hand we are ready to prove the estimates on the horizontal principal
perturbation.

Lemma 5.2. If \, is chosen sufficiently large (depending on Ry ), then the horizontal prin-
cipal perturbation satisfies the following estimates

[l 2y S IRAl ) (5.3)

||up,h||LQ1 (H*1) S )\;:7h~ (5.4)

Proof. By applying the improved Holder inequality in Lemma [B.1] and Lemmas [3.11] and [5.1]
we find that

mmszmemwmmw§j@mmmwmm+% mmmwmmﬁ
keA ke

o) ([ mar)

with a constant C,, r, depending on u, Rj,. Since t — (fTQ X(-, ) d:z:) V2 4 smooth, we can
apply Lemma once again to obtain

Jowions ([ xtomrar) |

1/2 i 1/2
sH( nmmﬂ nmm+@/M/x@mw)
TQ L2 T2 Cl

< Il e

L) +Cu Rth 9
where we made use of (3.48)). Since x(x,t) < 4|Rp(x,t)| + 4||Ru||1(L1), we have

l|tp.n

+ Cu RO —1/2

L2

lgnll 2

Xz ey S N Bpllpreny + 1 Bullor ey S 11Rullp .
So have shown that
lpallzzeey SNBSS ) + Cumuvi > + Curyoi 2,
which implies (5.3) by taking A, sufficiently large (depending on R},).
Furthermore by applying Lemmas and [5.1] we find that

|z rory <Nl zon wroey [|We (o))
keA

which proves (5.4)). ]
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5.1.2 Vertical principal perturbation

Let us first show the following Lemma.

Lemma 5.3. For all1 <p <oo and k € {1,2} we have

<ot (5.5)

~Y v

LP(By L)

T2
Proof. Using equation (3.15]) we find

(d)k(avx)Wk(avx) — /w o ()W (x) dx) Ry i

T2

= Rv,kvh : {Rh (¢k(0v$)Wk(Uul’) - oWy dﬂf)]

= Vh . |:Rv7th (¢k(0v$)Wk(UUI) — (kak dI>:|
T2

— Vthyk . Rh (qbk(()'vl’)Wk(O'vl‘) — ¢ka dl‘)
’]1‘2
Next, we observe that according to Lemma |3.11
o~ [ aomi@as] < lomilo 1< oWl 151 6
T2 I

Then by Lemmas and and inequality (5.6 we obtain

Lr(B7 L)

, OO

S th : |:Rv,th <¢k(0v')Wk(Uu') — oWy dx)]

T LP(By o)

+ thRv,k “Rn <¢k(0v')Wk(UU') — | oWy d$>
TQ

LP(B1 L)

S HRv,th ((bk(av-)Wk(gv.) _

T2 L (L)

+ thRv,k “Rn (¢k(0v')Wk(0v') — | oWy dZB>
T2

Lr(LY)

< (Poslzriam + 190 Roalie) [Ra (0, (o) -

T2 !

So,t
Ll

—1
5 Oy ORU

oWy — | oWy do
’H‘Q

]

Remark 5.4. We present an alternative proof of Lemma [5.3]in the appendix, see section [A.3]
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Next we estimate the vertical principal perturbation.

Lemma 5.5. If \, is chosen sufficiently large (depending on R, ), then the vertical principal
perturbation satisfies the following inequalities

el sy S A3, 57)
tpoll Loo-r2y S A, (5.8)
N (5.9)
[wpoll o2y S A (5.10)
lwpoll oy gg-say S N1 BRllL2 L1, (5.11)
||wp,vHqu2(L2) SRRz ey, (5.12)
||wp,vup7v||L1(B;éo) S HRvHLl(Biio)' (5.13)

Proof. According to (3.51)) and Lemmas and we obtain

2
1
Up ol pas—(esy < ———— 9y & (Vo) || Las— || o || Loo (wrtoo) || Wi (00 || s
ol < o 3 e [ | W)
< ffi/qu/qg_é(%ﬂy)sg _ ,{176 <A
Similarly,
1 2
Up,v -2y < g; Vy: - Rv o (Lo Wk Oy* 2
ool < s 3l e Wl 1 Wi )
< /TR0 = o < N (5.14)

So we have shown (5.7)), (5.8]).

Next, notice that in accordance with Proposition and Lemma (keeping in mind
that s3 <1 and hence —s3 +1 > 0)

161(00) | ir-xs = Wilow) || r—ss = 0, || Vi - [Q(0u)]]] s
< Uu_lHQk(UU')HH*%“ N qu_l(avﬂv)_83+1ﬂ;1 = (Oupty) ™.

Together with (3.52)) and Lemma this yields

2
pall i gy < DN Dr(oo 5o | Bull o g (o)l -
k=1

< /f,ll)_l/qQ_l/qé_(s(o_yﬂv)_83 — /@76 S )\;'Yv. (515)

~

Similarly, using Lemma [3.11} we obtain

2
el oy < SN0k (@) 2l Balloo ooyl (o)
k=1
< qujfl/qul/fffts =k, 0 <A (5.16)
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Hence we have proven (5.9)), (5.10). Additionally, from (5.15)) and (5.16|) we see that (5.11])
and (5.12)) hold.

Finally, we derive estimate (5.13)) for the product w,,w,,. Because gv 1gv2 = 0, see
section and the improved Holder inequality (Lemma [B.1]) we have

WE

5 g;k(Vv')gzk(yv')(ﬁk(av')wk(o'v')Rv,k

[ wp,tip,ol 11 (Bi L)

LY(Br L)

o

[CI]
—

Hg;kg':k HL1 (bk (UU')Wk (UU')Rv,k

LY(B1 )

o

=1

2
+ ) v g gl || Or (o0 ) Wi(ow) Rk
k=1

CH(BLL)
First, observe that
||9v kgukHLl < ||9vk||L2||9vk||L2 N ’fl/% rristfe sl =1, (5.17)
according to , - Next, we estimate
v° W v° Rv < H v° W v° Rv
LAY Y A LG

S 1 Bokller e l|dr(ow ) Wi (0w o1

S Cr,l|ok(00) | 2[Wi(00) |2

SJ CR’U7
where Cp, is a constant depending on R,, and where we used Lemmas and [A.3] More-
over, we obtain by Lemma

|6x(0 )W) R

LY(By )

gwmmwmm»— 6ue)Waa) de )

LBy o)
+] [ o) eI s
%—1 + ||Rv||L1(B;io)-
Hence we have shown
lpattnall oty S 1 Rull s oy + Cr, (077 +077) (5.18)
which implies by choosing A, sufficiently large (depending on R,). ]

Remark 5.6. As already mentioned in Remark we can establish (2.16)), (2.17) instead of

(2.12)), (2.13)). To this end we have to replace (4.12)) and (4.13)) by

| Ballzr oy
||RU||LOO(W1,OO) ’

Up (T, 1) ngk vt)0(t) Ry o (z, t) Wi (o)
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||R/U||LOO(W1,OO)

Wy (2,1) ngva or(0yT)

[BallLr ey
Then (5.11)), (5.12)) are no longer true. Instead we find

| Rnllr
TRy || oo (wroe

S [Bullr s 1/"2 1/‘“’(0 p0)* = || Ball Loy,

ZHQM Vo)l s || Boll oo woe) Wi (0) || 155

HupmHLq3 Hs3)
(

| Rl
[tpol o2 2y < W anm V) || e || Rl oo (pooy | Wi (07 ) | 2
SNBullrpyrl/ 2™ 2o = || Rl (1)-

Further modifications are straightforward.

5.2 Spatial correctors
Lemma 5.7. The spatial correctors satisfy the following estimates

e pllLa sty + tenll L2y S A

[te,pll Lo ooy + el Las(os) S AT
Proof. By using Lemmas [3.1] and as well as estimate (3.51]), one gets that

uenllzon oy < 07 IV awl| o ooy | (0n ) i S o sy (o) iyt S A

keA

lenllzzee) < o3t D IVarl e [Qu(on) e S o3 iy 2 S A
keA
0.71

[te,ol Loz (z20) < m Z”gvk Vo) Lo [[Va Ry ke[| 2o (220) |2 (00) | Loe

<o, uv”2<A ”,

—1

ZHQM (Vo) 293 [V B el oo (wrroo) |25 (00 ) || 155

ol < i3

5 %—1&11/(12 1/q3(0vﬂv)83ﬁb;1 5 /\;%'

5.3 Temporal correctors
Lemma 5.8. The temporal correctors satisfy the estimates
el ooy S A,
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[0l oo wmey S A

|wWe o || oo meey S A,

where n € N is arbitrary, and the implicit constant may depend on n.

Proof. Using (3.50) and (3.53]) we obtain

el oo ooy < v he(Wa) |1 Cry S vt < A

~Y
lueollzeqnsey < vy ok = Cr, S vt S A,

Hwt,vHLw(W""X’) < Vv_luhv,k(’/v')”L“CRv S Vv_l SAT

~

5.4 Conclusion

We have already shown in section {4| that ,, u, and w, satisfy

Vi - (@, + Ty) + Oow, = 0,

as well as item 1 of Proposition . Hence (u+a,+u,, w+w,) fulfills . Additionally, we
have shown in section [4| that 0.P = 0 and hence p + P satisfies . Moreover, we proved
that holds. Consequently (u + %, + Uy, w 4+ wy, p + P, Ry 1, Ry 1) is indeed a solution of
the Euler-Reynolds system (2.1)-(2.3). We also showed in section [ that (u + @, + @, w +

Wy, p+ P, Rp1, Ry 1) is well-prepared for the time interval I and parameter 7/2.

Furthermore, estimates ([2.7))-(2.14]) of Proposition are a simple consequence of Lem-
mas [5.2] [5.5] [5.7] and [5.8] where one has to choose A, A, sufficiently large, depending on Ry,

and R, respectively.

In addition, estimate (2.15) can be derived from Lemmas , , as well. Indeed,

Lemma [5.5] already proves |[wyoupollpip=1 ) S [[Rollp1(p-2 ). Moreover, from Lemmas

and [5.§ we obtain

[wpo(thew + o)l sy ) S w0 (ten + uiw)llorwn

S wpll pay o) (el oz 22y + uroll Lo z2)) S A

Similarly (from the proof of Lemma (5.5 we obtain ||up,, || re2(12) S Cry,r,)

lwewtipl sty S lwewtpllcr ey S llwew

Finally, Lemmas and yield

L% (L2) tp|| oz 2y S AT

[Jwuy, + wpuHLl(B;io) S llwy + wpul[ i)
S wllzos ooy [tpl| L1y + lwpll 2oy Jull oo oy S AT

Hence, if A\, is chosen sufficiently large, depending on R,, we obtain ([2.15]).

43

A3

d




6 Estimates on the stress tensor

In order to finish the proof of Proposition [2.4]it remains to show estimates (2.5)), (2.6). These
two estimates simply follow from Lemmas[6.1},[6.2] [6.3] and which we prove in this section,
below.

6.1 Oscillation error

6.1.1 Horizontal part

Lemma 6.1. If )\, is chosen sufficiently large (depending on Ry ), then the horizontal oscil-
lation error satisfies

€
||R0507h||L1(L1) < g (6.1)
Proof. Using Lemmas [3.1} [3.4] and we estimate Rogc . as follows
| Rosea,n || L1(z1y = Z B(Vh(ai), Wi(op) @ Wi(oy-) — Wi @ Wi dl’)
keA T2 L1(LY)
< IVa@)lzen||Ra (Wk<0h') @ Wi(on) — [ W@ W, dx)
keA T2 I
< UEIZHVh(ai)HLl(cu W, @ Wy, — Wi @ Wy dx
keA T2 Ll
< O',leigl/Q.

Here we have used that (similar to (5.6))

HWk@Wk_ Wk®Wkdx

T2

SIWe @ Wellpr + 1 < |[Wil|22 +1 < 1, (6.2)

Ll
according to Lemma [3.11]
Next, we obtain from (|3.50))

| Rose,tnllrry < vy (i) e |0 Rl ooy S v

Finally, using Lemma and Proposition [3.10| we get

||Rfar||L1(L1) S

Z arap Wi(on) @ Wi (os-)

k& €N kAK LY(LY)
SJ Z HakHLz(Loo)Hak/HLz(Loo)HWk(ah-) ®Wk/(0'h')HLl
kK €A k#£K
S Z Wi @ Wil S g,
kK €N kA£K
By choosing A, large enough (depending on Ry,), we conclude with (6.1]). [
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6.1.2 Vertical part

Lemma 6.2. If \, is chosen sufficiently large (depending on R, ), then the vertical oscillation
error satisfies

€
|’ROSC,U"L1(B;iO) S § (63)
Proof. Using (5.17) and Lemma we find
HROSC@,vHLl(Biio)
2
3 Jomnlain) | 160 | Bos(an(oWitons) ~ [ autviae)
) ) Ll -1
k=1 T2 Loo(Bl,oo)
So,
For the temporal part of the error we obtain by (3.53)
2
||Rosc,t,v||L1(B;C1>o) 5 HROSC,t,UHLOO(LOO) - Vv_l Z ||hv,k(Vv')||L°°||ath,k Lo (L) 5 Vy_l-
k=1
Consequently (6.3)) follows by choosing A, sufficiently large, depending on R,,. [

6.2 Corrector error

Lemma 6.3. If \, and \, are sufficiently large (depending on Ry, and R, respectively), then
the corrector errors satisfy the estimates

HRcor,hHLl(Ll) < (6.4)

||RC0Y,U||L1(B;<1>O) S 3 (65)

| n Qo

Proof. First, we estimate Reo . Since estimate (3.19)) does not hold for p = 1, we have to
introduce a suitable r > 1. Let us fix 1 < r < 2 such that 1 — %501, < %, where ¢, > 0 is

’ 17%501,
which is possible due to 1 — %501) < 1. On the other hand, if 1 — %501, < 0, we simply take

1 < r < 2. Moreover, we set = = % — 5. Then (similar to (5.14)), we obtain by (3.1]), (3.51)
and Lemmas [3.1] and B.11]

given by Lemma H More precisely, if 1 — %501, > (0, we choose 1 < r < min {2 ;}

==

2
1
v i < A Ry || Lo (L) [|Wk(0w T
[tipo || Lo 17y < HRh,|L1(L1);Ilgv,k(v Moo= [ Roll oo ooy Wi (00-) ||
< Hi/qg—l/qg—(?lull)/Q—l/? _ R;éui—l/r < %;‘S,ué&c“ _ H;é—l—%é < )\;%%. (6.6)
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Now we are ready to estimate Reo . Using Lemmas [3.4] and and bound
we getl]

”Rcor,hHLl(Ll) 5 HRcor,h ”Ll(Lr)

<

Y

(ucyh + ut,h) ® (uc,h + unh) + Up,h & (ucyh + ut,h) + (uc,h + umh) ® Up.h

+ (up,v + uc,v + ut,'u) ® (up,v + uc,v + ut,v)

LY(LT)

S Motz (el ooy + allzioms) ) + ey + lnallFaceey
+ ”Up,vHLZ(Lz)Hup,vHL2(LF) + ‘|uC7UH%2(LOO) + ”ut,vH%%Lw)
_3
5 ||Rh||2/12(Ll))\}:’7h + A;Q,WL —|— AU 2’Yv + A;Q’W’,

which implies (6.4) as soon as A\, and )\, are suitably large (depending on R; and R,,
respectively).

Finally, according to Lemmas [3.8] [5.2] [5.5] 5.7}, 5.8 and

“ Rcor,v ||L1(B;;o)

IS ((up,v Uy + Upy) @ (Upy + Uew + Ut)
+ (upp + Uep + Un) © (Upo + Uew + Usy)
+ (Upo + Uew + Usp) ® (Upp + Ue + ut,h)) .
+ me (Up,p + e + Uy + Upy + Uew + Up ) + Wpo (Uesw + Upy) s
< ‘ (Upo + U + Utw) @ (Upy + U + Upy)
+ (Upp + Ueh + un) @ (Upw + Uew + Usy)
+ (Upw + Uew + Usp) @ (Upp + Ues + urp)
LY(LY)
+ Hwt’” (Up,h + e + U+ Upy + Uew + Up ) + Wpo (Uew + Ut ) L

S HUPJJH%Z(LZ) + [luc, iQ(LQ) + Hut,vH%Z(LZ)

+ (pallzzeey + Mueallizceey + el ez ) (lpall ) + ez + luollie

o Nwnallzze) (Npill ez + lueallizs + lunlzes )

+ ||wt,v

v (llupollzzas + lusall 2z + luellias )

13To be precise in the following we will use go— > 2. Note that go > 2 by assumption (2.4) and we may
assume without loss of generality that § is small enough such that ¢go— > 2. Indeed shrinking § makes the
result in Proposition [2.4] stronger.
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+ pr,v

sncay (Nteallzes ) + o )

AT+ (IR Ly + AN + | Rallran Ay ™
In these estimates we have used the fact that the time interval [0,77] is finite. Then (6.5
follows by choosing A, and A, large enough (again depending on Ry, and R,, respectively). O
6.3 Linear error

Lemma 6.4. If A\, and X\, are chosen sufficiently large (depending on Ry and R,, respec-
tively), then the linear errors satisfy the estimates

| Rinpll 21y < 5, (6.7)

C»olmcolm

||Rlin,v||L1(B;1 ) < (6-8)

In order to prove this Lemma, we consider the time derivative (see section [6.3.1]) and
advective terms (see section [6.3.2)) separately.

Proof of Lemma[6.4 We simply conclude using Lemmas [6.5] and [6.6] below by choosing Aj,
and A, large enough. ]

6.3.1 Time derivative

Lemma 6.5. For the time derivative part of the linear error, the following bounds hold

||Rlin7t,h||L1(L1) 5 )‘}:’Yha (69)
||R1m,t7”||L1(Bicl>o) ,S AJVU‘ (610)

Proof. According to (4.8)) we have

Ou(uph + tep) = 070> Vi - (ar(w, t) (o).
keA

Using Lemmas [3.1], [3.4] and [5.1] we thus find

|| Ruin,t.1 ] 21 (LY S S N RRO(up p + e h)HLl L2)

< o N0kl ) 1% (00 ) 122 < 0 vy 2t S A"

keA
Similarly (4.15]) implies
-1
o,
O(Upp + Ue) = —==5———> V- 0 Wt)0 Ry k(0
e 4 te) = R e £ Z - 000 ()0 Ro s (0)).
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Hence from Lemmas , , and , the assumption ¢ > 2, and estimate (3.54]) we
obtain

H Rlin,t,v H LY(B1l)

-1 2
g
<t NTIRYV-0(g; (v ) OR 1 (0
1Ruller e £ S LY(By %)
o 2
<9 NIV, 0,90, (Ve )R 1 (00 ‘
||Rh||L1(L1)kZ:; h t(g,k( )0 Ry oS0 ( )) LB
< o : 9
e = (Ve )ORy (00 ‘
S MRl 2= |0 Rosfile )|,

—1

< T
||Rh|| LY(LY)
So, vafi/‘”uv 3/2 SAT

ZHQM Vo) llwra 0] wr.ee [| R llw.oo ooy [| €2 (00-) |

6.3.2 Advective terms

Lemma 6.6. For the advective part of the linear error, the following bounds hold

| Riinanllorzy S A"+ A7,
|’Rlin,x,v|’Ll(B;;o) SAL A

Proof. Lemmas 5.2 5.5, 5.7 and [5.8] yield

||R1in,w,h||L1(L1)

Rh |:Vh : (E X (up,h + Ue,h + ut,h) +u® (up,v + Uew + ut,v)

+ (upp + Ueh + Un) @T+ (Upy + Uew + Uty) @ u)}

Li(LY)

ST ® (upp + ten + un) + 4@ (Upy + ey + ury)

+ (uph + Ueh + un) @T+ (Upp + Uew + Upy) D u

Sl (Jlunn @)

o Nullzeceoe) (ol + leallzaas + lunollz iz
SN AT

L1(L?)

p(z2) + [|tenl
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For the vertical advective terms we have according to Lemmas and
[AJ

”Rlin,x,v HLI(B;})O)

Rv |:vh : <ﬂ & (up,h + Ue,h + ut,h) +u® (up,v + Ue, v + ut,v)
,\/
+ (unh + Uep + ut,h) R u + (up,v + Uey + ut,v) ® u)

+ 0. (w (Up, + Uep + U + Upy + Uew + Upe) + (Wpo + wt,v)uﬂ

LY(B1 L)
,\/

ST ® (upp + ten +un) +u®@ (Upy + Uy + Uy

—_——

+ (unh + Uep + ut,h) Ru + (up,v + Ueyp + ut,v) X u

L1(LY)

+ Hw(up,h + Ueh + U + Upp + U + Usp) + (Wpw + Wep ) u

LY(LY)

S (Wl zeeaomy + luwllzoeeoey ) (lmallzran + luellor ey + lunall s

o (llullzeoe) + Nl ) (Ipallza ) + lealli ez + lugll o))

o ey (leopallzazny + lenallzson )

S A;"/h + )\;'Yv.

7 The viscous primitive equations

In this section we consider the viscous primitive equations (1.17))-(1.19)). We begin by stating
the viscous primitive-Reynolds system

Ou — vy Apu — v, 0,0+ u - Viu +wou+ Vpp = Vi, - Ry + 0, R,, (7.1)
azp = 07
Vh - U+ (’Lw = 0.

We prove the following version of Proposition [2.4, Theorem [1.10| can be proven in exactly
the same fashion as Theorem [1.3]

Proposition 7.1. Suppose (u,w,p, Ry, R,) is a smooth solution of the viscous primitive-
Reynolds system ([7.1))-(7.3)), which is well-prepared with associated time interval I and pa-
rameter T > 0. Moreover consider parameters 1 < qq,qo,q3 < 00 and 0 < sy, s3 which satisfy
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the following constmmtﬂ

2 2 2 1 1 1

G >2, —>s+1, — >s3+—, 53>—(———). (7.4)
0 as q2 2(1_l) a Q2

q2

Finally let 6, > 0 be arbitrary. Then there exists another smooth solution (u + u, +
Up, W + Wy, p + P, Rp1, Ry1) of the viscous primitive-Reynolds system — which is
well-prepared with respect to the same time interval I and parameter 7/2, and has the fol-
lowing properties:

1. (Tp, Uy, wp)(x,t) = (0,0,0) whenever dist(t, I¢) < 7/2.

2. The perturbation and Reynolds stress tensors satisfy the following estimates

”RhIHLl(Ll <k (7.5)
HvaHLl )y S 6 (7.6)
[ | 22 ) S (7.7)
[T | por (rro1) < € (7.8)
|t || 1wy <€ (7.9)
| Loz (z2) < € (7.10)
[Upll s (rrssy < €, (7.11)
”prLqé—(Lg) S €, (712)
||wp||LQé—(H—53) S € (713)
3. Moreover, we have the following bounds
||Up||L2 L) S ||Rh||2/12L1 (7.14)
||wp“p+wup+wpu“L1 < |12, ||L1 : (7.15)

In order to prove Proposition we need the following version of Lemma

Lemma 7.2. Let 1 < q1, 2,93 < 00 and 0 < sy, s3 satisfy the conditions (7.4). Then we can
choose a;,b;,c; > 0 for i = h,v in (3.1) with the property that there exist vy, v, > 0 such that
5}21/20 ul/Q <N (7.16)
kYRl ub? < N (7.17)

in addition to (3.3)-(3.7) and pi, 04, ki, vi > N for i = h,v.
Proof. Similar to the proof of Lemma(3.1] it suffices to show that there is a choice of a;, b;, ¢; >

0 for ¢ = h,v such that
1 1

— 5—— Ch—Sl(bh+1)>0, (718)

q1

14 Again the constraints (7.4) are weaker than (1.20)), cf. the footnote in Proposition
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1
by, — ap — ECh +1>0, (719)

1 1
——— —Jc,— S bv+1 :O’ 720
(- 2 )en— sttt 1) (7.20)
1
bv—av—§CU+1>0, (7.21)
1 1
§Ch—bh—§>0, (722)
1 1
—(—=1)¢, —b,—=>0. 7.23
(--1) : (7.23
Let us first fix 0 < aj, < 1/2, and then b, > 0 such that
2 1 1
b 1—— — 2—2 — — = . .24
h (51+ ql) < 81+( ah) <q1 2) (7 )

Note that such a choice is possible since s; + 1 — q% < 0 according to (7.4)). Because (|7.4)
implies ¢; < 2, ((7.24) is equivalent to

51<bh + 1)
1 _1
qn 2

< 2by + 2 — 2, (7.25)

Moreover as ap, < 1/2, we have
2bp, +1 < 2bp, + 2 — 2ay,. (7.26)
From (7.25) and (7.26) we deduce that there exists ¢, > 0 with

b +1
M<Ch7

q 2
Ny + 2 — 2ap >

20, + 1 < ¢y,

which are equivalent to ((7.18)), (7.19)) and (7.22)) respectively.
Next we choose a,, b,, ¢, > 0. We simply deduce from ([7.4)) that

S3 <1 — q%)

1
T g
q3 q2
Thus we can choose 0 < b, < 1 such that
s(i-2)) 1, =(-3)
bv -1+ 1—f2 — 5 + 1—1(12 > 0. (727)
) s @
Then we fix
. S3 (bv —+ 1)
S W
3 @



which is positive as qig — = > 0 which in turn follows from ([7.4)). The choice of ¢, immediately
implies ((7.20), while ([7.27)) is equivalent to ([7.23)). Finally (7.4]) ensures

by+1) [1-—2 | >o0.

This is equivalent to

1
by, — =c, +1 >0,
20 +
which in turn allows for the choice of a small a,, > 0 such that (7.21)) holds. O]
Now we can prove Proposition [7.1]
Proof of Proposition[7.1 We make the same choice of perturbations @,, ,, w,, P as we did

in the inviscid case, see section [l The only errors that change compared to the inviscid case
are the linear errors, which now contain the additional terms

Rh(V;;Ahﬂp), RU (V;;Ahap + ij@zz(ﬂp + ﬂp)), (728)

respectively. Thus the validity of (7.8)), (7.10])-(7.15) follows immediately from sections
As in the proof of (5.4) one can deduce from ([7.16)) that

ltmallisgwiny < 3ol g [Witon ) lwas < 5 Pony/ < A"

keA
Analogously we find
ltenlliiwrny < o3t Y IVarllmawron 12(on) lwin S o7k o 2 S 0™
keA

Similarly we obtain from ([7.17))

1 B
[tp |l Lty < TRl > g o) L 1 Ro [l e ey Wi () [
k=1

5 /‘fql)/quUv,uql,/Q < )\;%
and
—1

(T
| Rallr oy

<oy 1 1/q2 lau 1/2_>\U%_

[eoll iy < ZHQM Vo )l [V B il oo qwrinoe) [| 2k (007 [[wra

Since ||ugpll L1 w1y S A, ™ and [lugy ||y S A7, which follow immediately from Lemma.
we deduce ([7.7)) and . by choosing A, )\ sufﬁmently large (depending on R, and R,, re-
spectively).
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In order to show ([7.5) and (7.6), it remains to estimate the terms in (7.28]). Using

Lemmas , and as well as [T, || L wray S A, and ||| Ly S A7 which we
established above, we find

IR (v Ay )| L o1y = Vil Vi + Vit Loy S Napllcrrny S A,
IR (Vi Aty + V3022 (T + Up))l| 1 sy S WK sy + 10 (T + )| 571
SV ||y + ([T + Uyl

Sl rwrny + [l oy S A+ A

8 Two-dimensional hydrostatic Euler equations

In this section we will develop a convex integration scheme for the two-dimensional hydro-
static Euler equations (|1.21))-(1.23), which is somewhat different in nature to the scheme
in the three-dimensional case. A similar scheme will be established in section [ for the

(two-dimensional) Prandtl equations (|1.25)-(|1.27)).
In two dimensions the hydrostatic Euler-Reynolds system (2.1))-(2.3)) reduces to

Oyt + U0y, u + WU + O, p = Oy, Ry + 0. Ry,
azp = O,
O, u+ 0w = 0.

We observe that in contrast to the three-dimensional case u, Rj, and R, are now just scalar
quantities, where Rj does not depend on z and R, is mean-free with respect to z. The former
allows to include R}, as part of the pressure. In other words by setting

pP=p—Ry

we may assume without loss of generality that R, = 0 (up to a redefinition of the pressure).
So all in all the two-dimensional hydrostatic Euler-Reynolds system we will work with, reads

O + uOy, u + wo,u + Oy, p = 0, Ry, (8.1)
8zp = 07
O u+ 0w = 0.

with unknowns u,w,p and R,. As Rj, is no longer there, the only task is to minimize R,.
For this reason we will only have a baroclinic perturbation w, in Proposition below.

In this section, we will prove the following version of the inductive proposition (cf. Propo-
sition [2.4)). Theorem then follows exactly as Theorem [1.3]

Proposition 8.1. Suppose (u,w,p, R,) is a smooth solution of the two-dimensional hydro-
static Euler-Reynolds system (8.1)-(8.3)), which is well-prepared with associated time interval
I and parameter 7 > 0. Moreover, consider parameters 1 < qo,q3 < o0 and 0 < s3 which
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satisfy the constraints in . Finally, let 0,e > 0 be arbitrary. Then there exists another
smooth solution (u+u,, w+wy, p+ P, R, 1) of the two-dimensional hydrostatic Euler-Reynolds
system — which is well-prepared with respect to the same time interval I and param-
eter /2, and has the following properties:

1. (U, wy)(z,t) = (0,0) whenever dist(t,1¢) < 7/2.

2. It satisfies the following estimates

|’Rv,1|’L1(Bi}>o) < (8.4)
[tpllLa2-(z2y < € (8.5)
@l Las—arssy < €, (8.6)
prHL(Ié*(LQ) S €, (87)
pr|’Lq{37(H753) S €. (88)
3. Moreover, we have that
|wytt, + wu, + wpu’lLl(B;io) S "Rv"Ll(B;;o)- (8.9)

Remark 8.2. The smooth solution (u + u,, w + w,,p + P, R, 1) constructed in the proof of
Proposition is even well-prepared for the parameter 7 (rather than 7/2). Moreover item
1 of Proposition [8.1] is even satisfied whenever dist(t, I¢) < 7.

8.1 Preliminaries

Due to the fact that there is no longer an error Ry, in the two-dimensional hydrostatic Euler-
Reynolds system —, there is no need for a barotropic perturbation @,. Thus there is
only a baroclinic perturbation 1, in Proposition[8.1l For this reason only the ‘vertical’ param-
eters i, 0y, Ky, 1, are used in sections [§ and [9] Regarding the two-dimensional hydrostatic

Euler equations (1.21)-(1.23), we need the following version of Lemma [3.1]

Lemma 8.3. Let 1 < ¢9,q3 < o0 and 0 < s3 satisfy the constraints (1.24]). Then we can
choose ay, by, c, > 0 in (3.1) with the property that there exists v, > 0 such that

K22 G, < A (8.10)
o k9232 <\ (8.11)

in addition to (3.5), (3.7) and ., 0y, Ky, vy > .

Proof. Similar to the proof of Lemma [3.1] it suffices to show that there is a choice of
(y, by, ¢, > 0 such that

_ (l - l) o — S3(by + 1) = 0, (8.12)

q2 qs
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1 3
by —a, — —c, + = >0, (8.13)

42 2
2
—<——1>cv—bv—1>0. (8.14)
42
We know from ([1.24)) that
3 % >0
2

By setting

the latter implies that

1 3
by, — —c, + = >0,
42 2
which in turn allows for the choice of a small a, > 0 such that (8.13]) holds. The definition

of ¢, immediately implies (8.12)). Finally (1.24) guarantees that

<1—%> —(iigi) 10,

q3 q2
hence
2 S3
(by + 1) l—-—)————-1] >0,
7 (L _ L)
@ @
which is equivalent to (8.14)). O

Remark 8.4. Notice that compared to Lemma we have replaced by , where
the latter is a weaker restriction than the former. Indeed it is simple to see that implies
provided ¢ > 2. Note furthermore that suffices to prove Lemma . Moreover,
the additional inequality is needed to deal with an additional spatial corrector for the
vertical velocity.

Moreover, we need a two-dimensional version of the vertical inverse divergence operator

R, cf. Definition [3.7]
Definition 8.5. We define the maf™| R,, : C5%(T?% R) — C>(T?% R) by

(Rov) (w1, 2) = / o(ay, 2) de — / / vz, 2") d2" A2, (8.15)

15Again we denote the space of all functions in C*°(T?;R) which have zero-mean with respect to z by
C’O Z(TQ R)
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Note that the vertical inverse divergence defined in Definition has the same properties
as stated in Lemma 3.8l

Regarding the building blocks we will use the following version of Proposition [3.9]
Proposition 8.6. There exists a function ¢ € C°(T;R) (referred to as the Mikado density)

depending on a parameter ., with the following properties.

1. The function ¢ has zero mean. Moreover [, ¢*dx = 1.
2. There exists 2 € C°(T;R) with zero mean such that ¢ = 0,,S).

3. Forall s >0 and 1 < p < oo the following estimates hold:

1 1
11,
| olwenry Spe ™,

11y
Q[ wsrery S po® "
Here the implicit constant may depend on s, p but it does not depend on fi,.

Similar to Proposition , Proposition can be proven as in [27, Section 4.1]. In fact,
the function ¢ in Proposition [8.6] coincides with the function ¢, from Proposition [3.9

Analogously to Lemma the estimates

3 =

1_
[6(o)[lwer S (0p0)*pis 7, (8.16)
_%_

”Q(U')HWW S (O p)’ o )

SIs

~—~
QO
—_
-

S~—

hold for all c € N, s > 0 and 1 < p < o0.

In what follows we will always write ¢(z), but let us clarify that actually ¢ only depends
on rp.

Finally, we remark that for the two-dimensional convex integration scheme developed
in this section, we will work with the same temporal intermittency functions as defined in
section [3.0.2)

8.2 Definition of the perturbation

The velocity perturbation will be written as
Up = Upy + Up,
Wp = Wpy + We,v + We,v,

so in contrast to the three-dimensional case, a spatial corrector u., is not needed, however
we will have spatial corrector w,, for the vertical velocity.

We make the following choice for the principal part of the perturbation

Up (T, 1) = —g;Q(VUt)G(t)RU(z, t)o(oux), (8.18)
Wy (2,1) = gy o (vul)0(1)P(00). (8.19)
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Remark 8.7. In order to achieve endpoint time integrability for w (cf. Remark one
has to multiply the right-hand side of (8.19) by |[Ry||;1(p-1 ) and divide the right-hand side

of (8.18) by the same factor. Further modifications are straightforward. In order to get
endpoint time integrability for u one proceeds as described in Remarks [I.4] and [5.6]

Then we introduce a corrector for the vertical velocity in order to get a divergence-free
perturbation:

wey = Ro (97200100, (Ru6(0,2))). (8.20)

where R, is now given by Definition 8.5 Note that R, is mean-free with respect to z and
hence the operator R, can be applied to the expression in (8.20). With Lemma it is
simple to see that 0,,up, + 0,w,, = 0.

Finally, we introduce a temporal corrector of the form

Uty = Uy, hyo(Vet) 0. Ry, (8.21)

v

To keep the whole velocity field divergence-free, we now must introduce a temporal corrector

for the vertical velocity
Wiy = —V,  hy o (Vyt) Oy, Ry (8.22)

v

We observe that d,,u, + d,w, = 0, item 1 of Proposition [8.1 holds and u,, and wu,, are
indeed mean-free with respect to z.
8.3 The new Reynolds stress tensor
As in the three-dimensional scheme, the new Reynolds stress tensor R, ; will be written as
Rv,l - Rosc,v + Rlin,v + Rcor,v'
First, we set Rosc.o = Roseov + Rosc,tw, Where
R = a0 R ((0,0) ~ [ #(o)ae).
T
Rosc,t,v = qulhv,Q(Vvt)ath'

Exactly as in Lemma [4.3| one can show that

atut,v + az (wp,vup,v + Rv) = azRosc,U- (823)

Next, we define the linear and corrector errors by

—_—

Rlin,v = Rv |:8tup,v + 28:21 <u (up,v + ut,v)) + az (U} (up,v + ut,'u) + (wp,v + wc,v + wt,v)u>:|

and
/\/

Rcor,v = Rv |iaa:1 ((up,v + ut,v)2> + az ((wc,v + wt,v) (up,v + ut,v) + wp,vut,v>:| .
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Note that the arguments of the operator R, are indeed mean-free with respect to z.

In the three-dimensional convex integration scheme we introduced a pressure perturba-
tion, see section [1.2l An analogue of this perturbation is not needed in two dimensions as
there is no barotropic perturbation. However, the pressure has to absorb some terms that
were covered by the horizontal Reynolds stress tensor in the three-dimensional scheme. To
this end we define

P = —2u(up, + ) — (Upy + ). (8.24)
We observe that 0,P = 0.

Let us finally remark that it is straightforward to see that R, ; is mean-free with respect
to z, that R, ;(x,t) = 0 whenever dist(¢, I°) < 7, and that (u +,, w +wy, p+ P, R, ;) solves
(8.1))-

8.4 Estimates on the perturbation

Now we claim the following estimates on the perturbation.

Lemma 8.8. If \, is chosen sufficiently large (depending on R, ), then we have that

tp,oll Laz—r2y S A, (8.25)
[tp,oll pos—(arssy S A" (8.26)
[wpoll oy 2y S A (8.27)
lwpll o gg-ss) S Ao (8.28)
||wp7vup,v||L1(B;io) S ||Rv||L1(B;;o)' (8.29)

Proof. In fact the proof of (8.25))-(8.28) can be taken verbatim from Lemma [5.5] Estimate
(8.29) can also be proven in a similar way as in Lemma [5.5, To this end we need a version
of Lemma [5.3, namely the estimate

H(q%v-)— / ¢>2dx)m

which holds for any 1 < p < co. To show (8.30]), we mimic the proof of Lemma This
requires to introduce a one-dimensional horizontal inverse divergence operator Ry, which is
defined analogously to the vertical inverse divergence, cf. Definition [8.5] specifically

x 1 po
Ruv(x) = / v(2')da’ — / / v(2")dz" da'.
0 o Jo

Consequently R;, has the properties stated in Lemma . Using property (13.30]) we are able
to prove (8.30) and thus ({8.29)) follows. O

The spatial and temporal correctors can be estimated as follows.

<ot (8.30)

~Y v o)

LP(By )
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Lemma 8.9. The spatial and temporal correctors satisfy the following estimates

||wc,v||Lq’2(L2) + ||wc,u||ng(H,53) SAT, (8.31)
|t oo (wmicey S AT, (8.32)
[weo | Loeqwrmeey S AT (8.33)

where n € N is arbitrary, and the implicit constant may depend on n.

Proof. We only prove (8.31]), as the proof of the estimates for the temporal correctors (8.32]),
(8.33) is similar to the proof of Lemma . We obtain using Lemmas and , and

equations (3:51), (8-16)
el s iy S N0 r) g 18]l 0w | Rl e v | 900 2

< "ii/qu/qé%,uv _ Ki/qulavuv <A\
Analogously

[weoll ot gr-say S 190,20 g 1161l oe [[ Bl oo ooy [ 9(00) | 1212
5 ,ﬁll)/qz—l/qé(avﬂv)l—s:s _ (lig/‘n_lav,uy) ("fi/%_l/%(%,ltu)_sg’) < )\;%.

Here we have used that R, is bounded in H~*3, see (3.29)) and keeping in mind that H % =
B;,;?’, and s3 < 1. O

Lemmas and show that estimates (8.5))-(8.9) hold.

8.5 Estimates on the Reynolds stress tensor

In order to finish the proof of Proposition [8.1} it remains to show (8.4).

Lemma 8.10. If \, is chosen sufficiently large (depending on R, ), then the errors satisfy
the following estimates

IN

HRosc,vHLl(B;io)

IN

||Rcor,v||L1(B;io)

VAN
Wlanwlanw| o

||Rlin,v || LY(Br L)

Proof. Lemma(8.10[can be proven similarly to Lemmas|6.2H6.6, with only small modifications:
To obtain the required estimate for Rgs .. one has to use rather than Lemma .
Moreover, since in two dimensions there is no spatial corrector u.,, the time derivative part
of the linear error Ry, must be estimated slightly differently compared to Lemma . To
this end we write

Upy = —9;2(1/vt)(9Rv¢(ovx)
= —a;lg;Q(uvt)QRvaxl [Q(avxﬂ
= 0, [ — a;lgv_’z(vvt)QRvQ(avx)] + 0;19;2(%75)9(8“RU)Q(avx).
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Hence we find (by using inequality (8.11)))

| R[]

Ll(Bl’,io)

5 ||atup,’U ||L1(Biéo)

< 4 . .
- ‘ LY(LY) * ‘ % [U” gvﬂ(y” )0(0z, Ry)$2(0 )H

S 0y gua (o) [lwr [l wrce [ Roflwr.oo wioey [ Qo) 1
S oy vy Bt <A

0.[0, .21 ) OR 0|

Li(LY)

This finishes the proof of Proposition (8.1}

9 The two-dimensional Prandtl equations

In this section we will study the following Prandtl-Reynolds system

Oyu — 1,0, + u0z, u + woyu + Oy p = 0, Ry, (9.1)
azp = 0,
Ot + 0w =0,

with unknowns (u,w, p, R,). As in section [§f there is no horizontal Reynolds stress tensor Rj,.
In this setting we have the following version of the inductive proposition (cf. Proposition .
As before, the proof of Theorem then works in the same way as the proof of Theorem 1.3

Proposition 9.1. Suppose (u,w,p, R,) is a smooth solution of the Prandtl-Reynolds system
—, which is well-prepared with associated time interval I and parameter T > 0.
Moreover, consider parameters 1 < qo,q3 < 0o and 0 < s3 which satisfy the constraints
in (1.28). Finally, let d,e > 0 be arbitrary. Then there exists another smooth solution
(u+0y, w+w,, p+ P, R, 1) of the Prandtl-Reynolds system —, which is well-prepared
with respect to the same time interval I and parameter 7/2, and has the following properties:

1. (up, wp)(x,t) = (0,0) whenever dist(t,[¢) < 7/2.
2. The perturbation and the new Reynolds stress tensor satisfy the following estimates

”Rv,l”Ll(B;;o) <

Hﬁp”Ll(lel) S €,

||ap||L‘I3*(HS3) <,

VAN

€,

9.

(9.

[tpl Loz (r2) < €, (9.
(9.

ol s ©
(9.

© O © © © ©
© o~ O U
D — D

IN

||wp||Lqé_(H—53) €,
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3. Finally, the products of the vertical and horizontal perturbations satisfy that
|wytt, + wu, + wp“’|L1(B;io) S HRvHLl(B;;O)- (9.10)
Remark 9.2. Remark also holds in the context of the Prandtl equations ([1.25))-(1.27]).

Proof of Proposition[9.1 In order to prove Proposition [9.1] we modify the proof of Proposi-
tion [8.1]in the same way as we did in the three-dimensional case, cf. proof of Proposition [7.1]
Specifically we choose w,, w, and P as in the proof of Proposition , while the linear error
now contains the additional term

Ry (v, 0, up). (9.11)
Then it follows from section [§ that estimates (9.6)-(9.10) hold. In order to show (9.5) we

proceed as in the proof of Proposition [7.1. To this end we need the additional parameter
estimate
ke=g 12 < N

S3 <1 — q%)

1 _ 1

We can achieve this as soon as

> =, (9.12)

N | —

q3 q2

see the proof of Lemma Using

we see that (9.12)) holds according to (|1.28]).

It remains to estimate the additional term in (9.11]). This works exactly as in the proof
of Proposition 7.1 O]
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A Littlewood-Paley theory, Besov spaces and paradif-
ferential calculus

In this appendix, we state some basic definitions from Littlewood-Paley theory and parad-
ifferential calculus, which will be used throughout the paper. More details can be found in
[3, 55, [70 [83].

A.1 Littlewood-Paley theory and Besov spaces

We first introduce a dyadic partition of unity {p;}32_; as follows
po(§) = p(&), pi(©) =p27 for j=1,2,.... pa(O =1 p;(&).
=0

Then for f € §'(T?) the Littlewood-Paley blocks are given by

AT = pi(©F(&), j=-1,0,....

The Besov space B;q(']f?’) is then defined in terms of the Littlewood-Paley based norm, which
reads for ¢ < oo

/]

- 1/q
g = 1 lun + (271801 )
=0
If ¢ = oo, the norm is defined as follows

1 lls. = A1 fllzr + sup (2712 | v).-
J=Z

It is also possible to define Besov spaces using difference quotients. We first define the forward
finite difference operator

Apf(a) = flz+h) = f(2).
The higher order finite differences are defined inductively. For m > 2, we define that
A f(z) = AL (AR f ().

Let s >0 and 1 < p,q < oo and let |s| denote the integer part of s, then Besov norm may
be defined as follows (if ¢ < c0)

[s]+1 dh \'
— S q
i, = s+ ([ 1A i)

If ¢ = oo, the Besov norm is given by

/]

ALSJH
Bj oo = ||f||LP + sup M'

1 f]
heR3\ {0} |hl®

These two different definitions of the Besov norm are equivalent.
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Remark A.1. Note that the index h in the notation for the finite differences A}' represents
the shift. This is in contrast to the main body of this paper where the index h always means
“horizontal”.

Remark A.2. The reader should note that By (T°) = W*?(T?) when s € R\Z and 1 < p <
oo. This is stated in [I, Equation 3.5 for example. The equivalence of function spaces in
the case 0 < s < 1 can also be found in [88, Definition 32.2] (when the interpolation space
definition of Besov spaces is used) and in [86, Proposition 2] and [§, Page 1686] (where the
Sobolev spaces are defined using the Sobolev-Slobodeckij seminorm). We note that the case
0 < s < 1 can easily be extended to all s > 0 with s ¢ N by using Theorem 2.3 in [83].
Finally, we recall that BS,(T*) = H*(T?) for all s € R (even when s is an integer), see [3,
Page 99]. The latter is used several times in this paper.

Next we recall some essential estimates regarding the Besov norm.

Lemma A.3. Forany 1 <p,q,q1,q2 < 00, @ € R, § > 0 the following estimates hold

1118y . S Wfllze S WA Nso s (A1)
1fll8g,, < Ifsgzs, (A.2)
||f||Bgaq1 S ||f||Bg,q2, if 1> g (A.3)
10 f |l o2 < N fllBg,- (A.4)

Proof. Estimates (A.1)), (A.2), (A.3) and (A.4]) can be found in [83] Propositions 2.1, 2.2, 2.3
and Theorem 2.2, respectively. ]

Note that (A.2)) implies that

p,q "

11, < 1605,

for any o < f3.

A.2 Paradifferential calculus

We recall Bony’s product decomposition

f9=Trg+Tyf + R(f,9). (A.5)
The terms Trg and T, f are called paraproducts and are given by

co  j—2 o j—2
Trg= Y > AifDjg, Tof =) > Aghf. (A.6)
j=—1li=-1 Jj=—1li=-1

The term R(f,g) is referred to as the resonance term and is defined as
R(f.9)= > AwfAg. (A7)
lk—j|<1
We will also use the notation T'(f, g) == T¢(g) and T'(g, f) == T,(f).

One can estimate the three terms of the product decomposition separately. For the
paraproducts we have the following estimates.
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Lemma A.4 (Lemma 2.1 in [79]). Let a, 8 € R and 1 < p,p1, pa,q, q1,q2 < 00 with
1 1 1 1 1 1
+ +

p p P

¢ a @
o For any f € LP(T?) and g € B _(T?) we have that

p2,9

ITe (Dl gz, S N eillgllgg -

o Ifa <0 then for any f € BS. . (T?) and g € BS  (T?) we have

p2,92

< o
IT5(0) gy S 1 g, ol -

p1,491

We recall the following estimate on the resonance term.

Lemma A.5 (Theorem 2.85 in [3]). Let o, 5 € R and 1 < p,p1,p2,q, ¢1, G2 < 00 with
1 1 1 1 1 1

p p D ¢ @ ¢

o Ifa+ >0 then we have for any f € BS , (T%) and g € BS . (T?)

Pp2,92

1RCE Dl pgre S W Fllsg, 9, -

e Ifa+ =0 andq=1 then we have for any f € BY , (T*) and g € BS  (T?)

P2,92
|B(F,9) g S W Fllmg, ol -

Combining these estimates leads to the following result.

Lemma A.6. Let a <0< 8, 8+a >0, and 1 < p1,p2,p,q1,q2 < 00 with
1 1 1
+

poop2p
o We have for any f € BY . (T?) and g € BS . (T?)

p2,92

I Follig,, < 117115, o llallss (A8)

o Let {fu}. {gn} be sequences such that f,, — f in BS , (T%) and g, — g in BS . (T%).
Then fngn — fg in By, .

Proof. Estimate (A.8]) is a simple consequence of Lemmasand , see also [70, Prop. A.7]

for a similar proof.

The convergence claimed in the second bullet point can be easily deduced from ((A.8]).
Indeed we have

||fngn_fg”B°‘ S ||fn(gn_g)||B°‘ +||(fn_f)g||3"‘

P,q1 p,q1 P,q1

S Wl o, lgn = allgg .+ 1= Fllsg, , l9llsg = 0.

P1-91
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A.3 Alternative proof of Lemma |5.3

In this section we present an alternative proof of Lemma [5.3| using a paraproduct decompos-

tion and Lemmas [A 4] and [A5]

Alternative Proof of Lemmal5.5. We start by decomposing the term under consideration in

terms of Bony’s decomposition, i.e.

H <¢k(%'>Wk<0u~> = |, @) Wilz) dx) Ry,

LP(By 5,)

< "T((cbk(av-)m(au-) - [ aomi daz) | Ruk>

LP(B1 L)

(R (ntomiton - [ aomioas) )

L?(By5,)
+ HR(<¢]€<O—1))W]€(OU) — ¢k<l‘>Wk<5L‘> diL‘),Rng)
T2 LP(By L)
Using Lemma we find
"T(((bk(av)wk(av) — (bk(:c)Wk(:c) d&l),Rv’k)
T2 L(B15,)

| Rokll o (B, .o)-

< ‘
~ —1
Bl,oo

Or(oy )Wi(0y) — - Or(2) Wy () do

Another application of Lemma yields

7(Aos. (0 Wito) = [ oo az) )

LP(By 50)
S ' on(00)Wilow) = | du(@)Wi(z)dz|  [[Rorllrowe).
T Bf,oo
Finally Lemmas and lead to
"R<(¢k<av')Wk(0v') - O (@) Wi () dil?> ’ Rv,k>
T LP(By )

<[ ( (xtomitons - [ oot ar). m)

LP(BF o)

5 ‘

Ou(00 )Wi(ow) — | on(@)Wi(z)dz|| (| Ryl po(pizs,)
TQ

-1
Bl,oo

where 0 < s < 1 can be chosen arbitrary.
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To conclude we proceed similar to the original proof. Due Lemmas and [A.3] and
estimate (|5.6))

Gr(oy )Wi(0w) — . or(x)Wi(z) dz

Br
=||Vh- [Rh <¢k(0v')Wk(%-) — [ or(x)Wi(x) dx)]
T2 Byl

S ([Rn (Cbk(%')Wk(Uv-) — | () Wi(x) dx)

T BY
S ([Rn (¢k(0v')Wk(0v-) — | () Wi(x) d:c>

T2 Lt
So || oW —/ or(2)Wy(z)dz|| ot

T2 L1
This finishes the proof of Lemma [5.3] O

B Other estimates

B.1 Improved Holder inequality

Let us recall the following estimate from [6§].

Lemma B.1 (Improved Hélder inequality). For any 0 € N, 1 < p < oo and all functions
f € CHT?), g € LP(TY) it holds that

1F(g(o)lze = 1 Fllzollglze | S o7l fller gl oo (B.1)

The proof can be found in [68, Lemma 2.1].

B.2 Oscillatory paraproduct estimate

We are going to prove a version of Lemma in the case of Besov spaces.
Lemma B.2. Foranyoc € N, 1 <p,g<o0, s € R, 0<e<1 and all functions f € LP(T?),
g € Byt(T?) N B 7(T%) it holds that

1T (fo 9l < 112 llg]

p,q ™

where we define f,(z) = f(ox).

R N[

Bt (B.2)

Proof. We first recall the low-frequency cut-off operator S; from [3]:

j—1
Sif = Aif.

i=—1
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Hence we may write T'(fo,9) = 372 | Sj-1feAj9 = > 72, Sj-1f-A;9, where the latter equa-
tion follows from the fact that S_of, = S_1f, = 0. In order to estimate the Besov norm of
T(fs,9), we will use [3, Lemma 2.69]. To be able to use this lemma we need to show that
supp (]—"(Sj_lngjg)) lies in 2/C for any j € Ny, where C is a fixed annulus.

In order to show this, let j € N and i € {—1,...,5 — 2}. By construction of the dyadic
partition of unity, there exist radii 0 < r < ry < R such that the support of p_; is contained
in the ball with radius ry, the support of py is contained in the annulus with inner radius r
and outer radius R, and rg < 2r < R < 4r. Next we observe

supp (F(Aif,A;9)) = supp ((pifs) * (p;9))-

For i = —1 this yields that supp (F(A;f,A;g)) is contained in the annulus with inner radius
2/(r — 27ry) and outer radius 2/(R + 277rg), which is in turn a subset of the annulus with
inner and outer radii 27(r — o) and 2/(R + 3r9). Note that the inner radius is positive due
to 2r > ro. Similarly for ¢ > 0 we obtain that supp (]—" (A fol; g)) is contained in the annulus
with inner radius 27(r — 2°°7R) and outer radius 27(R + 277 R), which is in turn subset of
the annulus with inner and outer radii 2/(r — 1 R) and 2/(R + 1R). Again note that 4r > R
implies that the inner radius is positive. Hence there exists an annulus C such that

supp (.F(Sj,lfUAjg)) c 2C.

Hence we may apply Lemma 2.69 from [3] to conclude that

IT(fo: 9)]

B < H (2js||5j_1ngjg”Lp>jeN

Pqa "

. B.3
) (B.3)

In order to estimate ||S;_1/,A;g|» we define ¢; := F~'p;. Hence we have A;f = ¢, * f.

A direct computation shows ||¢;||z1 = ||¢o||z: for any i € N. Hence we obtain for 1 < p < oo
and for any 7, j by Minkowski’s integral inequality and Lemma [B.1

P 1/p
1A foljgllr = (/ dx)

1/p
< [ (L1t nomagpar) a
= [ 16:@I7to = o)Al dy

Ajg(z) ( . 0i(y) fo(z —y) dy)

< [ 10115 = ol 1sgls + o1l = on)las ) dy

< 16ollza (171218561120 + o~ 21 Asg el 1
< 11 180lles + 0~ Pl Asglor ]| s

For the case p = oo one obtains the same result, the details are left to the reader. Hence

j—2

HijlfaAngLp < Z HAifaA]'g”Lp

i=—1
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S (N PR TN T (B.4)

for any j € N. Combining (B.3|) and (B.4) we get for any 1 < g < oo

IT(fo> 9)ll5;,

> 1/q
< (Z2JS‘I||Sj_1foAjg||%p)
j=1

00 1/q
o B q
< (o2 (Il + o Plasgler 1))
j=1

(9) 1/q 00 1/q
<1 £l (Z 2ﬂ<8+€>qjq2—ﬂ6q||Ajg||%p) o | e (Z 2J<8+€>qu2—ﬂ€q|mjg||‘é1)

j=1 Jj=1
S A llee gl gsse + 02N £l gl

B

where we have used that |Ajglcr < [[VA;gll~+|Ajgll1, VA;g = A;Vg and Lemmal[A.3]
For the case ¢ = oo we proceed analogously. ]

Lemma can be used to prove the following slightly weaker version of Lemma [5.3]

Lemma B.3. Forall1 <p<o0, d >0 and k € {1,2} we have

H (¢k(0v')Wk(UU-) = |, o@)Wila) dx) Ry

N ‘71;_1 + ||Rv||Lp(B;io)- (B.5)

Lr(By 1°)

Proof. Compared to the proof presented in section the only difference is how we handle
the paraproduct in (A.9). We use Lemma and estimate (5.6) to find

7((tomiton) - [ oomitorar). )

Lr(By L °)

5 ‘

oWy — /T2 o () Wy (x) dz

L | Ry ||Lp(Bljio)

+o,! | Roll o (B0,
1

,00)

oW, — /T2 Or(x)Wy(z) de

N HRUHLP(Biio) + CRv%_l-

L

With Lemma [B.3 one can show
pr,v“p,vHLl(B;;‘s) S HRvHLl(Bl"io)

which is slightly weaker than (5.13]). This finally allows to prove a version of Theorem
where the regularity parameter is s = 1+.
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