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field f on R™ over lines with the weight t*, I* f(x,¢) = fioo th{(f(x + t€),6m)dt. We

compute the normal operator N¥ = (I* )*I* and present an inversion formula recovering

a rank m tensor field f from the data (N9 f,..., N™f).
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1. INTRODUCTION

Let (-,-) be the standard dot product on R™ and | - |, the corresponding norm.
For Schwartz class functions, the ray transform (also called the X-ray transform) is
defined by

(1.1) If(x,§) = /_oo flx +t&)dt

for all (z,£) € R™ x R" satisfying |{| = 1 and (z,£) = 0. For a Schwartz class symmetric
m-tensor field f = (fi, 4,.), the ray transform is defined by

I f(7,€) = /oo firoin (x HEEED . At
(1.2) o~
— [ U

[e.9]

We use the Einstein summation rule to sum from 1 to n over every repeated index in
lower and upper positions in a monomial. In particular, when m = 0, the definition (1.2)
coincides with (1.1) and when m = 1, (1.2) represents the ray transform of vector fields
which is also called the Doppler transform.

In the case of m = 0, the ray transform [ f uniquely determines a function f and there
is an explicit inversion formula. However, if m > 1, the ray transform 7,,, has a nontrivial
kernel. In particular, I(¢Vh) = 0 whenever h is a smooth symmetric (m — 1)-tensor
field on R™ decaying at infinity, V is the total covariant derivative, and o denotes the
symmetrization of a tensor. A symmetric m-tensor field f sufficiently fast decaying at
infinity can be uniquely decomposed

f=f+0Vh, h(z)—=0as|z]— o0

to the solenoidal (= divergence-free) part f* and potential part oV h; see [Sha94, Theorem
2.6.2] and [PSU23, Theorem 6.4.7] for the detailed explanation in the Euclidean case as
well as in the case of Riemannian manifolds. The solenoidal part of a symmetric m-tensor
field f can be uniquely determined from I,,f and there is an explicit inversion formula
[Sha94, Theorem 2.12.2].




It is natural to ask: what additional information required along with I,, f so that one
could recover the entire tensor field f. This leads to the notion of the momentum ray
transform I* introduced in [Sha94, Section 2.17] by

I} f(a,€) = /_ tFfo (e gt

o0

_ / (e 4 t6), €™y dt (k=0,1,2....)
for all (x,£) € R™ x R™ satisfying |[¢| = 1 and (z,£) = 0. In particular I = I,,,.

We restrict ourselves by considering the data (0 f,...,I"™f) since, for k > m, the
function I¥ f can be easily expressed through I° f, ... I™f.

A rank m symmetric tensor field f is uniquely determined by the data (I f,..., I™f).
This was proved in [Sha94, Theorem 2.17.2]. Later this result was extended to a Helga-
son type support theorem for tensor fields on a simple real analytic Riemannian manifold
[AM19]. An algorithm for recovering f from the data (I2f,...,I"™f) is presented in
[KMSS19] as well as a stability estimate in (generalized) Sobolev norms. A range char-
acterization for the operator f +— (I2 f,..., I™f) on the Schwartz space was established
in [KMSS20].

Let us introduce the normal operator N = (I%)" I¥

k. where (I%)" is the L*-adjoint
of the momentum ray transform I¥. Since N* is an averaging operator, the data N* f
could represent a better measurement model rather than I* f. We present an algorithm

of recovering a rank m tensor field f from the data (N, f,..., N™ f). In terms of Fourier
transforms f and (NO f,..., N™f), we derive the inversion formula
Fly) =1yl Y PLNLS)
k=0

with some linear operators P* on the space of rank m symmetric tensor fields. Given m,
the operators P* (k = 0,...,m) are calculated by explicit recurrent formulas; but the
volume of calculations grows fast with m. We perform the calculations for m = 1,2, 3.
The ray transform has several important applications that include X-ray computer
tomography (CT) in medical imaging when m = 0. In the case of m = 1, the ray
transform is used in Doppler tomography to analyze vector fields. In cases where m = 2
or m = 4, the ray transform and its variants are applied to tomography problems in
anisotropic media regarding the elasticity and Maxwell systems, see [Sha94] and [L.S09,
SW12]. Recently, the momentum ray transform has been adopted as a solution tool for
the classical Calderén problem for the bi-Laplace model and other higher-order operators
, 5523, BK23]. The unique continuation principle for I,, and I* is proved in
[{522]. See also [IK523] for a related work involving a fractional momentum operator.
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2. BASIC DEFINITIONS

First of all, mostly following [Sha94, Chapter 2], we introduce some notation and
definitions concerning tensor algebra and analysis which will be used throughout the
article.

2.1. Tensor algebra over R". Let T™R" be the n™-dimensional complex vector space
of m-tensors on R”. In particular, 7°R" = C and T'R"” = C". We need complex tensors
since we are going to use the Fourier transform. Assuming n to be fixed, the notation
T™R™ will be mostly abbreviated to T™. For a fixed orthonormal basis (eq,...,e,) of
R", by u;.i, = ut = u(e;,...,e;,, ) we denote coordinates (= components) of a
tensor u € T™ with respect to the basis. There is no difference between covariant and
contravariant tensors since we use orthonormal bases only. Given v € T™ and v € T*,
the tensor product u @ v € T™* is defined by (u ® V)i, 4,y = Uiy.imVinsr.iyyr- LhE
standard dot product on R" extends to T™ by (u,v) = u"mv; . Throughout the
article, the Einstein summation convention is used.

Let S™ = S™R"™ be the (”Jﬁ_l)—dimensional subspace of T consisting of symmetric
tensors. The partial symmetrization o(iy .. .1p) : T™* — T™F* in the indices (iy, . . . , im)
is defined by

. ‘ 1 Z
0-(7’1 et Zm)ulllmjl.]k = % uiﬁ(l)v"'7i7r(m)jl---jk’
’ m€llm

where the summation is performed over the group II,, of all substitutions of the set
{1,...,m}. In particular, o : T™ — S™ is the symmetrization in all indices. Given
u € S™ and v € S*, the symmetric product uvv € S™* is defined by wv = o(u ® v).

Being furnished with the symmetric product, S*R" = €@ S™R" becomes a commutative
m=0
graded algebra that is called the algebra of symmetric tensors over R™. The algebra

S*R™ is canonically isomorphic to the algebra of polynomials on R"™. Every statement on
symmetric tensors can be translated to the langauge of polynomials, and vice versa.

Given u € S™, let i, : S¥ — S™** be the operator of symmetric multiplication by u
and let j, : S™* — S* be the adjoint of i,,. These operators are written in coordinates
as

<iuv>i1...im+k =0 (Zl e Zm+k) Uiy .oiin Vi1 i

/ — . . ik+1~-'i7n+k
(ju/U)ll’Lk - vll-n’lerku .

The tensor j,v will be also denoted by v/u. For the Kronecker tensor d, the notations g
and js will be abbreviated to ¢ and j respectively.

2.2. Tensor fields. Recall that the Schwartz space S (R™) is the topological vector space
consisting of C'*°-smooth complex-valued functions on R" fast decaying at infinity to-
gether with all derivatives, furnished with the standard topology. Let S(R™;S™) =
S (R™) ® S™ be the topological vector space of smooth fast decaying symmetric m-tensor
fields, defined on R"™, whose components belong to the Schwartz space. In Cartesian
coordinates, such a tensor field is written as f = (f;,. ;) with coordinates (= compo-
nents) f;,. i, = [ € S (R") symmetric in all indices. We again emphasize that there
is no difference between covariant and contravariant coordinates since we use Cartesian
coordinates only.



We use the Fourier transform F : S(R") — S(R"), f — f in the form (hereafter i is
the imaginary unit)

Ffly) = (2%1)”/2 /Rn e W) () da.

The Fourier transform F : S (R™; $™) — S (R"; S™), f + f of symmetric tensor fields is

—

defined component-wise: f;, i = fi, .-

Besides S (R™; S™), we use some other spaces of tensor fields. In particular, C* (U;T™)
is the space of smooth m-tensor fields on an open set U C R".See details in [Sha94, Section
2.1].

The L*-product on C§° (R™;T™) is defined by

(2.1) () n = [ (f(@)g(a) da.

n

2.3. Inner derivative and divergence. The first order differential operator
d: C®(R"; 8™) — C=(R™; 5™ )
defined by

(df )iy s = (i1 -« 1)

is called the inner derivative.
The divergence

Ofiy.i 1 <afi2...im+1

Ofi.im
Orimtt  m+ 1 Tt )

Jxh ' Qxtm+1

div : C®(R"; S™1) — C>*(R™"; S™)

is defined by
Ofir. iy

ork -
The operators d and —div are formally adjoint to each other with respect to the L?2-
product (2.1). The divergence is denoted by § in [Sha94]. But we will always use the
notation div since some our formulas involve the divergence and Kronecker tensor simul-
taneously.

2.4. The space S(T'S"!). The Schwartz space S(E) is well defined for a smooth vector
bundle £ — M over a compact manifold with the help of a finite atlas and partition of
unity subordinate to the atlas.

In particular, the Schwartz space S(T'S"!) is well defined for the tangent bundle

TS ={(2,§) e R" x 8" i (2,6) =0} = §"7}, (2,6) = ¢
of the unit sphere S"! = {z € R" : |2| = 1}.
The Fourier transform F : S (TS"™!) — S (TS"™!), p +— § is defined by

1 —i(y,x
./—'.90<y7§) = (27_(_)(T)/2/§L e iy >(,0(an) dex,

(le f)“lm = 5jk

where dz is the (n — 1)-dimensional Lebesgue measure on the hyperplane £+ = {z € R™;
(¢,z) = 0}. Notice that it is the standard Fourier transform in the (n — 1)-dimensional
variable x while £ € S"7! is considered as a parameter.

The L*-product on S(T'S"!) is defined by

(2.2) (0, ) 2rsnty = / / o, €00, €) da de,
sn—1 ¢l

where d¢ is the (n — 1)-dimensional Euclidean volume form on the unit sphere S"~1.
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2.5. Ray transforms. It is convenient to parameterize the family of oriented lines in
R™ by points of the manifold TS"~!. Namely, a point (z,&) € TS" ! determines the line
{z +t£ : t € R} through x in the direction &.
The ray transform
I, : SR™S™) = S (TS )

is the linear continuous operator defined by

Imf(x,§):/Rfilmim(x+t§)§“...fim dt:/[R(f(:E+t§),§m>dt.

The ray transform is related to the Fourier transform by the important formula [Sha94,
formula 2.1.15].

(2:3) Lof(y.6) = 2m)"*(F(9). €™ ((1.€) € TS" ).
For 0 < k < m, the momentum ray transform
I* - S(R™8™) — S (TSn_l)

is the linear continuous operator defined by

(24)  IEfla6) = / PR (o tE)En g dt — / P (F (x4 1€), €™ dt.
R R

The formula (2.3) is generalized as follows [KMSS19, formula (2.9)]:

I (,€) = 2m) P (¢ Fy), &) ((0.9) e TS™).

As we will see later, I* should be considered together with lower degree operators
1%, ..., I¥1 ie., the collection (IO f,... I* f) represents more convenient information
about f than I* f alone.

2.6. Normal operators. The formal adjoint of the ray transform I,, with respect to
L2-products (2.1) and (2.2)

I : S (TS™1) = C™ (R™.8™)

is expressed by

sn—
We emphasize that, for ¢ € S(TS"!), the tensor field I* » does not need fast decay at
infinity.
Similarly, the formal L%-adjoint of the momentum ray transform I*

(IE)": S(TS™!) — = (R"; 8™)
is expressed by
(2:5) ((Z5)7)

Let

11...Tm

@ = [ 04 Guple = 0868 de

Ny =11, :S(R"S™) — C>®(R";S™)
be the normal operator for the ray transform I,,,. Similarly, let
NE = (IF)If - S (RY 8™) — O (R"; S™)

be the normal operator for the momentum ray transform I*.
5



Given f € S (R"; S™), the tensor field N* f does not grow too fast at infinity, i.e., the
estimate

[Ny f ()] < C(1+ [2))Y
holds with some constants C' and N. In particular, N* f can be considered as a tempered

tensor field-distribution, i.e., N¥ f € &' (R™;S™). Hence the Fourier transform ﬁkn:f €
S'(R™;5™) is well defined at least in the distribution sense. We will show that, for
f €S (R™ S™), the restriction of Nt f to R™\ {0} belongs to C> (R™\ {0}; S™).

The operator N,, was computed in [Sha94, formula 2.11.3] where the notation p™ was
used instead of I*,. In Section 4, we will derive a similar formula for N¥. In [AKS22

], a
Y
similar expression for the normal operator is considered to study the unique continuation
principle for momentum ray transforms.

3. MAIN RESULTS

We start with inversion formulas for vector fields and for second rank symmetric tensor
fields.

Theorem 3.1. A vector field f € S (R";C") (n > 2) is recovered from the data (NY f, N} f)
by the inversion formula

2/21p (5 1 1
where T is Euler’s Gamma function and the operator (—A)Y? is defined with the help of
the Fourier transform by |y|F = F(—A)Y2. The vector field in brackets belongs to the
domain of (—A)Y2,

Theorem 3.2. A tensor field f € S (R™; S?) is recovered from the data (N3 f, N3 f, N3 f)
by the inversion formula
(3.2)

n/2— n+3
2/21F(%)

o) = 2 AP N i
- d(ijQOf + divN21f>

1
_I_ e
(n—1)(n+1)
The tensor field in brackets belongs to the domain of (—A)Y2.

|
d2<j§N§f—2jwdivN21f+ §div2N22f>].

We use the definition
2+ =1-3---(2l+1), (-HN=1.
For tensor fields of arbitrary rank, our result is as follows.

Theorem 3.3. Given integers m > 0 and n > 2, the Fourier transform of a tensor field

f e SR™S™) is recovered from the data (@,jy@, . ,j;”]V;,Z}\f) by the algorithm
consisting of three steps.
1. Compute tensor fields F(™*) € C=(R™\ {0};S™ %) (0 <k <m) by

m.n - —_— _ J— 2 _1
(3.3) Fmb)(y) = %35 NEF(),  Cmm =7 /2 (2m — 1)1 2mH0/2 2F< m—|—2n )

6



2. Compute tensor fields H™*®) ¢ C®(R™\ {0}; S™ %) (0 <k < m) by

k
(mok) _ (2m — 2k — 1)!l(n + 2m — 2k — 3)! ke T(mp)
(3.4) H (2m — 1) (n o — 3 T E div© P )

p=

3. Recover f by the formula

fly) = 7'%’, [m H™0 (y)

(3.5)

min(k,m—k)

+ kzz (Qm(_—2—1]3k_1>” (7:) > (_21)17 (m; k) iy P H (y)] .

Of course, (3.3)—(3. 5) can be comblned to glve a formula that expresses the rank m
symmetric tensor field f through (NO f, ijO foody Nmf) that does not involve F(™*)
and H™®  We will present the latter formula for m = 1,2,3 in the last section. The
proof of Theorems 3.1 and 3.2 is also presented in the last section. Formulas (3.1) and
(3.2) are obtained from (3.5) just by applying the inverse Fourier transform; nevertheless,
some commutator formulas for the Fourier transform and operators participating in (3.5)
should be used.

The rest of the article is mostly devoted to the proof of Theorem 3.3. Now, we discuss
the scheme of the proof.

We introduce the tensor fields

(3.6) AR e 0oo(R™\ {0}; S2™F) (0 < k < m)
by
(3.7) A(mik) (y) = d2m_k|y|2m_2k_1,

These tensor fields play an important role in all our arguments.

In the next section, we compute the normal operators N* (0 < k < m) and prove that
a tensor field f € S(R™; S™) satisfies A(m’o)/(dkf) = F(mk) where F(™*) is defined by
(3.3). To avoid proliferation of the ~symbol, we denote g(y) = f(y) and write the latter
equation in the form

(3.8) A0 /(dFg)y = FmB) (0 < k < m).

Given the data (F(™9 . F(mm) we consider (3.8) as a system of linear equations for
the unknown tensor field g.
The first equation of the system (3.8)

AT () [g(y) = F™O(y)  (y € R\ {0})

is a pure algebraic equation. More precisely, being written in coordinates, it constitutes
a system of linear algebraic equations in the components of the tensor field g(y) with
coefficients depending on y. The system was considered in [Sha94, Theorem 2.12.1]
where the tensor field e™(y) = ﬁ d?™|y>m1 was used instead of A™%). It allows
to determine the tangential part of the tensor field g which corresponds to the solenoidal
part of f = Flg (see [Sha94, Section 2.6] for the definition of the tangential part).

The second equation of the system (3.8), A™V /(dg) = F™Y constitutes a system of
linear first order PDEs in components of the tensor field g, the third equation constitutes

a system of linear second order PDEs, and so on.
7



At first sight, the following statement may seem incredible. The system (3.8) can be
reduced to the purely algebraic system

(3.9) AmB) Jg — HMB) (0 < k< m)

with right-hand side defined by (3.4). The reduction is presented in Section 5. The precise
sense of the reduction is expressed by Proposition 5.3 below; see also the paragraph after
Proposition 5.3.

Some consistency conditions should be imposed on right-hand side H*) for solvability
of the system (3.9). In the case of a general m, it is not easy to write down the consistency
conditions explicitly. Fortunately, we do not need to know the consistency conditions; in
our setting, the system (3.9) has a solution by Propositions 4.3 and 5.3 presented below.
If the system (3.9) has a solution, then the solution is unique and is expressed by (3.5)

with f = ¢. This fact is proved in Section 6.

4. NORMAL OPERATOR
We start with the proof of (2.5). For f € S(R";S™) and ¢ € S(T'S"!),

st oasn = [ (0500 G g drag

S§n—1 é'J_

///t’“ (' 4 t€), ™) (2!, €) dt da’ d€.

Sn— l&'L —00

(4.1)

We transform the inner integral by the change x = 2’ + t£ of integration variables

//tk @ 4 €), ™) (', €) dt da’ _/<x,£>’“<f(x)>£m>so(x—<x>£>€,£)d$

¢l —oo Rn

_ / Frein(@) €, . 6, oo — (@86, da

R

Substituting this expression into (4.1), we obtain

A L / 6o 0l — (3,016, 6) e dr
Rn
= (/; (fﬁ)*w)m(w;sm»
This proves (2.5).
Recall that N* = (I*)*I* is the normal operator for the momentum ray transform.
Proposition 4.1. Let 0 < k < m and n > 2. For a tensor field f € S (R™; S™),

k k l j ($2m+k+l)i1 tmJ1---JmP1.--Ph+l
(4.2) (N iy () = 22 ( ) + Jl JmPLe DAL g T =y

where * denotes the convolutzon.

The right-hand side of (4.2) needs the following comment. For x € R", according to
our definition of the symmetric product, z** € S* with coordinates (z*!)P1-Peri =
Pt .. xPe+t Therefore, for f € S™,

($k+lf)j1--~jmp1--~pk+l - U(jl e mD1 - -pk+z)(ivp1 N ‘xpk-klf]'lnjm)‘
8



Before proving Proposition 4.1, we observe that it implies some regularity of the tensor
field N* f. Indeed, the first factor (z**+!f)i-JmPr-Piti on the right-hand side of (4.2)
belongs to S(R™). The second factor is a function locally summable over R™ and bounded
for |z| > 1. Hence the second factor can be considered as an element of the space S'(R")
of tempered distributions. As is well known [V1a79], for u € S(R™) and v € S'(R"), the
convolution u * v is defined and belongs to the space of smooth functions whose every
derivative increases at most as a polynomial at infinity. In this case, the standard formula
is valid: w* v = Wv. Thus, we can state that

NE . S (R™ §™) — O (R"; S™)

is a continuous operator.
To prove Proposition 4.1 we need the following

Lemma 4.2. Let k > 0 be an integer, 0 #a € R, and b € R. Then

k k
k (&2+b)2k_l k bk‘—i—l
_]_l -_— = —_—.
S (-3 ()%

Proof. By the binomial formula,

k k
k\ (a® + b)* 1 k _
Z(_l)l<l) ( a%_)ﬂ _ aT Z (l (_a2)l(a2 + b)2k l
=0 =0
1 (k 2 ) 2k—1
:GTZ ;) +b=b)'(a® +b)
1=0
2 kK
_ L ;kb) > (?) (—a® + b — b)'(a® + b)*
1=0
k(2 k k k1
b (a® +b) _Z k b_
- a2k o — 1) a2

Proof of Proposition 4.1. Using (2.4) and (2.5), we first compute
(Nslf)zlzm (z) = (Iﬁl);zm Iﬁlf(x)
— [0 G @066 d

= Ln_l \/Rtk<g;, £>kfj1~~jm (I’ — <.T7 §>§ + t&)gn . fjmfh .. .&m dtdé
= 2/Sn1 /0 tk<l’,5>kfj1~~~jm<x _ <£L‘,£>f + tg)(’SQm)il..‘imjl...jm dtdf

Replacing t — (z,&) by t in the last integral, we have
(Vi @ =2 [ [ 0. @08 a4 1N s
n-1Jo

k
=2
!

k * . .
- (l) /Snl/o tl<x’§>2k‘*lf]1..‘]m(a: +t€)(£2m>i1..‘im]’1...jm dtde.

9



Changing integration variables by
z—x

T dtd¢ = |z — x| "de,
|2 —

T+ 1§ = z, t:|2_$|7 §=

we obtain
k

(Nkf Z ZE Z_:E)Qk_l((z—x)Qm) f]l]m (Z) dZ
11 zm 21...%mJ1.--Jm ‘Z o $‘2m+2k72l+n71 .

Let us write this in the form

(NEF), ()

By Lemma 4.2 with a = |z — z| and b = (z,z — 2),
i (x,x—z)*t i RN (Jz =2 + (z,x—z))%_l
Z |x — T Z(_1> l |z — 2|22
1=0 1=0
Z (z x—z>k+l _i kN (z, 2 — 2)FH
o 2| - l |z — x| )

=0

Substitute this expression into the previous formula

(NES) i :22( >/ Z>k+l((x_z)2m)i1...imj1...jm‘x _szl’;;mfzi)m—1

Then we represent the first factor of the integrand as follows

(z,x — Z>k+l _ (Zk+l)p1~..l7k+l(<x _ z)’”l)

dz.

P1--Dil

Substituting this expression into the previous formula, we write the result in the form

(Nnf)sy i,y @)
k (= 2)2mk
_ 22 (I;) /Rn (Zk+l ® f(z>)p1...pk+zh...]m (( ) Z|>2:1+;Tlnj; ]1mp1 --Pk+1 dz.

|z —
1=0

We can replace (2" ® f(z))pl"'p’“”jl"'jm with (zk“f(z))jl"'jmpl'”pk“ since the second
factor in the integrand is symmetric in all indices. Hence

(Nf)iyi, (@)
_Z)2m+k+l)

=9 - k ( k+lf( ))j1~-~jmp1~--17k+l ((I 01..imJ1.--JmP1---Ph+l dz.
o l N c & |:L._Z|2m+2l+n 1
=0

J1-e-JmP1-Phtl -
" with

Every integral on the right-hand side is the convolution of (x’““ f )

(T2m+k+l)i1mz‘mjl...jmpl.up .
P 2L We thus arrive at (4.2). O

We use the abbreviated notation 0;, ,; = W for partial derivatives. Recall

that indices can be written either in lower position or in upper position. In particular,

ot = 9, . Recall that j, : S™ — S™ ! is the operator of contraction with y,
10



see Subsection 2.1 where the operator j, is defined. For 0 < k < m, tensor fields
Amk) e ¢(R™\ {0}; S?™~*) are defined by (3.7) or in coordinates

A(mvk) _

o | |2m—2k—1
11 lom—k  tlel2m—k Y :

—

Proposition 4.1 can be equivalently written in terms of Fourier transforms annd Nk f.

Proposition 4.3. Let 0 < k < m and n > 2. For f € S(R";S™), the equation (3.8)
holds with g = f and F™F defined by (3.3).
Proof. Applying the Fourier transform to the equality (4.2), we obtain

o k 2m+k+l)

k o k41 J1---JmP1---Pk+1 1---mJ1---JmP1---Pk+1
Nytfi i, =2 Z (l) (x f) ]:[ || 2m2in—1 ]

=0

Using the standard properties of the Fourier transform [Ho

o, f=18,F, 9;f =iy,

we transform our formula to the form

33, Lemma 7.1.2]

—

k
k . . Diyod
NEfiy o = 201> (1) (1)0(91 DL Prga) (O PR )
=0

—2m—2l—n+1
X ail-~~imj1~~jmpl~-~Pk+zf[|$| ]

Here we can omit the symmetrization o(j; ... jmp1 - - - Prt) since the second factor

81»1,__Z-mjl._,jmpl._,pw]-"[|x|*2m*2l*"“} is symmetric in all indices. Thus,

(4.3)

Nﬁ?flllm = 2(_1)7”‘”“ Z(_l)l (l) (aplmpkﬂfjlem)ah...imjl...jmpl...pka[’x|_2m_2l_n+1] ‘
1=0

Let S'(R™) be the space of tempered distributions. Recall that A — |z|* is the meromor-
phic §'(R")-valued function of A € C with simple poles at points —n, —n—2,—n—4,....
The Fourier transform of |z|* is expressed by

e
P(=A/2)
Fllal*] = 2m)"*(-A)'s (ke Z),

where ¢ is the Dirac function. In particular,

Fllal] = " (A=A —n ¢ 2Z7),

F<1—2m—2l>
2
—om—2-n+1] _ 2m+20—1
F|le| | - [yt
92m+2l+n/2—1T <M)
2

Substitute this value into (4.3)

1-2m-21 >

N7 (~1)m* & k) EDTS
(4.4) N i (W) = 92mrtn/2-2 Z (l) 22lr<251+22l+n1>

=0

S | ’2m+2l—1
i1 im g1 mP1 P | Y

« ap1.-.pk+z]?j1--.jm (1).
11



Let us contract the equation (4.4) with y™ ...y i.e., multiply the equation by g ...y
and perform the summation over indices 7 ... i

o S (1) (r(=22)
YNEF), W)= 5
(4.5) 8 s 0) = i 2 2 (2t )

X {yil YOy, (aik+1...imj1...jmp1...pkH !y|2m2“>] QP PRl f1Tm (4,

On the right-hand side, all summands corresponding to [ > 0 are equal to zero. Indeed,
D i onjmptoopess Y] is the positively homogeneous function of degree [ — 1. By
the Euler equation for homogeneous functions,

) ) _1\KkL1,2m—1 —
yll .. ylkah...ik <8Z’k+1-..imjl---jmpl---pkH|y|2m+2l_1> = { é 1) k|y| i; > 8’

The formula (4.5) becomes
(4.6)

k Nk T (- 1)mklf<1 2m> 2m—1 Tieed

(jy Nﬁzf)ikﬂ...im (?/) = 22%/272F(2m_1> (8ik+1...imj1...jmp1...pk’y‘ m— )8p1.‘.pkfjl~-dm (y)
2

This is equivalent to (3.8). O

Lemma 4.4. Let 0 < k < m and n > 2. Then jk“ N’“f( ) = 0 for any tensor field
f e SR S™) and for any y € R™.

Proof. The statement trivially holds in the case of £ = m. In the case of k < m we apply
the operator j, to the equality (4.6)

1 ~
( N f)lk+2...’im (y) Ck [( %Halkﬂ) (aik+2~--imj1~~-jmp1~~-pk‘meil)} R (y)a

where C* = (—l)mklf(%)/(22"””/2*2F(%)>. The expression in brackets is equal

to zero since 8ik+2---imjl---jmpl---pk ly|>™ is a positively homogeneous function of zero degree.

a

From now on we can forget the momentum ray transform. The rest of the article is
devoted to investigation of the system (3.8).
Lemma 4.4 implies that right-hand sides of equations (3.8) satisfy

(4.7) Gy F"P(y) =0 (0 <k <m).

Thus, equalities (4.7) constitute necessary conditions for existence of a solution g €
S(R™; S™) to the system (3.8). Most probably, equalities (4.7) are necessary and sufficient
consistency conditions for the system (3.8), but this fact is not proved.

5. REDUCTION OF THE SYSTEM (3.8) TO AN ALGEBRAIC SYSTEM

Tensor fields A™*® € C®(R™ \ {0}; S?™*) (0 < k < m) are defined by (3.7). There

exist two important relations between these tensor fields.
Lemma 5.1. The following equalities are valid:

(5.1) Gy AR = _f AL (0 < B <),

(5.2) div AR = (2m — 2k — 1)(n + 2m — 2k — 3) AU (0 <k < m).
12



Proof. Applying the operator j, to the equality (3.7), we have
ij(m,k:) _ jyd2m7k|y|2m72k71'
With the help of the operator (y,d) = 3’ %, the latter formula can be written as
(5.3 AU = (g, 0) a2
The tensor field d>™~*~1|y|?m~2k=1 i5 positively homogeneous of degree —k. By the Euler
equation for homogeneous functions,
<y a) d2m—k—1|y|2m—2k—1 — —k d2m—k—1|y|2m—2k—1
Substituting this expression into (5.3), we obtain
ij(m,k) - —k d2m—k—1|y|2m—2k—1‘

By (3.6), the right-hand side of this formula is equal to —kA™ %=1 This proves (5.1).
Let us write (3.7) in the coordinate form

(m,k) 2m—2k—1
i::,l...iQm = Zk-‘—lZQ'm|:y| " :
Differentiate this equality
(m,k)
aAik+1---i2m — . ) ‘ ’2m—2k—1
ay] — Y)lk41---12m y N
From this
(m,k)
) ; ligy o iom ; ok
(div A(m’k))ik+2___i2m = % = §’! ajlik+2--.i2m|y|2m et

= aik+2...i2m(A|y|2m_2k_1)~

This can be written in the coordinate-free form
(5.4) div AR = @2m=h=1(Aly|?m-2k-1),
Using the obvious formula

Aly* = afa+n —2)[y|" ",
we obtain

Ay = (2m — 2k — 1)(n + 2m — 2k — 3)|y|* ™2+,
Substituting this expression into (5.4), we have
div A™F) = (2m — 2k — 1)(n + 2m — 2k — 3) d>™ K|y Pm2k=3,

By (3.7),
(3.7) 2Ry [2m=2k=3 _ A(mk+D)

Two last formulas imply (5.2). O

From (5.2), one easily proves by induction on k
(2m — D! (n + 2m — 3)!!
(2m — 2k — D)!N(n + 2m — 2k — 3)!!
We reproduce the system (3.8)
(5.6) A J(dlg) = F™D (1=0,1,...,m).

Here F(™ ¢ C>(R™\ {0}; S™7!) (0 < I < m) are arbitrary tensor fields belonging to
the kernel of j,,.

(5.5) div® A™O) = AR (0 < k< m).

13



Proposition 5.2. If a tensor field g € C*(R™ \ {0}; S™) satisfies (5.6), then
(5.7)

k
k
(div*A0) /(d'g) = (=1)* ) :(—1)1’( ) div? PP (0 < kB <m0 <1< m— k).
p
p=0

Proof. We prove (5.7) by induction on k. For k = 0, (5.7) coincides with (5.6). Assume
(5.7) to be valid for some k. Apply the operator div to the equation (5.7)

(5.8) div((diva(m’O)) / (dlg)) = (=1 (=1 (k> div?tt plmkti=p),

p

We assume binomial coefficients to be defined for all integers k£ and p under the agreement:

k
(5.9) ()-O if either k <0 or p <0 or k < p.
p

Due to the agreement, we can assume the summation to be performed over all integers p
in (5.8) and formulas below.
The equality
div(u/v) = (divu) /v + u/(dv)
is valid for any two tensor fields. It is easily proved on the base of definitions of the
operators d and div. With the help of this equality, we write (5.8) in the form

(dinJrlA(m,O))/(dlg) + (dinA(m’O))/(dH_lg) — (_1)k Z(_l)p (k) dinJrl F(m’k+l_p).
p
p

By the induction hypothesis,

(divF A D) (@1 g) = (~1)F Z(—w(

p

k) din F(m,k+l*p+1) )
p

Substituting this expression into the previous formula, we write the result in the form

(div A /(dg) = (~1)F 3 (-1 (k) JT———
p
p

+ (_1)k+1 Z(_UP <k

) div? Flmk+i=—p+1)
- p

Changing the summation variable of the first sum as p := p — 1, we obtain

(divF LA™ /(dlg) = (—1)k+12(—1)PK g )+ (k)]divp Flmib=p+1),

> p—1 p
By the Pascal triangle equality, (pfl) + (]’Z) = (k';l). Substituting this expression into the
last formula, we arrive at (5.7) for k :=k + 1. O
Setting [ = 0 in (5.7), we obtain
k
k
(@A) fg = (1 Y ap (V) i P 0 <k < )
p
p=0

Substituting the value (5.5) of divF A0 we arrive at the equation

k
k) 1k (2m =2k = Dll(n 4 2m — 2k — 3)!! B E\ o mmk—p)
AT g = (=) 2m — D)I(n + 2m — 3)!! 2 (=P, ) divt FOE

14




We have thus proved

Proposition 5.3. If a tensor field g € C*(R™ \ {0}; S™) satisfies (3.8), then it also
solves the system (3.9) with right-hand sides defined by (3.4).

We emphasize that (3.9) is a system of linear algebraic equations in coordinates of the
unknown tensor field g. Of course the system (3.9) is not equivalent to (3.8). Proposition
5.3 states that (3.8) implies (3.9) but not vice versa. Nevertheless, we will see that g
can be uniquely recovered from (3.9). In this sense the system (3.8) is reduced to the
algebraic system (3.9).

6. SOLUTION OF THE SYSTEM (3.9)
The following statement completes the proof of Theorem 3.3.

Proposition 6.1. If the system (3.9) is solvable, then the solution g = f 1S unique and
is expressed by the formula (3.5).

The proof of Proposition 6.1 is not easy. The main part of the proof is contained in
the following two lemmas.

Lemma 6.2. Given a tensor field g € C®(R" \ {0};S™), let us fir a Cartesian
coordinate system on R", fix a value of the indexr i,.1 and introduce the tensor field
g€ C=([R"\ {0};5™) by

(6.1) Giv.oiim = Jirvimimes1 -
Let us also introduce the vector field § by
Si - 5’i’im+1'

Then, for every 0 < k <m,

1 1
A(m,k) ~ ; .= [ A(m+1,k) ; ;
( /9 im m+1L12m—2k+1 ( /9iiims

Yo (AT g — (=) (5(A09) 1))

(6.2)
¢k+1...¢m}
Proof. The identity

azlzp<|y‘ayk) = Yk az'l...ip|y|a +poiy.. -ip)((silk az'g...ip|y|a>

holds for any integer p > 0, any real @ and any 1 < k < n. It is easily proved by induction
on p. With the help of this identity, we obtain

87;k+1---im+1j1---jm+1|y|2m_2k+1 = (2m_2k+1)aik+1---imj1---jm+1(|y|2m_2k_1yim+1)

- (Qm_2k+1) Yima a"kﬂ--imjlmjmﬂ|y|2m72k71

- (Qm_k—i_l)o-(ik‘*‘l I 'jm+1> <6im+1jm+1 aik+1...imj1...jm |y|2m_2k_1>:| .

Expanding the symmetrization o (igy1...%mJ1 - - Jjme1) With respect to the index j,.1
(see [Sha94, Lemma 2.4.1]), we write this in the form
1

_ 2m—2k+1 __ 2m—2k—1
Qm_2k+1 aik+1~~-7:m+1jl~--jm+1|y| - yim+1 aik+1...imj1...jm+1 |y|

+ U(ik+1 N ijl Ce ]m) <6im+1jm+1 8ik+1---imj1...jm |y|2m—2k—1

+ (2m—k)0i, 1151 O 1viimo s ’y|2m72k71> .
15



. 2m—2k—1 . . . . . .
Since the tensor 0, j,.1 ixrr.imjrogm Y7 is symmetric in ip 1, ...y G, J1s - - - 5 Jims

the formula can be written as follows:

1 - _ —
2Tn——2k+1 aik+1---im+1j1---jm+1|y|2m R Yims1 aik+1---imj1---jm+1 |y|2m 2kt
(63) + 5im+1jm+1 81]9+1Zm]1]m ’y|2m72k71
+ 2m—k)o(igrr - imfi - Jm) <6im+1j1 Do oviimjorrdms |y|2m—2k—1>'
By (3.7),
—2k— +1,k+1
O i U2 = ALY

’2m—2k—1 _ p(mk)
T g1 dm e Jm )
’2m72k71 _ A(m,k)
T ggedimizeJmtt

Digy1-viiminjim |Y

8ik+1...imj2...jm+1 \y

Substitute these expressions into (6.3)

A Lk+1)

1 a |2m—2k+17 ) ( Rt )
= Yims Tkt1--tmJl---Jm+1

2’/71——%—1—1 ik+1~~~im+1j1mjm+1|y

Im+1Im+1 Zk+1lm]1]m

. .. . m,k
+ (2m—k)o(igs1---imi1---Jm) <5im+1j1 Al(-kﬂ_)”imj%ij).
The equality

. o . (m,k)
O(iks1 - tmJ1---Jm) (5%“]-1 Aik+1...z‘mj2...jm+1

1 ) ) . . m,k
(6.5) = 2m—ka<lk+1 )0 (J1 e ) [(m_k)éimﬂim A§k+1.)..im,1j1...jm+1
(m,k)
+ méim+1jl A’ik+1-~~imj2~~jm+1:|

is easily proved on the base of the only fact: the tensor A™* is symmetric. Formally

speaking, the first term (m—=£k)o;, ., i, Agjjif),,im_l iv.jms, 0 brackets makes sense for k£ <

m — 2 only. Nevertheless, the formula (6.5) holds for &k = m — 1 if we assume that
Z(:’Z)mfl St = g:n’;)mﬂ In the case of k = m, the first term in brackets is equal to

zero because of the factor (m — k). Thus, the formula (6.5) holds for all 0 < k < m.
With the help of (6.5), the formula (6.4) becomes

A Lk+1)

1 a |2m72k+1_ ) ( Rt )
= Yimia lkt1---tmJ1---Jm+1

2771_—%_’_1 ik+1-~~im+lj1~~~jm+l|y

Im+1Im+1 Tht1---tmJ1--Jm

. . . . m,k
+ <m_k) O-(Zk?"v‘l tee Zm)0<j1 tee jm) <5im+1im A’L('k+1.)..’im_1j1...jm+1>

. . . . m,k
+ m0(2k+1 e Zm)0'<j1 Ce jm) <6im+1jl AZ('k+1~)4~imj2mjm+1> .
16



On the last line, the symmetrization o (ix41 . . . 5, ) can be deleted since the tensor Alm
is symmetric in these indices. The formula simplifies to the following one:

1 9 i ‘2m72k+1_ , (m+1,k+1)
9 — 21 Cikrrimirdtdme Y = Yimr1 ig 1 imdr e dim

m,k
+ 5im+1jm+1 5 : i g1
k41---ImJ1e-Jm

m,k)
+ (m—k:) (Zk:—H ) (]1 .] )(5im+1im A£k+1 Am—1J1-- ]m+1>
+m U(jl cee ]m) <5im+1j1 A(m7k) imJ2.--J >

U+1--tmJ2---IJm+1

Formulas (6.3) and (6.6) imply

1
m+1,k _ (m+1,k+1)
m (A( )/g)ik+1---im+1 - |:yim+1 Aik+1~~~imj1-~jm+1
(m,k)
+5im+1jm+1 (R s Sy
. . . . m,k
+ (m_k) U(Zk+1 cte Zm)U(jl ttt jm) <5im+lim A£k+1.)..im71j1...jm+l)

) ] m7k j ..o ‘m
Fmoli-.jm) (5im+1j1 Az(k+1-)--imj2---jm+1):| gl

The symmetrization o(j; ... j,) can be deleted after opening brackets since the tensor
g7tIm+1 i symmetric in these indices. We thus obtain

; ( (m+1,k /g)lk s = Yinn £m+1,£€+1) gjlmjm_H
2m—2k+1 + A
+ 5im+1jm+1 Aggf-)--imjl...jnlgjl“.jm+l
+ (m—k)o (k1. im) <6im+1z’m Az(:jj) i Jm+lgj1...jm+1>
+m 5im+1j1 Agkar’f)“iij.“ijgj1~--Jm+1.

Implementing the contraction with the Kronecker tensor in second and last lines, we
obtain

1

QW——%—H ( (mH,k)/g)i’“ﬂ imy1 = Yimia ng.l.f:jll)...jmﬂgjl"'jm“
AT i G
+ (m—k)o(igs1 .- im) (5im+1im Agﬁf.)..imfljl...jmﬂgjl"'jm“)
+ mAf:if Am i am93;+fm~
In the last line, we have replaced the summation indices jo, ..., jm41 With J1, ..., Jm. We

see now that second and last lines contain similar terms. Grouping this terms, we write
the formula as follows:

1 a1k (m+1,k+1) 1
sr—aia s AT Disirimis = Vi AL 87
. . m,k i1...-Jm
(6.7) =) ot i) (i AL i g8

+ (m+ 1) A(m k) J1edm

Tk+1-- 'Lmjl ]mg1m+1 .
17
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Recall that the value of the index i,,4; is fixed and g/t -im = g7* ﬁ’“ The formula (6.7)
can be written as

1 m "
Im—2k-+1 (A( +17k)/g)ik+1---im+1 = Yimi1 (A( +17k+1)/g)ik+1...im
+(m=k) (§(A™D/g)) - (m+ 1) (AP )i
U+1---Tm
This is equivalent to (6.2). O

Lemma 6.3. For a tensor field g € C°(R™\ {0};S™), the following identity holds:

m min(k,m— k)

(6.8) A /g =ml(2m — 1) |y~ 19+Z Z (m, k,p) iy PP b (AP /g),

where the coefficients B(m, k,p) are uniquely determined by the recurrent formulas
k

oo Blm 1.k p) = 5 Bl k.p) = = B(m. k—1.p)
+ %ﬁ(m,k—l,p—l)
and
2m+1)(B(m + 1,k,p) +1) if (k,p) = (1,0),
(6.10) Bim+1kp) =< 2m+1)(B(m+1,k,p) —m) if (k,p) = (1,1),
2m+1)3(m + 1,k, p) otherwise

under the agreement
(6.11) B(m,k,p) =0 if either k=0 or k> m or p <0 or p > min(k,m — k).

Proof. The proof is going by induction on m. For m = 0, the sum on the right-hand side
of (6.8) is absent and the formula holds since A™? = |y|~!. Assume (6.8) to be valid
for some m > 0 and let g € C>®(R" \ {0}; S™*!). We fix a value of the index i,,,; and
introduce the tensor field § € C*°(R" \ {0}; S™) by (6.1). By the induction hypothesis,
the formula (6.8) holds for §g. Let us write the formula in coordinates

,0 m —
Agn 7/3n.71 ]mgg',l,L+Z - m'(2m - 1)” |/y’ 1gi1...’im+1

m min(k,m—k)

(6.12) Z Z B(m, k,p)y .. .y x

(m,k) m
X 6i1i2 : '.6i2p71i2pyi2p+l' y2k+p Thtpt1--tmli.lpj1.. jmgg:nﬁ .
By Lemma 6.2,
(6.13)
(m k) m  ___ m,k ~
A’Lk+p+1 Zmll lp]l nggerj - (A( )/ )’ik+p+1...iml1...lp
1 1 (m+1,k m+1,k+1

~ (m=k) (5 (A9 /g))

In the case of kK = m, the last term on the right-hand side of (6.13) is equal to zero.

In the case of k < m, we transform the last term on the right-hand side of (6.13) with
18
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the help of (5.1) as follows:

1

(BA™09) i, = "t (A1)
1

= - k + 10(ik+p+1 s Zmll R lp) <5im+lik+p+1 (ij(m+17k+l)/g)ik+p+2...iml1...lp) .

ik+p+1...iml1...lp

(6.14)

The equality

U(ik+P+1 et Zmll et lp) <5im+1ik+p+l (ij(m—’—LkH_l)/g)ik+p+2...’iml1...lp>
m—k—p . _ Com
= m—Fk O (iktpt1 - - im) (5im+1ik+p+1 (]yA( H’kﬂ)/g)zﬂpﬁ...imzl..‘zp)

p . a(m
() (36, GeA D S 9)i i)

holds since j, A5+ /g is a symmetric tensor. With the help of this, the formula (6.14)
takes the form

(3 (a9 /g))

’ik+p+1...’iml1...lp

m—k—p ] ) .
615 =- (m—Fk)(k+1) O (lktpr - im) (5"m+1ik+p+1(]y’4( H’kﬂ)/Q)ik+p+z-..z’mll...lp>
b . m
- (m—k) (l{—l— 1) U(h s lp) <5im+1l1 (JyA( +17k+1)/g)ik+p+1---iml2---lp>'

Replacing the last term on the right-hand side of (6.13) with its value (6.15), we obtain
(6.16)

(mvk) Jie-Jm __ (m,k’) ~\. .
Aik+p+1...iml1...lpj1...jmgim+1 = (A /g)zk+p+1...zml1...lp

1 1

- m+11|2m—2k+1 (A(erLk)/g>ik+p+1...im+1ll.‘.lp “ Yimn (A(mﬂ’kH)/g)ik+p+1,..imll...lp

m—k—p

+ k‘——{—l U(ik+p+1 X Zm) <5im+1ik+p+1(ij(m—H’k—H)/g)ik+p+2---iml1---lp)

p . A(m
+ ki_—i-l o(ly ... lp) <5im+1l1 (JyA( +1’k+1)/g)ik+p+1~~im12-~-lp)} .

It is not quite obvious now that two last lines on the right-hand side of (6.16) are equal
to zero in the case of K = m. Nevertheless, in the case of K = m we are interested in
(6.16) for p = 0 only, as is seen from (6.12). For £ = m and p = 0, the last two lines on
the right-hand side of (6.16) are equal to zero.

We substitute the expression (6.16) into (6.12). After the substitution, the symmetriza-
tion o (ik4p+1 - - - im) can be omitted because of the presence of the “larger” symmetrization

o(i1...10y). The symmetrization o(l;...l,) can be also omitted because of the presence
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of the factor ' ...y". We thus obtain

,0 m _
AE:” lw)njl ngZ:n+Z - m'(Qm o 1)” |y’ 1gi1 Am1

m min(k,m—k)

: : ! l
m+1a(21...zm)z Z B(m, k,p) Oiyiy -+ - Oiny_vingy, Yingar - Yirsy ¥ - - YP X
k=1 p=0

X {27%_—12/6_'_1 ( (m+17k)/g>ik+p+1"'im+1ll~~~lp = Yimi (A(MH’]CH)/Q)iHPH.‘.imll...lp

m—k-p.
k1l imeiikept
p

+ ) 8 ialn (ij(erl,kJrl)/g>ik+p+1mimlzmlp:| .

+ (ij(erl,kJrl)/g).

’Lk+p+2...iml1...lp

After pulling the factor ¢t ... y" inside brackets, this becomes

m,0 m —
AT gl = ml(2m = Dy i

m min(k,m—Fk)

1 . .
m1 O'(Zl c. Zm) Z Z ﬁ(m, ]{Z,p) 5i1i2 e 61‘2;;71752;) yi2p+1 .. 'yiker X

k=1 p=0

1
m+1,k) m+1,k+1)
X |:2m_2k+1 (]y ( /g)lk+p+1 Amt1 ylm+l (jy A( T /g)zk+p+1...im
m—k—p
k+1

p m+1,k+1)
+/€—|—1ylm+1(‘7 Almtls /g>1k+z}+1"'im]'

Observe that second and last terms in brackets differ by coefficients only. After grouping
these terms, the formula becomes

+ 5zm+1lk+p+1 <]p+1 A(m+1 FH) /g)

Le+p+2 ol

,0 m _
A”S;n 22n]1 ngg:ni - ml(zm - 1)” ’y| 1gil AmA4-1

m min(k,m—k)

1 . ‘
o (i1 .. im) Z Z B(m, kD) Givig - - Oigy_ying Yinpsr - - Yirsp X
p=0

k=1

- m k—p+1 D A(m
|:2m 2k‘+1 <'] ( o k /g)zk+P+1"‘im+1 - k+1 yim«l»l (]5 A( +17k+1)/g)ik+p+1...im

m—k—p .
+ k—f—]_ 52m+1lk+p+1 (.]Z—H A( +L +1)/g)ik+p+2‘_.im} .

Next, we pull the factor d0s,, iy, Yisyys - - - Yip,, inside brackets

m,0 m _
AEl 27)71.71 ]mgl]yln+i - m‘(2m - 1)" |y| 1g’i1...im+1

m min(k,m—k)

( ETrep) 2 Bl b.)| g (A )
6.17)

i1

k—p+1 oD D/ A (m
— o Vime (s rinjpatmsrien /g))

i1...0m

m—k—p 1/ A(m+1,k+1
+—k+1 (Za iy 35+ (A( +1,k+ )/g))il...im )
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Next, we apply Lemma 6.2 with £ = 0. More precisely, we reproduce the formula (6.7)
from the proof of the lemma for £k =0

(A(m+1’0)/9)i1...im+1 (m—+1)(2m+1) A(m:0) J1eeJm

i1.4mJ1.- ]mg’lm+1

+ (2m41)y,,,, AR it

11 4mJ1---Jm41

+m2m~+1) o(iy ... i) (5im+lim AmO J1- ~~jm+1>

11 Um— 1]1 ]m+1g

This can be written in the form

(AL /gy, = (m+1)(2m+1) AT Jidm

11...0m 1. ]mg'lm+l

+ @m Dy, (AT g, + m(2m+1) (i5(A™0)/g))

i1
By (5.1), A9 = —j, Am+LD  Qubstituting this expression into the last line of the
previous formula, we obtain
(AT g)is i = (A1) @mA1) AT 5 gl
(618) (m+1 1) .. m—‘rl 1)
@M gon (AT Jg)i, i, = m(2me+1) (i 7,(AT D fg))
i1...%m
Now, we replace the first term A“ 1. jmgfl J’" on the right-hand side of (6.18) with
its expression (6.17)
IR _
5T AT )i i = (A = DIy g
m min(k,m— k:) 1
k ( k—p p A(m—l—l,k) )
3 k)| gy (AT ),
6.19 k—p+1 m
o N e

m—k—p +1/ f(m+1,k+1
+ k+1 <Z‘5yp2pj5 (A( )/g>>i1...im

+ Yirmia (A(mﬂ’l)/g)il...im - m(@i jy(A(m+1’1)/9)>

From now on, we again let i,,,1 be an arbitrary index. We apply the symmetrization
o (i1 ... im+1) to the equation (6.19). The operator iz becomes ¢ after the symmetrization
and the result can be written in the coordinate-free form (recall that operators i, and i
commute)

(6.20)

1.l

S AT Jg = (me1)l(2m — D!t y| g

m min(k,m— k)

1
+Z Z (m, k,p {——%—H Z pzp]y(A(mHk /9)
p=

k‘ —p+1 m m—k—p m
P /;‘ p+1 pj?};(A( +1,k+1)/ >+ 1 l; pr+1 p+1(A( +1, k+1)/g)

+ iy (A(m-i-l,l /g) . mijy (A(m+1’l)/g).
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Let us write (6.20) in the form

1
2m+1

m min(k,m—k)

1
+Z Z m@(mkp)kplp]y( L /g)

k=1

AL Jg = (m1))(2m — 1)y g

m min(k’',m—k’)

k —p+]. m ’
—Z Z ld——i—lﬁ< m, k', p) i, o pHZpr(A( LD /g)
k=1 p=0

m min(k’,m—k')

m—k'—p/ AN m ’
+ Z Z k,—_Hﬁ<m7 k/’p/) Z]; P'yp +135 +1(A( +1,k +1)/g)

+ iy (A(m-i—l,l)/g) o ijy (A(m-i—l,l)/g).

We change summation variables by &’ = k — 1 in the second sum and by ¥’ =k —1,p =
p — 1 in the third sum. The formula becomes

1
2m+1

AL 19 — (ma1)(2m — D)y g

m min(k,m—k)

1 m
+Z Z m—%_ﬂﬁ(mkp) kp@pjy( T g)

k=1 p=0

k—p ke p D/ 4(m
(6.21) _ Z 6(m’ E— Lp) Zlyc pr]S(A( +1,k)/g)

m—k—p+2 m
> T Blmek = Lp — 1) i (AT g)

+ iy (AT [ ) — midg, (AT /g).

We are going to equate summation limits in three sums on the right-hand side of (6.21)
in order to unite the sums. Then we are going to involve two terms on the last line of
(6.21) into the same sum. This needs some logical and arithmetic analysis.

In the first sum on the right-hand side of (6.21), the summation over k can be extended
to 1 <k <m+ 1since B(m,m+ 1,p) = 0 by the agreement (6.11). Let us demonstrate
that the summation over p can be extended to 0 < p < min(k,m — k + 1). Indeed,
min(k,m — k) = min(k,m — k+ 1) if k <m — k. If k > m — k, then there appears one
extra term corresponding to p = m — k + 1 in the first sum. But g(m,k,m —k+1) =0
by the agreement (6.11). Thus, summation limits of the first sum can be replaced with

(6.22) 1<k<m+1, 0<p<min(k,m—k+1).

In the second sum on the right-hand side of (6.21), the summation over k can be
extended to 1 < k < m + 1 since S(m,0,p) = 0 by the agreement (6.11). Let us
demonstrate that the summation over p can be extended to 0 < p < min(k,m — k + 1).
Indeed, min(k—1,m—k) = min(k,m—k+1)if k > m—k+1. If k < m—k+1, then there
appears one extra term corresponding to p = k in the second sum. But S(m,k—1,k) =0
by the agreement (6.11). Thus, summation limits of the second sum can be replaced with
(6.22).
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In the third sum on the right-hand side of (6.21), the summation over k can be extended
to 1 <k <m+1since f(m,0,p—1) = 0 by the agreement (6.11). The lower summation
limit over p can be replaced with zero since S(m,k — 1,—1) = 0 by the agreement
(6.11). Let us demonstrate that the upper summation limit over p can be replaced with
min(k, m—k+1). Indeed, min(k—1,m—k+1)+1 = min(k, m—k+1) if either 2k < m+2
or 2k > m+2. The only critical case is 2k = m+2 when min(k—1, m—k+1)+1 = m—Fk+2
and min(k,m — k + 1) = m — k+ 1. We are going to loose the term corresponding to
p =m — k + 2 after the replacement. But this term is equal to zero due to the presence
of the factor @

Thus, summation limits can be replaced with (6.22) in all sums on the right-hand side
of (6.21). After the replacement, we unite three sums and write (6.21) in the form

AL g — (o 1)(2m+1) |y g

m+1 min(k,m—k+1)

(6.23) + (2m+1) Z Z B(m+1,k D) iy PP (A(m+1 R /g)

+(2m+1) 4, (A (LD /g) — m(2m+1) i, (AT /g),

where S(m + 1,k, p) is defined by (6.9).
Finally, we have to include two terms on the last line of (6.23) into the sum. The term
i, (Am+LD /g) corresponds to (k,p) = (1,0) and the term ij, (AT 1V /g) corresponds to
(k,p) = (1,1). Therefore we define B(m + 1, k,p) by (6.10). The formula (6.23) becomes
now
A0 g — (m D) 2m+ D! |yt g
m~+1 min(k,m—k+1)

+Z Z Bm + 1, k,p) iy PP b (A0 [g).

This coincides with (6.8) for m:=m+ 1. O

Proof of Proposition 6.1. Coefficients (m, k,p) are determined by pretty complicated
recurrent formulas (6.9)—(6.11). Nevertheless, the coefficients can be expressed by the
explicit formula

2m — ! _ —k
(_1)k+p+1(2n(z ok ) 2 () (" F) for k>0,

0 for k<O.

Indeed, being defined by (6.9), B(m, k, p) satisfy (6.11) under the agreement (5.9). For-
mulas (6.9)—(6.10) can be equivalently written in the form

(6.24) B(m, k,p) =

(6.25) B(m—i—l,l,O):(2m+1)<2m_1ﬂ(m,1,0)—|—1),
(6.26) Bm+1,1,1) = (2m+1)<2m_15(m,1,1) —m),
1 k—p

Blm+1,k,p) = (2m +1) [Qm——ij—i—l B(m, k,p) — Tﬁ(mak —1,p)

(6.27) m—k—p+2
PR k- 1p = 0| () £ (1) (k) # (1,1),

Unlike (6.9)(6.10), formulas (6.25)(6.27) do not involve 5(m+1, k, p). One easily proves

that equations (6.25)—(6.27) are satisfied by values (6.24). We express ¢ from (6.8).
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Substituting the value (6.24) of 5(m, k,p) into the expression, we arrive at the formula

(3.5) with f = g. Substituting the value (6.24) into (6.8) we arrive at the formula (3.5)

with f = g. This completes the proof of Proposition 6.1 as well as of Theorem 3.3. [
7. PROOF OF THEOREMS 3.1 AND 3.2

7.1. Vector fields. In the case of m = 1, the formula (3.5) looks as follows:

(7.1) F=lyl(HY — i, 7OD).
By (3.4),
g0 — poo g Z 1 1 <div FO0) _ F(m))
n j—

and by (3.3),

F(I’O) = Cl,n N{)fv F(l 1) =G n.]lelf7
where

2n/21‘\(i) on/2— 1F(n+1)
Cln = — .
F(=3) VT

From this

HOO — ¢ NOF, HOD = 22 (div NOF = j, N1 ).
n J—
Substitute these expressions into (7.1)
1 1 T
(7:2) F= c1alyl(N?f = — iy div NOf + —— iy j, NIF).

We apply the inverse Fourier transform to the formula (7.2) and use the commutator
formulas

(7.3) Flyl = (=A)2FY Fliyj, = —ddivF™, Fli,div=dj, F "
In this way we obtain
1 , 1 .
[ = cra(~A)2(NYf - ——dj N — — ddiv N} f).
This completes the proof of Theorem 3.1.

7.2. Second rank tensor fields. In the case of m = 2, the formula (3.5) looks as
follows:

> 1 . g :
(7.4) f=gll (H(2’°’ — 6, H®Y + 345, H®Y + 3@5}[(2’2)).
By (3.4),
H20) — F(ZU)’ H@D — —1 (div F20) _ F(Zl))7
3(n+1)
HE? = ! <div2 F2O o div F@Y 4 F(2’2)>
3(n—1)(n+1)

and by (3.3),

—_— 1 . 5
F(2’0) =Con Ngf, F(2 D= CQnJyN%fa F(272) = 5 CQ,”]??Ngf’

2 (25
PEICE)

24

(75) Con = 3



From this

20 — CM@’ Y — CQ—”) (divi@ - jy@)v

3(n+1
— — 1 —
722 C2n (d‘ 2NOF — 2divi, NI f+ = i2N2 )
3(71-1)(714-1) v 2f 1V]y 2f+ 2.7y 2f

Substitute these expressions into (7.4)

2 (oTE T
i (div N9 — j,N3 )

1 == 97
+ . z<jy div N9 f —]ZN%f)
1 o 1. 9 T oo 1=
+(n_1>(n+1)z§<d1V2N§f—2d1ijN21f+Eijng)}

By Lemma 4.4, jj]@l\f = 0, and the latter formula is simplified to the following one:

~  Cap — 1 .. =
f= ?|Z/\ [Nngrn—HUydWNgf

(7.6) - (div NOf — j, N} f)

1 2 1: 2 %70 1 Py 1 .2 N7 1
+ DT zy<dlv NSf—leV]yNjijﬁij%f)}.

The second term on the right-hand side of (7.6) can be simplified. Indeed, the com-
mutator formula

(7.7) Jydiv=divj, —j
is proved by an easy calculation in coordinates. By this formula,
jydiv NS f = div j, N§ f — jN§f.

By Lemma 4.4, jyﬁg\f = 0, and the latter formula gives j, div]@D\f = — jﬁg\f . Substitute
this value into (7.6)

> Cn 270 1 X704
— ) NO _ NO
f 6 |y|{ 2 f n+12] 2 f
P e
(7.8) _n+1(2yd1VNgf_ZnyN21f>
1 9 12 0 T P
+ CEICES (z§d1V2N§f—2z§d1ijN21f+525]51\722]7)}

We apply the inverse Fourier transform to the formula (7.8) and use the commutator
formulas (7.3) as well as

Flio=—d*F', Fldivi=—jiF" Fljd=divi,F ", Fldivj,=j,divF "
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In this way we obtain

o) =2 ()2 g -

1 .
1ZJN§f

_ %d(jx]\fof—l—dlv]\f f)

1
+ jQNOf—szdiszler§div2N22f>].

1 2
(n—1)(n+1) d <

Substituting the value (7.5) of c¢s,, we arrive at (3.2). This completes the proof of
Theorem 3.2.

7.3. Third rank tensor fields. In the case of m = 3, the formula (3.5) looks as follows:

_ 15
(7.9) [ = |y|( — 154, H®Y +1545, H®D 1+ 45 izH(?”?)—?iiyij(3’2)—15i2H(3’3)>.
By (3.4),
HEO _ peo ey — ! (div 30 _ F(3,1)>’
5(n + 3)
G2 = ! (aiv? FOO — 2div POV 4 FE2),
15(n+1)(n+3)
1
33 — (d' 3 F(30) _ 3 qiv? FGD 1 3div FG2 _ F(3,3)>
-0 (nt1)(n+3) \ v Fod ’
and by (3.3),

— = 1 = | Y
FOO =3 N3f, FOV = cnyNif, FOV = canjgNgf, FO9 = 2egnyNif,

where
(7.10) = 157 1/2n/2H1 F(" i 5>.
2
From this
— C3.n . 0 R
HGO = C3.n Ng?f, HGD = m (leNz?f _]yN?}f)a
—_— — 1 —
B — Cam (d' 2 NOf — 2divj, N1f + = j2N2 )
15(n+1)(n+3) v 3f Iij 3f+ 2jy 3f Y
33) CS,n . 3/\ . 9. 0 3 . .2/\ 1 .3/r\
H = Ty (Y N8 = 3, NGf + G j5RRS - 5 )RR ).

Substitute these expressions into (7.9)

> Cm 3 (0T - o
F=2 ||[§f— i (v NS -, NEF)

—_

—— <jyd1VN0f—jy f)

3 . 2 —_— . i —_— 1 .2/\
+—(n+1)( 3 <d1V NYf —2divy, N§f+—ij§f>
3
szy(@dlv Nof—2jyd1V]yN1f—|— j3N2f>
1 3 1 —
— di NO 3di Nl di 2N2 — N3 )
TG ) A N8F = 3t NG + G div NG 3f>}

+
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By Lemma 4.4, ij 1f =0 and j3N 2f = 0. The previous formula is simplified to the
following one:

(7.11)
-~ 0377’1 /0\ 3 .. . /0\ 3 - : /0\ y /1\
=g Wl NS F + —— i, div N§ f — — 3@y(d1vN3f—JyN3f>
—l—# <d1v Nof—2d1Vj N1f+ ] N2f>
(n+1)(n+3) ’
3

1

T —D)(nt1)(n+3)

1
(le Nof 3 div? ]yN1f+ le]ZN2f——j N3f>].

At least three terms on the right-hand side of (7.11) can be simplified. Indeed, using
Lemma 4.4 and the commutator formula (7.7), we transform

(7.12) jy div N f = divj, N§f — j N§f = —j NS f.

Quite similarly,

(7.13)

Judiv g, NS = (div j, — )iy N§T = div 2 N3 f = jjy N§ f = —3jy Nif = —j,j N§J.
We have used that operators j and j, commute. Let us also transform the term containing
Jy div?

Jy div? ]@ = (j, div)div @ = (div j, — j)div @
= div(j, div)NOf — j div NOf = div(divj, — j)NOf — j div NOf
= div2j, NOf — divj NOf — jdiv NOf = —divj NOf — j div NO.

Using that j and div commute [DS10], we get
(7.14) g, div? NOf = —2 j div N9 7.

Substituting expressions (7.12)—(7.14) and the value (7.10) of the constant cs, into
(7.11), we obtain the inversion formula recovering th the Fourler transform of a tensor field

f e S(R™; S3) (n > 2) through the data (Nof ]lef ]§N2f Iy N3f)

. n/?F n+5
F= e -

i Ny

- m%((nﬂ) div Ny f — ijdiv Ngf — (n+1) jy N3 f + ij JyNglf)
3
* g (@ N — 20N + ﬁN”)
1

1
div® NOF — 3div? j,Nif + > d INEf - 2 BNET) |-
(n—1)(n+1)(n+3) y( vt Vi f - 3div? f+ v, Ns f Iy N1
The same approach can be used for deriving the inversion formula for m = 4,5,... The

length of the formula grows with m as well as the volume of calculations.
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