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NORMAL OPERATORS FOR MOMENTUM RAY TRANSFORMS,
II: SAINT VENANT OPERATOR
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ABSTRACT. The momentum ray transform IF integrates a rank m symmetric tensor
field f on R™ over lines with the weight t*, I¥ f(x, &) = ffooo th(f(z +t€),E™) dt. Let
NE = (Ik)*I* be the normal operator of I¥. To what extent is a symmetric m-tensor
field f determined by the data (NOf,..., N/ f) given for some 0 < r < m? The
Saint Venant operator W) is a linear differential operator of order m — r with constant
coefficients on the space of symmetric m-tensor fields. We derive an explicit formula
expressing W f in terms of (N2, f,..., N/ f). The tensor field W/ f represents the full
local information on f that can be extracted from the data (NO,f,..., NI f).
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1. INTRODUCTION

This article is a follow-up to our prior work | . To ensure a self-contained
presentation, we have chosen to provide only a condensed version in the introduction and
Section 2. We refer the reader to | | for more details.

Let f be a Schwartz class symmetric m-tensor field on R”. The k' momentum ray
transform I* f of f is defined by

(1.1) IF f(z,€) = /tkfl-l...l-m(:c +O)E - mdt (2 e R EER €] =1, (2,€) =0).
R

Asin (1.1), with repeating indices, the Einstein summation convention is used throughout
the article.

Let (I*)* be the L? adjoint of I*. Instead of working directly with the momentum
ray transforms, we work with the associated normal operators N¥ = (I%)*Ik . Being an
averaging operator, N* represents a better measurement model than the momentum ray
transforms themselves. An inversion formula was obtained in | | which recovers
a symmetric m-tensor f from the data (N2 f,..., N™f). The formula is reproduced in
Theorem 2.1 below.

In this work we investigate the problem of recovering a tensor field from partial data.
To what extent is a symmetric m-tensor field f determined by the data (N2 f,..., N" f)
given for some 0 < r < m?

In the next section, we will recall the definition of the Saint Venant operator

(1.2) Wy C®(R" S™) — C°(R"; S " ®85™) (0<r<m).

It is a linear differential operator of order m — r with constant coefficients. This operator
was briefly mentioned in | , Theorem 2.17.2], but the operator W = W2 was widely
used throughout Chapter 2 of | |. It is closely related to the equation

(1.3) dv = f.
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where d = oV is the inner derivative defined in Section 2.3 below. Namely, the equation
(1.3) is solvable in a simply connected domain U C R™ if and only if the right-hand
side satisfies W2 f = 0, see | , Theorem 2.2.2]. In the case of m = 2, the condition
W2 f = 0is popular in linear elasticity and is called the deformation consistency condition,
it was obtained by Saint Venant.

For f € S(R™; S™), the tensor field W) f represents the full local information, on
the field f, that can be extracted from the data (I°f,...,I" f), see | , Theorem
2.17.2]. In particular, W f is uniquely determined by (NC f,..., N’ f). The paper
[ | establishes that, for f € S(S™) and for 0 < r < m, the tensor field W, f can
be explicitly recovered from (12 f,...,I" f). In | , Theorem 3.1], the kernel of the
momentum ray transform is described using the Saint Venant operator. It is shown that
for f € S(S™), (IO f,....I". f) = 0 if and only if W f = 0. We will derive an explicit
formula expressing W f through (N2 f,... N7 f); see Theorem 2.2 below. The latter
theorem is the main result of the current work.
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2. BASIC DEFINITIONS AND MAIN RESULT

2.1. Tensor algebra. Let TR" = @;°_T™R" be the complex tensor algebra over R".
Assuming n to be fixed, the notation T™R" will be often abbreviated to T™. For a
fixed orthonormal basis (eq, ..., e,) of R™ by u;, ;. = u'm = u(e;, ..., e;,, ) we denote
coordinates (= components) of a tensor u € T™ with respect to the basis. There is no
distinction between covariant and contravariant tensors since we use orthonormal bases
only. The standard dot product on R" extends to T™ by

(u, v) = u"mY
Let ™ = S™R"™ be the subspace of T™ consisting of symmetric tensors. The partial
symmetrization o (iy . . .iy) : T™% — T in the indices (i1, ... ,1,,) is defined by

welly,

where the summation is performed over the group II,, of all permutations of the set
{1,...,m}. In particular, o : 7™ — S™ is the symmetrization in all indices. Given
u € S™ and v € S*, the symmetric product uv € S™* is defined by uv = o(u®v). Being
equipped with the symmetric product, S*R" = @@, _, S™R™ becomes a commutative

graded algebra that is called the algebra of symmetric tensors over R™.
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Given u € S™, let i, : S¥ — S™** be the operator of symmetric multiplication by u
and let j, : S™* — S* be the adjoint of i,. These operators are written in coordinates
as

- oy, . Tt 1Ttk
(juv)il...ik = Uiy iy U B

For the Kronecker tensor d, the notations is and js will be abbreviated to ¢ and j respec-
tively.

2.2. Tensor fields. Recall that the Schwartz space S (R") is the topological vector space
consisting of C'*°-smooth complex-valued functions on R™ that decay rapidly at infinity
together with all derivatives, equipped with the standard topology. Let S (R";S™) =
S (R™) ® S™ be the topological vector space of smooth fast decaying symmetric m-tensor
fields, defined on R"™. In Cartesian coordinates, such a tensor field is written as f =
(fir..i,,) with coordinates (= components) fi, ;. = fi+'m € S(R") symmetric in all
indices. R

We use the Fourier transform F : S(R") — S(R"), f — f in the form (hereafter i is
the imaginary unit)

1 ;
FI) = G [ ¢ ) d

The Fourier transform F : § (R"; S™) — S (R"; S™), f — f of symmetric tensor fields is
defined component-wise:

~~ —_—
fil...im = fil...im-

The L?*-product on C§° (R™;T™) is defined by

(2.1) (f, 9) r2(wnirm) 2/ (f(z),9(x)) dz.

R7

2.3. Inner derivative and divergence. The first-order differential operator
d: C>®(R" S™) — C=(R™; §™1)

defined by

afi}...im _ ! (afz‘g...;mﬂ T 8f@...im>
Oxim+t  m+1 Oxh Oxtm+1

(df )iy iy = (i1 i)

is called the inner derivative.
The divergence

div : C®°(R"™; S™*1) — C*®(R"™; S™)
is defined by

Ofi i
. . k i1..m]
(le f)lllm = 5J 78@’@ .

The operators d and —div are formally adjoint to each other with respect to the L*-

product (2.1).
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2.4. The space S(TS"!). The Schwartz space S(FE) is well-defined for a smooth vector
bundle £ — M over a compact manifold with the help of a finite atlas and partition of
unity subordinate to the atlas.
In particular, the Schwartz space S(T'S"™!) is well defined for the tangent bundle
TS ={(2,§) eR" x 8" i (2,6) =0} = §"7!, (2,6) = ¢
of the unit sphere S"! = {z e R" : |z| = 1}.
The Fourier transform F : S (T'S™™') — S(TS" '), ¢ + @ is defined by

1 —i(y,x
Foly,§) = ) /fl e W p(x,€) da,

where dx is the (n — 1)-dimensional Lebesgue measure on the hyperplane £+ = {z € R" :

(€, ) = 0},
The L?-product on S(TS™!) is defined by

(2.2) (e vas = [ [ ol drd

Sn—1 &'L

where d¢ is the (n — 1)-dimensional Euclidean volume form on the unit sphere S*~1.

2.5. Momentum ray transform. It is convenient to parameterize the family of oriented
lines in R™ by points of the manifold 7S"~!. Namely, a point (x,&) € TS"! determines
the line {z + t£ : t € R} through z in the direction &.

For an integer k > 0, the momentum ray transform

IF : S(R* 8™) — S (TS" )
is the linear continuous operator defined by (1.1).

2.6. Normal operators. The formal adjoint of the momentum ray transform I* with
respect to L:-products (2.1) and (2.2)

(IE)": S (TS™!) — = (R"; 8™)
is expressed by

(159,00 = [ @876 6o — (@05, de

We emphasize that, for ¢ € S(T'S"!), the tensor field (I¥)*¢ does not need to fast decay
at infinity.
Let

i1...0m

Ny = (L)L, - S (R™8™) — € (R™; S™)
be the normal operator for the momentum ray transform I*. For f € S(R"; S™), the
Fourier transform m € &' (R™; S™) is well defined at least in the distribution sense and
the restriction of ]v;’jl\f to R™\ {0} belongs to C* (R™\ {0}; S™).

2.7. The inversion formula. Let I" be Euler’s Gamma function and let the operator
(—A)Y2 be defined with the help of the Fourier transform by |y|F = F(—A)Y2. We use
the definition

@+ =1-3---(20+1), (- =1.

Let us reproduce | , Theorem 3.1].
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Theorem 2.1. Given integers m > 0 and n > 2, a tensor field f € S(R";S™) is
recovered from the data (N2 f, N f ..., N™f) by the inversion formula

(2.3) flx) = (=) Dy o (Ny ) (@),

where the linear differential operator of order m + k
Dy, : C®(R"; 8™) — C=(R™; S™)
1s defined by

D,’fm = Cfmn Z(n+2m—2p—3)!!

2.4 -
(2.4) min(p,m—p,p—k) (—1)?
X dP=444 9 Pk Qiy*
qz% 29g!(m—p—q)!(p—k—q)!
with the coefficient
—1)k gm—=2 1 (2mtn-1

mn = (R 7 (4 2m — B)1
and the operators i, j, and j, are defined in Section 2.1.

2.8. The Saint Venant operator. For integers m and r satisfying 0 < r < m, let
S™=T & S™ be the space of (2m — r)-tensors on R™ which are symmetric in first m — r
and last m indices. The Saint Venant operator (1.2) is defined by

o N m—r
V2t = 0l i o) S0 (" )
(2.6) =0
amirfilnjmfrfljl---jr+l

>< .
aximiribkl e al’im_raxjrﬂﬂ e 8x]m

In particular W) is the identity operator.
2.9. The main result.

Theorem 2.2. Let 0 < r < m and n > 2 be integers. For f € S(R™;S™), the tensor
field W f is recovered from the data (N2 f,..., NI f) by the inversion formula

Wi f = (=AW, Y " DF(NEF),
k=0

where the linear differential operator D* s defined by (2.4).

Theorem 2.2 is a generalization of Theorem 2.1 since W, is the identity operator. In
the case of r = 0 Theorem 2.2 actually coincides with [ , Theorem 2.12.3].

The first step in the proof of Theorem 2.2 is as follows. Since W) is a differential
operator with constant coefficients, it commutes with (—A)Y2. Applying the operator
W to the equality (2.3), we write the result in the form

Wi f = (=M)"?Wy > Dy (NEF) + (=0)PWy Y DEL(NE ).
k=0 k=r+1

Thus, to prove Theorem 2.2, it suffices to demonstrate that
(2.7) WrDE =0 for 0<r<k<m.

m*~m,n
5



The proof of (2.7) is presented in the next section.

3. PROOF OF THEOREM 2.2
Applying the Fourier transform to (2.6), we obtain
Wi f =" Wif.
where i is the imaginary unit and the purely algebraic operator
Wi =Wh(y): S™ = S 08" (yeRY)
is defined by

= o N m—r
(Wit = ol cimati i) -1 (")
=0
x h;

i1t 1J1e et Simerip1 - Yim—r Yjrgigr - Yim-

This can be written in the coordinate-free form

T — m—=r m—r— m—r m
(3.1) (W, hu®v) = Z(—l)l< l )(h (j u) (7, ")) foru e 8™ and v € S™.
1=0
On the other hand, applying the Fourier transform to (2.7), we see that (2.7) is equiv-
alent to the statement

(3.2) WrDE =0 for 0<r<k<m,

m m,n

where the operator ZA?’“ ,, is defined by

o Y (1P (n+2m—2p—3)I!
p=k
(3.3) min(p,m—p,p—Fk) 1
X P794959 divP R ik
;%q(mp Q) (p—k—q)! ¥ !
see | , formula (8.7)].

We will use only one property of the operator Dm : as is seen from (3.3),

n*

(3.4) D,’fm =it B,’fm, for 0 <r <k,

with some linear operator By, . Therefore, to prove (3.2), it suffices to demonstrate that
(3.5) ani;“ =0 for 0<r<m-1

By (3.1),

<W”“hu®v=m§ 0 (") G g

_ <h,m T(—1)l (ml_r) gy () Gy ))>~

This means that (3.5) holds for any h € S™~1 if and only if
(3.6)

E (-1 (ml—r) jé’“((] u) (g, " “)) =0 foranyue S™ " andv e S™ (0 <r < m).
1=0
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The left-hand side of (3.6) is homogeneous of degree m + 1 in y. It suffices to prove (3.6)
for a unit vector y. In what follows, y € R" is a fixed vector satisfying |y| = 1.

The complex vector space S™ = S™R" is generated by powers 2z (z € R™). Therefore
(3.6) is equivalent to the statement

— m—r
Z(—l)l< l )jfl((ji Ty 2™) =0 forany z,z € R" (0<r<m).
1=0

mrl

and j; = (z,y

m—r—I >m—7" l r+l

Since jla™ " = (z,y)'x the latter statement can

be written as
— m—r o

(5.7) > (" )<x,y>l<z,y>m”j;+1< merelrt) =g
1=0

for any x,z € R" and 0 < r < m. The equality (3.7) holds in the case (x,y) = (z,y) =0
since all summands on the left-hand side are equal to zero.

Next, we prove (3.7) in the case (z,y) = 0 but (z,y) # 0. In this case (3.7) looks as
follows:

cr+1l/ m—r_r\ __
(3.8) gy (2™T72") = 0.
Let us write (3.8) in coordinates
i1 Zr+1 E . —
T xlﬂ(l) Tr(m 7‘) ‘rr(mf'r+1) e zlﬂ(m) - O
7T€Hm

After pulling the factor y® ...y"+! inside the sum, every summand contain at least one
factor of the form y*x;, = 0. This proves (3.8).

Quite similarly (3.7) is proved in the case (x,y) # 0 but (z,y) = 0.

Now, we prove (3.7) in the general case when o = (z,y) # 0 and 8 = (z,y) # 0. We
represent vectors x, z € R" in the form

z=ay+a, (2y)=0; z=py+7, (<,y)=0.
From this
e lZTJrl (Oéy—F.CL’)m r— l(ﬁy‘i‘z)rJrl

m—r—Il r+l
S S () (e
q

p=0 ¢=0

Substituting this expression into (3.7), we obtain (up to a factor o~ "4™)

r—l 7“+l
S s
D q

m—rm

(]

=0 p=0 q:0
Denoting & = a~!2’ and Z = 87'%/, this can be written in the form
m—r m—r—Il r+l
m—r—I1\ (r+I]
Z Z ( ) ( ) ( + )j;+1<yme£p5Q) _o.
=0 p—=0 q— p q

To simplify notations, we denote ¥ and Z again by x and z respectively. Thus, we have
to prove the statement

=0 p=0 g¢g=0
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for 7,z € y* and 0 < r < m.

Since the last factor j;*'(y™ P 92P2%) on the left-hand side of (3.9) is independent
of [, it makes sense to change the order of summations. We first change the order of
summations over [ and p

m—r m—r—p r+l m—r\ (m—r—1\ [r+1
S
Ly l P q

and then change the order of summations over [ and ¢

— = m—r\ (m—r—1\ (r+1
Z Z (_1)l< | ) ( ) ( )j;+1(ym—p—quZQ) =0
p=0 ¢=0 [=max(0,q—r) p q
This can be written in the form
m—r m—p
(3.10) DY Clmyrp )iy y a2 =0 (z,z €yt 0<r <m),
p=0 ¢g=0
where
(3.11)
C(m7 T? p7 q)
m—r—p
— —r—I1 [
> (—1)l(ml r) <m ' )(”) (0<p<m-r0<qg<m—p).
l=max(0,g—7) p q

From (3.10) and (3.11), for z, 2z € y*, we have
(3.12) Ay PP =0 if p>0,q>0,p+qg<mr+1>m—p—q.
Indeed, writing in coordinates

<ym*p*qpo(I)ilmim

1
=l D Yinty -+ YintmopeaTintmopeatt) - Lintno Zintmogin) -~ Zirtmy’
) w€lly,

we have

(j7y"+1 (ym—p—qxpzq))

Im—r.-im

— i i rt1 g . T T o I

I E: Y= ¥ Yingy - Yinm—p—g) Vinm-p—a+1) *** Vinm-g “ir(m—q+1) = Fin(m)°
’ welly,

In the case of r +1 > m — p — ¢, every summand of the sum contains either a factor of
the form y/x; = 0 or a factor of the form y’z; = 0.
In virtue of (3.12), the summation in (3.10) can be restricted to (p, q) satisfying

(3.13) p>0, ¢>0, p+g<m—r—1.

In particular, » < m and p < m —r — 1. In other words, (3.10) is equivalent to the
statement

m—r—1m—r—p—1

(3.14) YD) Clmrp) Ty =0 (z,z €yt 0<r <m).
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Lemma 3.1. For integers m,r,p,q satisfying (3.13) and 0 < r < m, the following
equality holds:

(3.15) mfp (—1)’(ml_r) <m_pr_l) (T;l) ~0.

l=max(0,q—7)

With the help of Lemma 3.1, we immediately complete the proof of Theorem 2.2.
Indeed, by comparing (3.11) and (3.15), we observe that all coefficients C(m,r,p,q)
participating in (3.14) are equal to zero. This proves (3.10). As shown earlier, (3.10)
implies the statement of Theorem 2.2.

Proof of Lemma 3.1. We assume binomial coefficients (';) to be defined for all integers k
and p under the agreement

k
():0 if either k <0 orp<0ork <p.

p
Then
m—r—p
m—r\ (m—r—=1\ (r+]
comrpn= > (") (") ()
(316) l:zax(o,qfr)
_ Z (_1)1(7"_7’) <r+l) (m—'r’—l).
l=—0 l q p
From | , p- 10], we have for 0 < ¢ < 1,

ny 1 (T+2)"
- 2— Skt
In particular,

r4l o m—r—I
r+1 :i/(1+z) i, m—r—1 :L/ (1+w) dw.
q 2mi za+1 D 2mi wp Tl

|z|=e |w|=e

With the help of these formulas, we transform (3.16) as follows:

(1+2)1+w)™" & (m=rY 14 2\
C<m rp,q) = 27T / / zq+1wp+1 Z <_1) ( l )(1"‘[{)) dU}dZ

l=—00
|z|=¢ |w|=
(14+2)"(1+w)™" L4 z\m=r
s (1 1T w) dw dz
\Z\ €lw|=
(14+2)"(w—z)™"
qurlprrl dw dZ
\Z\ €lw|=
(1+2) M1\ 1 mer—l
zq+1w1’+1 (—1) < ] )zw dw dz.
\Z\ €lw|=



We perform the integration with respect to w. By the Cauchy integral formula, the only
summand that survives corresponds to [ = m — r — p. Thus,

cmrg = CUT (Y [ e

2mi P
|z|=€
The integrand is a holomorphic function if p+ ¢ < m —r —1. Therefore, C(m,r,p,q) =0
iftp+qg<m-—r—1. O
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