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ABSTRACT: The metric on the hypermultiplet moduli space of Calabi-Yau compactifications
of type II string theory is known to receive D-brane and NS5-brane instanton corrections. We
compute explicit expressions for these corrections in the one-instanton approximation, but to
all orders in the string coupling expansion around the instantons. As a consistency check, we
prove that in the case of one (universal) hypermultiplet, the resulting metric fits the Przanowski
description of self-dual Einstein spaces. We also show that in the small string coupling limit the
metric acquires a certain square structure, consistently with expectations from the string am-
plitudes analysis. This result provides explicit predictions for yet mysterious string amplitudes
in the presence of NS5-branes.
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1. Introduction

Instanton effects, although exponentially suppressed in the small coupling limit, play an ex-
tremely important role in string theory. Typically, they are necessary ingredient for moduli
stabilization, singularity resolution, correct analyticity properties, but most importantly they
give us a window into the realm of non-perturbative phenomena where our understanding of
string theory is still very poor.

The usual source of instantons in string theory are D-branes, either localized ones existing in
type IIB (D(-1)-branes) and in low-dimensional models (ZZ-branes), or extended ones wrapping
non-trivial cycles of a compactification manifold. In fact, until recently the actual calculation
of D-instanton effects was possible only using various dualities such as S-duality or the dual
description of non-critical strings via matrix models, whereas their direct computation from
amplitudes of open strings with boundaries on D-instantons suffered from divergences. In a
series of remarkable works [, B, B} Ashoke Sen understood how all these divergences can be
regularized and eventually removed using string field theory. This made it possible not only to
reproduce some known results in critical and non-critical string theories [, B, B, [, B, @, 0],
but also to get new ones where constraints from supersymmetry and dualities are not powerful
enough to fix D-instanton contributions [[[T].

However, there is another type of branes in string theory that gives rise to instanton effects.
These are NS5-branes of ten-dimensional string theory or Mb5-branes of M-theory. They have
six-dimensional world-volume and generate instantons if the target space has a six-dimensional
compact cycle which they can wrap. To our knowledge, no direct calculation of string amplitudes
responsible for such NS5-instantons has been done so far.

In such situation one may hope that one can get some insight from predictions of dualities,
as was the case for D-instantons until a few years ago. One of the simplest setups where
NS5-instantons appear is the compactification of type II string theory on a Calabi-Yau (CY)
threefold. In this case the effective action at the two-derivative level is determined by the metric
on the vector and hypermultiplet moduli spaces and the latter is affected by both D-brane and
NS5-brane instantons [[J]. The D-brane instantons are fairly well understood [13, [[4, [[5] and,
at least in type IIA!, we have access to the D-instanton corrected hypermultiplet metric to
arbitrary order in the instanton expansion [BI, PF.> One could think that the knowledge of
D-instantons should be sufficient to get NS5-instantons by going to type I1IB and applying S-
duality since it maps D5 to NS5-branes. This idea has been pursued in [25, PG, B7, but the
results are far from being conclusive. There are two reasons for this.

First, the hypermultiplet moduli space My is a quaternion-Kéhler (QK) manifold [P§]. Its
quantum corrected metric is horribly complicated and the only way to apply constraints of S-
duality to it is to use a twistorial formalism for QK spaces (see [B9] for a review of applications
of this formalism to CY compactifications). This formalism allows to encode the metric into
a set of holomorphic functions on a CP!-bundle over My known as the twistor space [BO].

! Although the type IIB formulation can be obtained from type IIA by mirror symmetry, to write the metric
in terms of type IIB physical fields, one needs to know an instanton corrected mirror map, whose classical version
has been identified in [[[§. At this point it is known only how to include corrections from D1-D(-1)-instantons
[, and from D3-instantons in the large volume limit 19, R0].

2See also @, @] for a proper mathematical treatment of some of these results.



These functions, distant cousins of the holomorphic prepotential of special Kahler geometry,
are typically very simple. But the price to pay for this simplicity is a complicated procedure of
going from the data on the twistor space to the actual metric [B1]. While it has been realized for
D-instantons in [2T], 2J], no attempt has been done so far to apply it for NS5-brane instantons.

Second, the naive application of S-duality to the twistorial description of D-instantons
leads to a construction [2G, 7] which is mutually inconsistent at the multi-instanton level. This
indicates that there might be missing S-duality invariant sectors of multi-instantons that are
not captured by this approach.

Thus, at this point the twistorial construction of NS5-instantons is trustworthy only at one-
instanton level, but the corresponding corrections to the hypermultiplet metric, and hence to the
effective action, have not been derived yet even in this approximation. The goal of this paper is to
fill in this gap. Namely, we start from the twistorial description of NS5-instantons developed in
[BT] and, following the procedure described in [B1]], obtain a one-instanton contribution generated
by NS5-branes to the hypermultiplet metric. The result can be found in (B.4).

If the CY is rigid, i.e. it has h*' = 0, there is only one hypermultiplet and My is four-
dimensional. As was shown by Przanowski [BZ], the metric on such QK manifolds is described
by one real function (Przanowski potential) satisfying a non-linear partial differential equation.
This provides a consistency check on our metric which must be compatible with this description.
We show that this is indeed the case and compute an explicit expression for the Przanowski
potential in the one-instanton approximation following from (B-4).

Furthermore, evaluating the small string coupling limit of (B.4), one can get a prediction for
various string amplitudes in the presence of NS5-branes. In fact, generalizing the reasoning of [{]
for D-instantons to the case of NS5-branes, we show that at the leading order the one-instanton
contribution must have the following square structure

dstss = Y Cye 57 (A2 + B,dS,), (1.1)
¥

where « is a charge vector labelling bound states of NS5 and D-branes, S, is an instanton action,
C, is a function of the moduli scaling as a power of g, and A, B, are one-forms on My such
that the coefficients of A, are given by certain string amplitudes in an NS5-background, while
B., cannot be fixed by this analysis. We show that the metric which we derived does exhibit
the structure ([[TJ]) with specific C and one-forms A, and B,. This provides a prediction for
three-point sphere correlation functions where one of the vertex operators corresponds to a
hypermultiplet scalar and two others represent fermionic zero modes of the background NS5-
brane. While for generic background fields the prediction is somewhat involved, it drastically
simplifies in the limit of small RR fields (see (5.36)). We hope that this prediction will help to
understand how these amplitudes can be computed directly using worldsheet techniques.

The organization of the paper is the following. In section B we review basic facts about
the hypermultiplet moduli space and its twistorial description. In particular, we formulate our
starting point given by holomorphic functions on the twistor space encoding D-brane and NS5-
brane instantons. In the next section we compute the metric following from this twistorial data
in the one-instanton approximation. In section ] we consider the four-dimensional case of the
universal hypermultiplet and in section [ we compute the small g5 limit of our metric. Finally,
section [] summarizes our results. Several appendices contain details of the computations.



2. Twistor description of the hypermultiplet moduli space

2.1 The moduli space

At low energies, type IIA string theory compactified on a CY threefold 2) reduces to N = 2
supergravity coupled to hb! vector multiplets and h%! + 1 hypermultiplets. These multiplets
comprise ! complex and 4(h*! + 1) real scalar fields which parametrize the vector and hyper-
multiplet moduli spaces, My and My, respectively. Each of the moduli spaces carries a metric
and can be thought as the target space of a non-linear sigma model described by the kinetic
terms for the corresponding scalars in the effective action, which is completely fixed once the
two metrics are known. Furthermore, the local supersymmetry requires that My, is a projective
special Kahler manifold, while My is a quaternion-Kéahler manifold [2g].

Physically, the scalar fields parametrizing My represent complexified Kahler moduli of 9),
whereas My comprises four different types of fields:

e complex structure deformations of ), denoted by 2% (a = 1,..., h*!);

e RR fields ¢*,(, (A =0,...,h%") arising as period integrals of the RR 3-form of type ITA
string theory over a symplectic basis of cycles in H3(9),Z);

e four-dimensional dilaton® r = e72%® ~ g-2;
e and NS axion o which is dual to the B-field in four dimensions.

Note that the subspace My C My parametrized by z* carries a special Kéahler geometry
similarly to My . This is because it is identified with My, in the mirror type IIB formulation
where the roles of Kahler and complex structure moduli are exchanged. As a result, this subspace
is characterized by a prepotential F'(X), a holomorphic homogeneous function of degree 2, where
the homogeneous coordinates X* are related to the moduli by 2¢ = X¢/X°. In particular, it
defines the Kéahler potential as

K=—logk, K=—-2Im(z"Fy(2)), (2.1)

where Fj = OxaF and we defined 2" = (1, 29).
In fact, the prepotential also determines the full perturbative metric on My which has the
following explicit expression [BJ] (obtained on the basis of earlier works [B4, B3, Bd, B7))

2 1 2 ~ y ~ _ ;
A =2 g2 L (yam 2010 s (4l ~ Fandc™) (ads = Fowd¢™)
p r2(r+c) r rkK
rr»_l_c - A ALz 2 4(’]"—‘—6) (22)
T (4o + Gpdch — ¢ ) AT e rdztdzb,
+16r?(r+2¢)<“+CAC CPdGa +8cAk | + ———— Kgd2"dz
Here we denoted Ny, = —2Im Fjy;, the matrix N is its inverse, and
A = % (Kodz® — Kod2®) = Imdlog K (2.3)

3Throughout the paper we use the name ‘dilaton’ for its exponential given by the field r.



is the Kahler connection on M. Finally, the numerical parameter ¢ is given by

X9
Xy 2.4
ST (2:4)

where g is the Euler characteristic of ), and encodes the one-loop g,-correction to the classical
metric. If it is set to zero, the metric (R.2) reduces to the so-called c-map [BS, which gives
a canonical construction of a QK manifold as a bundle over a special Kahler base.

Although there are no perturbative gs-corrections beyond one loop [B7], the metric (B.2)
receives non-perturbative corrections from D2-branes wrapping 3-dimensional cycles on ) and
NS5-branes wrapping the whole CY. They scale in the small string coupling limit roughly as
e Y9 and e Y9 respectively. As explained in the introduction, the most efficient way to
incorporate them is to use the twistorial description of Myg. In the next subsection we recall
some elements of this description that will be necessary for our purposes (see [R9] for a more
comprehensive review).

Before that let us say a few words about symmetries of M. First, the hypermultiplet metric
(B-3) carries an action of the symplectic group Sp(2h%! + 2,7Z), It leaves r and o invariant and
transforms (X*, Fy) and (¢*,y) as vectors. However, since generic symplectic transformation
affects the prepotential F, it is not a true isometry of My. Only a subgroup of Sp(2h*! +2,7Z)
which is realized as monodromies around singularities of the complex structure moduli space is
a true isometry. The symplectic invariance can be seen as a characteristic feature of the type
ITA formulation and is expected to hold at the non-perturbative level.

The metric (23) is also invariant under Peccei-Quinn symmetries acting by shifts on the
RR fields and the NS axion

TUA,f]A,Ii : (CAv CNAv U) = (CA + nAv gA + 771\7 o+ 2Kk — ﬁAgA + 7]1\5/\)' (25)

At the perturbative level, the parameters (7", 7z, k) can take any real value, whereas instanton
corrections break these isometries to a discrete subgroup with (n*, 7, k) € 7243 In partic-
ular, D-instantons break continuous shifts of the RR fields, but leave the invariance along o,
while NS5-instantons break them all. The fact that the transformations (R.5) form the non-
commutative Heisenberg algebra plays an important role for description of NS5-instantons (see,
.. [0, [, {12, ().

Finally, mirror symmetry implies that Mg in type ITA compactified on g) is identical to the
same moduli space in type IIB compactified on a mirror CY 23 Furthermore, in this mirror type
IIB formulation, My must carry an isometric action of the S-duality group SL(2,Z). A con-
sistent realization of all expected discrete isometries on type IIB fields at full non-perturbative
level has been found in [R7. By mirror symmetry, it can be mapped to type ITA so we assume
that this problem is solved and do not discuss it anymore in this paper.

2.2 The twistor space

The hypermultiplet moduli space is an example of QK manifold which is defined as 4n real
dimensional Riemannian manifold M with holonomy group Sp(n) x SU(2). It carries a quater-
nionic structure given by a triplet of almost complex structures J¢, i = 1,2,3, satisfying the
algebra of quaternions. A generic almost complex structure is a normalized linear combina-
tion of the triplet and parametrized by a point on CP!. This fact can be used to construct a



canonical CP'-bundle over M, known as its twistor space Zy, [BQ]. It turns out that Z,, is
Kahler and, most importantly, carries a holomorphic contact structure defined by the kernel of
a canonical (1,0)-form

1
Dt =dt +p" —itp> +t*p~, pi:—§ (p' Fip?), (2.6)

where t is a complex coordinate parametrizing the CP! fiber and p is the SU(2) part of the
Levi-Civita connection on M. It is however more convenient to work in terms of a holomorphic
one-form

4
X=o e®® Dt (2.7)

i
defined up to multiplication by a non-vanishing holomorphic function. The function ® determin-
ing the rescaling coefficient, which makes the (1,0)-form holomorphic, is called contact potential
[BI] and will play an important role in what follows.

A crucial feature of the contact one-form is that locally, by a proper choice of coordinates,
it can always be trivialized to the canonical form

X = _% (a6 + &nag” — £ady ). (2.8)

where (€4, En, &) is a set of holomorphic Darboux coordinates. These coordinates play a central
role in the twistorial construction because their knowledge as functions of coordinates (™, 1)
on the base and on the fiber of the twistor bundle allows to get the metric on M: by combining
(B1) and (B.§), one can find the SU(2) connection p which can then be used to get the almost
complex structure J? and compute the triplet of quaternionic two-forms &

1
&=—4 (dﬁ+ 5P ﬁ) , (2.9)

and then the metric follows from ¢g(X,Y) = w*(X, J3Y).* More details on this procedure are
presented in appendix B|.
The Darboux coordinates encoding the perturbative metric (2.3) on My have been found

in [[4, B1] and are given by

b =C R (A 2N,

pert
~pert

A :éA—FR(t_lFA—tFA), (2.10)
AP =g + R (t7'W —tW) — 8iclogt,
where
W = Fa¢h — 220 (2.11)
and the coordinate R is related to the Kahler potential (P.1]) and the contact potential, which

in this case is t-independent and identified with the dilaton

1
r=efret = 1 R’K —c. (2.12)

4The overall normalization of & in (R.9) is related to the value of the Ricci scalar of the metric on M. We
have chosen it to be compatible with the perturbative metric (.9).



We are interested in the deformations of the perturbative moduli space generated by D-brane
and NSb5-brane instanton corrections and preserving the QK structure. Since we are interested
only in the one-instanton approximation, we can restrict ourselves to linear deformations and
ignore all non-linear effects. In this approximation, a generic deformation can be encoded in
the twistor formalism into a set of contours C; on CP! and an associated set of holomorphic
functions H;(¢,€, &) [BI]. They lead to the following modification of the Darboux coordinates

(B.10):
51\ pert A Z / [ Z] , gA _ pert ;i Z /Z [5§AHZ-] ’
& =P+ R (T Winst — W) Z 7 [(2 M el ) } | (2.13)

where we introduced a linear integral transform acting on holomorphic functions on the twistor

space
SilH] = /C i d% % H (é“pert(t’), Erert(t'), dpert(t’)) (2.14)

as well as
Opn = Opn —€00a, O, = 0p, +&"0s, (2.15)
Wi = Z / dt/ (" O + Fr 0, ) P (2.16)

To get a real metric from (R.I3), one should impose an additional condition that the set {C;}
is invariant under the antipodal map ¢[t] = —1/¢, while the set {H;} is invariant under the
combination of ¢ with complex conjugation, i.e. for each ¢ there is 7 such that

G =Cr,  <[H]=H. (2.17)

It is clear that the deformation makes the Darboux coordinates to be multi-valued functions
of t with jumps across C; determined by H;. Therefore, H; have the meaning of transition
functions. Alternatively, one can think that the contours C; separate different patches on CP!
each having its own set of holomorphic Darboux coordinates. This is consistent with the fact
that the contact one-form (B.§) and hence the Darboux coordinates trivializing it are defined
only locally.

To complete the twistorial description of linear deformations, we give also a formula for a
modification of the contact potential ® which is given by

1
O(t) =+ o Z Ji10aH,], (2.18)
where the t-independent part reads as
1 R dt A A
¢ _ 2 -1_A A -1 ~ ert
=R K—C—EZ:/QT (722 = 12%) dor + (VP — tFa) D, | HPTL (2.19)



2.3 Twistorial construction of instantons

In this subsection we provide the twistor data that incorporate D-brane and NS5-brane instanton
corrections. As explained above, the data consist of a set of contours C; on CP! and an
associated set of holomorphic transition functions H;.

2.3.1 D-instantons

D-instantons have been incorporated into the twistorial description of My at linear order in
[[4] and to all orders in the instanton expansion in [[J]. Here we present the first simplified
version which is sufficient at one-instanton level and fits the framework described above.

Let us recall that each D-instanton is characterized by a charge vector v = (p*,qa). In
type ITA, it is integer valued and characterizes the 3-cycle wrapped by D2-brane generating the
instanton, in the same basis of H3(2),Z) that is used to define RR fields (¢*,(y). Given the
charge, we introduce the central charge function

Zy(2) = qn2™ = p"Fi(2), (2.20)

and the generalized Donaldson-Thomas (DT) invariant €2,. Although a proper mathematical
definition of this topological invariant is quite involved [[I5], from the physical viewpoint it just
counts the number of BPS instantons of a given charge. In the following we will mainly use its
rational version 1

Q= Z 22 Qs /4, (2.21)

dly
which takes into account multi-covering effects and allows to simplify many equations being
more suitable for implementing S-duality [£d, [9]. An important property of DT invariants is
that Q_, = Q,.
Finally, we define the so-called BPS ray

0, ={t: Z,(2)/t € R}, (2.22)

which joins the north and south poles of CP! along the direction determined by the phase of
the central charge, and the following transition function assigned to £,

= Ui_gv o~ 2miare ), (2.23)
where o, is the so-called quadratic refinement. This is a sign factor that must satisfy o, =
(=1)") o 0., where (v,7') = qap™ — ¢\p" is the skew-symmetric product of charges. In the
following it is chosen to be o, = (—1)%?".% The set of all (£,, H,) for which DT invariants are
non-vanishing comprise the twistor data of D-instantons. They affect the Darboux coordinates
according to equations (B.IJ) and the resulting corrections to the metric have the form of D-
instanton corrections. Their explicit form will be obtained below.

Note that our one-instanton approximation corresponds to keeping only terms linear in .,
while we allow for D-instantons of different (in particular, proportional) charges. Thus, it is
not about extracting the dominant instanton contribution, but rather the linear response of the
metric to the change of the contact structure by (¢,, H,). This approach allows us to get results
independent of particular values of DT invariants and to keep track of the charge dependence
in the resulting instanton corrections.

5How this choice is reconciled with symplectic invariance is explained in [R7, $2.3].



2.3.2 NS5-instantons

The twistor data incorporating NS5-instantons in the one-instanton approximation (as it was
defined in the previous subsection) have been found in [R5 by translating the above construction
of D-instantons to the mirror type IIB formulation and applying S-duality to D-instantons with
a non-vanishing D5-brane charge. The duality was applied at the level of the twistor space
where it acts by a holomorphic transformation preserving the contact structure. In particular,
its action on the fiber coordinate t and the Darboux coordinates (£, €y, &) is well known [T, [[§]
and therefore allows to get the contours and transition functions incorporating NS5-instantons
as images of (€., H,) under this action.

We would like to borrow these results to derive the one-instanton corrected metric in type
ITA. However, by construction, the described procedure leads to a twistor space adapted to the
type IIB formulation. In particular, it is manifestly invariant under SL(2,Z) duality group,
rather than under symplectic transformations, and the resulting transition functions are ex-
pressed in terms of topological data characterising the Kahler moduli space of the mirror CY.
So one may ask whether one can use the transition functions of the type IIB formulation in
type IIA. We claim that it is possible because geometrically My and its twistor space are the
same in the two formulations and differ only by the choice of coordinates (physical fields) used
to express the metric.

In fact, any contact structure can also be encoded using different sets of contours and
transition functions. For example, in our context they can be adapted to symmetries of type ITA
and type IIB, respectively. However, the two sets must be related by a contact transformation.
An explicit example is provided by the case of D1-D(-1)-instantons where such transformation
has been explicitly found [[7, [[§]. The contact transformation can affect other sets of transition
functions [R7], but only at multi-instanton level. In the one-instanton approximation, different
sets do not interfere. Therefore, in this approximation, it should not matter which formulation
of the contact structure one exploits to get the metric on the moduli space.

Thus, we take the twistor data encoding NS5-instantons obtained in [P5], translate them
back into type ITA language, and apply as deformations of the perturbative twistor space. The
price to pay for using type IIB twistor data in type IIA is the absence of manifest symplectic
invariance. We also believe that the complicated structure of the resulting metric is partially
a consequence of this hybrid approach and there should exist a genuine type ITA formulation
of NS5-instantons. However, in the absence of such formulation, we have to proceed as just
described, but we hope that our results can shed light on this and other issues related to the
geometry of My.

After these preliminary comments, let us describe the twistor data for NSh-instantons after
they have been translated (partially) to type IIA variables in appendix [f]. To this end, let us
introduce an integer valued charge vector v = (k,p,%) with £ # 0 and ¥ = (p*, ¢u, qo). Here
k denotes NSb-brane charge, while the other components are related to bound D-branes. In
particular, the standard D-brane charge vector is obtained as v = (p°, %) where p° = gcd(k, p).
On the type IIB side, p° is D5-brane charge, while 4 encodes D3-D1-D(-1)-charges.

Given the charge ~, we define the contour (. as a half-circle® stretching between the two

6More precisely, £~ is the image of the BPS ray £, under (the inverse of) SL(2,Z) transformation gy, (|A.10):
ly = g,;zl) -£y. In particular, the transformation preserves the ordering of the original BPS rays.



zeros of ). (t) — p/k and the associated transition function
Qv —rik(G+(E1—2n1)€x )
Hy=_75e U5(§ —n), (2.24)

where 4 is a reduced charge
4=+~ mod (0,ke 5[y, ke/p°)), e (2.25)

with d[7, €*] being the spectral flow transformation ([A.9), and
£° : ma&" + Q
Us(f) = — ra exp |27l | kF(€) + — +mo ||, k>0, (2.26)
while for negative k the holomorphic prepotential £’ should be replaced by its complex conjugate
F. To write these definitions, we introduced various rational charges

n’=plk, n"=p"k, Q= (p°)G/k,

k 1 .
mo = ap’qy/k — co.ap™e(grp) — 5 Apsnn® + 3 ap®,  ma=p"4./k.

(2.27)

The notations §u, ¢, Aas, C2.4, a and €(gx) are explained in appendix [A].

In fact, most of our results hold for arbitrary function W4 (provided it ensures convergence
of integrals along (). Its concrete form will be important only in deriving the small string
coupling approximation in section fJ. On the other hand, the form of (B.24) is dictated by
the Heisenberg symmetry (25) which acts on the Darboux coordinates (£, €y, &) in the same
way as on the real coordinates (¢*, fA, o). Since it is non-commutative, only the x and 7-shifts
are realized in a simple way as symmetries of the transition functions. In contrast, the n-shift
maps different transition functions to each other, which is ensured by the fact that W5 depends
only on the reduced charge (B:2) and the combination &* — n®.” The (hidden) symplectic
invariance ensures that it should be possible to rewrite the construction of NS5-instantons in
other “frames” where a different set of shifts of the RR fields is trivialized. However, a map
between different frames is expected to be non-trivial and to involve an integral transform (see,
e.g., [[1]), similarly to a change between coordinate and momentum representations in quantum
mechanics. In fact, for k = 1 it was shown [5] that the sum over electric charges g, of U5 gives
the topological string partition function in the real polarization and thus indeed behaves as a
wave function.

3. Instanton corrected metric

In this section we derive the one-instanton corrected metric on Mgy from the twistorial formu-
lation of D-brane and NS5-brane instantons given in section P.3

Before we start, let us make a comment about the choice of coordinates. As is clear al-
ready from the twistorial description of the perturbative moduli space, the natural variable

"In fact, in our approximation where we ignore wall-crossing phenomena, the DT invariant (_27 does not
change under the monodromies (@) and therefore it can also be thought as a function of the reduced charge 4
and combined with U54.

— 10 —



appearing in parametrization of the Darboux coordinates is R rather than the dilaton field
r. At the perturbative level, they are related by a relatively simple relation (2.19). However,
non-perturbative corrections can further modify it. Given that the perturbative expression for
r (B.12) coincides with the contact potential, it is natural to extend this identification also to
the non-perturbative level. This is what was done in [[4, B9, BI], where D-instantons have been
incorporated, by setting

r=e, (3.1)

where e is given by (B-19) with H; being the D-instanton transition functions H., (B:23). How-
ever, in the presence of NS5-brane instantons the situation is not so clear. First, the full contact
potential (1) becomes t-dependent due to the &-dependence of the transition functions (2.24)
and therefore it cannot be identified with r. This still leaves us the possibility to equate r
to the real t-independent part of the contact potential as in (B-J]). But this cannot be true
because the dilaton is expected to have a simple transformation under S-duality (it must trans-

form as a modular form of weight (—2, —21) [[4]), whereas NS5-instantons spoil the modular

2072
transformation of e?. In [§] a modular invariant modification of the contact potential has been
constructed which thus represents a natural candidate for the definition of the dilaton field at
the non-perturbative level. However, if we used that definition, our results would have become
even more complicated. Since we work in type IIA where S-duality is not manifest anyway, we
take the simpler option® (B-]]) and do not claim that r is exactly the physical dilaton (although
for simplicity we continue calling it ‘dilaton field’). We consider the identification (B.]]) just as
a possible choice of coordinates. Although different choices lead to different expressions for the
instanton corrections to the metric, importantly, they do not affect predictions for string am-
plitudes obtained in the small string coupling limit and given by the one-form A, in ([.1) since
any coordinate changes leaving the perturbative metric intact contribute only to the second
term in that expression.

Thus, our goal is to compute the QK metric induced by the deformations (.23) and (R.24)
in the coordinates described in section R.1 where r is identified with (2.19). The starting point
is the Darboux coordinates (R.13) where the index i runs over the two sets of charges, v and ~.
The procedure to get the metric from these data is described in detail in appendix [B. Since it
is quite technical and not illuminating, we relegate all details of the calculations to appendix
and present only the final result.

To this end, we have to introduce several notations. First, we define the one-forms

3a=dly — FrsdC®,  3=2"3, = 22d(, — FrdC™,

- - 3.2
S = i <d0+CAdCA—CAdCA+8cAK> ; &

which arise naturally already in the perturbative metric (B.9). Besides, we also define a one-form

8 Another option is to take R as an independent coordinate and do not introduce the four-dimensional dilaton
at all. In particular, this makes sense because R is closely related to the ten-dimensional string coupling.
This option was accepted in [@] and led to a somewhat nicer expression for the D-instanton corrected metric.
However, given that the perturbative metric in type ITA is more natural in terms of r, we do not follow this
possibility.
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labelled by D-instanton charge
P 1
C; = N (g1 = Re Fazp®) (dGs — Re Fod(®) + 4 Nasp* dC™, (3.3)

Finally, we will use various functions labelled by charges v and « which are defined in appendix
0 as expansion coefficients of the integral transform (R.14) of the transition functions and its
derivatives. While for D-instantons, using integration by parts, all relevant quantities can be
expressed only through three such functions, Jy(") with n = 0, &1, for NS5-instantons this does
not seem to be possible and we have to deal with many different functions (see $[C.2). Using all
these definitions, the one-instanton corrected metric on My is found to be

R _ R _
ds? = dsfJert + S E 0,2, D, + S E Q, k0, (3.4)
v v

where ©, and U, encode the D-brane and NS5-brane instanton contributions, respectively,

They are given by

2 2
_ T 20 2 2 dr |Zv|2 S é 2 2
D, Rj”’ R\ Z,| <<r+c+dlog—K + T+2C+2Im810g e +de; —4C;
~ G2 i(r+c)AxG® idrdlogK i3> .
7. 70 L 7 7(-1) ! _ _ _ CiK,detdz
+ (577 + 4977) A(r + 2¢)? r(r+ 2c) 4(r +c) 2rK Kapd"dz

(G] r+c _
= " S — A (1) _ g1
+2nC, (H o 2AK) + (r(H 5 € 4mc,y) (7az, - 7i-1az,)
_|_idird(z JY 1+ Z j(—1)> —Elm(_ J)dj(o) (3.5)
2(r+c¢) fae e r K v '
and
- 2 2 - N2 2
_ (1) -1\ | 1 (dr) 6 1 i3] 1 0K . aq=b
2, (.;2”,7 + £ ) [8 ((7’ PR TR AW D + o AxS + i T3 K2 + i, d2%dz
i (—1) . (—1) . S
— 5 (£t + £ 0az dlog K — (L4t — 24 Vaz*) (5 + AK)
2(r +c) i [ cdr (1) ~
2 (r + 2¢)? 2r(r + 2¢) Ar+c) .
— 2k IO >0 (dr)? - &% + “——Z drdlog K — 4 —~ 2
W{R 5 ((r+c)2(r) &+ e rdlog rAgS e 13|
r’(dK)? 2 42 2 2(0)) ~ S
=4 AK> +RIm (£ — 2)3) <T+2€ — 2AK)

> d S
+2 (cg,y(l) + g,)(,_l)) <T—T (6 - QCAK) - dlogK (ﬁ + QT’AK))

+c

5 _
4 (7" +2 . + rdlog K) [Im (I,(yl)fj) — R-'Re (NAZ'C»(YO,)A 32> + Im (E,(yljdeAﬂ

r—+c

+4Red [Im (ML) 30) — RRe (£0)a24)]

- 12 —



~4Tm3 [Re (N2{V35) + Rim (£)d2")]

&2 (dr)? drdlogK AxS  dK? 2]

R
4(r + 2c¢)? _4(7‘+c)2+ 2(r+c) _r+2c_4K2+AK

3

Ay

T+ 2c

(8 ) [ e (0 4 ) 30) et (s - 0, )

~,A% ~,ZA R

Zzﬂ

+(IC(0) +KY) ) (i NASN*03635 — RdzAdzE) +2iNAT (/CS}EE 3ade® — KL 3Ad25) }

i A a(l) _Aa(-1) 21 cS 0
- sdlog K (el +5020 ) - 2 <7’+20 +27°.AK> az

¥ % (dI§°>Ad§A _ dIffB\dCA> _ § Re [zAsfﬁ)A 3] .
Note that the variable R appears only in the instanton terms and therefore in our approximation
it can be expressed through r using the perturbative relation (PI32).

The result for the D-instanton corrections given by the second term in (B-4) can be compared
with the linearization (in DT invariants Q) of the metric found in [BT]. We do not provide any
details of this simple exercise which shows a perfect match between the two metrics.

The result for NS5-instanton corrections given by the last term in (B-4) is new. Note that
the specific form of the function W4 (€) appearing in (R.24) has not been used and it is valid
for any such function ensuring convergence of the corresponding integrals. Unfortunately, the
substitution of (B.2G) does not seem to simplify the resulting metric which still looks very
complicated. But this is expected given that NS5-instantons break all continuous isometries of
the moduli space. It is also does not exhibit any fibration or other nice geometric structure.
Nevertheless, as will be shown in section [, in the small string coupling limit, if one neglects
terms proportional to the differential of the instanton action, U, reduces to the square of a
one-form, and this is precisely the structure expected from the analysis of string amplitudes.

4. Universal hypermultiplet

The case of a rigid CY, i.e. without complex structure moduli (h*!(Q)) = 0), is special. Then
the spectrum contains only the universal hypermultiplet [A9] comprising the dilaton r, NS axion
o and a pair of RR fields® ¢, f , so that the moduli space is four-dimensional. Such QK manifolds
are known to have an alternative description due to Przanowski [BJ] in terms of solutions of
a certain non-linear partial differential equation. This fact allows to test our one-instanton
corrected metric which must be compatible with this description. In particular, it must produce
a solution of the linearized differential equation. Furthermore, relating this solution to known
solutions in the literature, one may hope to find an alternative twistorial formulation of NS5-
instantons that is better adapted to symmetries of type ITA theory. In this section we show that
the metric (B.4) is indeed consistent with the Przanowski description, obtain the corresponding
potential solving the differential equation, but leave the problem of relating it to other solutions
for future work.

9We drop indices on quantities labelled by A, Y, ... since in this case that take a single value.
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4.1 Przanowski description

In [BY] it was proven that locally, on a four-dimensional self-dual Einstein space (which is a
characterization of QK geometry in four dimensions) with a negative curvature, one can always
find complex coordinates z* (o = 1,2) such that the metric takes the following form

ds?[h] = —% (hozdz®dz” + 2¢"|d2|%), (4.1)
where h, = 0h/0z“, etc. This metric is completely determined by a single real function h(z%, z%)

that must satisfy the following non-linear partial differential equation
P.h] = hiihas — hishis + (2hq1 — hihi) e" = 0. (4.2)

Of course, the equation is too complicated to be solved in general. However, the problem
significantly simplifies if one already knows a solution h(®) describing some QK space and one is
interested in linear deformations of this space. The point is that such deformations are governed
by the linearization of ([E2) around h(”), and a linear equation is much easier to solve. This is
precisely the case for My whose perturbative metric has a well known Przanowski description
[B0) in terms of coordinates

A= —(rtcloglr+0) = g lo+CH7¢), = ((+70) (4.3)
and the Przanowski potential
27512
h© = —log = 44
g (4.4)

where 7 = 77 4 imp is a fixed complex parameter with 7, > 0, given by the ratio of periods
of the holomorphic 3-form Q € H*°(2)) over an integral symplectic basis (A, B) of H3(2),7Z),
T =—[59Q/[,Q, which defines the holomorphic prepotential in the rigid case [iJ]

F(X)=—=X> (4.5)

-
2
It is easy to check that with these definitions the equation ([.9) is satisfied and the metric ([1])
reproduces (B.J) provided one sets the cosmological constant to be A = —3/2. The linearization
of the Przanowski equation around this background takes the form [0, FJ]

(A+1) (r?0h) =0, (4.6)

where A is the Laplace-Beltrami differential operator defined by the perturbative metric and
we expanded h = h(Y 4+ §h keeping only terms linear in 6h. An explicit expression of A in terms
of the real coordinates is recorded in ([EZ7]). Solutions of (f.§) have been studied in [pQ]. We
discuss them below in section in relation to our results. But before, we demonstrate that
our metric does fit the Przanowski description, which can be considered as a non-trivial test on
our calculations.
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4.2 The metric and Przanowski potential

In [p]] it was shown that the Przanowski description follows directly from the twistorial construc-
tion for a generic four-dimensional QK space. Although this description is not unique because
there is a large ambiguity in the choice of coordinates z® (which also affects the Przanowski
potential h), it was found that a particularly convenient choice is given by

2 = %agﬂ —2clog& 4, 2= %é([)ﬂ, (4.7)

where in our case £_; = R, al*] and £+ are defined in (BZ)), and their Fourier coefficients are
evaluated in (D.). The Przanowski potential should then be equal to

h=—2¢+2log(é-1/2) = —2log %T . (4.8)
Thus, it is sufficient to plug in these identifications into ([.]) and to verify that the resulting met-
ric reproduces (B.4). Similarly, one can check that the Przanowski equation ([.3) is also satisfied.
Although we have performed these checks, the corresponding calculations are extremely cum-
bersome because one has to evaluate derivatives of instanton corrected functions with respect
to instanton corrected coordinates. Therefore, we prefer to present an alternative derivation
which, on one hand, avoids this complication and, on the other hand, establishes a contact with
solutions of the linearized Przanowski equation discussed in the previous subsection.
The idea is that at the linearized level the variation of the metric should be encoded in the
variation of the Przanowski potential 6h(z). From (f.)) one finds that it induces the following
linear deformation of the metric

Spds? = 46h, 5d2"dz” + 8¢"” 5h|d2? . 4.9
B

However, this assumes that the original non-deformed metric is written in terms of the non-
deformed complex coordinates z®. However, in practice these coordinates are also deformed as
functions of a fixed set of real coordinates ¢™ which in our case coincide with (r, o, (, ¢ ). And
it is these real coordinates that are used to define the non-deformed metric.

In such situation, the variation of the metric gets an additional contribution. To find it, let
(z%(¢), h(2)) and (2§ (), ) (2)) denote the deformed and non-deformed complex coordinates
and Przanowski potential. In our case, they are given in ({.7), (£.§) and (f.3), (£4), respectively.
By construction, we have Z,[h] = 2, [h(”] = 0. Using these functions, we further define

0h = h(z()) = % (z0(0)). (4.10)

Note that this variation of the Przanowski potential is different from the one defined above
which reads dh(z) = h(z) — h®(z) and satisfies the linearized Przanowski equation. The
relation between these two functions is obtained as follows

Sh = 0,h — (O (2(9)) — KO (2(9))) = 6,h — K052 — W52, (4.11)

where we introduced dz%(¢) = 2%(¢) — 25 (p).
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Now we can write the full deformation of the metric which keeps the coordinates ¢™ fixed
as

6ds? = dsz(so [h] — ds?
where the first term is defined in (.9) and

h O] = §,ds* + 0.ds?, (4.12)

z0(p) [

5.ds® = ds2 ) [h"] — ds2, ) [h7] (4.13)

20(p) [

is the deformation of the Przanowski metric defined by the non-deformed potential A(°) under the
variation of the complex coordinates as functions of the fields ¢™. Using (E.1]) with A = —3/2

and taking into account that our non-perturbed potential (f.4) satisfies h((xo) = hg] ), h z = hioﬁ,

etc., we find an explicit formula

§.ds? —8ha5 Re (627)dz8dz) +8h Re(dézo‘dzo)

o ) (4.14)
+ 16e (ha Re (02%)|dz5|* + Re (ddz*dzy)) .

To apply these results to the case under consideration, we obtain from (f7) and () the
variation of the complex coordinates

1 ~ 2miRr
r_ - ©) 4
02t =~ > 09, (j,y S NAS )
v
1 _ 4rker 2mikRr
—% ZQ’Y ((1— r_i—c)I’gO) 7‘-'- g(l ) —<522, (415)
~

2 _ 1 O 0 i O) 0
02" = 1 > 00,2,79 — oo > k2
Y Y

and the Przanowski potential
S,h = d,log R* (4.16)

iR _ — , -
>0 (2,90 + 2,T) = D0k (L) + 2 ”>] ,
7 ¥

- 3272(r 4 ¢)
where we used (D.3) to get d,R. Then due to ([.11)) and (E.3), we have

1
Oh = 6,h — ;Re (62" +¢62%) = [ZO’»YQ j(o —i—ZQ (4.17)

323

This result is perfectly consistent with the general formula obtained in [51)] for the solution of
the linearized Przanowski equation ([.§) corresponding to the deformation induced by a set of

transition functions H;
1 dt
- — H,. 4.18
8mr Z /Cl t ( )

The fact that it satisfies (.6) follows from the identity [51], Eq.(6.15)]

7”2

P t
r+c '\ 4(r+2c)

A+1+ (t0, + 1) +41tac,)] (; H) —0 (4.19)
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valid for any holomorphic function H of the perturbative Darboux coordinates (2.10), which
reduces the action of the Laplace-Beltrami operator to a total derivative.

The last step is to check that the deformation of the metric (.1J) coincides with the last
two terms in (B.4)). Since all coefficients in (f.9) and ([.I4) are given by derivatives of the
non-perturbed potential 2(?), the computation is straightforward and confirms the agreement.
We present some details of this computation in appendix [.

4.3 Relation between different solutions

As was mentioned in section [}, solutions of the linearized Przanowski equation ([.6) were
investigated in [B0]. As a result, it was found that physically relevant solutions, i.e. having
exponential dependence on the inverse string coupling characteristic for D-brane or NS5-brane

instantons, are generated by two sets of functions'®

1 ) -

Ohpg = - I (alg + 70l V20 + 0) /72 ) (4.20)
—7i U—M c T

Shy = e ™I [ 20 (), (4.21)

where Ky(z) is the modified Bessel function and

Z (T) . 647Tkr > e—87rk(7“+6)t dt (4 22)
k o fra(,r. + C)4c7rk tl+8mck :

can be expressed through the incomplete Gamma function. A general solution can be obtained
as a linear combination of the Heisenberg transformations (R.3) applied to the basis solutions
(E20) and (F.21)). Since these transformations do not affect the functional form of the first
solution, we can write

Sh=> Cpybhyg+ > / dn® / d7ia C(1, 1) Ty sy 0 [0h] (4.23)
D,q k#£0

It is clear that the first term represents D-instanton corrections of charge v = (p, ¢), while the

second term is the effect of NS5-instantons.

Which constants C),, and functions Cj(n,7) correspond to the physical metric on My
cannot be determined from the Przanowski framework and requires an additional input. Such
input is provided by our result (f.I7) for the linear deformation of the Przanowski potential.
Comparing it with (f:23), it should be possible to find the coefficients C, , and the functions
Ch.e(n,7). For example, matching the first terms in these expressions with help of (C.3), one
obtains

_ 0,82,
T <

However, a similar match for the solutions representing NS5-instantons seems to be much

(4.24)

more complicated. It requires finding Cy(n,77) such that

_ k|

i ~ ~ C+i+T 2 i 7—C 1 A
™™ Z(r) / dn® / il Gy ) e o F7ErConlamtieacn 5 2 LI (4.25)
D,y

10T [@] the parameter 7 was fixed to be 7 = i/2, but it is easy to generalize the results to its arbitrary
value. Besides, the analysis of [@] also produced a third solution which however does not have an obvious
interpretation. Due to this, we omit it here.
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First, it is not clear why the dependence on r should factorize. If this does not happen on
the r.h.s., the match appears to be impossible. Second, while the integral ([£.22) has some
similarities to the twistorial integrals representing instanton corrections, its integration contour
is quite different and it is not clear how it can emerge in our context. Thus, either a kind of
Poisson resummation over a subset of charges on the r.h.s. of ([.2]) produces these features
or (which is probably more likely) the analysis of [5(] missed more general solutions to the
linearized Przanowski equation by imposing too strong conditions selecting physically relevant
solutions. We leave a resolution of this puzzle to future work.

5. Small string coupling limit

In this section we extract the small string coupling limit of the one-instanton corrections to the
hypermultiplet metric that we calculated in section fJ. This is the limit where we expect to
establish a connection with string amplitudes. For D-instantons this has already been done in
[G], therefore here we concentrate on NS5-instantons. First, we obtain a general structure of the
instanton corrected metric following from analysis of the effective action and string amplitudes.
Then we show that exactly the same structure emerges in the small string coupling limit of the
metric (B-4), thereby providing predictions for a certain class of string amplitudes in NS5-brane
background. This limit however leads to a somewhat unusual instanton action. So in the last
subsection we consider an additional limit of small RR fields which allows us to recover the
standard action and crucially simplifies our predictions for the amplitudes.

5.1 Instantons from string amplitudes

The analysis of this subsection is very similar to the one in [, $5 and $6.1] so we will be more
brief.

Our goal is to relate the metric on the hypermultiplet module space to scattering amplitudes
of physical fields. Since the relevant fields are massless scalars, the first non-trivial amplitudes
are 4-point functions. Therefore, we need to generate a 4-point interaction vertex from a metric
dependent term in the effective action. The simplest possibility is to consider the kinetic term
for hypermultiplet scalars @™ parametrizing My

1
-3 / <g,f;;;5t+ze 7 (W) () + )) Do g" (5.1)

Here we substituted the expected form of the metric in the small string coupling limit where it
is equal to the perturbative metric plus instanton corrections proportional to the exponential of
the instanton action. We kept only NS5-instanton contributions, denoted NS5-instanton action
by S, and the leading term in the expansion of the tensor multiplying the exponential by h).
In the limit g; — 0, we expect that S, ~ g2 and assume that the fields ¢™ are normalized so
that they stay constant.

Let us now expand the fields around their expectation values ¢™. If X" = ™ — ¢ denotes
the fluctuations, then the expansion of (b-]]) generates infinitely many interaction vertices for
these fluctuations. In particular, the leading instanton contribution to the A\*-term is obtained
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by bringing down two factors of A™ from the expansion of the instanton action and is given by

1
-2 / A =579 9,5.,(6) 0,5,(9) hI)(6) X2 XT A" A" (5.2)
¥
This term induces an instanton contribution to 4-point functions of fields A™¢ which reads as

4 inequivalent perm.
(2r)6 <Zp,> {a Sy Oy Sy WS D3a + of 12,34 : (5.3)

where pf’ is the momentum carried by A™ and pi; = 1,,p, P}

The amplitude (p-3) induced by the term (p.Z) in the effective action is to be compared
with the explicit computation of the instanton amplitude in string theory. First, we note that
NS5-instanton perturbation theory is similar to the one for D-instantons [l], but with open
string diagrams ending on D-branes replaced by closed string diagrams in the presence of an
NS5-brane. In particular, the instanton action should be given by the sphere diagram in the
NS5-background which agrees with its scaling as g;2. The overall normalization factor should
be given by the exponential of the torus diagram, and each insertion of a closed string vertex
operator, at leading order in g,, gives rise to a factor given by the sphere one-point function of
this operator.

This is not the end of the story, however, since the instanton breaks half of the N = 2
supersymmetry. The four broken supercharges imply the existence of four Goldstino zero modes.
To get a non-vanishing result from integration over these modes, their vertex operators should
be inserted in the sphere diagrams composing our amplitude. As a result, schematically, the
NS5-instanton contribution to the 4-point function we are interested in is given by

(27)*6™ (sz-) QN e / [ [T axax®

a,6=1,2

AT X Y X’ (5.4)

where N, is the normalization factor computed by torus with removed zero modes, x* are the

Am1m2m3m4
. Bﬁ . . .

one closed string vertex operator corresponding to one of A, and four fermion zero modes

distributed among the four spheres. We also included the factor of {0, which for primitive ~

fermionic zero modes, and is a sum of products of four sphere diagrams, each with

counts the number of BPS instantons in a given homology class, and for non-primitive charges
takes also into account multi-covering effects. The fact that these effects combine to give the
rational DT invariant (2.21)) can be argued in the same way as for D-instantons [f].

This expression can be further simplified, because each sphere diagram must carry even
number of fermion zero modes. Hence only two situations are possible: either all four zero modes
are inserted on one sphere, or two spheres carry two zero modes each and two spheres are without
them. Moreover, one can argue that the former configuration does not contribute. Indeed,
the sphere one-point function of the vertex operator corresponding to A™, without additional
insertions of the fermion zero modes, is simply given by the derivative of the instanton action
—0mSy. In particular, it does not depend on the momentum carried by the vertex operator.
Therefore, all momentum dependence in the case where all four fermion zero modes are inserted
on a single sphere comes from this sphere diagram. However, the Lorentz invariance implies
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that it should be a function of p? where p is the momentum carried by the vertex operator on
this sphere. But since p? = 0, this contribution does not depend on p;’s at all and would give
rise to a potential term in the effective action. Since instanton corrections should not generate
any potential, this amplitude is expected to vanish.

Thus, the only surviving contribution is the one where we have two of the zero modes on
one sphere, two on another sphere, and two spheres without zero modes which, as we already
noted, produce the factors —0,,5,. Let us estimate the sphere diagram with the zero mode
insertions. Note that to have a non-vanishing coupling with the momentum vector, one of the
zero modes must carry dotted index and the other one should carry undotted index. Then the

full diagram can be represented as
1AL (6) P Voa (5:5)
where AYY )(qb) is a function of background fields independent of the momentum. Collecting all
contributions, we find that
T AT, Y inequivalent perm.
Anons — 0, 8. 0, Sy (AQ) posuvis ) (AT pas ;) +

of 1,2,3 4. (56)

Substituting this result into (5.4), integrating over the zero modes, and using that € €&h v Vos =
—Tr(y"~") = —2n"”, one obtains that the NS5-instanton contribution to the 4-point function
has the following form®!

inequivalent perm.

of 1,2,3,4 (5:7)

(2m)46™ (Z pi> QN e 5 [aml Sy Oy Sy A AL oy 1
Comparing (5.1) with (£.J), one finds that they have exactly the same structure. This allows
to extract the metric hﬁ%(gp):

RO = QLN A AC). (5.8)

However, the above argument is not quite exact because it is insensitive to the terms in the
action (p.1)) proportional to 0,,,5,. Indeed, such terms can be generated either by integration
by parts or by a change of variables involving non-perturbative terms [fj]. In either case the
scattering amplitudes should not be affected and hence (5.§) is valid only up to addition of the
gradient of the instanton action.

To recapitulate, it is convenient to use the language of differential forms. Let us define
A, = A )(ap)dapm. Then the above analysis of string amplitudes shows that in the small g,
limit the NSh-instanton contribution to the hypermultiplet metric should be of the form

ds¥gs = Z QN e (A2 + B,dS,) (5.9)
Y

with some one-form B, which this analysis cannot fix. Below we verify that the metric (B-4)
does fit this form and find all functions and one-forms appearing in (p.9) explicitly. On one
hand, this provides another non-trivial check on our results, and on the other hand, gives a
prediction for the amplitudes A,

HWe are sloppy here about numerical factors. Moreover, as shown in [E], there is also an additional factor
that must be taken into account coming from a difference between the four-dimensional metric in the string
frame used to calculate string amplitudes and in the frame used to write the effective action @I) with vector
and hypermultiplets decoupled. We assume that all such factors have been absorbed into N5.
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5.2 The limiting metric
5.2.1 Definition of the limit

Before extracting the small string coupling limit, we should properly definite it. Namely, we
should specify how various fields behave in this limit. Naively, it is enough to send the variable
r, related to the dilaton, to infinity and to keep all other variables fixed. In particular, it is this
naive limit that has been used in [PJ] to extract the NS5-brane instanton action'? that, on one
hand, reproduces the result of a classical analysis of instanton solutions in N = 2 supergravity
[B7 and, on the other hand, makes contact with the Gaussian NS5-partition function obtained
by holomorphic factorization [3, p4:

S = drkr + ik (0 + (M — 20"y — Nas(¢h = n™) (P - n2)> — 2mimp 2", (5.10)
Here N 5
= . Nanz™ Nypsyz
_ P — 11
Nas Ay — 1 29 Noo, 2© (5.11)

is the matrix of the gauge couplings in the mirror type IIB formulation, and the formula (5.10) is
valid for positive k, while for negative k the first term flips the sign and N}y, should be replaced
by Max. This ensures the convergence of the sum over n® for both signs of the NS5-brane charge
due to the physical condition Im ANy < 0.

However, this naive limit suffers from a problem. It is easy to see already for the classical
metric obtained from (B.9) by setting ¢ = 0 that different terms have different scaling in 7. This
makes it difficult even to formulate what is meant by the leading order metric in the large r
limit. On the other hand, in [fj] it was noticed that one does get a homogeneous scaling in g, for
both the classical metric and the small string coupling limit of D-instanton corrections provided
we take this limit as

ro~gt MNa~gt, 2t~ gl, g0, (5.12)

which also implies R ~ g;!. Besides, in this modified limit the D-instanton corrections have
been shown to acquire essentially the same quadratic structure as in (5.9) and matched exactly
against computations of string amplitudes. This strongly suggests that (p.I9) is the correct
limit to consider for NS5-instantons as well.

In fact, the origin of the scaling (p-19) can be easily understood from the supergravity
action in ten dimensions'® where the kinetic terms in the NS sector are multiplied by the factor
e"2000 ~ ¢=2 Since such a factor is absent in the RR kinetic terms, the RR fields should
scale as g;!
the dualization of the B-field. Moreover, this rescaling of the RR fields is necessary to match

them with their worldsheet counterparts [pJ]. Therefore, it is also necessary to establish a

so that the whole action scales uniformly. Finally, the scaling of o follows from

correspondence between the small g, expansion of the effective action and the genus expansion

12The analysis of [2F] ignored the effect of the logarithmic term in & (R-I(]) incorporating the one-loop g,-
correction. In appendix E we show that its effect on the saddle point evaluation of a typical integral describing
NS5-instanton effects is quite non-trivial, but affects only the fluctuation determinant around the instanton
leaving the instanton action () intact.

13We thank Ashoke Sen for clarification of this issue.
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of string theory. Hence, if we want to derive predictions for any string amplitudes, we must
study the limit (5.13) rather than the naive one where only r scales with g,. Below we do it for
the NS5-instanton contribution to the metric (B.4).

5.2.2 Saddle point evaluation

As an important preliminary step, let us evaluate in the small g, limit, as it is defined in (f.19),
the following integral
dt :
/ — f) e, (5.13)
Z'Y

where f(t) is a polynomial in ¢ and ¢71,

1

S(t) = 5 (a+ (€ —2n%)éa) - Fe—n)

. ma(§* —n®) +Q Mo
k(€0 — n0) k-’

(5.14)

and all Darboux coordinates in (p.14]) are set to their perturbative expressions (R.10). This
type of integrals multiplies all terms in (B.6) with positive & and thus encodes NS5-instanton
corrections to the hypermultiplet metric.

In the limit the “effective action” S,(t) can be expanded as S,(t) = —diclogt + >~ Sy
where S,/ scales as gt=2 and we extracted the only term having a logarithmic dependencg on t.
Note that the expansion starts from the term scaling as g2, as is expected for NS5-instantons.
For our purpose, it is sufficient to keep in the exponential only terms with non-positive scaling
power, i.e. with £ = 0,1,2. Then the resulting integral can be evaluated by saddle point. It is
easy to see that at the leading order the result is given by

f(to) e . 1 (85,
=27k ( Sy o0+ Sy1 +Sy2 — = —2F 1
t(1)+87rkc /lk S,-,;’O ) S’V Tl 7,0 ~v,1 v,2 2 S,.,)ao ) (5 5)

where all S, and their derivatives (denoted by primes) are evaluated at ¢, which is a solution
of the leading order saddle point equation S ; = 0.
From (B.14), we find that

So(t) = 1 <a - §A§A> — R*Re (2" Fr(2)) + RCH (171 Fa(2) — tFA(2))

2
+R? (t°F(2) + °F(2)) — F(&(1)), (5.16a)
Syi(t) = —nt {éA + R (7 Fp(2) — tFA(5)) — FA(g(t))} , (5.16b)
Spalt) = 5 nnFas(e0) - T S0 - 2. (5.160)

Note that we dropped the index v on Sy because this part of the effective action does not depend
on any charges. Taking the first derivative of (f.164), one finds that the equation on ¢y can be
written as

tale?A + tOZAE"A = —iRK, (517)

where we introduced

Fa = Fa(&(to)) — 62(150)1?\2(2)’ (5.18)

Fa = Fa(€(to)) — £ (to) Fas(2).
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Note that for generic prepotential this equation is highly non-linear and cannot be solved ex-

plicitly, while in the rigid case (h*1(2)) = 0) where F(X) is quadratic and given by ({.5) one

finds Ty = 0, Fy = —2im&(ty) and ty = (/R. The second derivative appearing in (5.19) is found
to be

28V (tg) =R [cA (tg'Fa(z) — toFa(2)) + AR (t5°F(2) + t3F(2))

(5.19)

— (¢ (512" = toZ™) 4+ 2R (1, 22" 2" + 132" 27)) FAE(g(tO))]

Finally, the instanton action defined in (p.13) is given by

Sy = 2mik |5 (0 +CV00) = R?Re (M) + Rt Fa — toFy) + R? (157F + BF) — F(€(to))
—nh ({"A + R (tg"Fy — toFy) — FA(g(tO))> _ %nAnZFAZ(f(tQ)) B % ggz; B %
R2 _ )
_m (n/\ (talFA +toF\ — (tale + tOZE) FAE(g(to))>> ] . (520)

The result (b.20) appears to be much more complicated than the standard NS5-instanton
action (p.I0) and its physical significance is not clear to us. However, one can note that all
complications come from keeping the RR fields large so that t, remains finite and F(£(to))
does not reduce to F'(z). Probably it is not too surprising that large RR fields lead to a weird
instanton action since they couple to the self-dual 3-form living on the world-volume of the NS5-
brane, which makes the problem inherently quantum. Below, in section p.d we will show that
making the background RR fields small, one reduces (5.20) to the expected instanton action.
Nevertheless, even without taking this additional limit, we are able to show that NS5-corrections
to the hypermultiplet metric match the quadratic structure (b.9) predicted by the analysis of
string amplitudes.

5.2.3 The metric and its square structure

Using the results of the previous subsection, we conclude that at the leading order in the limit

(b-12) one has
70 o F &) e

~ , 5.21
vy pO t(1)+87rkc /1k86/(t0) ( )
while all other integral functions are proportional to this one:
I8 o (£t0) T I, (5.22a)
LU =~ (£t) T TATY, LU =~ (£to) T TN I, (5.22b)
+n n +n n q

K5~ ()T FaFo T, KOS & ()T Fa Fu T, (5,220

K~ ()T FaFo T, KSTL ~ ()T Fa Fu T,
K~ — <R2K2 + 4(zA§A)(zE§fE))I§°>, (5.22d)
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SOV & (o) 2O, 2P~ (£to) T FAdZ, (5.22¢)

where we used the functions defined in (5.19).

As indicated above, these results are valid for positive NS5-brane charge k. To get their
counterparts for negative k, it is sufficient to replace all instances of F(¢) by F(£) (including
those which appear in F, and F, (F.1§)). It is easy to check that the new saddle point t} is
related to the old one by the antipodal map t; = <[tg] = —1/to, while the instanton action
satisfies S_, = S,,.

Let us now see how the one-instanton corrected metric (B.4)) simplifies in our limit. We will
consider only NS5-corrections given by U, (B.G) with positive k£ and extract its leading order
contribution. Then we can use the leading order results (B.21]) and (5.23). In addition, there
are the following simplifications:

e One can drop all terms proportional to the one-loop parameter ¢ since they are always of
subleading order.

e The terms in the first three lines of (B.4) are subleading compared to the rest of the
expression and thus can also be dropped.

e The variables r and R can be exchanged (even in the perturbative part of the metric)
using the classical relation r = R*K /4.

As a result, the NS5 one-instanton contribution reduces to

4 dK 2
- ((dr)2 _ &2+ ( = ) 47’2A2 r |‘~5|2)

U, ~ —27kI) w

R A =27 2 2 2 (dK)2 2 42
+ﬁ(2 Tr)(Z7Ty) ((dr) — & —2rdrdlogK + 4rAxS +r er T 4r AK)
+§ F(ar& - 22 Axdlog K ) - % F (£33 + to3) (& — 2rAg)
—2i (dr + rdlog K) (153 + 103 — iIRT'N™ (Fa3s + Fa3w) + 5 ' Tadz" + toFrdz")
OiNAT (toémgj n to—lfASEs) ~9R (ffAdzAj + ?Adz%) (5.23)

1 - = _
—5, 5 (& —2rAx) (NAE (Fe3a +Fe3a) +iR (tg'Fadz + tOS—"AdzA))
129, Fs (RTINIEN"0 3032 — RA=1d27) + 2N (15155 T=30d2% + 4T T=30d57) )]

?dlogK + A - % N (Fp3s — Fads) +

4ir 1
R

R 5 A~
o (A Fad — zA"J"AJ)] 4z,

where we introduced another convenient notation
F= taleng - tOZAng. (524)

It is straightforward to verify that the expression (b.23) can be rewritten as

Tk 70) <A2 + BdSo) (5.25)

QL,%RW
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where

RF . _

=2dr + — & — iR (5 'J + toJ) — N* (F F
A T+ o S — iR (t5'J + tod) (Fads + Fads) (5.26)

+2rdlog K — RF Ay — iR (ty ' Fadz™ + toFpdzt),

RF : s & 4i ~ AT~

B = dr =26 +iN" (Fa35 — Fa3y) — = (2923 - 2F07)
r ) i (5.27)

—R(t5'3 —tod) + 5 RIdlog K +4rdx =R (tg'Fade™ — teFadz")
and
RF .
dSy = — | 5 - dr =26 + INY (Fa3s — Falds)

" (5.28)

_ 1 _
—R(tg'I —toJ) + 5 RFdlog K +4rdx — R (to'Fadz — teFadz") .

Note that the only dependence on the charge vector is in the overall coefficient, while A and
B are charge independent. One can also check that for negative k& the result is obtained by
complex conjugation, namely, U_., = —U,. Therefore, combining (B4), (£.21) and (5.29), one
finds that the full NS5-instanton correction to the hypermultiplet metric in the small string
coupling limit is given by

5 1 -k
dsygs 1 Z Q, 0 Re

£%(to) e > 2
A* + BdS ) 5.29
t(1)+87rkc 1]{?86/ (tO) ( 0) ( )

This is precisely the form (5.9) of the instanton contribution that we found from the analysis of
string amplitudes. Furthermore, comparing (5.9) and (5.29), we can identify (for positive k)

1
A’V = f’YA_'_g’Y dSO’ B’Y = Imik (f’zB - 2f"}/g’)’A - g'2yd80) 9

_ ]{?3 50(150) f;2 (5.30)
Y 877'7"]90 t(1)+87rkc lkS(,]/(to) )

where f, and g, are a priori unknown functions of the moduli. It is tempting to speculate that
gy = 0 and f, is a constant. But even keeping these functions arbitrary, the identifications
(b-30) provide a large set of predictions for the amplitudes A,(J)(gb) of one closed string vertex
operator and two fermion zero modes in the NS5-brane background.

5.3 The limit of small RR fields

Unfortunately, the results (5.20)-(5.2§) providing predictions for string amplitudes are not quite
explicit due to their dependence on the solution of the saddle point equation (p.17), which can be
solved explicitly only in simple cases of quadratic or cubic prepotential. This is also the reason
for the complicated form of the instanton action (p.20), and can be traced back to the fact
that in our limit the RR fields scale as g;' so that the perturbative Darboux coordinates §é\0rt
scale homogeneously. On the other hand, if the term Rt~'2* was dominating, we could expand
all instances of Fy(£(tp)) around Rt~ 'Fj(z) which would lead to drastic simplifications. This
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approximation does hold provided we take the RR fields to be small or at least ¢*, Q:A < g7t
Since, at present, calculation of string amplitudes in a non-trivial RR-background appears to
be an outstanding problem, we find it natural to consider our results in this additional limit.

We start by analyzing the saddle point equation (B.17). It is easy to realize that its solution
is proportional to ¢ /R, which is an exact result for a quadratic prepotential. Therefore, in the
limit of small RR fields, the first and third terms in the expression for fﬁm (R-10) are suppressed
by two orders comparing to the second term. Expanding around it, we find

Fr= — ;—703 Fase(z) (¢¥ — Rtpz™) (¢° — Rtpz°) + O(gi¢P), .
Tn=— %3 Njysz” —iNps (CF — Rtoz™) 4+ O(g2¢). o
Substituting these expansions into (p.17), it is easy to solve the resulting equation on ;. This
gives s
t= 2=+ 000, (532)

consistently with the expectation that tq ~ (/R.

We can now perform the same expansion in the instanton action (f.2(0). One can observe
that ignoring the next order term in (5.39) corresponds to ignoring the terms of order O(g2¢*™)
with n = 0,1, 2 in contributions that scale as g;™ in the limit (5.19). Dropping such terms and
taking into account that

Sl (to) = iR?*Npx 2" 2%, (5.33)

it is straightforward to check that S, reduces to the expected NS5-instanton action (p-10)
(plus a trivial constant term 47kc as in (F-4)). This establishes a link with the known results
about these instantons and shows that they should emerge from string amplitudes only in the
approximation of small RR fields.

This double limit procedure might seem equivalent to the naive single limit where all fields
are fixed and only r scales, but this is not the case. Indeed, there are terms that survive the
naive limit, but are dropped in the limit (F.1J) even before taking the RR fields to be small. Had
we scaled only 7 from the start, these terms would have remained relevant and would change
our results. For example, we would have to change the saddle point (F-32) by replacing ¢* by
(M —n? asin (F3). The reason why it is the double limit rather than the naive one that should
be considered is our interest in predictions for string amplitudes. The point is that the first limit
(F-12) evaluated in the previous subsection ensures a relation between various expansion terms
and string amplitudes, while the second limit of small RR fields is supposed to be taken already
in each such term separately. In this way it simply gives the corresponding string amplitudes
in a particular region of the moduli space. Instead, the naive limit mixes contributions from

different string diagrams. For example, in (F-I0) the terms linear in n®

originate from &,
(B-16H) scaling as g; ' and therefore are expected to capture disk amplitudes with boundary on
D-branes bound to the NS5-brane, while in the naive limit they have a trivial scaling and are
mixed with sphere contributions from S.

Finally, we evaluate the limit of small RR fields for the one-forms (5-2)-(5-2§), which
according to our reasoning should provide predictions for the same limit of the sphere three-

point functions. To this end, it is also useful to note that for the function defined in (p.24) one
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obtains a very simple result
F=iRK + O(g3¢"). (5.34)

Then keeping only terms that are at most quadratic in the RR fields and using notation

Nsoz™(® _,

(M= - WZ ; (5.35)
one gets'®
A= 2dr +2i6 + i 34 — iRteZ (34 + 34) — % Frsol(P(Pdz® — RtgNys(Pdz”,
B ~2idr — 26 + % T— P35+ Rtz (34 + 34) — % FrsoCrCPd2® — iRty Ny (rdz™, (5.36)
dSy ~ — 2idr + 26 + (23,5 — Rtpz (34 — 34) — %Fm@@dz@ — iRtgNyn(Mdz.

It is interesting that both A and B are very similar to dSy. In particular, one has a very simple
relation
A~ idS, — 2Rt (13 + NAggAdZE> . (5.37)

Combining the one-forms (p.36) with the identifications (5.3(]), one obtains predictions for
the sphere three-point functions in the NS5-background in the limit of small RR fields. This
can be viewed as one of the main results of our work.

6. Conclusions

In this paper we have computed the hypermultiplet metric of type ITA string theory compactified
on a CY threefold in the one-instanton approximation, i.e. including D-brane and NS5-brane
instanton contributions linear in the DT invariants. The resulting metric has passed two con-
sistency checks. First, we have verified that it is compatible with the Przanowski description
of four-dimensional QK manifolds in terms of solutions of a differential equation. Second, we
have shown that in the small string coupling limit it acquires a structure that is derived from
the analysis of string amplitudes: for a fixed charge, the metric is the square of a one-form,
up to contributions proportional to the differential of the instanton action, see ([.1]). The co-
efficients of this one-form are expected to be sphere three-point functions of one closed string
vertex operator and two fermionic zero modes corresponding to supersymmetries broken by the
NS5-brane. We have explicitly computed this one-form and thereby provided a prediction for

! Note that the one-forms in (p.36)) are written using ¢y rather than its limiting value (p.32). The difference
manifests only in one place — the third term in B. After expansion of this term around (), the order ¢3
term in ty generates a contribution which is of the same order as the forth and fifth terms in B and should be
taken into account. Since this is the only place where the correction to () plays a role and since B is not
accessible from string amplitude computation anyway, we did not include the correction in the main text. For
completeness, we provide its expression here:

. ’\E 20 _E/ o/
_iFaeCTC® (A Nwez@ (%
6NxyzXzY Nxy 2X'2Y’ '
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these three-point functions, which takes particularly simple form (5-3@) in the limit of small
RR-fields.

The starting point for all these results is a set of holomorphic transition functions on the
twistor space of My, which encode in a concise way the instanton corrections to the metric.
The transition functions for NS5-instantons that we used in this work have been obtained in the
type IIB formulation by applying S-duality to the D-instanton transition functions. The use of
type IIB results in type IIA is one of the reasons why the metric we obtained does not exhibit
manifest symplectic invariance. One may expect that there should exist a dual formulation,
obtained by some kind of Poisson resummation, that is more adapted to symmetries of type ITA
theory, simpler and allows a natural extension to multi-instanton level. One of the motivations
for our work was to find some hints for such formulation.

An interesting possibility for this is provided by the Przanowski description of the universal
hypermultiplet where we have a set of solutions ({.21)) of the Przanowski differential equation
which have the form of NS5-instantons and exhibit symplectic invariance because the combina-
tion of the RR-fields in the exponential can be interpreted as the Hesse potential associated to
the prepotential ({.J) and evaluated on the real symplectic vector (¢, ¢). Unfortunately, it seems
difficult to relate it to the solution following from our metric as it requires solving the equation
(E23) which is likely not possible. One should also recall that rigid CYs do not have mirror
duals and hence the universal hypermultiplet does not have a type IIB realization. Thus, strictly
speaking, we extended our results to the case where the starting point does not really exist. On
the other hand, the metric we derived and its analysis in the four-dimensional case rely only on
the general form (B.24) of the NS5 transition functions dictated by the Peccei-Quinn symmetries
and do not depend on the concrete form of the function W4 (§). Therefore, if one eventually finds
an alternative formulation of NS5-instantons, the corresponding transition functions should still
have the form (R.24) and our results will still be valid provided one substitutes ¥4 () in the
definition of various integral functions introduced in appendix [C.J with its new counterpart.

In this respect it is worth to emphasize that although we did use the form of W4(§) to
derive the small string coupling limit of the instanton corrections, our predictions for three-
point string amplitudes appear to be universal and independent on a concrete formulation of
NS5-instantons. This is because the one forms (b.24)-(5.2§), or their limit at small RR fields
(B-34), are independent of any charges. Thus, a change of formulation, which necessarily involves
a resummation over a set of charges, will affect only the prefactor A, in (£.9) related to the
torus amplitude in the NS5-background. It is an exciting problem to reproduce them from a
direct worldsheet approach to string amplitudes.

Acknowledgements: We are grateful to Ashoke Sen for valuable correspondence. SA is
grateful to the organizers of the program “Black holes: bridges between number theory and
holographic quantum information” and to the Isaac Newton Institute for Mathematical Sciences
where this work was finished for the kind hospitality.

A. NS5 transition functions

To present the transition functions incorporating NS5-instantons obtained in [7], let us intro-
duce some notations.
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First, let us recall that the holomorphic prepotential describing the special Kahler geometry
of the Kahler moduli space of the mirror CY %) is a sum of three contributions [Bg]

F:F01+Fpert+Fw57 (A1>

where the first term is the classical prepotential

(X)°
- 6X0
while the other two represent perturbative o’ and world-sheet instanton corrections, respectively.
In (A3), we abbreviated (X)? = kape XXX where kq. are the triple intersection numbers of

~

), and A,y is a real matrix satisfying

FCI(X> =

1
+ §AA2XAXZ, (A2)

C2.q
Aw =0,  Ag =22
00 ) 0 24

(A.3)
"iabcpbpc - Aabpb €L for vpa € Zu

1

La(p) = 5

where ¢y , are the components of the second Chern class of @
The matrix A,y is used to define a shifted version of electric charges and Darboux coordi-

nates
Gy = qr — Aasp™, Eh =& — AnsE™. (A.4)
In turn, they are used to define the charges
1 " g, 1 ptphpe
~ / ~ / a
a = +_K'ac—> - + + — Rgbe———7 A5
Ga = Ga T 5 Fab 0 do = Qo o g e (A.5)

that stay invariant under the so-called spectral flow transformations generated by the mon-
odromies around the large volume point in the Kahler moduli space. Acting on the unprimed
charge vector v = (p°, p%, qu, qo), it is realized by the matrix

1 0 0 0

€ 0% 0 0
M) = , A6
p( ) _La(e) _/{:abcec 6ab 0 ( )

Lo(e) Ly(€) + 2Apcc¢ —¢® 1

where € € Z and we introduced an integer valued function
1 a b _c 1 a

Lo(€) = = Kape€€ € + — co4€" € Z, (A.7)

6 12

equal to the holomorphic Euler characteristic of the divisor specified by the vector €*. The
properties (A.3) and (A7) ensure that the symplectic transformation ([A.0)) is also integer valued.
For some purposes, it is convenient to rewrite the action of the spectral flow on 4 = (p%, ¢a, qo)

as a shift
5> 4+ o, e, (A.8)
where
PP
Oy, €] = —KapeP €€ — p°Lq(€) . (A.9)

—qa€® + pPLa(€) + 2A,,p%
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Finally, we define the charge vector v = (k,p, % qa, qo) where’® p® = ged(k, p), rational
charges n® = p/k, n® = p*/k, S-duality transformation

B a b
Do =\ —k/p p/p"

where the integers (a, ), ambiguous up to the addition of (k/p°, —p/p°), are chosen such that
ap + bk = p°, and e(gx,) equal to the logarithm of the multiplier system of the Dedekind eta

) € SL(2,72), (A.10)

function. With these definitions, we can now write down the expression for the NS5 transition
function [R5, Eq.(5.30)]

Q'yk . k OkAaa_a_l_OA Oqf a
Hy = —(“;W)Z (€= n%)exp [2%1 (-5 5, + 2 quf(go 130) ) | At — cyp f-:(gk,p))] ,
(A.11)
where 3
Se = a+ (&8 —20ME, + 73((20__20) : (A.12)

The prefactor —I% (€% — n%) was absent in [P, but it must be included to ensure correct trans-
formation properties under S-duality, as has been understood in [2g, B7].

Our goal is to rewrite (A:T]]) in terms of type IIA variables avoiding the use of data of the
mirror CY. As a first step in this direction, we recognize the last term in (A13) as the cubic
term in the classical part of the prepotential (A.2). However, it is the full prepotential F(X)
(A1) that coincides by mirror symmetry with the prepotential of the complex structure moduli
space of §). We can safely add the last two terms in ([A]) because they are mixed by S-duality
with D(-1) and Dl-instantons which have been ignored in the derivation of H., anyway. It
remains to take into account the quadratic term in (A.2). Using also ([A:4), one finds that

So ~ a+ (8 —2nM)Ey — 2F (€ — n) + Apsn™n® . (A.13)

In fact, this result is not unique. The point is that F,(X) is the classical part of both
F(X) and F(X) because all coefficients in ([&-2) are real. Hence another possibility is to replace
F(£—=n) by F(¢—n) in (KI3). Although at this point it is impossible to decide which choice is
correct, this can be established by evaluating the instanton action in the small string coupling
limit (see section p.J) and comparing with the expected result [53]. This shows that the choice
(A13) is relevant for positive k& and the one with F' for negative k. This prescription is also
consistent with the condition (R.I7) which relates instantons and anti-instantons.

The representation (B.24) then follows upon using ([A.13), our choice for the quadratic
refinement ., = (—1)%?" notations (£:27) and the fact proven in [Z7, appendix D] that under
the Peccei-Quinn transformation (P.5) the NS5 transition functions behave as

Ton00 - Hy = Hy (0800 80v,kne /p0)) - (A.14)

Note that m, and @ still involve various data of the mirror CY related to its Kahler moduli
space which seems unnatural form the type IIA point of view. This appears to be an artifact
of our hybrid approach and we leave its detailed understanding as an open issue.

15We will take pY to be of the same sign as k.
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B. Procedure to derive the metric

The general procedure to derive the metric on a QK manifold M from the knowledge of Darboux
coordinates on its twistor space Z,q was described in detail in [B1]]. Here we present it in the
form adapted to the twistor description of My given in section B.9. It consists of several steps:

1. At the first step, we redefine the coordinates £y and & into'6
W =&x = Fa(9),

ol = — 2 (a+€6) + F(©)

(B.1)

The advantage of the new coordinates is that their expansion around the north pole t = 0
of CP! does not contain singular t~! terms. As a result, we can write the following
Laurent expansion for the set of holomorphic coordinates on the twistor space and the
contact potential (R.1§)

M=t G+t + O,
e e é v o),

(B.2)
ol =diclogt + o + ol + O(?),
d =Py + 01t + O(t?).
2. In terms of the new coordinates, the contact one-form (2.§) is given by
X = dalt 4 ¢haglt, (B.3)

Substituting the expansions ([B.J) into this expression and comparing it with the canonical
form Dt (2.4) using (R.7), one finds the components of the SU(2) connection

i -
pr= e e,

1 - ~
P = = e (dofT + Ehag) + €108 ]) ot

(B.4)
3. Then one computes the triplet of quaternionic 2-forms (2.9). In particular, for w? the

formula reads
wd=—4 (dp3 —2ipT A p_) . (B.5)

4. Next, one specifies the almost complex structure J2 by providing a basis of (1,0) forms on
M. Such a basis was found in [BI]] and, after some simplifications, it takes the following
form ]

mt=d (€ /). ma=ddy o= gday’ 2edloge’y. (B6)

16The transformation @) can be seen as a contact transformation defining Darboux coordinates in the
patch around ¢ = 0. Then the holomorphic prepotential F'(§) has the meaning of a transition function. Together

with a similar transition function to the south pole t = oo given by F(§), they provide a twistor definition of
perturbative My from which the perturbative Darboux coordinates (.10) can be derived [BI].
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5. Finally, the metric is recovered as g(X,Y) = w3(X,J3Y). To do this in practice, one
should rewrite w?®, computed by (B.H) in terms of differentials of coordinates on M, in
the form which makes explicit that it is of (1,1) Dolbeault type. Using for this purpose a
basis 7%, which can be taken to be (7%, s, 7,) or some its modification, the final result
should look like

W = gy ATY, (B.7)

from which the metric readily follows as ds? = 2gyym* @ 7.

C. Integrals and their differentials

C.1 Integrals of D-instanton transition functions

The D-instanton transition functions (.23) and all their derivatives appearing in (.13) de-
pend on a single combination of Darboux coordinates determined by the D-instanton charge ~.
Therefore, it is convenient to define a function given by the integral transform (R.14)) of this
combination

To(t) = g, [emmet )], ()

All D-instanton corrections can be expressed using this function. We will also define its expan-
sion coefficients around ¢ = 0 and t = oo as follows

dt =
7O =7, 0) = [ G

t
Z'Y
(C.2)
1 onJ. dt _
(£n) =_(+1 n—1 B = (+1)" —2mi=, (t) >1
‘77 2 ( ) a(t:l:l)n 1o ( ) 0 tlxn € ’ nz4
where we introduced
Ev(t) = qulj)\ert - pA ~/Iiert = @v +R (t_lzv - th) ) (0-3)
Z., is the central charge function defined in (P:20) and
0, = ax(* = p*Ga. (C.4)
The coefficients JV(") can be evaluated in terms of modified Bessel functions
T = 272, /| 2, |2 =270 Ky (4RI 2, ) (C.5)
and satisfy the following property under complex conjugation
) — g, (C.6)
Using integration by parts, it is easy to establish the relations
Z,JN = 2,7, (C.7a)
I = 2miR (2,T% + 2,79, (C.7b)
T =2miR (2,T0 + 2,57). (C.7c)
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A direct evaluation of the differentials gives

dJO = —2ri (Jde, + JVA(RZ,) + TV A(RZ,)) . (C.8a)
170 = —25i( 70de, + TOA(RZ,) - TOA(RZ,)) (C.8h)
a7V = ~27i( g Va6, - TOARZ,) + TEVARZ,)), (C.8c)

where J4*? can be excluded using the relations (C77).

C.2 Integrals of NS5-instanton transition functions

In contrast to the D-instanton case, NSh-corrections to different Darboux coordinates and their
differentials cannot be expressed through a single function. Therefore, we have to introduce
several functions given by the integral transform (E-I4) of the NS5 transition functions (E-24)
and its derivatives. More precisely, using the shorthand notation

an == (d+ (€' —20M8) (©9)
we define
Iy(t) = o [ 0]
73(0) = 7, [(€ — n) o
1
Toall) = 5o Sy [ 0]
I;xz(t) = 7, [(€} = nt) (€5 — n®) e2mhan,] (C.10)
1
I»/y\,E(t) — m /’y [(gA nA) 27r1kana < :|
1

I’77A2(t) = W /’7 [ezﬂikanagAagE\Ifﬁ,} R

where W5 is evaluated at £* —n™ as in (2:24). It should be clear that the functions IA 1, A are

proportional to the integral transform of the derivatives (—35AH ), 8§AH while Ifym, 17 s Ly A

correspond to the second derivatives 5§Aé§2H7, (_ééAé@ H,), 0§A852 H,. Since the derlvatwes
(B13) do not commute

[é@,é&] — 26505, (C.11)
it makes sense also to introduce the function
7 1 Tikoo, 1
I’/V\,E(t) - 2k /’Y [62 g 852 ((gA - nA)\D )} IAE + — lk‘ (C.12)

Similarly to (C.2), we define expansion coefficients of all these functions, which satisfy exactly
the same conjugation property as in ([C.4).
We also often use the following combinations

n n n n A p(n
e A R e
£ =T - BT, 2=,
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/C,y AY = I»(yr,L/)\z - FAA'I,(:)A/ — FEZ’I A —l— FAArFEng A/E,
Ks =Tons = Dy = FowZ] i + Fan BTN, (C.14)
IC’(YnAE _Iﬂ(ynAZ - FAA’I( N Fes I 7 FAA’FEX}’I mAE .
IC’(YRZ\S IV = PaZyy — Fox I( ) + Fyn P TN,
Hy = PRy = KD - 2K 2R (C.15)
and the one-forms
’?’%A =dZy s - ]i’AzdIE, (C.16)
Lyn =dIy s — FrxdZZ,
so that
Az =0 + Lindt, A Adel) = det Al (C.17)

Note that the bar on the functions and the one-forms introduced above does not mean complex
conjugation. For the latter we use overline and it involves also flipping the sign of the charge
and the index n. For instance, we have

i = P, (C.18)

-

Using integration by parts and the relation
(8 aPert + §pm0t pert — pcrtﬁt port) = 8irpert, (C.19)

where 7 is given in (B.12), one can establish the following identities

. 4ir
ZW — 2D = =3 70, (C.20a)
_ i 1
L2 4 20 = % <ﬂ —~ 47") iV, (C.20b)
_ ] 1
20+ 27 = g (g rar) B (C:200)

where we dropped the index pert on r. It is also straightforward to find the following differentials
A7l = —2rik [219 (6 +2rAg) +iN*> (L ( 7AB — 57 )3 )
-R (z JHITIF+ L dt + L5V dz ) — (20 + 2) dR} , (C21a)
A7) = —2nik [21@” (& + 2rAge) +iNY (£, 35 — £, 35)
R (TP - 103 + LY — L)) — (29 — 200 dR}, (C.21h)
Az = —ka{ 270 (6 + 2 A) + N (£ V3 - £ V35)

Y

+R (zg(”s ~I0D5 + L) de - ZE;j’dzA) + (2O — Z) dR] , (C21c)
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and

£\ = —2rik [zﬁgofA (S + 2rAg) — (E“Ad +£5V3 )

FiNEE (/CS)AZ 32 — KO, 35) — K d(R2) — /cng”id(RzZ)] ,

g0 = _zmk[ LY (6 +2rAx) — (c“mwz )
NS (/c<°”3 ~ KO 35) K ed(R2") - ;cg—Ud(RzE)},

~,AX

e = zmk{zcﬂ (6 +2r Ax) — <£(2AJ c,ym;)

v
HNE (’Ci”m 32— Kihs 35) — K\ sd(R2) + Kiﬁkzd(Rzz)} 7
e - —27r1k[ L83 (& + 20 i) + R (L9435 - £33)
HNEE (/cg L 3= 35) KL d(R2S) — /cgjg)id(nzz)] .

D. Details on the metric calculation

(C.22a)

(C.22b)

(C.22¢)

(C.22d)

In this appendix we provide details of the calculation of the one-instanton corrected metric (B.4).

We follow the procedure described in appendix B and extensively use the notations introduced

in (B.2), (B-J) and in the previous appendix.

D.1 SU(2) connection and quaternionic 2-forms

The first step towards the metric is to evaluate the expansion coefficients near ¢t = 0 of ¢* and
the redefined Darboux coordinates §I[\+} and ol*! (B)). Starting from the expressions (E-13)
where the sums run over charges v and «, and using the functions defined in (C.J]), (C:I() and

C.13), it is straightforward to get
€13 g g
gﬁl = RZA>
1 _ 1 _
SIS e DL AU AVAR e D AT A
v ¥

- - 1 B
5/[\% = (0 — FaxC™ + 32 g 0,y Voa T — g Q kE,YA,
Y

(D.1a)
(D.1Db)

(D.1c)

= 1 1 ~ 1
M = —IRZ Nas — = Faze( ¢® + 52 > 09, [QVVAJW(” — — Frsep™¢P T
Y

2R R

1 A 1) 1 07(0)T
_@;Qw{zcw—ﬁmg@g 7O® |,

agﬂ = —% (a + CAZA — FAgCACE) + 2i(r + ¢)

— 35 —
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167r3 ZUV [ (14 2mi¢"Via) j(o + 2miR Z, j ]

5 Z 0, |20 = 2rik¢ L), — 2mikRZD| (D.le)
Y

where we used one more convenient notation
Voa = g — Fasp” (D.2)

and the definition of our coordinate r (B.1) which together with (B.19) gives

2

R -
— _ 1)
7’-4K c+ 3225 0., ZJ —i—Zj 32%25 Qk: .;2” ) (D.3)

The full contact potential (P1§) is easily found to be

B(t) = logr — #kazﬁ(t). (D.4)

Substituting the above coefficients into (B.4), using ([C.7d), (C.84)), (C.20a) and keeping
only the linear order in the instantons, one obtains the components of the SU(2) connection

Pt = z: 8 72 Z 0,Q, Z dj(o 812 Z Q, k (ZA'S’(YO)A - I§0)3> , (D.5)
Y
PP = % S+ < R*K — 20) Ak + 153 ZaV (7Mdz, — gi=haz,) (D.6)
R ® 1) r
= ZQJ{:{I I— T3+ L0 dA — £8Vdzt 4 2iRd (Wzg‘)))]}.
Y
Plugging these results into (B.5), one finds
w? = 4ir/\p +8ipt ApT + = dg AdCy — @dR/\AK—ENAEdZ A dz™

_wr Z 7.9, (djf ANA(RZ,) = dTD A d(RZV)> (D.7)

o 2.0 4G A (R (AT~ #TEY)) - a6t A d (R (T~ HTL))
I 1y, A
+R (dzA AdLl) —dzh A dL A”) —dR A (cszdzA - LAt o d (7~1§°>)) } .

D.2 Basis of (1,0)-forms

The next step is to evaluate explicitly the basis of (1,0) forms (B-§) in the almost complex
structure J3. This is straightforward to do given the results (D.1]). But the basis can actually
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be further simplified. First, since 7* = dz?, one can drop any terms proportional to this one-
form in other basis elements. Second, it turns out to be convenient to add to 7, the term
—%fé\fm + 2r®;p*. As a result, we can choose the following one-forms to constitute our basis

dz®,
1 _ 1~
Vo = 3t 2 Z 0, V2 d T — ) Z Q, kgg)m
Y v

X

2 : i (-1 Mq (1)
dr+cdlog(RK)+16+167T2207 (RZdj )+ RIWAZ, — 7,7 dR)

ZQW{R(IQ” ~Z0Y3) + RALD), — 2IVdR

B 1
1672 v
5
+2RL\ At = RLS Yzt + 2709 (& + ird log K)} . (D.8)

Note that with these definitions the perturbative approximation of (D.§) is expressed through
the one-forms defined in (B.2):

T+ 2c
r+c

YR =3a, X = dr +i6. (D.9)

It is also useful to note that

pt = ( 8i > q, ) AV, (D.10)

1 L S q 2
P=5 [1m2+ ( R2K — 20) A = =5 > 0k < rdz® + Tri 51@@)] . (Da1)
v

D.3 w? in the holomorphic basis

The final step is to express the quaternionic 2-form w® in terms of the basis (D§). This is a
quite tedious exercise. Therefore, we simply give the final result:

Z i . 2 _ : 2K
WP = L ! <NAE R zAZE) Ya A Vs + BB e p g
(1 + R2K) r 2r (D 12)
R i .
D NS
47?7’ Z OZYQ w, + . ; Q, l{:cu7
where
1 ! ! - — — —
WP =217 {_ﬁ NV AN AN Vo Vs + R(Z, 5k +dZ,) A (Z, Sk + dzy)}
_ r+c 0K 0K — _ —
— (2T + 2,JY) { o (ZK ATy — = ?) — N ANV 5 V0 + N5V eV A ZK]
+ 2NA® (jy)dz,y AVopds — TIVa Vs A dZ,), (D.13)

— 37 —



0K 0K
K K

il

wNS = g ) |:(’l“ + QC)ZK VAN ZK — 2(7’ + C) — A —:| - ZK A Z’(yjji)dzA - ‘C'(yl,)AdZA

AXk

— ka{zzo Z+—8K) (i+ %TaK) +L+C)) (2 + Z0) (aKAi —z/\éK)

K(r+ 2c

~

+R| (LD — 2 ) AVrA Sk = (L0 = 2D Sk A 2D
—2 [izgﬂszA + L(OAy +ichdt } A (2 +2—KT5K)
2r - AX
+2 (Z + = aK) A {izg—”szA -
+2[2V= A (IN2L0) I = RED)az) = (iNYZL0 Vs + REW,az4) A 250k

L\ Vs + iﬁgjﬁdzA]

—2RIV MYy A ZVs + % Aoy Sk NSk
5 A IV (KL + 22 ) I = R (Y - 2K R ) a2

iV (L + KR ) I = R (ARG = 20 ) 427 A S

(’C(WOAE + IC'(VOEA> (ﬁ N EN*OYo A Yz — Rd2" A dzE)

+2INAY (/C“E_dz Ay = KS LYy A d® )}

and we used the shorthand notations ([D.2) and

Y 0K
20r+2¢) K -
Importantly, (D.13) is manifestly a (1,1)-form. To check that it coincides with the original

Sy = (D.15)

expression (D7), it is much easier to start from the end: one should substitute the expressions
(D.§) for the (1,0)-forms Y, and ¥ into (D.13), expand up to linear order in DT invariants, and
compare with ([D.7) after using there the results for the differentials of the integral functions

(CR), (CI7), (C2]) and (C:29). Note that in our approximation, one can replace Y, and ¥
appearing in wl? and w,l;ls by their simple perturbative expressions (D.9).

The metric follows from (D.12) by replacing all wedge products by tensor products and
multiplying the resulting expression by —i. Then, to extract the one-instanton approximation,
one should again substitute Yy and ¥ from ([D.§), in all perturbative terms express all instances
of R in terms of r by means of (D.J), and keep only terms linear in DT invariants. In doing
this, one can use the following identities valid up to the first instanton order

(r + 2¢)? a5
B = g @+ 80 g St (04, - 214 e

o ) B d +2c dK
e £ ) (-2 4]

An(r +c)? r+c r K

2 4(r 4 ¢)? r+c r K
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) & ka{w [2(d$§1)+djw(_l)> _ (37(1)+9227(—1)) ( dr _ r+2c%)}dr



2 d 2 - -
+ {ﬁl 70 (TCJC ) - 2z + (LAt - LN ) + 200 5 - 20 3] 6},

_ _ i _
NSV Ve = N3350 — o5 10,0,d0, 47" - Z Ok (dz<° AdGy — dZ\d¢ )
il
R? 2 2(r+¢)  2rnst \ i(r + ¢)
53 |20l = ( e e ) WP o 2KZ 0, Im (Z,3) AT (D.16)

r+c = A a0 =
~gr Lk Re (£903).
v

where 7,5 denotes the instanton terms on the r.h.s. of (D.3). The final result turns out to be
the one-instanton corrected metric given in (B.4).

E. Details on the universal hypermultiplet case

Here we provide some useful formulae concerning the universal hypermultiplet and its Przanowski
description.

First, the relation between the derivatives with respect to the real variables and the complex
Przanowski coordinates (£.3) is given by

r+c

O = — m 0, + 2i0,, -
Oy =8y + (O, By = Tiz (70 + o) — (@ — Cn))
Note that we have the relations
Da01 = D01 + €001,
0105 = 0105 + (0105, (E.2)

0205 = 82&2‘1‘“81&24‘82 1) — C8181+ &

and the shifted derivatives dy are non-commutative, namely 3235 =+ &232 The relation (E])
leads to the following derivatives of the perturbative Przanowski potential (f.4)

0 0 0
R L (E-3)
0 r+c 0 0 0) 1
hg1) - m g h§2) = Chgl)a hgz = €2h§1 - FT (E.4)
© _ (r+c)(2r*+ 5er +4c?) © - (0)
hlll - 87’3(7’ + 2C)3 ) h’112 - Ch'llla (E 5)
h(o <2 T——i_c h(o) — C3h(0) _ M .
122 = 111 I (r 4 20) 222 M a1 20)
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Given that for the quadratic prepotential
K= N(]O = 27’2, (E6)

it is straightforward to compute the Laplace-Beltrami operator using its standard definition in

terms of the metric which we take to be the specification of the perturbative metric (.2) to the

four-dimensional case. The result can be written as!”

r? 16(r 4 2¢)? 2| = 2 r+2
= Py ————L P+ = Oy +70; — O¢| —
o (r+0)0; + ¥ e a+72 (€ +7¢)0s + 70z — O ;

ar] . (BT

This formula can also be obtained by linearizing the Przanowski differential equation (f.9) and
writing the result as in (f-9).

Let us now compute the deformation of the metric (:I2) induced by the instanton correc-
tions to the Przanowski potential (.17) and the complex coordinates ({.15), and hence given by
the two contributions whose general expressions can be found in (JL.9) and (f.14). To compute
them explicitly, we will use that the differentials of the non-deformed complex coordinates ([.3)

are given by
r+2c

r+4c
Substituting this into (f.9) and using the relations (E.2), one can show that the first contribution
takes the form

dzp = —i6 — dr — ¢dz] dz2 3. (E.8)

l\DIH'

r+2c 2 N =
2 (Ghugd + 0y53) ©

Spds® =46hy7 dr +16

B 21(7' + 20) (E:9)

r—+c

. 1
(6hs13 — 6hy5d) dr + |3 (5% - —0hi + rte 5h) ,
2

Tor?

where the subscript 2 denotes the shifted derivative d,. In a similar way we can evaluate the
second contribution ([14)). In view of (.17), it is natural to write it in terms of 62! = 62! +(d22.
As a result, one finds

T+ 2¢

d+6

ToT T2

5.ds® =8Re (§2") <hg01>1

r+4c 8h(

= h§°1||2> —-& Re (52%))
(E.10)

r+c

r+2

2(r + 2c¢)
72T2

Im (‘;j ddzz) )

= <drRe (dozh) + 61m(d5 ))

o

We still need to compute the derivatives 6h,5 and the differentials d§2' and déz?. This

requires computing the action of the derivatives 0; and 0, on the integral functions introduced
in appendix [J. Here we provide some of them:

TR ~ B
0T =50 ag (@ T + @+ TTY),
iR ~ -
hT; = + 20120 (@t )T — (¢ +7p)TEY) w1, (E.11)
. 2
82j,y(:tn) _ us! (q X Tp)j(:tn n > O,

T2

'7In the third term all derivatives are supposed to be on the right and not act on the coefficients.
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_ mR(r+c¢) _ _ 272 (r + )
8181j m ((q + Tp)jﬁfl) + (q + Tp)jﬁf 1)) + m |q + Tp‘2jﬁf0),
A 2R _ _
010,7," = — g (et )? T + g+ 7pPT ) (B.12)
o A2
0y T = — — \q +7p|* T,
0,10 =orkz® — R (w4 gny,
Y Y
2(r +2¢) (F.13)
. 2 :
5,10 = — T8 20 | 4R 1)
T2
O _orp o0 _ _TER 1)
0L <ok 2 — 5o (o + K ) -
- ~ 2rik '
b0 = - 2 — = K HATRR 2D,
1) _ ) _ _MER 0
R (K%~ K0) -
. 2 :
02, = ik = KUl + AnkR £,
0079 = — 47212 70 _ M (g(l) + j(—l)) — mkA(r + ¢)
=y T 8(r+2¢)3 v 27 (r 4 2¢)2 777
19TV = — Ak ((2r +30). 20 — (r + ). Z?)
o ) ’ ’ (E.16)
kR ¢! (-1) 272 '
_ TR _ (1)
Y (Ko + K g ) = 8RR,
A a 272 k2 2k
0 0
0T = = = (K + K0) - T (1 167ke) I,

The complex conjugate derivatives can be obtained using ([C-f]) and similar relations for the
functions associated with NS5-instantons like, e.g., (C.18). Besides, one can obtain derivatives
of ‘,227(0) from (EI4) by putting bar on functions ,5,”7(") and on the first index of functions %("),
and derivatives of 9?,5_1) from (E.13) by doing the same plus lowering all upper indices by 2 and
flipping the sign of the second terms on the r.h.s.

It is a straightforward although a bit tedious exercise to substitute (f.17) and ([EI5) into
(EX9) and ([E.IT), respectively, and use the above results for derivatives of the integral functions
to compute them explicitly. Then combining the two contributions, one finally obtains

0ds® = —- ZO—WQ R ZQ k., (E.17)

where
12 2
_ T 0 | R2y 2 Im¥*  dr _3r+4cd2_42 B 1
D, ’RjV R12,| (r+2c)? (r+c)? r 5 Cy (E.18)
_ G2 idr? i3 27C,6  7w(r+2c)
2,90 + 2,7 - - - 2 drd
+( W+ 4T, ) 4(r+2¢)2  4(r+c)?  drr * r+ 2c r(r+c) rd®, |,

— 41 —



)
Hredelm s - X ez
—2wk{%1§0> {% dr? — :f;c — i—j |3\2} (E.19)
e f2c {le (2®3) - R(::fc) Im (Z03) — 4cRe (Ig%)]
[ @00) - e (299)| ¢ PR (40 ¢ A7)
o [T ] e e 0K+ + el S5

It is easy to check that these expressions for ®. and U, coincide with (B3) and (B-), respec-
tively, specified to the one-modulus case. This confirms that the instanton corrected metric
computed in section { is consistent with the Przanowski description.

F. One-loop effects at small g,

Let us consider the integral
dt ,
/ tn+1 e—27‘(‘1]€$-y(t)7 (Fl)
Z'Y

which is a particular case of the integral in (5.I3). We are interested in its leading behavior
in the limit » — oo keeping all other fields 2, %, f A and o fixed. Of course, in this limit we
also have R ~ r'/2. Since the action S4(t) scales as r, one can hope to apply the saddle point
approximation. It is easy to see that, for positive k, the saddle point scales itself as r=/2 (cf.
(B-32)). Therefore, we can redefine the integration variable as ¢t = ¢'/R and expand S,(t) in
inverse powers of R. This gives

. . ) o
Sy(t) = — = R2K + = (a +GaCh - 2nA<A) C Fa(M =) (P =) = A a

’ g - : k’ (F.2)
— it' Naxz*(¢¥ = n¥) + % t?Nysz*2” — diclog(t'/R) + O(R™).

If one sets ¢ = 0 thereby ignoring the logarithmic term, the saddle point is found to be

Nasz(¢¥ —n¥)
NxyzXzY¥

th = (F.3)

and 27mikS, (t)) = 5\ reproducing the instanton action (FI0) found in [23).
If however one retains the one-loop parameter ¢ non-vanishing, the saddle point approxi-
mation appears to break down. While the initial integral ([.1]) is still localized at small ¢ so
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that the expansion (F-2) remains justified, it is not true anymore that the leading contribution
comes from a Gaussian integral near t' = t;. Instead, one finds that it is given by

Rn+87rkc D—n—87rkc (_WkNAE EAZE, té) 6_(5'(70) -‘,—47ch)7 (F4)
where -
D,(a,b) = / ds 5"~ ! gols—)? (F.5)

and we assume that the logarithmic branch cut is in the positive half plane, while the integration
contour avoids the singularity at s = 0 from below. Since the factor given by the function D,
does not contain the scaling parameter, it cannot be simplified anymore. In fact, it can be
evaluated in terms of the parabolic cylinder function D, (z) using the formula [57, 3.462.3]

S 2
ds (is)” e~ " 195 = 975 /7~ "2 e %D, (L) , F.6
| astis L (F.6)
valid for Rea > 0 and Rev > —1. The last condition can be dropped once we do an analytic
continuation which precisely corresponds to the deformation of the contour away from the
singularity at the origin. As a result, we obtain

Dy(a,b) = (—2)"F Vra se 3D, , (i@b) . (F.7)

—22/4

Since for large arguments D, (z) behaves like 2”e times a polynomial in 1/z, in the function

D, (a,b) the exponential factors cancel so that it scales as b”. Therefore, it does not affect the
instanton action in ([F.4).

We conclude that in the limit where one scales only the dilaton field, the effect of the one-
loop string correction on the NS5-instanton contributions is very non-trivial and captured by
the parabolic cylinder functions, but consistently with physical expectations it affects only the
prefactor corresponding to the determinant of fluctuations around the instanton.
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