LOOP GROUP FACTORIZATION METHOD FOR THE MAGNETIC
AND THERMOSTATIC NONABELIAN RAY TRANSFORMS

SHUBHAM R. JATHAR, MANAS KAR, AND JESSE RAILO

ABSTRACT. We study the injectivity of the matrix attenuated and nonabelian ray trans-
forms on compact surfaces with boundary for nontrapping A-geodesic flows and the
general linear group of invertible complex matrices. We generalize the loop group fac-
torization argument of Paternain and Salo to reduce to the setting of the unitary group
when A has the vertical Fourier degree at most 1. This covers the magnetic and ther-
mostatic flows as special cases. Our article settles the general injectivity question of the
nonabelian ray transform for the simple magnetic geodesic flows in combination with an
earlier result by Ainsworth. We stress that the injectivity question in the unitary case
for simple Gaussian thermostats remains open. Furthermore, we observe that the loop
group argument does not apply when A has higher Fourier modes.
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1. INTRODUCTION

Our main goal in this article is to study the nonabelian X-ray transform for general
connection A and a matrix-valued field ® for the A-geodesic flows. We define G to be the
Lie group of matrices with a Lie algebra g and denote by Q!(M, g) the space of smooth
g-valued 1-forms. We will assume that A € Q'(M, g) and ® € C*(M, g). Formally, the
quantities A and ® are called a Yang-Mills potential and Higgs field, respectively. For a
given pair (A4, ®), suppose that the map U : [0, 7(z,v)] — G satisfies the matrix ordinary
differential equation (ODE)

U+ [As ) Gan(®) + @ (120(1)] U =0, Ulr(w,0)) =1d (1.1)

along the A-geodesic v, , starting at the influx boundary point (x,v) € 0,SM. We define
the scattering data (or the nonabelian A-ray transform) along A-geodesic 7., by requiring
O 6 (Vaw) == U(0). The identity (1.1) reduces to

7(z,v)
lOg U(O) = /0 [sz,u(t) (;y:):,v (t)) + & (P)/m,v(t»} dt

if A and ® are assumed to be scalar C-valued functions and this transformation can be
regarded as the classical X-ray transform of A+ ® along the twisted geodesic flow. Note
that C} 4 maps C} ¢ : 0.5M — G.

Question 1. Can one recover the pair (A, ®) from the knowledge of the scattering data
Cj‘l@ corresponding to the \-geodesic flow?

The nonabelian ray transform has appeared in many different areas of physics, geometry
and applied mathematics. In the case when the Higgs fields & = 0, the scattering data C'4
represents the parallel transport of the connection A and the injectivity for the nonabelian
X-ray transform is related to the recovery of a connection up to a gauge from C4 along

the geodesics of the metric g. For the unitary connections A, the scattering data Cy
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can be recovered from the connection Laplacian d*d,, where dy = d + A, at a high
energy limit, and also this data can be generated from the corresponding wave equation,
see for instance [JS07, OSSU20, Uhl04] for further details. When the connection A = 0
and & € C*(M,so0(3)), the nonabehan ray transform appears in polarimetric neutron
tomography, see [DLST20, HMK 18], and in the case of general attenuation pairs (A, @),
it has applications in sohtons see [M NVar88]. Other applications include coherent
quantum tomography [[Im16]. See also [Nov19] for further applications.

There is a natural obstruction to solve the above question. Let us define the gauge
group G consisting of smooth u : M — G such that u|gy; = Id and we note that the
gauge group G acts on pairs (A, ®) by requiring (A, ®) - u = (v 'du + u ' Au, u 1 du).
Observe that for any v € G, one has C(’\A@),u = C’;\m. Therefore, the main interest of this
article is to understand the injectivity question for the nonabelian twisted X-ray transform
(A, @) — C’j‘hq) up to the natural gauge. Throughout the article, we will denote the set
of n x n matrices by C"*" or gl(n,C). We can now state the following conjecture related
to the uniqueness of the nonabelian ray transform up to the natural gauge for general
connection and Higgs fields for A\-geodesic flows.

Conjecture 1.1. Let (M,g,\), A € C*(SM), be a compact Riemannian surface with
strictly A-convex boundary and nontrapping A-geodesic flow. Let there be two pairs (A, ®)
and (B, V) such that A, B € QY(M, gl(n,C)) and ®,¥ € C*(M, gl(n,C)). If

CQ,CI) = Cg,\ln
then there exists w € G such that (A, ®) -u= (B, ¥).

—

Conjecture 1.1 has been settled in [P520] when A = 0 and with no conjugate point
assumption. Notice that the gauge is trivial with the priori assumption A, B = 0. The
principle idea behind solving Conjecture 1.1 in the case of A = 0 is to reduce the problem
into the attenuated X-ray transform for general connection and Higgs fields via a pseu-
dolinearization identity and then study this attenuated X-ray transform. In particular,
they proved Conjecture 1.2 for A = 0. To proceed further, we consider the unique solution
u(t) for the vector-valued ordinary differential equation

u+ [A’Yz,v(t) (ﬁx,v(t» + @ (’Yz,v(t))} U= _f (/yzv,v(t% ;ygv,v(t)) ) U(T<x’ U)) = 07

where 7., () is a A-geodesic with v, ,(0) = z, §,,(0) = v and A € Q' (M, gl(n,C)),d €
C>®(M,gl(n,C)), f € C>(SM,C") are given known quantities. The attenuated twisted
X-ray transform of f can be defined by

o (f)(x,v) = u(0)

where (x,v) € 0;.SM. We now formulate another conjecture.

Conjecture 1.2. Let (M,g,\), A € C®(SM), be a compact Riemannian surface with
strictly A-convex boundary and nontrapping A-geodesic flow. Let (A, ®) be an arbitrary
attenuation pair with A € QY(M, gl(n,C)) and ® € C>*(M,gl(n,C)). Let f = fo+a €
C>®(SM,C"™) be a smooth function where fo € C*°(M,C") and « is a C"-valued 1-form.
If I 4(f) = 0, then fo = ®p and o = dp + Ap for some p € C*°(M,C") with p|,,, = 0.

|, Conjecture 1.2 has been proved in the case of A = 0 and absence of conju-
gate points. They used a factorization theorem for Loop groups to reduce the problem
of attenuated X-ray transform for general connections and Higgs fields to the problem
of attenuated X-ray transform for unitary connections and skew-Hermitian Higgs fields,
which is precisely Conjecture 1.3 for A = 0. Conjectures 1.1 and 1.3 were proved in

[PSU12] for unitary connections A and skew-Hermitian Higgs fields @ for usual geodesic
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flows. In [PS21], Conjecture 1.2 has been proved for A = 0 in the case of compact Rie-
mannian nontrapping negatively curved manifold with smooth strictly convex boundary
for general connections and Higgs fields, and they used certain Carleman estimates re-
lated to the geodesic flow. This result has been extended to the case of attenuated ray
transform for Gaussian thermostat on a compact Riemannian surface with negative ther-
mostat curvature in [AR21]. In particular, they proved an injectivity result for thermostat
ray transform with a general connection and Higgs fields up to a gauge transformation
under curvature assumptions. We denote by u(n) the Lie algebra of the unitary group.
We now state the following conjecture.

Conjecture 1.3. Let (M,g,\), A € C*(SM), be a compact Riemannian surface with
strictly A-conver boundary and nontrapping A-geodesic flow. Let A : SM — u(n) be
a unitary connection and ® : M — u(n) be a skew-Hermitian matriz function. Let
f=fot+aeC®SM,C") be a smooth function where fo € C*°(M,C") and « is a C"-
valued 1-form. If I o(f) = 0, then fo = ®p and a = dp + Ap for some p € C*°(M,C")
with ply,, = 0.

Conjecture 1.3 has been established in the case of A = 0 and no conjugate point as-
sumption, see [PSU12, Theorem 1.3]. In addition to that, they also proved Conjecture
1.1 for Hermitian connections and skew-Hermitian Higgs fields in a compact simple Rie-
mannian surface in the case of usual geodesics, see for instance [PSU12, Theorem 1.5].
The idea of the proof of Conjecture 1.3 for A = 0 in [PSU12] is based on a proof similar
to Kodaira vanishing theorem in complex geometry to the transport problem relevant for
the corresponding nonabelian X-ray transform. In particular, they used a scalar holo-
morphic integrating factor and applied a suitable Pestov identity. A similar approach
has been followed in [Ainl3, Theorem 1.2] to prove Conjecture 1.3 in the presence of
magnetic geodesic flows. So far, [Ain13, Theorem 1.2] is the best-known result when A is
assumed to be a function on M.

1.1. Main results. In this article, we first show that Conjecture 1.2 implies Conjecture
1.1 via a pseudolinearization identity for nontrapping A-geodesic flows. The main contri-
bution of this article is to find out under what conditions on A, Conjecture 1.3 implies
Conjecture 1.2. We also state here interesting conclusions on the generalization of the
results in [Ain13] for the simple magnetic flows on surfaces with boundary.

We now state our main theorems in this article and some of its corollaries related to
the nonabelian ray transform. To do that, let us first introduce Q;, = C*°(SM,C") N Hy,
where Hj, is the eigenspace of —iV corresponding to the eigenvalue k and V' denotes the
vertical vector field. In more detail, we will discuss such function spaces and related vector
fields in Section 2. Our first theorem is an application of pseudolinearization identity to
prove the uniqueness of the nonabelian ray transform up to the natural gauge for general
A whenever one assumes the injectivity result for the attenuated ray transform for general
connections and Higgs fields for A € C*°(SM) up to a natural obstruction.

Theorem 1.4. Let (M,g,\), A € C>®°(SM), be a compact Riemannian surface with
strictly \-convex boundary and nontrapping \-geodesic flow. If Conjecture 1.2 holds for
A, then Conjecture 1.1 is true for \.

The next theorem shows that Conjecture 1.3 implies Conjecture 1.2 whenever the
vertical Fourier degree of \ is at most 1.

Theorem 1.5. Let (M,g,\), A € C>®(SM), be a compact Riemannian surface with
strictly A-convex boundary and nontrapping A-geodesic flow. Let A € Q_1 & Qg @ ; and

assume that Conjecture 1.3 holds for X\, then Conjecture 1.2 is true for .
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Of course, trivially for any A € C*°(SM) Conjecture 1.2 implies Conjecture 1.3. In
the proof of Theorem 1.5, we mainly employ the loop group factorization arguments
to reduce the attenuated ray transform for general connections and Higgs fields to the
attenuated ray transform for the unitary connections and skew-Hermitian Higgs fields
when A is assumed to be the sum of the function and 1-form. However, in the case where
A€ @zzj_ S, for j > 2, the argument based on the loop group factorization no longer
works.

Corollary 1.6. Let (M,g,\), A € C>®(SM), be a compact Riemannian surface with
strictly A-convex boundary and nontrapping A-geodesic flow. Let A € Q_1 @& Qo & 2y and

assume that Conjecture 1.8 holds for \. Suppose we are given pairs (A, ®) and (B, V)
with A, B € QY (M, gl(n,C)) and ®,¥ € C>*(M, gl(n,C)). If

Cﬁ,@ = Cg,klu
then there is w € G such that (A, ®) - u = (B, V).

The above corollary is a direct consequence of Theorem 1.4 and Theorem 1.5.

In the case of magnetic geodesics, we can prove the following injectivity result for
the attenuated ray transform for general connections and Higgs fields utilizing [Ainl3,
Theorem 1.2] and loop group factorization arguments summarized in the earlier discus-
sions and results. We say that (M, g, \) is a simple magnetic surface if A € C>®°(M),
M is compact with smooth strictly magnetic convex boundary and the magnetic flow is

nontrapping without conjugate points.

Theorem 1.7 (Uniqueness for the attenuated magnetic ray transform). Let (M, g, \)
be a simple magnetic surface. Let (A, ®) be an arbitrary attenuation pair (A, ®) with
A e QYM,gl(n,C)) and ® € C°(M,gl(n,C)). Let f = fo+a € C*(SM,C") be a
smooth function where fo € C*°(M,C") and « is a C"-valued 1-form. If [;\Lq)f =0, then
fo=®p and a = dp + Ap for some p € C(M,C") with p|y,, = 0.

Corollary 1.8 (Uniqueness for the nonabelian magnetic ray transform). Let (M, g, \)
be a simple magnetic surface. Suppose we are given pairs (A, ®) and (B, V) with A, B €
QY M, gl(n,C)) and @,V € C>°(M, gl(n,C)). If

Oﬁ,@ = Cg,\lm
then there is uw € G such that (A, ®) - u = (B, V).
The above corollary is a direct consequence of Corollary 1.6 and Theorem 1.7.

1.2. Further discussion on the earlier literature. There is an extensive literature
to study the nonabelian ray transform in the case of A = 0. For the usual geodesic case,
Conjectures 1.1 and 1.2 are proved in R?, see [Nov02], and in [Pf 9] in the case of
compact manifolds with strictly convex boundary of dimensions three and higher, and
admitting a strictly convex function. This is based on an approach for inverting the local
geodesic ray transform [UV16]. For the pair (A, ®) taking value in u(n), Conjectures
1.1 and 1.2 are proved in [PSU12] when A = 0 on a simple nontrapping Riemannian
surface. In [Nov02], Novikov proved the local uniqueness results in R™, n > 2 under the
assumption that the attenuation pairs (A, ®) are not necessarily compactly supported
with certain decay conditions at infinity. However, he constructed an example to show
that the global uniqueness result fails in general. Later, a similar to Conjecture 1.1, an
injectivity question for the nonabelian Radon transform has been considered by Eskin in
[Eisk04] for compactly supported attenuated pairs (A, ®) and the main idea of their proof

uses the existence of matrix holomorphic integrating factors in the vertical variable. We
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also mention the work of Finch and Uhlmann [FUO1] that proves Conjecture 1.1 in the
domains of R? for the connections having small curvature.

Under certain restrictions on the size of the attenuation pairs (A, ®), the nonabelian
ray transform has been first considered in [Ver91, Ver00, Sha00] in a manifold setting. In
[Sha00], Sharafutdinov established Conjecture 1.1 for the case ¢ = 0 and assuming that
the connectlons are C" close to another connection with small curvature. Conjecture 1.2
was proved in [SUIL1] for A =0 and n = 1 when A = 0. Generic injectivity and stability
issues are discussed and some Fredholm alternatives are considered for connections in
1 /‘T““?‘ﬁ‘ Zhol17]. Conjecture 1.1 is proved under negative curvature assumption for A = 0 in
[PS21]. In [BP23], the authors established the existence of matrix holomorphic integrating
factors for any simple surface where they provided a full characterization of the range of
the nonabelian X-ray transform. For the closed Riemannian surfaces, the nonabelian ray
transform problems are considered in [Pat13].

Compared to the usual geodesic case, not much is known in the nonabelian ray trans-
form literature for A\ # 0. In [Ain13], Ainsworth proved Conjectures 1.1 and 1.3 for the
magnetic geodesics on simple surfaces with a unitary connection and a skew-Hermitian
matrix Higgs field. Recently, Conjectures 1.1 and 1.2 have been established on a compact

—

Riemannian surface under the assumption of negative thermostat curvature in [AR21].
Finally, we mention that many other integral geometry problems are studied extensively
for magnetic and thermostatm flows [DP07a, DP07b, DPSU07, Ainl13, AA15, Ainl5,
AZ17, AD18, AR21, MST23].

1.3. Organization of the article. In Section 2, we introduce some basic notations,
definitions and properties of twisted geodesic flows that will be required in the later
sections. Section 3 deals with the attenuated and nonabelian ray transform for twisted
geodesics. The proofs of main results are given in Section 4. In Appendices A and B, we
consider some auxiliary results for nontrapping A-geodesic flows and the smoothness of
the kernel of the (matrix) attenuated A\-ray transforms, respectively.
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2. PRELIMINARIES

Throughout this article, we mainly follow [PSU23] for the used notations, definitions
and some relevant properties. Similar concepts appear earlier in many works, for example,
in [GIK&0, ST76]. Basics related to the twisted geodesic flows can be recalled from [MP11].

Assume (M, g) to be a compact Riemannian surface with smooth boundary and g
being a Riemannian metric. Let SM = {(z,v) € TM : (v,v), = 1} be the unit tangent
bundle. We denote 9, SM by the influx boundary where the tangent vectors point inside
the manifold and 0_SM by the outflux boundary where the tangent vectors point outside
the manifold. More precisely, these sets are defined by

0:SM = {(z,v) € SM : x € OM, +(v,v(x)), > 0}
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where v is the inward unit normal to M. For any A € C*°(SM), a curve v is called a
A-geodesic (or twisted geodesic) if it satisfies the A-geodesic equation

where i is the counterclockwise rotation by 90 degrees [M P11, Definition 7.1]. In general,
the term \(7,¥)i¥y represents an external force that pushes a particle out from the usual
geodesic trajectory, corresponding to the case A = 0. We say that a curve 7y is a magnetic
geodesic if it satisfies

Dy =Y (%),
where the Lorentz force Y : TTM — T'M. The magnetic field 2, being a closed 2-form on
M, is related to the Lorentz force via the unique bundle map

Q(E,m) = (Ya(©),m),, VoM, &neTM.

The curve is said to be Gaussian thermostatic (or thermostatic geodesic) if one has the

identity

(EM).7) .
72

where E is a smooth vector field on M. In the case of magnetic geodesics, \(x,v) only

depends on z. In the case of Gaussian thermostats, A\(x,v) depends linearly on v.

By abuse of notation, we continue to write v, , for the twisted geodesic starting at x
with the velocity v where (z,v) € SM. We define the A-geodesic flow ¢, : SM — SM by

¢4(2,0) = (Vaw(t), Yo (t)),

where 7, , is a A-geodesic. In our main results, we assume that the manifold (M, g) has
nontrapping A-geodesic flow, which means that the forward and backward exit times

75 (x,v) = inf{t >0 : ¢yy(z,v) €ISM}

Dyy = E(y) —

Y

of the A-geodesics are finite for all (x,v) € int SM and 7% can be extended continuously
to OSM. We also make a strict A-convexity assumption on the boundary of the manifold.
The boundary OM is strictly A-convex at a point x € JM if the following inequality
holds:

I, (v,v) > — (A(z,v)iv,v(z)) forall v e S, (OM),

where I is the second fundamental form of the boundary M. We refer the reader to
[JKKRR23] for a further discussion on strict A-convexity. If (M, g, ) is strictly A-convex
and nontrapping without conjugate points, then we say that the A\-geodesic flow is simple.

By [MP11, Lemma 7.4], the infinitesimal generator of ¢; can be written as X + AV,
where X denote the usual geodesic vector field acting on the unit circle bundle SM and V'
is the vertical vector field. Denote X | := [X, V] and that allows one to define {X, X, V'}
as a global frame of T'(SM). The following structure equations hold:

[X7V] :Xla [XLaV]:_Xv [XaXL]:_KV

where K is the Gaussian curvature of the Riemannian surface (M, g), see [PSU23, Lemma
3.5.5]. Since {X, — X, V'} forms a positively oriented orthonormal frame, it follows that
the unit sphere bundle SM possesses a unique Riemmanian metric G, called the Sasaki
metric and the volume form of the metric satisfies dVg = d¥3, see [PSU23, Lemma 3.5.11].

Here d¥3 represents a measure on SM, defined by

d¥? .= dV? A dS,
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is usually called the Liouville form, where dV? is the volume form of (M, g) and dS, is
the volume form of (S,M,g,) for any x € M. For any u,v : SM — C", we define the
following L2-inner product

(u,v) :/ (u, v)en dX°.
SM
We also define the spaces of eigenvectors of V' by requiring
={ue Ll*(SM,C"); —iVu=ku}, Q:={uecC®SM,C"); —iVu=ku}
for any integer k € Z. Now we remark that the space L?(SM,C") has a following
orthogonal decomposition of direct sum
L*(SM,C") = € H;.
keZ

For any u € L*(SM), there is a unique L*-orthogonal decomposition

oo
u= Y w, Jul?= Z ug||?,  ux € Hy.

k=—00 k=—o00

If u e C*°(SM), then each u, € C*°(SM) and the series converges in the C*°(SM) norm.
For any I C Z, we denote by @82 the set of smooth functions u satisfying uy = 0
whenever k ¢ I. Note that the vector fields X and V have the following mapping
properties:
X @k‘ZOQk — @kZ—lglm Ve Qk — Qk
see for instance [PSU23].
If we assume that A € C*°(SM,C) has finite degree m. Then A can be written as

\ = Z M €EQ D DD,

k=—m
Notice that, if u € Q, and A\4,, € Q4,,, then one could see that
— iV AzmVu) = Apm(—iV(Vu)) + (—=iV(Aem))Vu = (E £ m)As,Vu.
Therefore A\y,,,V has the following mapping properties
AV i Qi — Qi
Note that all above smooth functions are taking values in complex matrices gl(n, C).

Definition 2.1. A function v : SM — C" is said to be (fibrewise) holomorphic if u;, =0
for all k < 0. Similarly, u is said to be (fibrewise) antiholomorphic if u, = 0 for all
k> 0.

3. ATTENUATED AND NONABELIAN TWISTED RAY TRANSFORMS

Let (M,g,\),A € C*(SM), be a compact Riemannian surface with strictly A-convex
boundary and nontrapping A-geodesic flow. Assume A € C* (SM,C"*"). We introduce
a closed manifold (N, g) so that (M, g) is isometrically embedded in (N, g) and we extend
A and A smoothly to whole of N. On the closed manifold (V,g), the matrix valued
function A defines a smooth cocycle C' over the A-geodesic flow ¢;. We call C': SN xR —
GL(n,C) as a smooth cocycle if it satisfies the matrix ordinary differential equation

0 0.1) + A, ) Clav,) =0, C(r,0,0) = 1d
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along the orbits of A-geodesic flows. From the uniqueness of solution of ODEs and ¢; is
A-geodesic flow, the function C satisfies
Ol v,t+5) = Cen(w,v), 5)C(a, v,1) (3.1)

for all (z,v) € SN and t,s € R. The identity (3.1) explains the name cocycle.

Let (M, g, ), with A € C*°(SM), be a compact Riemannian surface with strictly A-
convex boundary and nontrapping A-geodesic flow. From Lemma A .4, the existence of a
nontrapping A-geodesic flow is an open condition. Similarly, from the definition of strictly
A-convexity, it is also an open condition. Hence, there exists a slightly larger manifold
(Mo, g, \o) engulfing M, such that )y is a smooth extension of A\ on My, and M, has
strictly Ag-convex boundary and a nontrapping Ag-geodesic flow.

Definition 3.1. Let (M, g,\), A € C®°(SM), be a compact Riemannian surface with
strictly \-convex boundary and nontrapping A-geodesic flow. Suppose there exists a larger
compact manifold (Mo, go, No) containing M such that:

o \g € C®(SMy) is a smooth extension of X to My,

e the Riemannian metric go is a smooth extension of g to My
o My has strictly \o-convex boundary,

e My has nontrapping \o-geodesic flow.

Then (Mo, go, No) is called as a smooth strictly convex, nontrapping, extension of (M, g, \).

Next lemma is a generalisation of [PSU23, Lemma 5.3.2] for the cocycle C' correspond-
ing to the A-geodesic flows ¢;.

Lemma 3.2. Let (M, g,\), A € C®°(SM), be a compact Riemannian surface with strictly
A-convex boundary and nontrapping A-geodesic flow. Let (Mo, g, o) be a smooth strictly

conver, nontrapping, extension as defined in Definition 3.1. and 1y the forward travel
time in My. Define a function R : SM — GL(n,C) such that

R(z,v) == [C (z,v, 7o(x,v))] "
Then R is a smooth function and satisfies
(X +A\V)R+ AR =0, (X+AV)R'—R1'A=0. (3.2)
Proof. Recall that 79|sas is a smooth function on SM (cf. [JKR23, Lemma 4.16]), and the

cocycle is also a smooth function. Therefore, the function R is smooth on SM. Replacing
T0(¢¢(z,v)) = 1o(x,v) — t in (3.1), we can write

C(x,v,t+19—1t) =C (p1(x,v), 79(x,v) — t) C(2,0,1),
for all t € [0, 79(z, v)] and simplifying further yields
[C (2,0, 1o(2, 0))|[C(z,0,1)] 7" = [C (¢u(w, ), To(2,v) = 1)].
By the definition of R, we obtain
R(¢u(x,v)) = [C(u(w,v), To(de(2, )] 7" = [C(du(x,v), To(z, v) — )]
= CO(x,v,1)[C (z,v,10(x,v))]F = C(z,v,t)R(z,v).
Differentiating the above identity with respect ¢ and evaluating at ¢ = 0, we have

(X + A\V)R(z,v) = %R(qﬁt(m,v))

d
= —C(z,v,t) R(z,v)
=g At t=0

= A1) Cla v, 1)y Bl v)
= —A(x,v)R(z,v).
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To prove the other identity, we first compute

d -1
= = (R(u(a,0)) (R(n(z,0)) )

= (SR ) (Rt + Rt (R 0) )
Then we have

(X + )R (2,0) = (5 (R (602, 0) )],
= ~(R(x,v) (X + AV)R(z, 0)(R(r, )
= (B(z,u)) ™ Afa,0),

which establishes the formula. O

0

Remark that the solution of equations (3.2) in the above lemma are usually called the
matrix integrating factor.

Definition 3.3 (Nonabelian A-ray transform). Let (M, g, \), A € C>*°(SM), be a compact
Riemannian surface with strictly \-convex boundary and nontrapping A-geodesic flow.
The A-scattering data of A is the map

C%:0,SM — GL(n,C)
defined by C% = Uy|o, s where Uy (z,v) := [C(z,v,7(x,v))] " satisfies
(X +A\V)Uy + AUL =0, Uilo_sm = 1d.
We call C? the nonabelian \-ray transform of A.
It is immediate to see that C% € C> (9,.SM,C™").

Definition 3.4 (Attenuated A-ray transform). Let (M, g, \), A € C®(SM), be a compact
Riemannian surface with strictly A-convex boundary and montrapping A-geodesic flow.
The attenuated A-ray transform of f € C°(SM,C") is defined by

Dif =u'lo,sm
where uf : SM — C" is a solution to the following transport equation
(X + M)l + Al = —f in SM,  u|s_sn = 0. (3.3)

Next lemma is a generalisation of [PS20, Lemma 3.4] to the case of A-geodesic flow.
The lemma allows one to write down the solution of (3.3) as an integral representation
using a matrix integrating factor.

Lemma 3.5. Let (M, g,\), A € C®°(SM), be a compact Riemannian surface with strictly

A-convez boundary and nontrapping A-geodesic flow. If the function R : SM — GL(n,C)
satisfies (X + A\V)R+ AR =0, then

7(z,v)
(2, 0) = Rz, v) /0 (Rf) (prle,v))dt for (x,0) € SM.

Proof. Using (X + AV)R™! = R~ A, see Lemma 3.2, and (X + A\V)u/ + Au/ = —f, we

obtain
(X + AV (R ') = (X + AV) (R YHu! + R7YX +AV)u!
=R 'Au — R°Y(Au! + f) = -R7'f.
9



Since R~'uf|5_sar = 0, one immediately has

7(x,v)
ul (v, 0) = R(:c,v)/o (R7S) (pe(,v)) dt for (z,v) € SM (3.4)

and hence the lemma follows. O

We state a regularity result for the transport equation for A € C*°(SM). In the case
where A = 0, this is proved in [PSU12, Proposition 5.2], and when A € C*(M), it
is proved in [Ainl3, Proposition 4.3]. For the thermostatic case, see [AR21, Proposition
4.3]. The proof is similar in nature and, for the sake of completeness, is given in Appendix
B.

Lemma 3.6. Let (M, g,\), A € C®°(SM), be a compact Riemannian surface with strictly
A-convex boundary and nontrapping A-geodesic flow. If I(f) =0 for f € C>®(SM;C"),
then u/ : SM — C™ is a smooth function.

3.1. Pseudolinearization identity. Let A, B € C*>°(SM,C"*") be two smooth matrix-
valued functions on the unit tangent bundle SM. Our aim in this subsection is to establish

a relation between C%) and C3 using a specific attenuated A-ray transform. To this end,
we define a map E(A,B) : SM — End(C"*") by setting

E(A,B)U := AU — UB,

where FE(A, B) denotes the linear endomorphisms of C"*". Next proposition is a gener-
alisation of [P520, Proposition 3.5] to the case of the attenuated A-ray transform.

Lemma 3.7. Let (M, g,\), A € C*°(SM), be a compact Riemannian surface with strictly

A-convex boundary and nontrapping A-geodesic flow. Given any two matriz attenuation
functions A, B € C>*(SM,C" "), we have

CA [CA] ™ = 1d+1} 45 (A — B) (3.5)
where IJ)\E(A,B) denotes the attenuated A-ray transform with matriz attenuation E(A, B).

Proof. Similar to the proof of [P520, Proposition 3.5], we consider

(X + MWV Uu+AU4L =0
UA‘a,SM =1d

and

(X +A\V)Up+ BUsg =0
Usly gp = 1d.

Using Lemma 3.2, we have
(X +AV)(Ualg") = (X + AV)(UANUg" + Ua[(X +AV)(Ug")] (3.6)
= —AULUZ' + UAUg'B.
Simplifying further, we obtain
(X + A\V)[(ULUH] + AULUG — UUg'B = 0.
This gives
(X +AV) [UaUg" = 1d] + A(UsUz" —1d) — (UaUg"' —1d)B=—A+ B
and hence if we define W := UAUgl — Id, then W satisfies

{ (X + A\V)W + E(A,B)W = —(A— B)

3.7
W‘ﬁ_SM =0. ( )

10



Using Definition 3.4, we can write
Iap)(A—B) =Wl sy = UaUs"' — 1d o, sn1-
Since C%4 = Uals, sm and C3 = Ugla, sm, see Definition 3.3, the above identity becomes
I (A—B) = CX[C3] " —1d
and hence the lemma follows. U

The identity (3.5) is often called the pseudolinearization identity. The following propo-
sition generalizes [PS20, Proposition 3.7] to the case of A-geodesics.

Proposition 3.8. Let (M, g,\), A € C>®°(SM), be a compact Riemannian surface with
strictly A-convex boundary and nontrapping \-geodesic flow. Given any two matriz at-
tenuation functions A,B € C>® (SM,C"*™), we have C = C{ if and only if there exists
a smooth U : SM — GL(n,C) with Ul,g,, = Id such that

B=UYX+V)U+U'AU.

Proof. Let U be a smooth function satisfying the given conditions and define Z = UUg.
Now,

(X+MW)Z+AZ = (X + AV U)Ug+ U ((X + AV)Up) + AUU
=(UB—-AU)Ug — UBUs + AUUz = 0.
That is Z satisfies both (X + AV)Z+ AZ =0 and Z|, 4,, = Id. It follows that Z = Uy
and consequently C'4 = Cj.

Conversely, assume that the nonabelian A-ray transforms agree for A and B. In the
proof of Proposition 3.7, the function W = U Uy ! _1d has a zero boundary value. By
Lemma 3.6, W is smooth. Therefore, U := U Uz " = W +1d is smooth and the function
U satisfies U|s_gp = Id. Using (3.6), we obtain

U NX + M) +U AU = UgU M (X + AV)(UAUGY) + UsU ;P AUAUR!
= UgU (—AU LU + UUg ' B) + UgU P AU AU
=B.
That is U satisfies the required equation. Il

4. PROOFS OF MAIN RESULTS

In [PS20, Lemma 5.1], it is proved for any skew-Hermitian B € C*°(SM,u(n)) with
B e @1@4 Q, it holds that B € Q_; ® Q¢ @ ;. Similarly to their argument, one can
also prove that if B € C*°(SM,u(n)) and B € Py, %, then B€ Q1 & Qo @ Q.

Lemma 4.1. Let M be a Riemannian surface with or without boundary. Let B €
C>®(SM,gl(n)). If B is skew-Hermitian, i.e., B € C*°(SM,u(n)), and B € Ep>_nQk,
then B € @_mgkgmgk.

Proof. In the Fourier modes, one can write B = >, Bj. Note that

B*:(Z Bk>*: > B;

k>—m k>—m
with B; € 2_j. This implies B* € @<, 2. From skew-Hermitian property, B* = —B =
— > k>—m Br. This implies B € ©_ <k <m .- O

Remark 4.2. Similarly, if B is skew-Hermitian and B € @<, $, then B € & <p<m$%.
11



In [PS20, Theorem 4.2], it is proved that, given any smooth map R : SM — GL(n,C),
one can always find smooth maps U : SM — U(n) and F : SM — GL(n,C) where
the map F' is fiberwise holomorphic with a fiberwise holomorphic inverse, and R =
FU. Additionally, one can decompose R = FU, where U : SM — U(n) is smooth
and F : SM — GL(n,C) is smooth, fiberwise antiholomorphic, and has a fiberwise
antiholomorphic inverse. The following lemma generalizes [P520, Lemma 5.2]. For the
sake of completeness, we include the proof here.

Lemma 4.3. Let (M, g,\), A € C®°(SM), be a compact Riemannian surface with strictly
A-conver boundary and nontrapping A-geodesic flow. Let A € C*(SM,gl(C)). Let R :
SM — GL(n,C) be a smooth function solving (X + AV + A)R = 0 with a loop group
factorisation R = FU, where F' 1is fiberwise holomorphic with a fiberwise holomorphic
wmverse and U 1is unitary. Then

B=F ' (X+A\V+AF
is skew-Hermitian. In addition, if A, \ € @kz_m Qi form > 1, then B € ®—m§kz§m Q.
Proof. Using our assumptions on R, we obtain
0=(X+NV+AR=(X+A\V)F)U+ F(X +\V)U + AFU.
By multiplying F'~! we have
0=F ' ((X+AV)P)U+ (X +A\V))U + F ' AFU.
This implies
(X+A\V+B)U=0 (4.1)
where B = F~1(X + AV + A)F. By rearranging (4.1), we get
B=—((X+\V)U)U
As U is unitary, we have
(X + AU = (U (X +AV)U*
=U(X+AV)U!
= —((X + 2V U)U
This proves that B is skew-Hermitian.

Now let us assume that A, \ is in @szm Q for m > 1. Under this assumption, we
have the following mapping property:

X+ V. @kZQQk — @kz_ka.

Since F and F~! are holomorphic, i.e., F, ™1 € @50, we have F7{(X + A\V)F €
Dk>—m Q. Similarly, since A € @szm Q, we have F71AF € @szm Q.. This implies
B e ®,s_,, U By Lemma 4.1, we have B € @_, < - O

In similar spirit, one can prove the following lemma using antiholmorphic and unitary
loop group decomposition.

Lemma 4.4. Let (M, g,\), A € C>®°(SM), be a compact Riemannian surface with strictly
A-convex boundary and nontrapping A-geodesic flow. Let A € C°(SM,gl(C)). Let
R : SM — GL(n,C) be a smooth function solving (X + AV + A)R = 0 with a loop
group factorisation R = ﬁﬁ, where F is fiberwise antiholomorphic with a fiberwise anti-
holomorphic inverse and U is unitary. Then
B=F 'YX+ +AF
12



is skew-Hermitian. In addition, if A, X € @y, U form > 1, then B € @ _, < -

The following Theorem generalises [PS20, Theorem 5.5] to the case of A-geodesic flow

for A € Q_1 ® Qo ® Q1. Recall that in the case of A € Q_1 ® Qy D 2, the vector field
X + AV has the following mapping property:

X +\V: @kEOQk — @kz-lﬂk-

Theorem 4.5. Let (M, g,\), A\ € C*(SM), be a compact Riemanian surface with strictly
A-convex boundary and nontrapping \-geodesic flow. Let A € C*(SM,gl(n,C)) and
assume that A, )\ € Q_1 ® Qo ® Qy. Additionally, assume that Conjecture 1.3 is true. Let
u € C®(SM,C") satisfy ulopspr = 0 and

(X +MWV)u+Au=—f € Bp>_1%.
Then u is holomorphic.

Proof. From Lemma 3.2, there exists a smooth function R such that (X+AV)R+AR =0
and (X + A\V)R™! — R7'A = 0. As in Lemma 4.3, R can be written as R = FU, where
F' is fiberwise holomorphic with a fiberwise holomorphic inverse, and U is unitary. Now
using B as in Lemma 4.3, we have

(X + AV)(Fu) + B(Fu)
= - F Y X +NW)P)Fu+ FH{X+ X\ )u+ F (X +A\V+AF)F
=F Y X+ ANV +Au=—-F'f
and F~'u|gsyr = 0. Since f € &g>_1Q, and F~! is holomorphic, it follows that F~'f €

B> 1. Similar to the proof of [PS20, Theorem 5.5], we consider ¢ := S"_L (F~'u)y.
From

(X + AV (F ') +B(F ') = —F'f € B> 1,
we obtain
(X +AV)qg+BgeQ_1dQ.
Since qlasy = 0 and B is skew-Hermitian, it follows from Conjecture 1.3 that
(X+ANV+B)p=(X+B)p=(X+AV+DB)g

for some p € C°(M) with p|ap = 0. Therefore r := p — g solves the equation (X + AV +
B)r = 0 with the boundary condition r|gsy = 0. Since the solution to this problem is
unique due to the uniqueness of solutions for a linear system of first order ODEs (using
the fact that A\-geodesic flow is nontrapping), we find that » = 0. Therefore ¢ = p € Qy,
which gives that ¢ = 0.

This implies that F~'u is holomorphic and hence u = F'(F~'u) is also holomorphic. [

Proof of Theorem 1.4. From Proposition 3.8, we infer that C’;\m) = C’jg\;’q, implies the ex-
istence of a smooth function U : SM — GL(n, C) such that U|ssys = Id and

B=UYX+\V)U+U'AU, (4.2)

where B(xz,v) = B,(v) + ¥(z) and A(x,v) = A,(v) + ®(x). We can rephrase this
information in terms of an attenuated A-ray transform. If we define W = U — Id, then
W|8SM =0 and
(X +A\V)W + AW —WB = —(A - B).
13



That is, W satisfies (3.7). Consequently, W is associated with the attenuated A-ray
transform 7 g( a5)(A—B), and if C = C3, then this transform vanishes by Lemma 3.7.
Note that A — B € Q_1 ® Qo ® Q4.

We introduce a new connection A on the trivial bundle M x C™" and a new Higgs
field @ as follows: for any matrix H € C*™*", we define A(H) := AH — HB and ®(H) :=
®H — HV. Observe that E(A,B) = A + &, which is an arbitrary attenuation pair
as assumed in Conjecture 1.2. Applying ConJecture 1.2, we deduce the existence of a
function W € C*(M) satisfying W sy = 0 and

(X+AV +A+ D)W = (X + A+ D)W = (X + AV + A+ O)W.

Consequently, the function r := W — W solves the equation (X + AV 4+ A + ®)r = 0
with r|ssy = 0. Following a similar argument as used in the proof of Theorem 4.5, we
conclude that » = 0. Therefore, W = W € €y, indicating that W smooth function on
M. Thus, U = W + Id, which depends only on z, and setting u(x) = Uy(z) = U(x),
equation (4.2) can be reformulated as B = u™'du+u"'Au and ¥ = v~ '®u, by examining

solely the components of degree 0 and +1. This proves the existence of u € G such that
(A, @) -u=(B,V). O

Proof of Theorem 1.5. Consider an arbitrary attenuation pair (A, ®), where
A€ Q' (M,gl(n,C)), P eC*(M,gl(n,C)).

Define A(z,v) = A(x,v) + ®(x). If I} f = 0, then by Lemma 3.6, we have u € C*°(SM),
u|35M = 0, and
(X + )\V)U + Au = —f €Q_18 QP Q. (43)

Given that A, A € ®_1<x<19%, Theorem 4.5 implies « is holomorphic. The complex
conjugate takes wyp € € to wp € §2_,. Taking the complex conjugate of equation
(4.3), and considering that A, A\ and f belong to ®_j<z<19%, we deduce that @ is also
holomorphic (using Theorem 4.5). This leads to the conclusion that u = w is solely
dependent on z. Setting p = —u, we then obtain f = (X + A)p. O

From [Ain13, Theorem 1.2] and Theorem 1.5, we can easily deduce Theorem 1.7.

APPENDIX A. SOME BASIC PROPERTIES OF THE NONTRAPPING A\-GEODESIC FLOWS

Our main goal in this appendix is to show that the existence of a nontrapping A-
geodesic flow is an open condition. For that, we construct a smooth function f on SM
satisfying the property that (X + AV)f > 0. For the case of A = 0, this is shown in
[PSU23, Proposition 3.3.1]. The proof for the general case follows similarly. For the sake
of completeness we present it in this appendix. Before that, we restate one technical
lemma from [PSU23].

Lemma A.1 ([PSU23, Lemma 3.2.10]). Let h(t,y) be a smooth function near (0,yo) in
R x RN, If

h (07 yO) = 07 ath (07 yO) = Oa 8tQh (07 yO) < 0,

then one has

h(t,y) =0 near (0,y0) when h(0,y) 20 <= t=0Q(£Va(y),y)
where Q is a smooth function near (0,130) in R x RN, a is a smooth function near 1y,

in RY, and a(y) > 0 when h(0,y) > 0. Moreover, Q(+/a(y),y) > Q(—+/a(y),y) when
h(0,y) > 0.
14



The following lemma generalizes [PSU23, Lemma 3.2.9] in the context of the forward
and backward travel times of A-geodesic flow.
Lemma A.2. Let (M,g,\), A € C®(SM), be a compact Riemmanian surface. Let
(xo,v0) € OpSM and suppose that OM 1is strictly A-convex near xo. Assume that M is

1sometrically embedded in a closed manifold N and Ny is smooth extension of A to N.
Then, near (zo,vo) in SM, one has

™ (z,v) = Q(Va(z,v),z,v),
_7—7(1’77}) = Q(_ a(x,v),x,’u),
where Q) is a smooth function near (0, zq,v9) in R x SN, and a is a smooth function near
(x0,v0) in SN with a > 0 in SM.

Proof. Following the approach of [PSU23, Lemma 3.2.9], we define h : R x SN — R,
h(t,z,v) := p(Y20(t)), where p is a boundary defining function satisfying, plintasr > 0,
plom = 0 and p|n\amr < 0. According to [JKR23, Lemma A.12] and [JKXR23, Lemma 3.15],
for any (zg,v9) € 0pSM, we have the following:
h (iTi (o, v0) , To, vo) = h (0, z9,v9) = 0,

8th (:l:Ti (l‘o, UQ) , Lo, Uo) = 8th (0, Zo, 'Uo) = O,

A7 h (£7* (20, v0) , 20, v9) = 97h (0,20, v9) < 0.
Also, h(£7%(x,v),2,v) = 0 for any (z,v) € SM near (zg,v9). Note that 7F(x,v) >
0> —7 (z,v). Applying Lemma A.1, we express 71 (z,v) and —7 (z,v) as in equation
(A.1), confirming that @) and a have the stated properties. O
Lemma A.3. Let (M,g,\),\ € C*(SM), be a compact Riemanian surface with strictly

A-convex boundary and nontrapping \-geodesic flow. Define 7: SM — R by
(

(A1)

T(x,v) =71 (2,v) =7 (x,0)
Then 7€ C*(SM).
Proof. Assume that (M, g) is isometrically embedded in a closed manifold (N, g) of the
same dimension and \g is a smooth extension of A in N. From [JKR23, Lemma 3.15], it
suffices to show smoothness of 7 in the neighbourhood of 9ySM.

From Lemma A.2, we have

T(z,0) = Q(Va(z,v),z,v) + Q(—Va(z,v),z,v)
where @ is a smooth function near (0, zg, vg) in R x SN and a is a smooth function near
(x0,v9) in SN, and @ > 0 in SM Now, as Q(r,z,v) + Q(—r,z,v) is an even function
in r, using [Whi43, Theorem 1], there exists a smooth function H near (0,xg,vy) such
that Q(r,z,v) + Q(—r,x,v) = H(r? x,v). This implies 7(z,v) = H(a(z,v), z,v), which
proves the smoothness of 7. O

Finally, we prove that having nontrapping A-geodesic flow is an open condition.

Lemma A.4. Let (M,g,\),\ € C*(SM), be a compact Riemanian surface with strictly
A-convex boundary. The \-geodesic flow is nontrapping if and only if there exists a func-
tion f € C®(SM) such that the inequality (X + AV)f > 0 holds.

Proof. First, assume that the \-geodesic flow is nontrapping on M. By Lemma A.3, the

function 7 is smooth on SM. Consider the function f = —7. Then, we have
d _
(X +2AV)f(z,0) = = (77 (du(2,v) = 77 (du(w,v)))
t=0
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:—i(T*(x,v)—t—(T’(a:,v)—i-t)) =2>0.
dt =0
Conversely, assume there exists f € C*°(SM) such that (X + AV)f > ¢ > 0 for some
constant c¢. Suppose, for the sake of contradiction, that there exists a trapped A-geodesic
. Applying the fundamental theorem of calculus, we obtain f (¢(x,v))— f(x,v) > ct for
all t > 0. This implies that fo(v,%) is unbounded, which contradicts the compactness of
SM. Hence, the assumption of the existence of a trapped A-geodesic is wrong, completing
the proof. O

APPENDIX B. REGULARITY OF THE KERNEL OF THE ATTENUATED A-RAY
TRANSFORM

Given any function w € C*(9,SM,C"), consider the unique solution w# : SM — C"
to the transport equation:

(X +AV)(w*) =0,
wo, (sary = w.

Similar to the concept of scattering relation along geodesics, as defined in [PSU23, Def-
inition 3.3.4], we define the A-scattering relation « as a map which associates the initial
point and direction of a A-geodesic flow with its endpoint and direction. More precisely,
let (M,g,\), with A\ € C*°(SM), be a compact Riemannian surface with a strictly A-
convex boundary and a nontrapping A-geodesic flow. Then, the A-scattering relation
a:0SM — 0SM is given by a(x,v) := ¢z(z,v), where 7 is defined as in Lemma A.3.

Similar to the approach in [PUO5], we introduce the operator E : C*(0,SM) —
C>®(0SM) defined as

w(z,v) if (z,v) € 0,.5M,

Bu(z,v) = {(w oa)(x,v) if (x,v) € 0_-SM.

Additionally, we define the space
o043 SM) :={w € C*(0,,SM) : Ew € C*(0SM)}.

The following lemma generalizes [PU05, Lemma 1.1] or [PSU23, Theorem 5.1.1] to the

context of A-geodesic flow.

Lemma B.1. Let (M, g,\), A € C*°(SM), be a compact Riemannian surface with strictly
A-convex boundary and nontrapping A-geodesic flow. Then

C(04SM) = {w € C®(94SM) : w* € C®(SM)}.

[0}

Proof. If w* € C*(SM), then obviously Ew = wﬁ‘mSM € C>(0SM). Conversely,

assume that Fw € C*(9SM). It suffices to show that w* € C>®(SM).

Assume that (M, g) is isometrically embedded in a closed manifold (V, g) of the same
dimension, as stated in [PSU23, Lemma 3.1.8]. Extend A\ smoothly to the whole sN.
Consider a smooth extension @ of Fw into SN. Define §(z,v,t) = 1w(¢(x,v)), then

w(x,v) = % [w(¢7+(m) (z,v)) + ﬁ)(cb—f(x,v)(%v))}
= F(z,v, 7 (z,v)) + F(x,v, -7 (z,v)).
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As 7% is smooth on SM \ 9pSM, w* is smooth on SM \ §pSM. Fixing any point
(x0,v0) € OpSM, and from Lemma A.2, we have

w(x,v) = F(z,v, Q(Valz,v),z,v)) + F(z,v, Q(—/a(z,v), z,v))
near (zo,vo) in SM, where @ is a smooth function near (0,zq,v9) € R x SN. Set
G(r,z,v) :=§(x,v,Q(r,x,v)). This implies
wh(z,0) = G(v/alz,0), 2,v) + G(—/a(z,0), 2,)

near (o, vo) in SM, where G is a smooth function near (0, zg,v9) € R x SN. Now, as
G(r,x,v) + G(—r,x,v) is even function in r, by using [Whi43, Theorem 1], there exists
smooth function H near (0, g, vo) such that G(r,z,v) + G(—r,z,v) = H(r?* z,v). This
indeed shows that

w*(x,v) = H(a(x,v),z,0)
near (7o, vp) in SM, which finally proves that w#(z,v) is smooth near the point (g, vg)
in SM. As (zo,vp) is any arbitrary point in 9,SM, we have w* € C®(SM). d
Proof of Lemma 8.6. From (3.4) and I(f) = 0, we have
(X +X\) (R W) =—-R'f inSM R ' |ssn =0.

Similar to the proof of [PSU23, Theorem 5.3.6], by enlarging M to M, (as defined in
Definition 3.1) with the travel time 7y, and also extending R~* f smoothly to My, consider

70(,0)
Wz, v) = / R F(u(z,v)) dt

for (z,v) € SM. Note that 7y|sps is smooth, which implies h € C*(SM). Also,
(h — R~u!)|osar = hlosyu € C®(OSM,C"). As (X + A\V)(h — R™'w/) = 0 and (h —
R~Yul)|osn € C®°(0SM,C"), then by Lemma B.1, h — R~'u/ is smooth in SM. The
smoothness of h in SM implies that R~'u/ is smooth, which in turn proves that uf is
smooth. U
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