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ABSTRACT

We consider the relevance of a collective field theory description for the AdS/CFT cor-
respondence. Collective field theory performs a systematic reorganization of the degrees of
freedom of a (non-gravitational) field theory, replacing the original loop expansion parame-
ter h with 1/N. Collective fields are over complete signalling a redundancy inherent in the
theory. We propose that this over completeness is the mechanism by which one arrives at
a holographic description, to be identified with the gravity dual. We find evidence for this
by studying the redundancy of the collective field theory, showing that degrees of freedom
in the bulk can be expressed as a linear combination of degrees of freedom contained in an
arbitrarily small neighbourhood of the boundary.
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1 Introduction

The discovery of holography which states that gravitational dynamics in d 4+ 1 dimen-
sions can be described by a d-dimensional non-gravitational theory, is an extremely important
development in quantum gravity. To explore the mechanism behind holography, it is useful
to ask how information localizes in a theory of quantum gravity . The answer clarifies
the physical origin of holography for gravitational theories as we now explain.

In a canonical quantization of gravity the theory is described using wavefunctionals of the
metric and matter fields on a given spatial slice. We restrict our discussion to spacetimes that
are asymptotically AdS. In gravity, diffeomorphism invariance is a fundamental principle. It
implies that not every wavefunctional is a physical state: a physical state must take the same
value for configurations that can be related by a diffeomorphism that vanishes asymptoti-
cally. This requirement can be expressed in terms of a set of momentum and Hamiltonian
constraints. It is clear that diffeomorphism invariance implies that the gravitational theory
is highly redundant: many different wave functionals correspond to the same physical state.
Perturbatively, the constraints expressing diffeomorphism invariance are enough to imply
that two wave functionals that coincide at the boundary for an infinitesimal interval of time
must coincide everywhere in the bulk . In this way diffeomorphism invariance repro-
duces the hallmark feature of holography: the state in the bulk is completely determined
by boundary data . Said differently, once the constraints associated to diffeomorphism
invariance are solved, the only degrees of freedom of the wavefunctional on a slice are its
boundary values: once these boundary values are specified, the value of the wavefunctional



in the bulk is determined uniquely by diffeomorphism invariance. To avoid any confusion
we should remark that diffeomorphism invariance on its own is not enough to ensure that
the theory is holographic and indeed, this result does not go through for the classical theory
which is diffecomorphism invariant. As the arguments of [14] make clear, one also needs to
use the fact that the energy is positive as well as the fact that energy eigenstates are not
localized as a consequence of the uncertainty principle. Other discussions of the relationship
between the bulk constraints arising from diffeomorphism invariance and holography, arrive
at consonant conclusions [4}|5,|10].

A non-perturbative argument, reaching the same conclusion [11H13]/15] is also possible.
In classical gravity, the Hamiltonian takes the form [16]

H = /NMCMH8 (1)
b

where N, are the lapse and shift functions and C* are the first class constraints that gener-
ate diffeomorphisms. The term Hy is a boundary term. When acting on a gauge invariant
observable/state, the Hamiltonian is equal to a boundary term. Assume that the diffeo-
morphism invariance of classical general relativity extends to quantum gravity. Since the
quantum wave function is invariant under bulk diffeomorphisms, it is reasonable to assume
the Hamiltonian in the UV completed theory is still given by a boundary term. Boundary
observables are gauge invariant and self-adjoint observables built from fields in the intersec-
tion of any neighbourhood of a bulk Cauchy slice with any neighbourhood of the boundary.
The algebra generated by these operators is the boundary algebra associated with the given
Cauchy slice. Since we are assuming that the Hamiltonian is given by a boundary term,
the projector onto the vacuum state of the AdS gravity is an element of the boundary al-
gebra and, with the assumption of the Reeh-Schleider property for the boundary algebra
we learn that the boundary algebra is the full algebra of operators. This conclusion, that
in a theory of quantum gravity, a copy of all the information available on a Cauchy slice is
also available near the boundary of the Cauchy slice, is the principle of the holography of
information [11-13,/15]. Diffeopmorphism invariance — which is responsible for the enormous
redundancy in the gravitational dynamics — is a crucial input in reaching this conclusion.
Again this is not a property of the classical theory since the Reeh-Schleider property was
used and this relies on quantum entanglement. The idea just outlined is a concrete and
explicit realization of complementarity: the idea that in quantum gravity degrees of freedom
in one region can sometimes be equated to a combination of degrees of freedom in another
region [6-8,17-22]. The holography of information tells us that every bulk degree of freedom
is equal to some combination of boundary degrees of freedom.

The AdS/CFT correspondence [3.23,24], which provides a concrete example of hologra-
phy, claims that quantum gravity on AdS can be described using a conformal field theory
(CFT) defined on the boundary of AdS. A systematic procedure which starts from the CFT
and constructs the dual gravitational dynamics would provide a constructive understanding
of the correspondence. Starting from a lower dimensional non-gravitational CFT we should



construct a higher dimensional theory that is holographic. Concretely we should construct a
higher dimensional theory whose degrees of freedom are highly redundant in such a way that
all information available on a given Cauchy slice is also available near the boundary of the
slice. Here we will argue that a systematic procedure to accomplish this already exists in the
form of collective field theory developed in [25,126] and we will suggest how the redundancy
needed for gravity is built into the collective formalism.

The basic idea is simple to state. Collective field theory performs a reorganization of
the degrees of freedom of the field theory so that the loop expansion parameter is 1/N, as
expected from AdS/CFT for the gravity dual. This reorganization of degrees of freedom is
achieved in a very interesting way. The idea is to introduce a collective field, which is given
by gauge invariants of the field variables. The collective field theory is then a systematic
procedure to construct the dynamics of this collective field. An important feature of the
collective field, central to this paper, is that it is over complete and therefore the collective
field theory is a redundant description. The collective field is in general a multi-local field so
it has a natural interpretation as a field in a higher dimensional spacetime. The collective
formalism builds the theory as if there is an independent degree of freedom at each point in
this higher dimensional spacetime, so that there is an enormous redundancy in the theory.
This implies relations between degrees of freedom at different points in the higher dimensional
space-time, very reminiscent of complementarity in gravity. We will give evidence that the
redundancy of the collective field theory construction is exactly what is required to produce a
holographic theory and so, which is required to produce a theory of gravity. Our evidence for
this identification is obtained by using the operator product expansion of CFT to characterise
the redundancy in the collective field. The collective field theory description of vector models
is simple enough that we can carry this exercise out explicitly. In this example we argue
that it is possible to reduce the theory to boundary degrees of freedom so that the collective
field theory description of vector models is a holographic theory. Making the reasonable
assumption that gravity is the only theory that is holographkﬂ we conclude that collective
field theory is a theory of gravity.

In Section [2| we review those aspects of collective field theory that are most relevant
for our discussion. In particular, we emphasize that the collective field provides an over
complete description and we argue that all degrees of freedom in this over complete set are
being treated as independent. After this general discussion we turn to a detailed discussion of
vector models in Section 3] In this case the collective fields are given by bilocal field variables
and the dual gravity is given by Vassilliev’s higher spin gravity [27,28]. There is a concrete
holographic mapping between the CFT and the dual gravity, and using this mapping we
are able to demonstrate our basic claim that the collective field theory is holographic. In
Section |4/ we briefly discuss non-Abelian gauge theories and give some evidence that the same
mechanism for holography is relevant. We give some discussion of our results, conclusions
and suggestions for future work in Section

! This is not proved but it is consistent with what we know about nature.



2 Collective Field Theory

In this section we review the collective field theory formalism which was developed in [25/26].
Collective field theory performs a highly non-trivial reorganization of the degrees of freedom
of a gauge theory, by changing from the original field variables to a new set of collective
fields. In the collective description % is the loop expansion parameter.

The collective fields are given by a set of over complete, commuting and gauge invariant
variables. This over completeness of the collective fields, which is directly responsible for
a redundancy in the collective dynamics, is a generic feature and it plays a central role
in establishing the holographic nature of collective field theory. To make the discussion
transparent, it is helpful to discuss concrete examples. Consider first the case of vector
models. The field theory is defined using a field ¢*(t, %) with a = 1,2,--- , N, which is an
O(N) vector. We consider a model defined in d + 1-dimensional Minkowski spacetime. The
Hamiltonian of the vector model is given by

—

" :L/CéawéfW¢é@n+%§W@f%Vd%@3+wmu@~mu@0wx<m

where v(¢-¢) is any O(N) invariant interaction. We quantize the field by imposing the usual
equal time commutation relations

[ (¢, 2), (1, )] = —id(@ — )6 3)

This implies that the conjugate momentum can be written as

1 4]

Wa(t,f) = ;W (4>

Declaring the O(N) symmetry to be a gauge symmetry, the physical sector of the theory
corresponds to the O(N) singlet sector. In a Hamiltonian approach, the collective field
theory provides a description of this sector by employing the equal time bilocal fields

N
O-(tv flvf?) = Zéa(tvfl)(ba(tﬂf?) (5>
a=1

The physical degrees of freedom of the original vector model are given by the singlet sector
of N scalar fields in d + 1 dimensions. The above bilocal field is a single field defined in a
2d + 1 dimensional spacetime and it obeys a single constraint

U(t,fl,fg) = O'(t,fg,fl) (6)

Clearly we have many more degrees of freedom in o(t, 71, Z2) than we have in ¢*(¢, Z) so we
necessarily obtain a highly redundant description. Not all degrees of freedom in o(t, 71, Z5)



can possibly be independent. The collective field formalism [25/26] ignores the over complete-
ness of the collective fields, quantizing each degree of freedom independently. In particular,
quantization is achieved by imposing the commutatmﬂ

[11(t, &1, 22), 0 (t, i1, §2)| = —i6(Zy — §1)6(T2 — i) — i6(Z1 — §2)0(Z> — i) (7)

to quantize the theory. Clearly we are quantizing many more degrees of freedom than are
present in the original vector model. The commutator implies the conjugate momentum

1 o

i 6o (t, Ty, Ts)

(8)

To derive the dynamics of the collective ﬁeldsﬂ7 perform an operator change of variables [25]
from ¢%(t, ¥) to the bilocal field o (¢, Z, %) using the chain rule

. g 00(t,y,2) )
(5¢at:v /d /d doe(t, @) do(t,y,2) )

There is a non-trivial Jacobian associated with this change of variables which is determined

by the requirement that the collective Hamiltonian is manifestly Hermittian. For more details
the reader should consult [25]. Starting from the Hamiltonian the following equivalent
representation in terms collective variables is obtained

N2
H = 2Tr(Iloll) + ?Tra_l + /ddx v(o(t, 2, 9)|z=g)

1 — — e
+§/ddx V- Vzo(t,2,9)|

+AV (10)

AV summarizes ordering terms which are lower order in 1/N

AV = —g(/ dxc?(O))Tra_l + %(/ dxé(O))QTra_l (11)

In equations and the product of two bi-local fields is defined by
AB(t,%,7) = / dy A(t,Z,7) B(t, 1, %) (12)
and the trace of a bi-local field is defined by
Tr(A) = /ddx A(t, 2, 7) (13)

Given the over completeness of the description, one might question its validity. A proof
that this description for vector models is correct, is the fact that it correctly generates the

2The two terms on the right hand side are needed to respect @

3We have not been precise about the detailed choice of gauge invariant variables that defines the collective
field. A significant guiding principle is that this set must be chosen large enough that the application of the
chain rule to the kinetic term in the Hamiltonian generates terms that again belong to the set.



Schwinger-Dyson equations [25,29] which determine the correlation functions of the invariant
fields. Further, direct computation shows that the minimum of the collective potential

2

N 1 R,
Vg = ?TI"U_I —i—/ddx v(o(t, 2, 9)|z=g) + §/dd$ Vi Vzolt,Z,9)|  (14)
F=y

generates the correct large N gap equation, which is a non-perturbative (in # of the original
field theory) result.

There is a second possible description of O(N) vector models using collective field theory,
which employs unequal time collective fields

N
o(at,ah) =Y ¢"(«l)" (h) (15)
a=1
which obey the single constraint
o(z),xy) = olay, ) (16)

This is again manifestly an over complete description. The collective field theory in this case
is determined [26] by performing a change of variables in the path integral description

/ D (at)e’S = / Do(a*, y#) Jlo] €57 = / Do(ah, ) e (17)

The effective action is determined by the Jacobian of the change of variables. A straight
forward way to determine this Jacobian [30] is by requiring that the Schwinger-Dyson equa-
tions derived in the original ¢®(x#) variables agree with those derived using the o(zf, z%)
variable§’] The result is [31]

dd+1p
(27r)d+1 (18)

InJ = (N— L™ 0)Tr Ino L = /ddﬂl' 5"1(0) _/

where the integral over d?*!p is an integral over momentum space. The equality of the
resulting collective field theory dynamics with the original field theory dynamics can again
be proved at the level of the Schwinger-Dyson equations. Explicit tests of the collective field
theory include the demonstration that the saddle point of S.g reproduces the usual large
N gap equation. Further, by working perturbatively it is easy to see that the collective

field theory correctly reproduces the usual Feynman diagram expansion description of the
1 1

~ ~ come out correctly [31].

expansion and subleading corrections in

We again want to stress the over completeness of this collective field description. One
way to make sense of the path integral [ D¢ (x)e™ is by putting the theory on a lattice
in which case the continuous coordinate z* is replaced by a discrete lattice label 7. The

4The set of gauge invariant variables that defines the collective field must be chosen large enough that
the invariants appearing in the Schwinger-Dyson equations all belong to the set.



path integral becomes an integral over the value of the field at each lattice site qb(%) In this
same approximation, the path integral over the collective field [ Do(z#,y")e®e would be
an integral over the values of the collective field labelled by a pair of lattice sites 0’(%, j), with
the constraint that o(z,j) = o(j,7). The path integral involves many more integrals when
expressed in terms of the collective field, than it did in the original variables. It is in this
sense that collective field theory treats the degrees of freedom contained in the description
using o (x4, z4) as independent. The over completeness of this description implies that the

collective dynamics are necessarily redundant.

For matrix models it is more challenging to write down the relevant collective fields.
This is a consequence of the fact that the set of gauge invariants in matrix models are much
richer than the corresponding set for vector models. For matrix models, we can construct
adjoint valued local operators at different spacetime locations and sew them together using
open Wilson lines to produce a gauge invariant observable. Thus we will have multi-local
collective fields, and not just bilocal collective fields. Even matrix quantum mechanics is
challenging since for a multi-matrix model the set of gauge invariants is given by the trace
of all words constructed using an alphabet with each different matrix giving a letter. A
notable exception is the quantum mechanics of a single matrix M, (¢) for which the space of
invariants is given by the trace of different powers of the matrixP| Tr (M™(¢)). In this example
the collective field theory, using a Hamiltonian description, entails a change of variables from
from the original matrix elements to the collective field given by

b t) — /_oo AR ik (gikar (19)

oo 2T
¢(z,t) is a scalar field in two dimensions, equal to the density of eigenvalues. The resulting
collective field theory [51] gives an interacting theory with a cubic interaction. Detailed
precision tests of this collective description show that it is the string field theory description
of the ¢ = 1 string [52-54]. Notice that this description is again over complete: the single
scalar field ¢(x,t) has many more degrees of freedom than the original matrix M, (t) has.

For the case of multi-matrix models it is possible to study the collective field theory
numerically [55-58]. These numerical results convincingly demonstrate that collective field
theory gives a correct description of the dynamics of these models and that it has 1/N as
loop expansion parameter. For this case too, the collective field theory description is over
complete.

3 Bilocal Holography for Vector Models

In the previous section we have explained that collective field theory gives a redundant
description of the dynamics of a gauge theory, as a consequence of the fact that the collective

5In this case we can also use the eigenvalues to obtain a gauge invariant description.



field variables are over complete. This section aims to explore the details of this redundancy
and for this purpose we return to the simple setting of vector models. We consider the free
O(N) vector model in 241 dimensions which is dual [32,[33] to higher spin gravity [27,28] in
AdS,. Collective field theory was first used to explore this duality in [34]. It was then further
developed in a series of articles [35-44] to achieve a detailed holographic mapping from the
2 4+ 1 dimensional vector model CFT to the higher spin gravity in AdS;. This mapping is
constructed at large N so that we obtain a free theory in the bulk of AdS;. The key features
of this mapping include

1. A detailed mapping between the independent degrees of freedom of the CFT and the
physical and independent degrees of freedom of the higher spin gravity.

2. The bulk fields obey the correct equations of motion, with the correct boundary con-
ditions so that we have a complete bulk reconstruction for all fields in the gravity
theory.

3. The mapping gives a detailed account of what bulk fields can be reconstructed from a
subregion of the CFT. This result reproduces expectations from entanglement wedge
reconstruction.

4. Using this bilocal holography mapping, the statement of the holography of information
for the gravitational degrees of freedom becomes the statement of the OPE for the CFT
fields from which the bilocal is constructed.

The form of this dictionary is determined [35] by the requirement that the reconstructed
bulk fields obey the correct AdS, field transformations [59}/60]. Thus, the only input used to
construct this mapping is conformal symmetry and the fact that it provides a demonstrably
correct description of the dual gravity dynamics is significant. Using this map we can locate
degrees of freedom in spacetime. This will be helpful when we explore the nature of the
over completeness of the collective field and describe the redundancies in the collective field
description. We will use capital letters to denote coordinates of the AdS, spacetime and
little letters to denote the coordinates of the spacetime of the CF'T3. For a recent review of
this material see [44].

For recent discussions of holography using the unequal time bilocal see [45-47] and for
the holography of the IR fixed point see [48}49].

3.1 Lightfront Bilocal Holography Mapping

The higher spin gravity has a single scalar field, as well as a single gauge field for every
even integer spin 2s. The gravity dual to the large N limit of the CFT corresponds to
free bulk fields. In this case we can use the Fronsdal description [50] rather than the full
Vasiliev theory [27,28]. The spin-2s Fronsdal field A, ;... 1S symmetric and obeys a

8



A

h converts frame indices

double tracelessness condition A", #5#s = 0. The AdS vierbein e
to spacetime indices. In the Poincaré patch of AdS we have

1
e, = ;5;‘. (20)

Denote Fronsdal fields with frame indices by ®4142s. Lightfront bilocal holography is ob-
tained by completely gauge fixing and then reducing to independent field variables in gravity,
and reducing to independent field variables in the conformal field theory. In the gravity the-
ory we choose light cone gauge and solve the resulting constraints. In the end, only two
components of the higher spin gauge field, at each spin, are physical and independent de-
grees of freedom. We choose these two components to be ®XX~XX and dXXXZ and collect
the complete set of physical and independent fields into a single field, with the help of an

additional variable 6 as follows

XX XX PXXXZ
¢()(+’)(’)(“Z’9)::2§% <cos(259)———z?——— +—$n(236)———z?———) (21)

For what follows it is convenient to perform a Fourier transform to obtain
O(Xt, P X, Z,0) = / dX~ P X (Xt X X, 0) (22)

The conformal field theory dynamics is expressed as the collective field theory of an equal
a7 bilocal field

N
O'(JZ+, 1:1_7 Iy, m2_7 ‘TQ) = Z gba(‘r+7 ‘rl_’ x1)¢a(x+7 x2_7 x2) (23)
a=1

In formulating the map to the dual gravity theory, it is convenient to Fourier transform from
z~ to pT and work with the bilocal field

+ .t + _ - — ipfay +ipyay (ot .- —
O'(I‘ 7p17x17p27x2) - /dxl /de et 2 20’(:6 7x17x17x27x2) (24)

The holographic mapping between the CFT and higher spin gravity is now given by the
following identification between the coordinates

0 0
T = X+Ztan(§> :U2:X—Zcot<§) xT=X"T

pf = PTcos? (g) py = PTsin® (g) (25)

and the fields
® = 27rPTsind n (26)
The inverse of is

v - PmApm /P (e - w)
pi + D3 pi +p3

+
Pt = pl +py 0 = 2tan* (,/i—i) (27)
1




3.2 Covariant Bilocal Holography Mapping

The choice of lightcone gauge necessarily breaks the boundary Poincare invariance. By
covariant bilocal holography we mean a mapping that preserves the boundary Poincare
invariance. Covariant bilocal holography was developed in [44], relying heavily on results
obtained in [60]. The higher spin gravity theory is formulated in the modified de Donder
gauge [61] that leads to decoupled equations of motion. In this case we again collect the
complete set of bulk higher spin gravity fields into a single ﬁeldﬂ that depends on an extra
coordinate

[ i2s—L)p ) e—i(25—3) )
$(z.Z,0) = Z(—¢<S><x,Z>+— ¢z, 2) (28)
s=0 \/2 \/?

Here ¢** and gbfs) are the two physical polarizations of the higher spin gauge field of spin
2s. The mapping between the coordinates is

x Pl + pds v Ply1 + pJys -
- 0 0 - 0 0 (29)
Py + 3 DPi + D3

0.0 0.0
Pib2 P1DPa
St * = g v (30)
where Z; and Zs are related to Z and ¢ as follows
Zy = Zcosg Zy = Zsiny (31)

When writing these formulas we have in mind bilocal fields composed of excitations that are
described by wave packets tightly peaked about the energies p{ and p9. The above mapping

P9 P
T = X + _(2)21 To = X — _(1)Zl (32)
p1 Py

P9 Ju
Yy =Y + p—(Q)Z2 Yo=Y — ])—(1)22 (33)
1 2

The map between the fields is

J2 5 Py Py
n(t, X + p—gzl, Y + p—ng,X - p—})zl, Y — p—})zg) = o(t,X,Y, Z1,Z5) (34)
1 1 2 2

6We have suppressed indices on the ¢f *) fields. These fields have 2s frame indices as in the discussion of

is easily inverted

the previous subsection.

10



3.3 Collective Field Theory is Holographic

The collective field is over complete. The collective field theory formalism quantizes treating
all degrees of freedom in the collective field as independent. Consequently collective field
theory necessarily provides a redundant description. A natural consequence of this over
completeness is that degrees of freedom in the collective field in one region can sometimes be
equated to a combination of degrees of freedom of the collective field in another region. This
is highly reminscent of the phenomenon of complementarity which arises in quantum gravity
[17122]. Making use of the mappings reviewed in Sections [3.1] and [3.2]in this Section we will
characterize the redundancy further, arguing that collective field theory is holographic.

——— X (parallel to the boundary)

Figure 1: The horizontal direction, parametrized by X, is parallel to the boundary. The ver-
tical direction, perpendicular to the boundary is parametrized by the emergent holographic
coordinate Z. The fields within the bilocal n(t, Z1, ¥2) are at 71 and Z5. The distance between
these fields is much smaller than the distance to any other fields appearing in the correlator
so that we can safely apply the OPE to n(t, Z1, #3) without worrying about convergence.

To start we will sketch our strategy in a simple example. Our basic tool to explore
this redundancy is the operator product expansion (OPE). In conformal field theory the
OPE expresses the product of two fields at different spacetime events as a sum of a (usually
infinite) number of fields at a single event. The OPE is typically used within a correlator.
The radius of convergence of the OPE inside a correlator is not predetermined but depends
on the next-closest operator insertion. Consider a correlator of the form

(O] -+ n(t, 1, 75)|0) (35)

where - -- stands for the remaining operators in the correlator and the separation between
|1 — X[ is small compared to the distance to any other operator. See Fig for an illustration.
In this case the OPE can be applied to the bilocal field which itself is given by a product
of two scalar fields. This implies a relation between a bilocal with separated fields and a
bilocal with coincident fields. Since the OPE replaces the bilocal collective field with a sum
of single trace primaries of the CFT, knowing where in the bulk the original bilocal maps to

11



as well as where in the bulk the single trace primaries map to, we find an equality between
fields that are defined at different locations. With the basic idea stated, we will now fill in
the details.

We need the OPE of two free scalar fields which is given by (see for example [43])

oo 0o o 2d

*(at “at —y"): = sa | v'=— | Jos(y, 36

S e+ ) — o) chd(y éW) oo, 7) (36)

a=1 s=0 d=0
The sum on the right hand side goes over the complete set of single trace primary operators,
which includes a scalar Jy and a conserved current of every even integer spin Jo(y, ). The
number ¢4y tells us about the contribution of the level 2d descendant of the primary current
with spin 2s. The explicit expressions for these coefficients are
1 (2s)!(4s — D!

W gy M T a2

5s>0 (37)
The explicit formula for the conserved currents is
Js(y’ l‘) = Juluz---us (*T)ymym o 'yﬂs

s (=1)F ¢ (y-9)**er(x) (y - 0)Fep(x) :
k(s — k)T(k+ H(s — k+ 1)

(38)

k=0
Since the result of evaluating the OPE is expressed in terms of a sum over single trace
primaries, it is interesting to ask where these single trace primaries map to in the AdS, bulk.
Using the covariant description, the scalar primary is given by

¢a<t>f)¢a(t?f) = 77(75,33 'f) (39)

Although this field contains many different p° contributions, by it is clear that these
all map to Z = 0. Exactly the same conclusion follows if we use the lightfront bilocal
holography map. To express the conserved currents in terms of the bilocal field, we
need to separate the locations of the fields slightly so that we can act with derivatives on
either field separately. For example, in the covariant description we have

(s —k)IT(k+ (s —k+ 1)
= D(S)T](t,fl,fl) (40)

2=T1

Jo(al,y) = Zk,(_l) OO 5, )

It is enough to separate Z; and 5 by an arbitrarily small amount € = |7} — Z5|, evaluate the
relevant derivatives and then set ¥y = #; = . Thus, we can construct the current at  from
the bilocal field n(t, ¥1, ¥2) with |#) — @] < € where € is arbitrarily small. From we have

VIR 17, 7 (41)

o)+
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VIR g

pY+p)
currents all map to an arbitrarily small neighboulrhgod of the boundary Z < €. Precisely

Since the energy p® > 0, we know that 0 < Consequently, the conserved
the same conclusion is easily demonstrated using the lightcone bilocal map. We conclude
that the complete set of single trace primary operators, after mapping to the dual gravity,
are supported in an arbitrarily small neighbourhood of the boundary. Returning to (35)) we

can write
oo 00 a 2d
O] -+ nt, 7, T)|0) = Z Csd (($1 —xQ)MW) (0] --- D®n(t, 7y, 7,)|0) (42)
s=0 d=0 1

By taking |Z; — Z5| to be arbitrarily well separated (¢, ¥1,Z2) on the LHS maps to a higher
spin gravity field located arbitrarily deep in the bulk while D@y (¢, 1, #1) is located in an
arbitrarily small neighbourhood of the boundary. Thus, under the conditions stated above,
the redundancy in the collective field description implies that any bulk field can be written
as a linear combination of fields located at the boundary.

——— X (parallel to the boundary)

T I3 Ty T4 Xyq Ty Tn

Figure 2: The fields within the bilocal n(t, #1, ¥2) are at &; and #s and the fields within the

bilocal 7n(t, 3, Z4) are at Z3 and Z4. The convergent OPE channel is when we first collapse

the fields at Z; and 73 to obtain a sum over operators at % and we collapse the fields

To+Ty
2

at ¥y and 7y to obtain a sum over operators at . Finally we use the OPE to collapse

operators at B2 and operators at 22T

Although this is highly suggestive, it is not yet enough to conclude that collective field
theory is holographic. The point is that there are many different channels for the OPE i.e.
many different choices about the order in which pairs of fields are collapsed to a local field
using the OPE. This is not determined by the way color indices a are contracted, but rather
it is determined by the location of the fields in spacetime. As an example, we might have
the correlator

(Of -+ n(t, &1, Z2)n(t, 3, 74)|0) 43)
Here --- again stands for additional operators in the correlators and the distances [;; =
|Z; — @] for 4,5 € {1,2,3,4} are small compared to the distance to any operator in ---. In

13



the case that l;3 and l4 are small compared to the other distances [;;, the convergent OPE

ijs
channel is obtained by collapsing the pair of scalar fields at #; and 75 producing a sum over
operators at 7y, and the pair at 7, and 4 producing a sum over operators at Z». Since the
pairs of fields to which the OPE was applied do not correspond to a single bilocal, the result
of these two applications of the OPE does not produce an O(N) singlet. An O(N) singlet is
however obtained if we now use the OPE again to collapse the fields at #; with those at .
We will now make the plausible assumption that the algebra of the single trace primaries
generates the complete set of gauge invariant operators. Under this assumption, since the
local single trace primaries map to operators defined in an arbitrarily small neighbourhood of
the boundary, the complete set of local gauge invariant operators will again map to operators
that belong to the same neighbourhood. Consequently, in the above example, the product
of collective fields n(t, ¥y, Z2)n(t, 3, ¥4) which corresponds to a product of two fields in the
bulk, can again be replaced by a linear combination of fields located at the boundary.

It is clear how this argument generalizes to the product of an arbitrary number of 7 fields,
so that we can conclude that the redundancy present in the collective field theory is such
that an arbitrary product of bulk operators can be replaced by a linear combination of fields
located at the boundary. We therefore conclude that collective field theory is holographic
and so it is a theory of gravity.

3.4 Collective Redundancy and Diffeomorphism Invariance

Diffeomorphism invariance is a fundamental principle of gravity. It ensures that the theory
doesn’t depend on the specific coordinates used to describe spacetime and consequently that
it is a geometric theory. Diffeomorphism invariance is realized in the theory as a gauge
symmetry, so that it signals a huge redundancy in the description of gravity: two states
related by a diffeomorphism correspond to the same physical state. Reducing to the non-
redundant degrees of freedom we find that the theory is holographic [14]. This is a rather
beautiful conclusion: endowing a theory with diffeomorphism invariance is a way in which
we can ensure that it is holographic.

A central feature of collective field theory is that it uses an over complete set of collective
fields to describe the CFT. Each degree of freedom in the collective field is treated as inde-
pendent so that the collective field theory has more degrees of freedom that the original CF'T
had. Collective field theory is therefore necessarily a redundant description. In the previous
section we have studied this redundancy, arguing that collective field theory is holographic.

These results suggest that perhaps the redundancy present in collective field theory is the
origin of diffeomorphism invariance of the gravitational theory that is the AdS/CFT dual of
the CF'T. Indeed, if this is not the case it means that collective field theory is a completely
different way in which holographic theories can be constructed, which seems far less plausible.
Recall that the constraints of diffeomorphism invariance are summarized in the Hamiltonian
and momentum constraints. The integrated Hamiltonian constraint, which played a central
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role in the analysis of |14], leads to the gravitational Gauss law. It basically states an
equality of a bulk energy and the boundary ADM Hamiltonian. A very similar statement
can be derived in collective field theory by the following logic: consider a collective field
which maps to a gravity field in the bulk of AdS. We can evolve it through an infinitesimal
time interval by computing it’s commutator with the Hamiltonian, and then use the OPE
to map the result to the boundary. Alternatively, we could first use the OPE to map this to
a combination of boundary degrees of freedom and then evolve it through an infinitesimal
time interval using the Hamiltonian. The equality of these two procedures is the statement
that the dynamics respects the redundancy of the collective field and it is assured by the
consistency of collective field theory. In this way we relate the action of the Hamiltonian on
bulk degrees of freedom to the action of the Hamiltonian on boundary degrees of freedom.
It would be interesting to see if the gravitational Gauss law can be reproduced in this way.

The gravitational Gauss law is obtained by integrating the Hamiltonian constraint. The
Hamiltonian and momentum constraints are an infinite number of constraints, holding at
each point of the Cauchy slice. The solution to the integrated Hamiltonian constraint does
not itself give a solution to these constraints at each point. However, [14] have argued that
each solution of the gravitational Gauss law can be uniquely uplifted to a solution of the
pointwise constraints. To be more explicit, the fluctuation of the metric about the AdS
background can be decomposed into a transverse-traceless (TT), a longitudinal (L) and a T
component (see [14] for details)

hij = hiT + b5+ hy (44)

The solution to the gravitational Gauss law fixes the dependence of the wavefunctional on hiTjT
and the matter fields. Uplifting the solution determines the dependence of the wavefunctional
on hiLj and hlj; This analysis suggests that there is a consistent truncation of the dynamics
to hz;-T and the matter fields. It is natural to expect that this truncation of the gravity
corresponds to the collective field theory description obtained using the equal time bilocals[],
while the description before truncation corresponds to the description obtained using unequal
time bilocals. Of course, the gravity dual to the bilocals has to be supplemented with higher
spin gauge fields, representing a non-trivial extension of the analysis of [14].

3.5 Additional redundancies at finite N

The redundancies we have exhibited above arise because the collective field is a composite
of fundamental fields. Since the fundamental fields themselves obey a non-trivial algebra,
there are non-trivial relations between the bilocal field. We have explored these redundancies
using the OPE. The structure and properties of the OPE are largely determined by conformal
symmetry and are not dependent on the value of N. In particular, these redundancies are

"The wavefunctionals of h77 and the matter obtained in [14] employ an ordinary free-field Fock space.
The large N equal time bilocals are also described using an ordinary free-field Fock space.
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present in the large N limit and we expect them to be present in perturbative gravity. It is
then possible that these match the redundancies that are exhibited in a perturbative analysis
of the Wheeler-De Witt equation.

There are additional redundancies that appear for finite N. Since 1/N sets the strength
of the gravitational interaction, these effects correspond to the physics of strong gravity
fields. The simplest way to exhibit these redundancies is at N = 1 where the bilocal is just
the product of two fields

o(t, 7,§) = 6t )6(t, 7) (45)
We obviously have the identities
O'(t, fl, fg)@'(t, .fg, f4) = O'(t, fl, fg)O'(t, ZZ"‘Q, 54) = O'(t, .fl, f4)0'(t, ZZ"Q, .fg) (46)

These are again because the field is a composite, but they are of course, not related to
conformal symmetry. For the OPE we had to carefully consider the conditions under which
the OPE converges. That is not the case for the identities above. To see the redundancies
present for a general but finite value of N, choose a point Z and a collection of N + 1 points
i, 0 =1,2,--- N 4+ 1. It is then straightforward to verify that

EiliQ...iN+1U(t, :lj, fh)O'(t, gj, fzg) e U(t> ga fiN-i,-l) = O <47)

The product of operators given above creates a state of dimension N + 1 and hence this
redundancy is a new redundancy that is present between heavy operators in the dual gravity
theory. These redundancies were studied in vector models at finite temperature in [62].
There is a large N transition at a very high temperature of order v/N driven by the decrease
in the number of degrees of freedom from that of the simple higher spin gas, due to these
relations.

4 Non-Abelian (Gauge Theories

Our discussion has focused on vector models. Vector models are simple enough that we can
explicitly construct the holographic mapping between the CFT and the dual AdS gravity.
This simplicity follows because the complete set of single trace gauge invariant operators can
conveniently be packaged in a single bilocal field, making the bilocal a natural candidate for
the collective field. For matrix models involving more than one matrix, the space of gauge
invariant observables is much richer. Although one can write down candidate collective fields,
working with these fields is considerably more difficult and constructing the holographic
mapping in this case remains an important outstanding problem. However, as we discuss
below, even without the detailed holographic map there is evidence suggesting that the
argument given above for vector models will generalize to matrix models.
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The collective field is constructed, as usual, from the set of gauge invariant fields. To
construct gauge invariant operators we can use Wilson lines to sew together local adjoint
valued local operators that are located at different spacetime locations. Our arguments in
Section [3|above used the detailed mapping between gauge invariant operators in the CF'T and
operators in the bulk of the dual gravity. Although we can’t be precise about these details,
we do have some general expectations based on our experience with AdS/CFT. The basic
observation we use is the scale radius duality [63], which tells us that point like operators are
located at the boundary of AdS, whereas extended operators are located deep in the bulk.
Thus, scale/radius duality suggests that the holographic mapping will place local operators
at the boundary of AdS and extended operators deeper in the bulk. The larger the “size” of
the operator, the deeper it sits in the bulk. This is very obviously a property of the vector
model mapping given in Sections and [3.2] where the distance between the two fields in
the bilocal does indeed determine the value of the Z coordinate. Appealing to scale/radius
duality, we will assume that this will also be a property of the holographic mapping for
multi-matrix CFTs like NV = 4 super Yang-Mills theory.

In this case we can again use the OPE to collapse a product of operators at different
locations into a local operator. With our assumption about the holographic mapping for
multi-matrix CFTs, the OPE again relates bulk degrees of freedom to a linear combination
of boundary degrees of freedom. This shows that the collective field theory description of
multi-matrix CFTs is a redundant description and that the theory is again holographic i.e.
that the collective field theory of multi-matrix CFTs is a theory of gravity.

Just as is the case for vector models, in matrix models we also expect additional redun-
dancies to arise at finite N. These relations are between composite operators and they first
appear when the composite operators contain more than N fields. Thus this redundancy is
again a statement about the equality of heavy operators in the dual gravity theory. Bases
for these operators can be given by operators labelled by Young diagrams [64-66], in which
case these finite NV relations are solved by restricting to operators labelled by Young dia-
grams with no more than N rows. These finite N redundancies are again very different to
redundancies that are exhibited by using the OPE.

5 Conclusions

This article has discussed the collective field theory description of vector models and multi-
matrix models, which are both ordinary (non-gravitational) field theories. For the case of a
single matrix, it’s well known that the collective field theory of a single Hermittian matrix
leads to the Das-Jevicki Hamiltonian [51] which reproduces the string field theory of the ¢ = 1
string. For the vector model the collective description leads to bilocal holography, which gives
an explicit and detailed map between the CFT and the dual higher spin gravity. In both of
these cases, collective field theory leads to a description in terms of gravitational dynamics. In
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this article we have put forward an explanation of the origin of that gravitational dynamics.
The hallmark of gravity is diffeomorphism invariance, which signals an enormous redundancy
in the dynamics of the system. Solving the constraints implied by diffeomorphism invariance
and thereby reducing to the non-redundant degrees of freedom shows that these theories are
holographic: the number of physical degrees of freedom grows like the area of the boundary
of the system. The collective field theory also has an enormous redundancy in its dynamics.
This redundancy appears because the collective field is in fact an over complete description,
and the collective field formalism treats each degree of freedom in the collective field as
independent. We have argued that the redundancy introduced by the over complete collective
field is precisely what is needed to produce a holographic theory i.e. a theory of gravity.
Our evidence for this was arrived at by carefully studying this redundancy in the case of
bilocal holography and concluding that any bulk field can be expressed as a combination of
boundary degrees of freedom. For the case of the collective field description of multi-matrix
models CFTs, we have given some plausibility arguments that the same conclusion holds.

We have speculated that there may be a direct relation between the redundancy in the
collective field theory description and diffeomorphism invariance in the dual gravity theory.
As we have argued above, applying the OPE to the collective field exhibits an equality be-
tween naively independent degree of freedom. The dynamics of collective field theory, which
respects conformal invariance, will respect identifications deduced using the OPE. We can
rewrite a field using the OPE and then evolve it dynamically, or we could evolve it dynam-
ically and then rewrite it using the OPE. These two procedures must give the same result.
This suggests that one way in which the dynamical content of the collective redundancy
could be approached is to ask how the dynamics is constrained by the requirement that it
commutes with the OPE, as just described.

It is worth noting that the collective field theory formalism is equally applicable to ordi-
nary quantum field theories as well as the more special case of conformal field theories. For
the collective field theory of the Hermitian matrix model [51] the theory is not conformally
invariant. In this case the collective field theory reproduces the ¢ = 1 string so it represents
an example of gauge theory/gravity duality which is not obviously implied by the AdS/CFT
correspondence. For vector models, the redundancy is present regardless of whether the
theory is conformal. The conformal symmetry does however make it simple (through the
use of the OPE) to analyse the redundancies present in the collective field. It would be
interesting to further explore the gauge/gravity duality for these non-conformal quantum
field theories, as well as for multi-matrix theories. For the case of multi-matrix theories,
deriving the holographic mapping for the simpler case of a conformal field theory would be
significant progress.

As a final remark, our results point out an interesting interplay between the gauge sym-
metry of the original CFT and gravity dynamics: the original gauge symmetry determines
the form of the gauge invariant fields and hence of the collective field. The collective field is
redundant and this redundancy is highly dependent on details of this gauge symmetry. The
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holographic nature of the theory then arises from the redundancy in this description.
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