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1 Introduction

Isomonodromic tau functions are defined as the generating functions of Poisson commuting
Hamiltonians H; that generate flows in times ¢; € T,

dilog T := Z dt;0p, log T = wyny = Z H;dt;. (1.1)

times t; timest;

Here d; is the exterior differential on the space of times T, wyyy € T*T is the so called Jimbo-
Miwa-Ueno (JMU) one-form [15], and its closedness

dewymu =0 (1.2)

is equivalent to the consistency of the Hamiltonians flows, describing deformations of a linear
system of ODEs
0,P(z) = ®(2)A(2) (1.3)

that preserve its monodromies. The Hamiltonians themselves are obtained from contour in-
tegrals of %tr A%(z). Through the Riemann-Hilbert correspondence that maps the space A of
coeflicients of the linear system to the space of monodromies M, the Hamiltonians can be writ-
ten in terms of the times and the monodromy data. The tau function 7 in (1.1) is defined only
up to an overall monodromy-dependent constant C'(M), and extending it to a closed one-form
on T*(M x T) allows to determine the asymptotic behaviour of the tau function near its critical
points, while revealing the symplectic properties of the tau function.



In [12, 14, 20], building upon an earlier work [2, 3], a procedure to construct such an
extended closed one-form was presented based on the Riemann-Hilbert approach to Painlevé
equations. The one-form was explicitly written for the cases of Painlevé VI, 11, 111, and I, where
it was used to obtain the ratios of the corresponding tau functions at the critical points, known
as the connection constants, a longstanding problem in the theory of Painlevé equations. A
Hamiltonian approach to this construction was put forward in [13] for all Painlevé equations and
the Schlesinger system. The closed one-form for the Schlesinger system was written explicitly
in [4], with an elegant interpretation of the tau function as the generating function of the
monodromy symplectomorphism, i.e. a homomorphism from a symplectic leaf in the space of
coefficients A of the system to a symplectic leaf in the monodromy manifold M.

In this paper, we determine the closed one-form dlog7T for tau functions on a torus with
regular singularities by using their Fredholm determinant representation [8], and show that they
generate the monodromy symplectomorphism.

A key technique in our construction involves the Fredholm determinant representation,
which is obtained using a pants decomposition of the torus (see theorem 1, [8]). Specifically, the
pants decomposition of the torus with n punctures consists of n spheres with 3 simple poles,
which translates to describing the local behaviour of the solution to the linear system we call
L in terms of the solution to an appropriate linear problem defined on a sphere with three
simple poles denoted by Lzy;. It then turns out that the kernel of the Fredholm determinant
is completely described by n such three-point solutions with suitable shifts that capture the
topology of the torus. The tau function of the torus is then related to the Fredholm determinant
by a proportionality factor. The pith of the monodromy dependence of the tau function therefore
lies in understanding the derivative of the Fredholm determinant w.r.t the monodromy data.
The resulting one-form has the structure

dlog T = w — w3pt, d=d; + dug, (1.4)

where w depends on the data coming from the global properties of L, whereas ws,; depends on
the local behaviour described by Lsy,;. Moreover, w depends on the monodromy data and the
times, while wsy; depends only on the monodromy data. Such a structure of the one-form is
instrumental in obtaining the connection constant, which will be the subject of an upcoming
paper. We also observe that our approach does not rely on the information of the asymptotics
or additional assumptions to obtain the closedness.

This paper is structured as follows: we setup the linear system on an n-punctured torus,
describe the pants decomposition, and briefly recap the construction of the Fredholm deter-
minant in section 2, we compute the monodromy dependence of the Fredholm determinant in
proposition 1 and obtain the closed one-form in theorem 1, highlighting the splitting described
in (1.4). In section 3.1, we use the example of the torus with one puncture to illustrate the
role of the one-form dlog7 as the generating function of the monodromy symplectomorphism
in theorem 2.

Throughout this paper we use the following notation



Notation 1. Given an N-tuple of parameters (£1,...EN), and a function g(&), i =1,...,N of
these parameters, we define

9(&) = diag(g(&1),---,9(EN)) - (1.5)
In particular, when g(&;) = &;, this is

£:dmg(§1,...,§N). (16)
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2 Isomonodromic deformations on the torus and tau function

In this section, we setup the SL(N) linear system on the m-point torus, introduce the pants
decomposition with corresponding 3-point local solutions, and briefly describe the construction
of the Fredholm determinant representation of the isomonodromic tau-function.

2.1 Setup

Isomonodromic deformations on a torus with n simple poles can be characterised by the following

system of linear differential equations [18, 22]

50 (2) =2 (2) L. (2),
(2.1)
(271'2')8@7‘1) (2) =®(2) L; (2), %Q) (2) =P (2) Lk (2),

with ®(z) € SL(N,C). Here z is the coordinate on the n-point torus Ci, viewed as the

identification space z ~ z 4+ r + €71, r,£ € N, with singularities at the points z; for k =1...n,

7 € H is the modular parameter of the torus. The Lax matrices L,, L., Ly € sl have elements
L gy dpe S ) 50y A

(L2)ij(2) = 015 Pi + ;; m( Wi p — (1= 05) > @(Q5 — Qi z — z)(Ap)iys  (2:2)

k=1



(Lk)ij(2) = —52‘1H(1‘1k)u + (1= 6ij)2z(Qj — Qis 2 — 2k) (Ak)ijs (2.3)

n

T 51 is % A R .
(Lr)ij( ]Zﬁlz—zk Zy = Qi,z — z) (Ar)i (2.4)
where x,y are the Lamé functions defined as

01 (= — £)01(0)

z(€,2) = , ,2) = Ocx (€, 2), 2.5
(6.0 = 2 = y(&.2) = el 2) (25)
where 67 is the Jacobi theta function
01(2) 1= 3 (—1)n 3 (ne) 2rilnts)e, (2.6)
nez
The above linear system has two main properties.
1. The matrices Ay are diagonalizable
Ap, = G 'my, Gy (2.7)
and satisfy the constraint
n n
k=1 k=1
Moreover,
N N
m; —mj ¢ Z, Yor=>) Q=0 (2.9)
j=1 j=1

2. The matrices L, L, L, have the following transformation (using notation 1) under the
shift z — 2z 4+ 7

LZ(Z + 7_) _ e—ZWiQL( ) 27riQ
Lk(z + T) = 6727riQLk( ) 2miQ + 2mi diag ((Ak)n, ce (Ak)NN) , (210)
Li(z+7)=e 2R (L.(2) + L(2)) ¥Q — 2mi P.

The solution of the linear system (2.1), under the z — z 4 7 shift therefore transforms as
Oz +7) = MpDd(2)e*™Q, (2.11)

where Mp € SL(N) is the B-cycle monodromy, and the monodromies around the punctures zj
and the A-cycle monodromy are respectively

M, = Cpe*™mrC !, My = Sye?miar gt (2.12)

with the constraint

n
Mg" M MpMa [ ] My, = 1. (2.13)
k=1



Definition 1. 1. The Lax matrices L,(z) in equation (2.2) are described by the following
space:

Ap = {T, (Grmup, zi)i—1, (P, Q)1 : 7 €H, 2 € T?, G € SL(N), P;,Q; € C, (2.8), (2.9)}/ ~,

(2.14)
where ~ is the equivalence relation Gy, — Gi.D, where D € SL(N) is diagonal'. The
dimension of this space is

dim Ay, = n(N? = 1) +n(N —1) +n+ 1. (2.15)

Ay, can be viewed as the symplectic reduction of the moduli space of flat SL(N,C) con-
nections on the n-punctured torus [1, 11, 16-19]).

2. The extended character variety of SL(N) flat connections on T2\ {z1,. ..,z }(see [5] for
genus zero case) s

MLn = {MA,MB, (Ck,mk)zzl : MA,MB,Ck S SL(N), (212), (213)}/ ~, (216)

where | ~ means that we identify monodromy representations related by an overall conju-
gation. The dimension of the extended character variety is

dim My, = n(N? = 1) + n(N —1). (2.17)
For arbitrary genus, dim My, = (N*> —1)(2g —2+n) + n(N — 1).
The usual (non-extended) character variety would be

M) = {My, Mp, M, ..., M, € SL(N)|(2.13)} / ~, dim M = (N2 —1), (2.18)

1n

and the standard space of coeflicients

Aﬁ{ = {7-, (Agy 2k)b—1, (Pj,Qj)jyzl T €H, 2z, € T?, Ap € SL(N), P;,Q; €C, (2.8), (29)}/ ~,
(2.19)
where now Ay ~ D71 A, D, and the dimension

dim AY) = n(N? — 1) +n+ 1. (2.20)

By using gauge freedom, it is always possible to choose S; = 1 in the A-cycle monodromy
(2.12), i.e.
My = ¥, (2.21)
The local behaviour of the solution to the linear system in a tubular neighbourhood of the
puncture zj is

P (Z — Zk) = C} (Z — Zk)mk <]l + ng,l(z — Zk)l> Gy, (2.22)
=1

'The full gauge group acts as Gy — GrH, where H € SL(N) is an arbitrary matrix. However, the choice of
diagonal e2™*@ uniquely fixes H to be diagonal



where the matrices Cj, Gj, diagonalize the monodromies (2.12) and the residue matrices (2.7)
respectively. There is an ambiguity of the form

Cy — CyD, 1, 9kt = DrgriDy Y, G — DyGy, (2.23)

with Dy, diagonal, that does not change the asymptotics (2.22), and it amounts to a change of
normalization for the eigenvectors of My, Aj. The extended spaces (2.16), (2.19) differ from the
non-extended ones by the inclusion of the parameters that are changed by the transformation
(2.23). These parameters turn out to be canonically conjugated to my [4].

The matrices gi; are computed recursively with the 4, j component given by

Zk;/

(Gt (gk.1 + [k, gr 1)) Gk] =054 P+ Z e = 20) Ak')n‘
ik ? (2.24)
—(1=6) Y @(Qi = Qjy 21 — 1) (Aw)ij.

k=1

The isomonodromic time evolution? arising from the compatibility of (2.1) is generated by
the n 4+ 1 Poisson commuting Hamiltonians

1 1
H,, :=Res,—, St L(2)%, H, = 7{ dz§ tr L(2)>. (2.25)
A
Definition 2. The isomonodromic tau function Ty is then defined as
0, log Tg = Hy, 2mi0; log T = H-. (2.26)

2.2 Pants decomposition of the n-point torus and Hilbert spaces

The n-punctured torus can be decomposed into n trinions, that we choose to be glued along
copies of the A-cycle as in Figure 1. There is a three-point problem associated to each trinion

T K]

k k k
0:84,(2) = @l () Ligy(2),
4 4] Ay
Ly (2) = —2miAZ — 27?11 o (2.27)
with diagonalizable residue matrices

AM = (¢W)-1g, G, AW = (¢, G, (2.28)
AM = A A = (g, G (2.29)

for K =1,...n. The local solution on each trinion @g]gt(z) is such that the ratio

O (2 — z) 10 (2)

?Here by isomonodromy we mean that the C’s are constant, as opposed to just the monodromies. This is the

correct notion for the extended spaces Ai,, and M.



is regular and single-valued around z = zj, with @g]ﬁt(z—zk) approximating the analytic behavior
of ®(z) in the trinion .7,

n V2 Tn
G G G
cn =i Cour Cin CSL ci! cL’;, len C
C'L[vll] Cout M[l C’L[fl] oul‘ [2] eQ{[n 1] C’LZ] C[”]

Ay

Figure 1: Pants decomposition for the n-punctured torus

In terms of the contours defined above, the fundamental domain for the torus is the paral-

lelogram in the figure 2.

out 2

Vi
T ol —It
Figure 2: The fundamental domain of the torus

The parameters my, a; are local monodromy exponents, i.e the monodromies around the

contours g, Cl[fl], C([mt 1], are respectively

2mi -1 2mi -1 —2m -1
Mk = Cke wzmkck 5 Mc[k] == Ske Ak g 5 Mc[k] = Sk+1e T Akt k410 (230)

in out

for kK =1,...n, where the C}, Si are constant matrices with Si’s assuming the form
Sy =1, Spi1 = Mg, Any1 = ai. (2.31)

Note that a; corresponds to the usual A-cycle as described in (2.21). The pants decomposition
induces a homomorphism of monodromy groups m; (Co ni2) = 71 (C1,,) as can be seen from
the the constraint (2.13)

n
My H MMg*M ' Mp =1 = (H Mk> ok (2.32)

k=1



The local behaviour of the three-point solution ®/! around the point zj, is then

‘I)gﬁt (2 = 0) = Cz™* <]1 + Zgyf}zl> Ggﬂ, (2.33)
=1
while its local behavior on the circles CZ,[Z} and C([fjt is
@ggt{zec[k] e Sk627l'izak <]1 + Zg[_k}le2ﬂ'llz> G[f:], (234)
m l:1
Pl e, = Skiaeo (ﬂ > gf%e””‘”) Gl (2.35)
=1

Once again note that Cy, Sk, G([)k], G[f], G[f] are the diagonlization matrices in (2.28), (2.30). As
before, the matrices g;; can be computed recursively with the 1,1 matrix entry given by

—1
o+ [ o] = 2l (a) 230

[

We now associate Hilbert spaces to each of the boundary contours Ciﬁ],c[k}

ot Specified in

Figure 1. The projection operators on these spaces provide the building blocks to write the
tau-function as a Fredholm determinant. The total Hilbert space H is decomposed into a direct
sum of spaces H¥ corresponding to each pair of pants:

H=PHH =1, 0n_, (2.37)

k=1

where .
Ho =@ (M o 1L ). (2.38)

k=1
Definition 3. We associate the single-valued matriz-valued functions ¥(z), \I’ggt(z) defined on

the boundary circles of the pants decomposition, to the functions ®(z), @g’;}t(z) in (2.1), (2.27)

respectively’

\I](Z)|C([7ku]t = e—QWi(Z—ék,nT)ak-Fl S];il(b(zﬂcc[,ku]t, \I](Z)|C[k] = 6_2ﬂizak5;1¢(z)|clk], ]C — 1’ Lo,
(2.39)
k —27i(2—0k T — k k —271 — k
‘I’:[»,p]t(z)fcycult 1= ¢ 20k )ak“smll‘b[s;}t(z = 2k) |k 5 \Ilgp}t(z)‘cz[ﬁ] = e TRk S, 1‘1’:[»,;;],:(2 = 7)o,
(2.40)

where 6y p, is the Kronecker delta and the identities (2.31) hold.

3The z — 7 in ¥ is so that Wout,n is "identified” with W;, 1, in the sense that the only difference is the twist



2.3 Fredholm determinant representation of the tau-function

We define the projection operators Ps;, Pg on the Hilbert space defined in (2.37) in terms of the
solutions to the n-point linear sytem (2.39), and the solutions (2.40) to the three-point problems

respectively?:

e The operator Py, is defined as

(Pef) () = § 5EW(En () fw), (2.41)
Cy, 270
where
U cM, ucltl el el (2.42)
and the (twisted) Cauchy kernel on the n-point torus
- _(01(z —w+ Q1 — p)#i(0) 91(z—w+QN—,0)9£(0)>
=Zn(z,w) = dia ey
e = ding (0 W@ 1) ) g
_ 0z w+Q —p)6(0)
01(z —w)0h (Q —p) '
has the following transformation
En(z+7w) =R EN(2,w), En(z,w+7T)=En(z,w)e @A), (2.44)
e The operator P! is defined as
\I/[k} ( )\If[k] (w)fl
(K] p[k] — 3pt\#) ¥ 3pt K]
(P2 M) (2) - /C e, e ) (2.45)
and
Po =Y PY. (2.46)
k=1

In the paper [8] we proved that the tau function (2.26) has the following Fredholm determinant

representation:

— —1 zm-tr(a + —mNp - 7Z7I'Zk tra —tra? )
T (7) (71{e+t {7327+73@7+] 1 H G Q, H 7 —tra} (2.47)

where Py, | 1= PZ‘H+,P@,+|H+, Q; = Qi(7, 21, ..., zn) are the dynamical variables of the SL(N)
linear system (2.2), aj are the monodromy exponents defined in (2.30), and p is an arbitrary
parameter. Furthermore, the time derivative of the Fredholm determinant recovers the JMU

one form:

n 1 n
WIMU = <dT +)° dzk> log Ty = o—Hrdr + > Hydz. (2.48)

k=1 k=1
We will do this by explicitly computing the derivative of the tau function (2.47) with respect to
the monodromy data.

“The Cauchy kernel are written in the cylindrical coordinates below, as they are more natural for our
parametrization of the torus.



3 Monodromy dependence of the torus tau function

We begin with the following identity for the derivative of the Fredholm determinant [10]

dlog et [Pg}ﬂ%ﬁ = —tryPedPr,  d=du+d + > dy, de=deds (31
k=1

where dq is the total exterior derivative on the extended character variety My .

Proposition 1. The derivative of the Fredholm determinant w.r.t the monodromy data is

N n
dp log %ef [P§71P@7+] = tr (PduQ) + daqlog <H1 01(Q; — ,o)> + kzltr myd GGyt

+ Zn: <tr adeG[f] (G[,k}>_1 —tr mdeG[Ok} <G([)k]>_1 —tr akHdMGL]:] (G[Jf})_1> (3.2)
k=1

n
— mterMa% + Ziwtrzde (aiﬂ — ai) ,
k=1

where (with the notation 1) my, ay are the local monodromy exponents (2.30), P,Q are the

dynamical variables in the Laz matriz (2.2), p is an arbitrary parameter, Gy, G[ik}

vector matrices (2.7), (2.28).

are the eigen-

Proof. We start from the following equality (see eq. 3.61 in [8])

¥ dz 1 K g k]
—try [PadmPs] = — kzl yi[':jucgfjt dw igﬁlucff] i ] o2mi—w) tr {\If3pt(z)\lf3pt(w)

ut

x da (U(w)En(w,2)¥(2)7") }

o {aine (se (she) )

out
- dz - .
+Zj{[k] (k] Ttr {dM\I’(Z)\I/(z) 1 (az\IJ(Z)\I/(z) 1)}
k=1 Cz’n Ucout m
y dz 01(Q—p) . B
i kzl jiz[fl]chfjt 2mi { [Gl(Q —py TN (2)" " dm¥(2)
=L+ DL+ (3.3)

We now compute each of the above integrals separately.

e Computing the integral Is:

We begin by noting that the boundary circles in the pants decomposition (see figure 1)
can be identified in the following way

=l for i=1..n-1. (34)

out —

,10,



With the above identification of contours, the integral Is in the expression (3.3) simplifies
as

= Zji[’”uc[k] 270 tr {dp @ (2) W (2) 71 0: U ()W (2) 7 }
- Zj{[k] o tr {dmP(2)T(z) 10, U (2)W(2) "}

Zji““l 5 {dm P ()W () 0. 9(2)W(2) '}
_7{ 2 (e (2)0() 10 0(2) 0 ()
c!

el 2mi

In order to express the above expression in terms of the solution to the linear problem on
the torus ®, we use the identities coming from (2.39), (2.40) and fix z; = 0 without loss
of generality:

U(2)|, 0 = e 2N D(2)] U(2)|pim = e 2N Mp(2)| ol (3.6)

mn m out out

where the contours (see Figure 2):
n_ [1-7 (147) m _ [1+7 (1-7)
Czn - |: 2 [ 2 ) CO?II - 2 y 2 . (37)
Therefore the solution ® restricted to the outermost circles C;, (1 C([m}t satisfies the relation:
2.11

()l = @z + 1)l 2 Mg 0 (2)] g *9. (3.8)

Substituting (3.6) and using the identity (3.8), the expression (3.5) for the integral I
simplifies as follows:

% jé[u 2(1;2 tr { (—2mizdpar + dp®(2)@(2) 1) (0.9(2)®(2) ! — 27iay) }

d
+ jé[ ] 2—22 tr { (=27i(z — 7)Mg'dpmar Mg + Mg'dpMp + dpm®(2)®(2) )
Coup 4T

out

x (0.@(2)®(2)"" — 2miMz a1 Mp) }

) ﬁ L o { (<2mizdmar + du®()0(=)) (0:0()0(z) ! — 2niar)}

1 27
wm

— / E tr{ (—2m’sza1 + dp®(2)®(2) 7 + 27Ti<I>(z)dMQ<I>(z)71)

cl 2me

x (0:9(2)®(2) " — 2miay) }
- ]im dztr {dmQ (®(2)719,0(2) — 27mi®(2) 'a1®(2)) }

in

2 ¢ (PAMQ) — 2mi 731} dztr {dpQ®(2) a1 d(2)} . (3.9)

in

— 11 —



To obtain the last line, we used the constraint (2.8), together with the following property
of 61(2)

01(z+1) = —61(2) = 7{[ dz0,logb(z) = im (3.10)
C
to simplify the contribution from the Lax matrix L(z). In summary,

I, = tr (PdmQ) + 2772'?4[1] dztr {dmQP(2) ta1®(2)} . (3.11)
Cin
e Computing the integral Is:

Using the identification of neighbouring contours (3.4), the integral I3 in (3.3) simplifies
as

k=1 in —“out
(3.4) dz 01(Q — p) _
o e gy ] e e
(3.6),(38) _ 01(Q—p) _ o (@ —p)
= ]é;[]dzm{[&(Q—p) zwﬂN]dMQ}—tr<6 G )dMQ>
N
— dulog <H 01(Qi — p)) . (3.12)
i=1

The last line is obtained by remembering that @ € SL(N) and is therefore traceless.

e Computing the integral I;:

Let us start by expressing the integral I; (3.3) in terms of the solutions to the linear

— 12 —



problems using (2.39), (2.40):

z

_ n d -1 (k] (k] (\—1
= _kz:lji[k]ucyﬁt 21 {dM\P( )¥(2) 62\1137"5( )\II?’pt( ?) }

(2:39),(2.40) _ 7{ dz u«{ (—2mizSpdpmarS; ' — dmSiS; '+ dp®@(2)®(2) ™)
C

(] 2711
X <8ZCI>g;Jt(z — zk)q)g;]t(z . QWiSkakS,;1> }

dz ) B - )
_ yi[k] %tr{ (—27‘(‘1 (2 = OknT) Sk+1dMak+1Sk_&1 — dMSk‘HSk-il + du®(2)®(2) 1)

out

<8 (I)g;)}t(z - Zk)q)g;]t(z - Zk)fl - 27TiSk+1ak+1Sk_J}1) }

(2.31),(3.4)
Z <I[k + I([)]Zt) + 731] dz tr { (—2mizdpmaq + dMq)(z)q)(z)fl) ai} (3.13)

k=1 in
—i—j{ dztr { (=2mi(z — 7)dmag + dpMpMp' + Mpdy®(2)0(z) )al} (3.14)
Cout
(I[k} + Io[k] > — 2mi 7{[1] dz tr {dMQQ(z)flaﬂ@(z)} , (3.15)
k=1 Czn

where we defined
K] ._ dz : 1 -1 -1
I = 2—Ztr (—2mizSkdmarSy ' — dmSeS;, + dum®(2)®(2) ™)
T

< 0,8 (2 — 2)all) (x - w} (3.16)

dz ) _ _ _
o= 7{%] o tr{ (—27i(z = OknT)Skr1dman 1Sty — AmSki1S; 1 + du®(2)0(2) ™)
c

x 8,04 (2 — z) @, (= — zk)_l}. (3.17)
Note that the functions

(—2mizSkdmarSy ' — dpmSeSy !+ dm®(2)®(2) ),
(=27 (2 = Opn7) Sk41dm@rr15, 5 — damSi1S iy + dm®@(2)@(2)71), (3.18)

in the integrands above are single-valued on C[k} and C([m}t respectively, but they have
logarithmic branch cuts as can be seen from the local solutions (2.22), (2.33)-(2.35), that

make it impossible to close the integration contour.

So, we introduce the following trick: we add and subtract the integrals T 1) defined

in out’
to be analogous to IZ[ ] I([m}t with the solution of the torus linear system ®(z) in (3.16),
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[¥]

(3.17) replaced by the solution of the 3-pt linear system @5, namely
dz . _ _ _
jfl] = 7{[“ 9 tr { <—2szdeakSk b damSkS, Ly dM<I>gp]t(z — zk)<I>g;]t(z — 2k) 1)

X azég’j}t(z — zk)<I>g;]t(z — zk)l},

(3.19)
k dz . — —
j:([)u}t = — fé[l;]t 2—7” tr { < — 27 (Z - (5k,n7') Sk+1d/\/[ak+1skjl — dMSk+ISki1
+ du®, (2 — 2) @4 (2 — zk)1> x 8,04 (2 — z) 0 (= zk)l}.
(3.20)

We now compute the differences

- _y{ dz tr{ (Am@(2)@(2) 7" =A@l (= = 2) Bl (= = )~

clFl 27

X 0 @gz)}t(z—zk) apt (2 — 2k) 1} (3.21)

dz _
-1 = 4, o { (e - dualle - el - )

2mi
ut
0,0 (2 — )0l (2 — z)7 1L, (3.22
X 05y (2 — 2) Py (2 — 21) " ¢y (3.22)
and sum the above expressions to obtain the following expression

[ L | dz 1 K, K . \—1
Ly — Ly + Loy — Loy = %:Eﬁ]ucg’fjt QMtT{(dM‘I)(Z)‘I)(Z) Adm Py (2 — 2) Py (2 — 21) )

X (9Z<I>g;]t(z )q)gp}t(z - Zk)l}
(K]

= Res.—z, tr{ (du®(2)2(2) " = dp@l, ()05 (2 — 2) ") 0.0l ()@l (= — 24) 7'}
(3.23)

Note the orientation of the contours of integration (see figure 2) when taking the residue.

Substituting the local behaviour near z = z; of the functions ®, oM, described in (2.22),

3pt
(2.33) respectively, we compute the individual terms in the residue:

dy@d~! = dMCkClgl + log(z — zk)deMkagl
+ Oz — 2) ™ dpmGrGy (2 — 21) ™ C 4+ O((2 — ), (3.24)

A @5, (@)1 = duCiCy !+ log(z — 2) Crd iy Gy
+ Cr(z — zk)mdeG([)k] (G[Ok}>_1 (2 — 2)™C o+ O((2 — 21)), (3.25)

)_1 _ GGt o, (3.26)

k k
0.4, (@5

Z— 2k
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Substituting (3.24)-(3.26) in (3.23)
T T

= Resasy tr { (An@(2)0(2) 7! =A@l (2 ><I>[£Jt< ool el ()7 (3ar)

=tr mdeGkGlzl — tr mdeGgﬂ (G([) ])

The last step to compute the integral I comes from noting that the integrals 7

in,out

themselves can be evaluated explicitly using the local behavior (2.34), (2.35) of the 3-
point solution at their 'local’ 4+ico

dz . _ - -
jﬁ} = 73;@] 9 tr { <—27szdeakSk - dmSkSy, Ly debggt(z — zk)q)g;]t(z — 2k) 1)

X 0, @gp}t(z — zk)q)g;}t(z - zk)_l}.
(3.28)

We begin by computing the following expressions

k _
Al (2 = 2)@8 (2 = 20) o

—1 .
(2 34) dMSkS + 27‘1’2(2 _ Zk)SdeG,kS + Ske27m(z Zk)akd G[k} <G[i€]) 6727m(zfzk)akskfl,
(3.29)
and similarly, the z-derivative term
d (I)g;]t(z - Zk)‘I)g;}t(Z — zk)_l‘zﬁ_ioo = QWiSkakSk_l. (3.30)

Substituting (3.29) and (3.30) in the integrand of (3.28),
lim tr{ (—2mz5deaksk — dpSeSy ! + da®@ (2 — 2) @ (2 — zk)*)

Z—r—100

X Bzéggt(z - zk)q)g;]t(z — zk)_l}

. -1 A
=tr { (—ZkQWiSdeakSkl + SkBZWZ(z—zk)adeG[f} <G[i‘3]) 6—2ﬂz(z—zk)aksk1>
X 27TiSkakSk_1}
: : K ()

= (2mi) tr | —2mizpardpmar + ardp G- <G, > . (3.31)

Substituting (3.29), (3.30), (3.31) in (3.28) we get

jﬁ}— 7{ d—z,(2m) < 27mzkadeak+adeG[k] (G[k}) )
C

(k] 272
m

—1
=1tr (—27rizkadeak + adeG[_k} <G[f]) > . (3.32)
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The term ﬁ)lft]t is computed in a similar fashion

k dz . _ —
= éf,’f}t o T { ( —2mi (2 = 6nT) Skr1dmar+1S5L — dmSke1Sp 4y
+ dM@gl;]t(z — zk)q)g;]t(z — zk)1> X Bzéggt(z — zk)fﬁggt(z — zk)l}

(3.33)

Similar to the above computation, start by computing the individual 3-pt derivative terms

_ 2.35 _ . _
deﬁggt(z)Cbggt(z) 1]z_>+ioo @3 )dMSkHSkJ}l + 27iSk11 (2 — 2x) dMakHSkjl

. —1 .
+ Sk+1627”(z_zk)ak+1 dMG[f} (G[f}) e—27rz(z—zk)ak+1 S];Jil?
(3.34)
and the z derivative

3z<1>g§,]t(2)<1>g§,]t(z)‘l |smstico = 210k 415 - (3.35)

substituting (3.34), (3.35) in the integrand of (3.33),

lim tr { < — 27 (2 — O pT) Sk+1dMak+1S/;i1 — dMSk—HS/;_il

2Z—100

+ dM<I>ggt(z — zk)q)ggt(z — zk)1> X Bzéggt(z — zk)fﬁggt(z — zk)l}

= tr { <27Ti(5k,nTSk+ldMak+ISkj1 — 27TiSk+lzdeak+IS];i1
. -1 .
+ Sk+1627r2(272k)04k+1 d g G[f} (Gglf]) o 2mi(z—21)ak 11 Sk—il) 2miSk11 ak+15kj1}
-1
= (27Ti) tr <27rdeMa1a1 - de_/\/{ak+1ak+1 + ak+1dMG¥f] <G[f}> > . (3.36)

In the last line we used that a, 1 = a;. Now the term

dz . _ _
M= j{ S tr { ( —2mi (2 = 6nT) Skr1dmar+1S5 1 — dmSke1S54,
c[k] 2772

out

+ du®, (2 — 2) @4 (2 — zk)1> x 8,04 (2 — z) 0 (= — zk)l}

-1
= —]é —Z,(27TZ) tr <2ﬂdeMa1a1 — zrdpmagr1ag1 + ak+1dMG£]:] (G[f}) >
Cout

-1
=tr <—2m’7’dMa1a1 + zdeakHakH — ak-{—ldMG[f} <G£l:]> > (3.37)
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Gathering the expressions (3.27), (3.32), (3.37), the integral I; is

n

1 _
L = Z <U“ mdeGkGlzl —tr mdeG[Ok} (G[Ok}) + tr adeG[,k} <G[f])
k=1

~1
~ trappduGl (61) )
—imtrrdpad + Ziwtr zrdpm (azﬂ — ai) — 27 7{[1] dz tr {dMQrb(z)*lalfb(z)} .

(3.38)

Substituting the expressions (3.11), (3.12), (3.38) in (3.3), we get the expression (3.2) for the
derivative of the Fredholm determinant w.r.t the monodromy data. O

Having computed the derivative of the Fredholm determinant, we are ready to turn to the
isomonodromic tau function (2.47).

Theorem 1. The full parametric dependence of the tau function Ty is

dlog T = w — wapr, (3.39)
where
Wapy = — Zn: (tr ard G (G[f]) — trmpd G (G[k]> ~ trapadunc? (61) —1> |
- (3.40)
N n 1 n .
w= jzl PidpmQj + ;tr mpd MGGy + ; Hydzy + 5 — Hdr, (3.41)

P;, Q; are the dynamical variables in (2.2), my, ay constitute the monodromy data (see figure 1),
T is the modular parameter, Hy, H; are the Hamiltonians (2.25), the matrices Gy diagonalise
the linear system on the n-point torus (2.7), and the matrices G+, Gy diagonalise the 3-point
linear system (2.28).

Proof. To compute the full parametric dependence of the isomonodromic tau function 7z, we
need to differentiate the prefactor in equation (2.47):

n

7

; (3.42)
Zd 01 (Qz -p) 3 2 2\ | 2
MQ, im Y zptr(dpmag; — daymag) +irtdag trag.
0.(Qi-p) o
(3.39) then follows from (2.48) and Proposition 1. O

Remark 1. Note that dlog Ty is automatically a closed 1-form on the space Ty, x M, because
Tr defined by equation (2.47) is a (locally) well-defined function of monodromies and times, so
its partial derivatives commute.
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The following nontrivial statement follows from Theorem 1.

Corollary 1. The exterior derivative of the one-form w in (3.41) is a (time-independent) two-
form on T* My, i.e.

dw(0y, 8,,) = dw (8, dp) = 0, Opdw| () fixed = 0 (3.43)
for every monodromy coordinate p; and time-coordinate t, t'.

Proof. Since wsy; is a time-independent one-form on T*My,,, dwsy = damwsy: is a time-
independent two-form on T*M. On the other hand, from dlog7 = 0 we have

dw = dwspy. (3.44)
O

3.1 The closed one-form as the generating function of the Riemann-Hilbert map

The closed one-form dlogT has an elegant geometric interpretation as the generating function
of the extended monodromy map
Atn — Mip. (3.45)

Let us consider for illustration purposes the case of the one-punctured torus with the singularity
at z = 0, with the Lax pair

M) _ P(r)  ma(-2Q(1),2) M) _ 0 y(-2Q,2),
& <mw<2@<7>,z> ~P(r) ) b <y<2c2,z> 0 ) (340

where y(&, z) := O¢x(&, 2). The consistency condition of the above Lax matrices gives the non-
autonomous elliptic Calogero-Moser equation

drP 5, dQ
2mi-— = m ' (2Q7), 2mi = =P, (3.47)

and its Hamiltonian takes the form

Hear = P2 — m?p(2Q|7) + 4mim20, log (7). (3.48)

The corresponding monodromy representation is

MA _ 627Fia03’ MO _ Coe2ﬂ'im0'3 Cil MB _ 1 e 2 SiIiS?T(2(Z - m)) - ez Sin(ﬂ-m) ]
0 sin 2ma —e~ 2 sin(rm)  e? sin(n(2a 4+ m))
(3.49)

The spaces A; 1 and My ;1 are parametrerized by m, P, @, g, 7 and m, a, v, c respectively, where
g is introduced below, and ¢ parametrizes the freedom of sending Cp — Cpe3 in (3.49) without
changing Mj. The variables a,v are Darboux coordinates for the Goldman bracket (see Ap-
pendix A), while the variables P, @ are Darboux coordinates on .Ag?{. The residue of the Lax
matrix

Res,—o Loy = —moq = GilmdgG, (3.50)
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where

G = €3993y, Go = (1 _11> . (3.51)

The equation (3.39) in the one-punctured case takes the simple form

1
dlogTom = w —wspt, w=2PdmQ + THTdT +mdamg,  wspr =tadv+mdf, (3.52)
i

where f is a function only of the extended monodromy data that can be obtained by using the
explicit G-matrices for the three-point problem from [12], and whose specific form will not be
needed in the following.

Theorem 2. The derivative of the 1-form w in (3.52) can be written as a closed two-form on
A1, extending the standard symplectic form® dP A dQ by including variations of the Casimir
m and time T:

d
dw = 2dP A dQ — dHeas A 2—; +dm A dg. (3.53)

Proof. Let us start by computing the total exterior derivative of w. Using the notation f =0, f,

d
dw=d <2PdMQ + HTQ—T. n mdMQ)
T

= 2d P A dpQ + 2Pd7 A dpyQ + 2Pd7 A dpQ
OHc OHc

d
+< 9 MYt 56

B OHo
—QdMP/\dMQ+< 20
dr

+dm Adapmg +dr Adag — 2mp(2Q|T)dm A -

d
dp P + 2mp(2Q|7')dm> A 2—7—2 +dm Admg+dr Admg
T

—2P> GO s+ (chM _47”.@) aupPn I (359

oP 27

= 2d P A dpQ + dm A dpagg — 4m?' (2Q|7)dpQ A dr

d
+ mdr Admg — 2mp(2Q|T)dm A 2—7—,,
i

where in the last line we used the Hamiltonian equations 27iQ = P, 2miP = m2¢'(2Q). To
go further, we need to compute ¢g. Consider the local behaviour at zero of the Lax equation
2710;® = ®L, cp. The LHS and RHS behave respectively as

2mi0,® ~ C2"730,.G, OL, ~ CZ"3@0 lir% L.cm(z 1), (3.55)
z—r
implying that

21iG 10, G = inGy 10, 903Gy = lim Ly cr(2,7) = —mp(2Q|7)o1, (3.56)

®Note that dw is not quite a symplectic form. To make it symplectic one first needs to take into account
that we work with extended monodromy space, so there is conjugate variable for m, we call it c. It can also be
interpreted as initial condition for the equation (3.57) and contributes as dm Adc. Then we may either add formal
dual variable for 7, h and consider extended Hamiltonian ‘H = H — 27ih in order to describe non-autonomus
system as autonomous one by adding equation 7 = 1, or just restrict to extended monodromy manifold only.
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Le.
2mig = —2mp(2Q|T). (3.57)

Plugging this in the expression for dw, we find

dw = 2d P A dpQ + dm A d g — 4m? ' (2Q|7)dmQ A dr

dr dr
_dr B ar 3.58
m271'z' A dp (2mp(2Q|7)) — 2mpe(2Q|T)dm A 271 ( )

=2dp P AdpQ + dm A dpg.

This makes it clear that dw has no dr-component, as implied by Corollary 1.5 We now rewrite
dw as a 2-form on on A ;:

2d P A dpQ = 2dP AdQ — 2Pdr A dpQ + 2QdT A dpy P
d
—2dP A dQ + 2—; A (=2m2¢/ (2Q|7)dmQ + 2Pd u(P) (3.60)
d
—2dP AdQ — dH A~ — d,g A dm,
27
leading to

d
dw:QdP/\dQ—dH/\Q—TZ,—dtg/\dm—i—dm/\dMg
T

d
:2dP/\dQ+dm/\dg—dH/\—27Z,.
T

(3.61)

O

Corollary 2. The tau function Ton is the generating function for the extended monodromy
map (3.45) on the one-punctured torus, i.e. it is the difference of symplectic potentials on Aj
and My 1 respectively.

Proof. This follows from the equation dlog7 = w — w3y together with the following two facts:
1. Theorem 2.47, stating that w is a symplectic potential on Aj ;.

2. w3y is a symplectic potential for the extended Goldman’s symplectic form [1]: its exterior
derivative is a closed 2-form on the character variety such that its restriction on the
symplectic leaves yields the Goldman symplectic form:

(A8 &

dw?’Pt‘dm:o =ida Adrv = 5 (3.62)
]

50ne can also explicitly check its time-independence:
270 dw = 2d P A dam@Q + 2dm P A dmQ + dm A dag (3.59)

= 2dm (m*9'(2Q]7)) A dm@ + 2dmP Adm P — dm A dam (2mp(2Q]7)) = 0.
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This statement is readily generalized to the SL(IN) case with arbitrary number of punctures
by using the explicit one-forms and (3.41) and (3.40). Among its consequences is the extension
of the point of view of [4], identifying the isomonodromic tau function with the generating
function of the extended monodromy map, to the case of SL(N) Fuchsian systems on elliptic
curves. Indeed, the existing results for Fuchsian systems on the Riemann sphere can be derived
directly from the Fredholm determinant representation of the tau function, in much the same
way as we did in the genus one case, see Appendix B.

4 Concluding remarks

The genus zero analogue of our one-form dlog 75 computed in Theorem 1 was used in [12] to
compute the connection constant for the Painlevé VI and II equation, which is the proportion-
ality constant between tau functions in different asymptotic regimes. In the case of Painlevé
VI, it corresponds to the transformation ¢ — (1 —¢), which belongs to the modular group of the
four-punctured sphere. In the case of the torus, there is a new type of connection constant corre-
sponding to an S-duality transformation 7 +— —1/7 € SL(2,7Z), the modular group of the torus.
The problem of computing such constants has been traditionally an outstanding problem in the
theory of Painlevé equations, and we defer the explicit computation of the modular connection
constant to our upcoming paper. Such connection constants can be viewed as originating from a
change in monodromy coordinates induced by a change in the pants decomposition (for example,
viewing the torus as a pair of pants glued along the A- or B-cycle, in the case of 7 +— —1/7).

The higher genus generalization of the Lax matrix (2.2) is a twisted meromorphic differential
on a punctured Riemann surface of genus ¢ [7, 18, 19] , with periodicity properties along the A-
and B-cycles given by twist matrices T4, T, € SL(N,C):

g
Lo(v4,2) = nglLZ(Z)TAjv L:(yB,2) = nglLZ(Z)Tij H TAJ'TBJ‘TZ;TI;; =1y (41)
j=1

As usual, L,(z) will have n simple poles, with residues (2.7). The twist matrices encode the
canonical variables of the isomonodromic system, and different types of twists will correspond
to different flat bundles on C,,,.

The structure (3.39) of the closed 1-form w —wyp has a rather straightforward generalization,
leading to natural expectations on what should happen in the case of a punctured Riemann
surface of genus g > 2. The expectation is that a tau function in that case should satisfy

(N2-1)(g—1) 3g—3+n n
dlog 7™ = Y PudmQa+ Y. Hjdt; + > trmudmGiGit —wspe.  (4.2)
a=1 j=1 k=1

Here we denoted by P,, ), an appropriate set of Darboux coordinates encoded in the twists, and
the t;’s are local coordinates on the Teichmiiller space T, ,,. wo is as before a time-independent
one-form depending on the pants decomposition.

While the extension (4.2) seems very natural, its derivation would require first the gen-
eralization to higher genus Riemann surfaces of the Fredholm determinant construction of [8],
which we leave to future work.
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A Character variety for the one-punctured torus

The character variety of the SL(2) one-punctured torus is the cubic surface

M) = {Ma, Mp € SL(2) : tr (M3"Mg'MaMp) = My} / ~ . (A.1)

)

The trace coordinates
pa = tr My, pp = tr Mp, pAB = tr MaMp, po = tr M (A.2)
satisfy the relation

po = tr(M "M ' MaMg) = tr(MaMpM ') tr(Mg) — tr(MaMpM ' Mg)
= (tr Mp)? — tr(MaMpg) tr(MaMg") + tr(M3)
= (tr Mp)? — tr(MsMp) [tr(My) tr(Mpg) — tr(MaMp)] + tr(My)? — 2
= p%4 + 0% + piB — PAPBPAB — 2,

(A.3)
so that the space of monodromy data is described by the cubic surface
Wi = D4 + Ph + P — PAPBPAB — Do — 2 =10 (A.4)
known as Fricke cubic [9]. We used the following identities to obtain (A.3):
tr(zy) + tr(zy ') = trztry, tr(2?) = (trz)? — 2, tr(z™!) = tr(z). (A.5)
A.1 Darboux Coordinates
The functions pa, pp, pap satisfy the Goldman bracket:
{pa,pB} =paAB — %PAPB- (A.6)

We now introduce Darboux coordinates for the space Mgo%. One possible choice is the one
presented in [21], that involves hyperbolic functions and square-roots. A more convenient choice,
involving only trigonometric functions, is explicit in the parametrization (3.49). In terms of

a,v, m, we have

pa = 2cos 27a,

sin(m(2a —m)) _ivsp | sin(r(2a+m)) o

pB - . . )
sin 27wa sin 27wa
pAB = sin(w.(Qa — m)) ei(27ra—u/2) + Sin(ﬂ-.(za + m)) e—i(27ra—u/2)’
sin 2ma sin 2ma
po = 2cos 2wm. (A.7)

From the relations (A.7), we see that a,v are Darboux coordinates for the Goldman bracket
(A.6), and the Goldman’s symplectic form is

Qg = 2nda A dv. (A.8)
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B Tau function for the n-punctured sphere

The construction of Section 3 applies (in a much simpler context) also to the case of an isomon-
odromic problem on the Riemann sphere with n Fuchsian singularities. The tau function in this
case was written as a Fredholm determinant in [6, 10]:

2
A, =0~y

n—2
(9=0) _ -1 > tr(af—af_,—mj})
7;ﬁ __gff[¢EL+¢@%+}!;EZ§ , (B;U

where Ps;  and Pg 1 are here defined from the SL(NN) Fuchsian linear system on a sphere and
the corresponding pants decomposition as in Figure 3 (see [10] for details).

00

Figure 3: Pants decomposition for the n-punctured sphere

The computation of the monodromy derivative of (B.1) is a simplified version of the proof
of Theorem 1: the result is

dlog T/~ = 3" trmpdmGiGyt + Y Hydz — Y 0} (B.2)
k=1 k=1 k=1
= Ztr mdekGlzl — Z Hydz, — Z @S’pt), (B.?))
k=1 k=1 k=1

where Hy, are the Schlesinger Hamiltonians, and

—1 -1 -1
Cha :z—(tradeG[k] <G[k]> — tr mydp G (GE’“) — tr a1 dp G (G[f]) ) (B.4)

are the one-forms coming from the pants decomposition, like in the case of the torus. In
particular, this shows that the Fredholm determinant tau function of [6, 10] is indeed the
fully normalized tau function of [12], and thus coincides with the generating function of the
monodromy map for the n-punctured sphere with Fuchsian singularities, as in [4].
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