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HYPERBOLIZATION OF AFFINE LIE ALGEBRAS
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ABSTRACT. In 1983, Feingold and Frenkel posed a question about possible relations between affine
Lie algebras, hyperbolic Kac-Moody algebras and Siegel modular forms. In this paper we give an
automorphic answer to this question and its generalization. We classify hyperbolic Borcherds—Kac—
Moody superalgebras whose super-denominators define reflective automorphic products of singular
weight on lattices of type 2U @ L. As a consequence, we prove that there are exactly 81 affine
Lie algebras g which have nice extensions to hyperbolic BKM superalgebras for which the leading
Fourier—Jacobi coefficients of super-denominators coincide with the denominators of §. We find that
69 of them appear in Schellekens’ list of semi-simple Vi structures of holomorphic CFT of central
charge 24, while 8 of them correspond to the N/ = 1 structures of holomorphic SCFT of central
charge 12 composed of 24 chiral fermions. The last 4 cases are related to exceptional modular
invariants from nontrivial automorphisms of fusion algebras. This clarifies the relationship of affine
Lie algebras, vertex algebras and hyperbolic BKM superalgebras at the level of modular forms.
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1. INTRODUCTION

Affine Lie algebras are the simplest class of infinite dimensional Kac—Moody Lie algebras, and
they have numerous connections with other areas of mathematics and theoretical physics. The next
simplest class of Kac—Moody algebras after the affine algebras are the hyperbolic Lie algebras. In
1983, as an extension of the affine Lie algebra of type A;, Feingold and Frenkel [33] investigated
the hyperbolic Kac-Moody algebra with Cartan matrix

2 =2 0
-2 2 -1
0 -1 2

and found a connection with the Igusa cusp form [65] of weight 35 on Sp,y(Z). This suggests
exploring more general relationships between hyperbolic Kac-Moody Lie algebras and modular
forms of several variables.

In 1988, Borcherds [3] introduced generalized Kac-Moody algebras, which are now usually called
Borcherds—-Kac-Moody or simply BKM algebras. These infinite-dimensional Lie algebras are also
defined in terms of Chevalley—Serre generators and relations that are encoded in a generalized
Cartan matrix, and they differ from Kac—Moody algebra mainly by allowing the diagonal entries
of the Cartan matrix to be non-positive. In other words, simple roots are allowed to be imaginary,
whereas simple roots in a Kac-Moody algebra are always real. The best-known example of a
BKM algebra is the monster Lie algebra. In 1992, Borcherds [6] constructed this algebra as the
BRST cohomology related to the monster vertex algebra [4, 35] by means of the no-ghost theorem
from string theory. By considering the action of the monster group on the denominator identity
of the monster Lie algebra, Borcherds proved the celebrated monstrous moonshine conjecture.
Furthermore, he observed that the denominator functions of some BKM algebras are modular
forms on orthogonal groups of signature (7,2). In 1995 and 1998 Borcherds [7, 9] developed the
theory of singular theta lift to construct modular forms for arithmetic subgroups of O(l,2) which
have infinite product expansions. These are called automorphic products, or Borcherds products,
and they are natural candidates for the denominator functions of BKM algebras. Similarly to affine
Lie algebras, BKM algebras and automorphic products also have many applications in physics. For
example, Harvey and Moore [58, 59] proposed that BKM algebras should play as the underlying
organizing structure of BPS states in string compactifications; in particular, the denominators of
BKM algebras might be generating functions for BPS states.

In 1996 Gritsenko and Nikulin [42] constructed an automorphic correction of the rank-three
hyperbolic Lie algebra considered previously by Feingold and Frenkel. More precisely, they extended
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this hyperbolic Lie algebra to a (hyperbolic) BKM algebra by adding infinitely many imaginary
simple roots, such that the denominator of the resulting BKM algebra is exactly the Igusa cusp
form of weight 35. Later, they constructed automorphic corrections of other hyperbolic Lie algebras
in a series of papers [46, 48, 47, 43, 51]. A common feature of these corrections is that the resulting
BKM algbera only has finitely many real simple roots, a Weyl chamber of finite volume and a
Weyl vector of negative norm. Moreover, its denominator usually defines a cuspidal automorphic
product on O(l,2). These corrections extend affine Lie algebras in a nice way, but they have several
features that are not preferred from our perspective:

(1) for the automorphic correction & of an affine Lie algebra g, the multiplicity of an imaginary
root of g in & is strictly greater than its multiplicity in g;

(2) the set of imaginary simple roots is very complicated, although the set of real simple roots
is easy to describe;

(3) the role of the vertex algebra is unclear.

In this paper we extend affine Lie algebras to (hyperbolic) BKM algebras in a different way.
Certain affine Kac-Moody algebras g will be extended to BKM algebras Gy which have infinitely
many real simple roots and satisfy:

(a) for any root a of g, the root multiplicities of « in g and Gy are the same;

(b) the imaginary simple roots of G, are negative integral multiples of the Weyl vector;

(c) the Lie algebras g and Gy are closely related to some exceptional vertex algebras.
Our main results are about the classification and construction of such extensions, which are con-
nected with various types of modular forms. In the rest of the introduction, we will explain the
setup and state the main theorems.

1.1. Denominators of affine Lie algebras and Jacobi forms. Let g be a finite-dimensional
simple Lie algebra of rank r and let A; be a set of positive roots. The product side of the
denominator identity of the associated affine Lie algebra § is the holomorphic function

dg(r.3) =n(ry ] AT

aGAJ 77(7—)

9

where 1 and 9 are the Dedekind eta function and the odd Jacobi theta function, respectively:

o0

77(’7') :qi H(l_q")’ TGH, q:e27ri7-’
n=1
79(7', Z) = —q%g_% H(l _ q”—lg)(l _ an_l)(l _ qn)’ = (C, C — e27riz‘
n=1

The function ¥4 has nice modular properties and is an example of a Jacobi form in the sense of
Eichler and Zagier [32]. Let L be an even positive definite lattice. A Jacobi form of integral weight
k and index L is a holomorphic function ¢ : H x (L ® C) — C that is modular under SLy(Z) and
doubly quasi-periodic, namely

aT b 3 )L F o ((3my C3:3) o
<C7'+d’c7--|-d> = (et +d)" exp (mtm'—i—d o(1,3), A= (2%) € SLy(Z),

o(r,3+ 27 +y) = exp (— it ((z, 2)7 + 2(2,3)) ) o(7,3), =,y €L,

and whose Fourier expansion satisfies a boundary condition. The function ¥4 is a Jacobi form of
weight /2 and index P, (hy) for some character, where P, is the dual of the root lattice and by is
the dual Coxeter number. Note that Jacobi forms defined by an expression similar to 94 are called
theta blocks following Gritsenko—Skoruppa—Zagier [55].
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1.2. Automorphic products of singular weight. A modular form of integral weight k and
trivial character for an arithmetic subgroup I' < O(,2) is a holomorphic function on the associated
type IV symmetric domain which satisfies

F(t2)=t"*F(2), teC*,
F(g2)=F(2), gel.

Let M be an even lattice of signature (,2). The input into Borcherds’ theta lift is a vector-valued
modular form of weight 1—1/2 with integral Fourier expansion for the Weil representation of SLa(Z)
attached to the discriminant form M’/M, and the output is a meromorphic modular form for a
certain subgroup of O(M) which has an infinite product expansion at any 0-dimensional cusp and
whose divisors are linear combinations of hyperplanes.

Since the denominators of affine Lie algebras satisfy modularity, it is natural to focus on hyper-
bolic BKM algebras whose denominators are modular. Let G be a BKM algebra whose denominator
function defines the Fourier expansion of an O(l,2)-modular form F' at some 0-dimensional cusp.
Since F' has an infinite product expansion, by Bruinier’s converse theorem [14, 15] one expects
that it can be constructed by the Borcherds lift. In the case, the roots and their multiplicities are
encoded in the Fourier expansion of the input. When F' has singular weight, i.e. weight [/2— 1, the
Fourier expansion is supported only on isotropic vectors, which often forces the imaginary simple
roots of G to be negative integral multiples of the Weyl vector. Moreover, it is conjectured in this
particular case that G can be constructed as the BRST cohomology related to some vertex algebra,
similarly to the monster algebra. This suggests focusing on BKM algebras whose denominators
are automorphic products of singular weight. The zeros of F' that contain the cusp are actually
hyperplanes orthogonal to real roots of G, hence F' is anti-invariant under the reflections through
these hyperplanes. It is natural to expect that F' is anti-invariant under all reflections associated
with zeros of F. This has been proven by the last two named authors [115]. It follows that F' is a
reflective modular form.

A non-constant modular form on I' < O(M) is called reflective if it vanishes only on mirrors of
reflections fixing the lattice M. Reflective modular forms were introduced in 1998 by Borcherds
[7, 9] and Gritsenko—Nikulin [47], and their classification has been an active project for the past
thirty years (see [43, 1, 94, 25, 97, 81, 82, 23, 89, 104, 106, 107, 30, 110, 111]), because they have nice
applications to hyperbolic reflection groups [9, 11, 48, 44, 39], algebraic geometry [8, 12, 44, 82, 41]
and free algebras of modular forms [105, 114] in addition to infinite-dimensional Lie algebras.

1.3. Main results. BKM algebras whose denominator functions are reflective automorphic prod-
ucts of singular weight are exceptional. The main examples are the fake monster algebra [5] and
their twists by the Conway group Cog [6, 93, 113]. There are conjecturally only finitely many
such algebras and constructing and classifying them is an open problem. Many partial results have
been proved towards such a classification [5, 6, 88, 1, 92, 93, 94, 97, 23, 113, 30]. In this paper we
contribute some new results in this direction.

Let U be an even unimodular lattice of signature (1,1) and let L be an even, positive-definite
lattice. The input of the Borcherds lift on 2U @ L can be identified with Jacobi forms of weight
0 and index L. We will identify affine Lie algebras, which naturally extends to BKM algebras
or superalgebras whose denominators or super-denominators are reflective Borcherds product of
singular weight on lattices of type 2U @ L. The setting is inspired by the following result.

Theorem 1.1. Let F' be a reflective Borcherds product of singular weight on 2U @& L whose Jacobi
form input has Fourier expansion

$(m3) =D > f(n,0)q"¢!

nezZlel’
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satisfying that f(0,€) > 0 for all ¢ € L'. If L is the Leech lattice, then F is the denominator of
the fake monster algebra and ¢ is the full character of the Leech lattice vertex operator algebra.
Otherwise, the set

R={(eL:0#£0, f(0,0) # 0}

determines a finite-dimensional semi-simple Lie algebra

S
g= @gj,kj
j=1

with the same rank as L such that the identity

dimg hy
11 = —_ —_
(1.1) C 51 a 3

holds for any 1 < j < s and such that the leading Fourier—Jacobi coefficient of F at the 1-
dimensional cusp determined by 2U coincides with the denominator of the associated affine Lie
algebra g. For any 1 < j < s, g; is a simple ideal of g, k; is a positive integer indicating the level
of g; and h}/ is the dual Coxeter number of gj. The number a equals f(—1,0), which has to be 0
or 1. When a=0, k; >1 for any 1 < j <s. The cases a =0 and a =1 are called symmetric and
anti-symmetric, respectively.

If the ¢%-term of ¢ has negative Fourier coefficients, then R determines a semi-simple Lie super-
algebra and the corresponding BKM superalgebra will have odd real roots. We will consider this
case in a separate paper.

If the Fourier expansion of F' defines the (super)-denominator of a BKM (super)-algebra G, then
the (super)-denominator has the form

el H (1 _ e—a)f(nmf),

where p is the Weyl vector of F', and where (n, ¢, m) are coordinates of positive roots « € U & L’
with n € Z, m € N, £ € L and o® = ¢?> — 2nm. The above g is embedded into G as the sum of
the root spaces associated with roots of type £(n, ¢,0). In this way, G can be regarded as a graded
module over g graded by m € N. This leads us to define G as a hyperbolization of g and F as a
hyperbolization of the denominator of §g. It turns out that there are only 81 affine Lie algebras with
a hyperbolization:

Theorem 1.2. There are 81 possibilities for the semi-simple Lie algebra g in Theorem 1.1 and
they fall into three categories:

(1) 69 make up Schellekens’ list of semi-simple Vi structures of holomorphic vertex operator
algebras of central charge 24;

(2) 8 are the N' = 1 structures of holomorphic vertex operator superalgebras Fay of central
charge 12 composed of 24 fermions;

(3) The remaining 4 cases Aj 16, Aig, A%A and Az g possess an exceptional modular invariant
that comes from a nontrivial automorphism of the fusion algebra.

Case (1) is anti-symmetric, while Cases (2) and (3) are symmetric. Schellekens’ list [98] was
established using the solutions of Equation (1.1) with @ = 1. Holomorphic vertex operator super-
algebras of central charge 12 were classified by Creutzig, Duncan and Riedler [20], and the V' =1
structures of Fyy were determined in [57], corresponding to solutions of Equation (1.1) with a =0
and C = 1. The exceptional modular invariants mentioned in (3) were discovered around the 1990s
by Moore and Seiberg [87], Verstegen [103] and Gannon [37]. The 4 exotic cases satisfy Equation
(1.1) with a =0 and C < 1.

We now present hyperbolizations of these affine Lie algebras.
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Theorem 1.3. For any g in Theorem 1.2 there exists a singular-weight reflective Borcherds product
U, on some lattice 2U & Ly whose leading Fourier—Jacobi coefficient equals the denominator of g.
Moreover, the Jacobi form input ¢y can be expressed as a Z-linear combination of full characters
of the affine vertex operator algebra generated by §.

The construction will be briefly summarized here. If g is in Schellekens’ list, Ly is the orbit
lattice in Hohn’s construction [63] of the holomorphic VOA of central charge 24 with V5 = g, and
¢g is the full character of the VOA. If g is of symmetric type, Lq is the maximal even sublattice of
the coweight lattice of g. If g defines an N = 1 structure of Fy4, then the Jacobi form input can be
expressed in terms of characters of Fy, as

$g = (XNS — XFgg — XR)/2.

Finally, we will explain the relation between Jacobi form inputs and exceptional modular invariants
for the remaining four g. The Jacobi form input for g = Aj 16 can be written in terms of affine
characters as

¢A1,16 = X;gm + Xfi’g - Xgl%éﬁa
and we find that the difference between the simple current modular invariant and the exceptional
modular invariant [87] is given by |¢, ,;|*. Similar relations hold for the other three g. Note that
these Ly are chosen so that the resulting BKM superalgebra has root lattice U @ Lg.

Clearly, the Borcherds products ¥y in Theorem 1.3 are closely related to vertex algebras. We
therefore expect that the BRST cohomology related to these vertex algebras define the BKM
(super)-algebras with Wy as the (super)-denominators. This type of realization has been achieved
in [5, 61, 19, 62, 84, 30, 57] under some technical assumptions for g from Schellekens’ list and the
N = 1 structure of Fy;. However, such a realization is completely open for g related to the four
exceptional modular invariants.

Affine Lie algebras, vertex algebras and BKM (super)-algebras are therefore closely connected
from the point of view of the attached modular forms. The connections are illustrated in Figure 1.

Hyperbolization
. BRST
Affine Lie algebra Vertex algebra BKM superalgebra
Character .
Denominator Character Denominator
. . Lift
Theta block Weight 0 Jacobi form ——————— Borcherds product

Leading FJ coefficient

FIGURE 1. Hyperbolization of affine Lie algebras



1.4. Outline of the proof. The proof of Theorem 1.1 relies on some previous results. We know
from [115] that singular-weight reflective Borcherds products have only simple zeros and are anti-
invariant under reflections associated with their zeros. Therefore, the nonzero coefficients f(0,¢)
of the Jacobi form input have to be 1 if £ # 0, and f(0,0) equals the rank of g by singular-weight.
The theorem follows by applying an argument used by the second named author [108, 105, 110] to
classify reflective modular forms. Theorem 1.1 further shows that the central charge of the affine
vertex operator algebra generated by g is

_ 24(C +a)
9T T+
In particular, ¢; =24 if a = 1, and ¢y = 12 if a = 0 and C' = 1. This motivates the three groupings
in Theorem 1.2.

To prove Theorem 1.2 we first solve equations of type (1.1). In the anti-symmetric case, Equation
(1.1) was first derived by Schellekens [98] in the context of conformal field theories. Schellekens
found 221 solutions to this equation and eliminated 152 of them to arrive at his list. We also have
the same extra solutions to eliminate, but we have to use a completely different approach. In the
symmetric case, there are 17 solutions to Equation (1.1) and we have to rule out 5 of them. In the
setting of Theorem 1.1, we can prove that L(C) is an integral lattice and that L is bounded by

Qg < L <Py,

where Qg and Py are the coroot lattice and coweight lattice of g, respectively. On one hand, for
every extraneous g, we will be able to find an even overlattice K of L for which there is no reflective
Borcherds product on 2U @ K satisfying certain constraints. On the other hand, we prove that
if 2U @ L has a singular-weight reflective Borcherds product then 2U @ K has also a reflective
Borcherds product of the same type. Taken together, this allows us to rule out all 157 extraneous
solutions of Equation (1.1).

We will now sketch the proof of Theorem 1.3, beginning with the anti-symmetric case. Let V be a
holomorphic VOA of central charge 24 with semi-simple V; = g. The full character xy of V is known
to be a Jacobi form of weight 0 and lattice index Qg with non-negative integral Fourier expansion
[117, 83, 69]. This immediately implies that the singular theta lift of yy-, denoted B(xy ), defines a
holomorphic Borcherds product of singular weight on 2U @ Qg. It remains to find an extension L of
Qg for which B(xv) is reflective on 2U @ L. We recognize that L should be the Héhn’ orbit lattice
Lgy. Hohn [63, 71, 2] proposed a construction of V' as the simple current extension of the tensor
product of the lattice VOA Vi and a certain VOA Wy of central charge 24 — rk(g) with trivial
weight-one subspace. This construction corresponds to the theta decomposition of yy as a Jacobi
form of index Lg. It is possible to prove directly that B(xy ) is reflective on 2U @ Ly by computing
the Fourier expansion of yy; however, this is only feasible for certain specific g. We carry out the
calculation for g = Bi22, A22Fs¢ and Cy 19, in which case [Lg : Qq] < 2.

To complete the proof for the remaining g, we relate B(xy) to a twisted denominator of the fake
monster algebra. By [63, 71], there exists a conjugacy class [g] of the Conway group Cog such that
W, is isomorphic to the orbifold V[f'g, where A4 is the coinvariant sublattice of the Leech lattice
A. Moreover, B(xy) for distinct V' define the same modular form on type IV symmetric domain
if V; = g correspond to the same [g]. Combining this fact with our previous calculation of v,
we prove that B(xy) is reflective if V; corresponds to a class [g] whose order is distinct from its
level. The last two named authors [113] proved that the g-twisted denominator of the fake monster
algebra defines a reflective Borcherds product ®4 of singular weight on U(ng) ® U & A9 if g has
the same level and order ng4, where AY is the sublattice of A fixed by g. We identify B(xy) with
the associated ®, and thus prove that B(xy ) is reflective if V; corresponds to some [g] with the
equal level and order. As a by-product, we find that the BKM algebra constructed as the BRST
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cohomology related to V and the g-twist of the fake monster algebra are isomorphic if g has equal
order and level, but they are not isomorphic if the order and level of g are distinct.

Then we consider the symmetric case with C' = 1. For any N = 1 structure of F5,, we show that
there exists a Cog-conjugacy class [g] with level equal to its order such that the Borcherds product
B(¢y) is the g-twisted denominator of the fake monster algebra. This is proven by identifying their
Jacobi form inputs, and relies on the construction of these g-twisted denominators as Gritsenko
(additive) lifts due to Dittmann and the second named author [24]. We then confirm that B(¢y) is
a singular-weight reflective Borcherds product and that the BKM superalgebra constructed in [57]
as the BRST cohomology related to Fy4 is isomorphic to the g-twist of the fake monster algebra.

In the final case, we determine the Jacobi form inputs in terms of affine characters and prove
that their singular theta lifts are reflective by direct calculation.

1.5. Outline of the paper. In Section 2, we quickly introduce Jacobi forms, affine Kac-Moody
algebras, reflective modular forms, automorphic products and Borcherds—Kac—Moody algebras. We
also fix some notation that will be used frequently later on.

In Section 3 we define the hyperbolization of an affine Lie algebra and explain its motivation.

In Section 4 we present the proof of Theorem 1.1 and the solutions of Equation (1.1).

In Section 5 we state the full version of the main results.

In Section 6, we first introduce holomorphic VOA of central charge 24 and Héhn’s construction,
as well as their relations with twisted denominators of the fake monster algebra. We then construct
hyperbolizations of the affine Lie algebras on Schellekens’ list.

In Section 7, we begin by introducing holomorphic SVOA of central charge 12 and type Foy,
and then construct hyperbolizations for the eight A" = 1 structures of Fy;. As an application, we
construct many exceptional modular invariants by considering the conformal embedding from the
affine VOA generated by the N = 1 structure to Fy4 and considering an automorphism of the Dy ;
fusion algebra.

In Section 8, we construct hyperbolizations of the remaining affine Lie algebras and explain their
connection with some exceptional modular invariants.

Combining Sections 6-8 completes the proof of Theorem 1.3.

In Section 9, we present a uniform construction of the 12 symmetric singular-weight reflective
Borcherds products as additive lifts.

In Section 10, we compute the Fourier expansions of these singular-weight reflective Borcherds
products at the O-dimensional cusp determined by one copy of U.

Section 11 is devoted to the proof of the anti-symmetric case of Theorem 1.2.

Section 12 contains the proof of the symmetric case of Theorem 1.2.

In Section 13 we give an application of our main results. We use the pull-back to construct a
new infinite series of anti-symmetric Siegel paramodular forms of weight 3.

In Section 14 we raise some related questions and conjectures.

This article ends with several long tables.
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2. PRELIMINARIES

In this section, we will first review Jacobi forms and denominator identities of affine Lie algebras.
We then define reflective modular forms on orthogonal groups O(n,2) and review Borcherds’ theory
of automorphic products, as well as the denominator identities of Borcherds—Kac—Moody algebras.
This background is necessary to state and prove the main theorems.

2.1. Jacobi forms of lattice index. Let Z and N denote the sets of integers and non-negative
integers, respectively. Let L be an even integral positive-definite lattice with bilinear form (—, —)
and dual lattice

L'={velL®Q: (z,y) €Z, for all y € L}.

For any nonzero integer a, the lattice with abelian group L and bilinear form a(—, —) is denoted
by L(a). Let H be the complex upper half plane. The Dedekind eta function

o
n(r)=¢"* [0 -¢), ¢=€"",7€H
j=1

is a modular form of weight % on SLo(Z) with a multiplier system of order 24. We denote this
multiplier system by v,.

Definition 2.1. Let D be a positive integer, k € %Z and t € %N. A holomorphic function
p:Hx (L®C) — C is called a weakly holomorphic Jacobi form of weight k, index ¢ and character
(or multiplier system) v}’ for L if it satisfies

at+b 3 D k . c(3,3)
(’D<c7'—|—al’c7'—|—d>_U77 (A)(er + d)Texp Z7TtCT—I-d #(7:3),

o(r5 + a7 +y) = (~) @D exp (it (2, 2)7 + 2(2,3)) ) o (7. 5),

for A = (‘; g) € SLy(Z) and x,y € L, and if its Fourier expansion takes the form

p(r3) = Y. f0q"¢, ¢ =m0,
—conEZ—2
%
where n > —oo means that n is bounded from below. If f(n,f) = 0 whenever n < 0, then ¢ is

called a weak Jacobi form. If f(n,¢) = 0 whenever 2nt — (¢,¢) < 0, then ¢ is called a holomorphic
Jacobi form.

We denote the vector spaces of weakly holomorphic, weak and holomorphic Jacobi forms of
weight k, index ¢ and character v{? for L by

! D D D
Jk,L,t(Un ) 2 JIXL,t(Un ) ) kaLvt(Un )7

respectively. We simply write J,!C’ Lt 2 JXL’t D Ji, ¢ if the character is trivial. The spaces Jj; of
classical Jacobi forms introduced by Eichler-Zagier [32] are simply Jj 4, + for the lattice A1 = Z
with (z,7) = 222, If p € J;C,L’t(vé)) is nonzero for some ¢ > 0 then L(t) is necessarily an integral
lattice [18]. Jacobi forms of index ¢ for L are also called Jacobi forms of (lattice) index L(t) and
we sometimes write

Torw =Jire ey =Noe  Jerw = Tk

We will use the following Hecke operators to construct Jacobi forms later.
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Proposition 2.2 (Proposition 3.1 in [18]). Let ¢ € J} Lt(UnD)' Assume that k € Z and D is an
even divisor of 24. If Q = 24/D is odd, we further assume that t € Z. Then for any positive integer
m coprime to Q we have

_ at + bQ .

A D mry) =m 5 aellone (T ) € dhp (e
ad=m, a>0
0<b<d

where x,y € 7Z such that mz + Qy = 1, and
[ dx+Qdxy —Qy
Oq = < Qy a S SLQ(Z)

Moreover, the Fourier coefficients fm(—,—) of <,0|k7tT£Q)(m) are linear combinations of the Fourier
coefficients f(—,—) of p, i.e.

_ nm ¢
= s (24
al(n,t,m)

where a|(n,¢,m) means that a|nQ, a=*¢ € 1L’ and a|m.
2.2. Affine Kac—Moody algebras and theta blocks. We review untwisted affine Kac-Moody
algebras following [66] and identify their denominators as important examples of Jacobi forms.
Let g be a simple Lie algebra of rank r with Cartan subalgebra h and root system Ag. We fix a
set of simple roots {aq, ..., a; } C h* and denote the set of positive roots by A; and the highest root
by 6. Note that dim g = r+|A|. The invariant symmetric bilinear form (—, —) on h* is normalized
such that long roots have (square) norm two; in particular, (0,6) = 2. We identify h with h* and
define the coroot of a root « as
a’ =2a/{a,a).
The fundamental weights w; € h* are defined by
(wi, o) = 6i5, 1<i,5 <,
where §; j = 1 if ¢ = j and 0 otherwise. The Weyl vector py is defined as
1 T
g X a= Y
acAf j=1

Let Q4 be the rational lattice generated by the roots of g and let Q;/ be the even integral lattice
generated by the coroots, or equivalently by the long roots of g. The weight lattice Py, generated
by the fundamental weights, is the dual of the coroot lattice:

Py = (Q;)' ={2€Q,®Q: (r,0") €Z, a € Ay} D Qy.
The coweight lattice ng is the dual of the root lattice:
PgV:Q’g:{a:EQg@Q:(x,@EZ, aEAg}DQ;/.
The reflection associated with a root « is defined as
oa(z) =2 —(r,0")a, 7€ Qy®R.

The reflections associated with simple roots generate the Weyl group Wy. The coroot of ¢ can be
written as an N-linear combination of the coroots of simple roots,

T
_ Vv _ VoV
0=20 —E aja;.
=1
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The integers a

j are called comarks. The number

hg/:l—i-Za}/:% Z (o, )
=1

erASr

is the dual Coxeter number and it satisfies the identity

Y (3 =hi(3), 3€Q®C.

aEAgL

The above identity implies that the rescaled lattice ng (h;/) is integral.

The classification of irreducible root systems into types 4,, for n > 1, B, for n > 2, C,, for n > 3,
D,, for n > 4, and the exceptional systems Fg, F7, Eg, Fy and G» is well-known. We use the same
symbol to stand for the corresponding root lattice with its normalized bilinear form. Some useful
data is summarized in Table 1 for convenience; for the coordinates of the fundamental weights and
the values of the comarks, see [13].

A, A, B, Cy D, E¢| E; | Es |Gy | Fy
1Ay | n(n+1)| 2n? 2n? | 2n(n—1) | 72 [ 126 | 240 | 12 | 48

hY | n+1l [2n—1|n+1|2n-1) |12]18 |30 | 4 | 9

:}/ An Dn nA1 Dn E6 E7 Eg A2 D4
Py | A zr |DL2)| D, |E,|E,| Es|Ay|Dy

TABLE 1. Data related to the irreducible root systems

The untwisted affine Kac-Moody algebra g is an extension of g defined by
g=C[t,t '@ g CK & Cd,

where K is a central element and d is a derivative. The algebra g is an infinite-dimensional Lie
algebra with affine Cartan subalgebra f) =hd CK @ Cd. We write h* =b* @ Cwg ® CH with

wo(h & Cd) =0, wo(K) =1,
o(h® CK) =0, 4(d) = 1.
We embed bh* into 6* and define
ap=0—-0 and «af =K —0".
Then {ag, a1, ,a,} is a set of simple roots of § and {a,ay, - ,a, } is the corresponding set of
coroots. Setting
W; = w; +afwy, 1<i<,
{wg, 1, ,w,} is a set of fundamental weights of g. The Weyl vector of § is defined by
pg = pg + hy o — (dim g/24)3,
such that the norm of pg is zero; indeed, by the “strange formula” of Freudenthal-de Vries,

h;/ -dim g = 12(pg, pg)-
11



The integrable highest weight representations of § are indexed by dominant integral weights, which
are elements of

Py =Y Ni;+Cd.
j=0
The level of A = Z;zo TjW; +cd € P+ is the integer

r
K) = )\0 + ija}/.
j=1

The character of the irreducible highest weight module labeled by a weight A € P+ of level k is
given by the Weyl-Kac character formula,

Yo, (1)) erra)
g
ePi HQEAT(l _ e—a)mult(a) ’
]

(2.1) X =

where Wj is the Weyl group of g, a semi-direct product of Wy by a certain group of translations,
¢(0) is the length of o, A; is the set of positive roots of g, and mult(«) is the multiplicity of «;, i.e.

the dimension of the root space g,. When A = 0, we have X% = 1, which gives the Macdonald—Weyl
denominator identity:

(2‘2) el H (1 _ e—a)mult(oe) _ Z (—1)6(0)60(%).

aEA; oeW;

The algebra g has real roots (with norm > 0) and imaginary roots (with norm = 0). The set of
positive real roots is
+7 — . +
A7 ={a+ns:0<neZaecA}UAJ
The set of positive imaginary roots is
A;’im ={nd:0<nelZ}

Every real root has multiplicity one, but every imaginary root has multiplicity r. A
Let (7,3) € H x h. By interpreting the formal variable e® as e?™@G=79) the character X3 (7,3)
defines a holomorphic function on H x C". The product side of the denominator identity can be

written as a theta block (introduced by Gritsenko-Skoruppa—Zagier [55])

(2.3) Dy(r3) = n(ryr [ Arioea))

ozeAgL 77(7—)
where the odd Jacobi theta function
—4 n_ 7_ n n Tz
19(7—72):2<7> ; 2:_q8C H IC 1_QC 1)(1_q)7 Z€C7C262

nel

is the denominator of Xi for the Ay Lie algebra g. Note that 94 is a holomorphic Jacobi form of
(singular) weight /2 and lattice index P,/ (hy) with multiplier system V™8 By [66], all characters

X} of fixed level k form a vector-valued weakly holomorphic Jacobi form of weight 0 and lattice
index @y (k) which is invariant under the action of the Weyl group Wy on 3. We refer to [66,
Theorem 13.8] for the precise transformation laws with respect to the generators of SLa(Z).

Let k be a positive integer. The irreducible g-module L4(k, 0) associated with kg has a canonical
structure as a simple rational vertex operator algebra. This is called the affine VOA generated by
g at level k. Such VOAs are physically realized as the well-known Wess—Zumino-Witten (WZW)

12



models, which are nonlinear sigma models describing mapping fields from Riemann surfaces to Lie
group manifolds. The central charge of Ly(k,0) is

kdim g
2.4 - |
(24) “= %t hy

The irreducible modules of Ly(k,0) are the irreducible g-modules Ly(k, \) associated with level k
dominant integral weights kwg + A € P+ for any A € 25:1 Nw; that satisfies

(X, 6Y) Zav)\ <k, where A=) \uwj.
j=1

The conformal weight of Lg(k, A) is

<)‘7 A+ 2p9>

(2.5) hy = SFIR

The full character of Lg(k, \) is actually X%wo a(73) as dAeﬁned above. When the root system of g
is R, as in Table 1 and X = z;zl Ajw;, we often write X%%H\ as

R,
(2'6) X)\1~~k~)\7-,hy

Notation 2.3. Let g = ©j_,9; be a semi-simple Lie algebra. We will often have to associate to
each simple ideal g; a positive integer k; called the level. In this case we indicate the levels by
writing g = ®7_;g,k;- For simplicity we write

h;/:h;/ﬂ Qj Qgp QV an P :ngv P]V:Pg\;
We further fix two lattices
Q=P Q) (k) and Py=EP P/ (k)
j=1 j=1

Let V; denote the affine vertex operator algebra

®L (k;,0).

Clearly, the denominator of § is given by the theta block
(2.7) Vg 1= 1Ug, ® Vg, ®--- @ Uy,.

Remark 2.4. Some remarks on the denominator identities are in order:

(1) Gritsenko, Skoruppa and Zagier [55] found a direct proof of the denominator identity based
on their theory of theta blocks.

(2) The function 94(7,3)/n(7)4™8 equals the modular Jacobian of the generators of the ring of
weak Jacobi forms for @y invariant under Wy (see [104]).

(3) If a theta block defines a holomorphic Jacobi form of singular weight, then it has to be the
denominator of an affine Lie algebra ([109]). Therefore, there is an one-to-one correspon-
dence between affine Lie algebras and singular-weight theta blocks.

13



2.3. Reflective modular forms on orthogonal groups. Let M be an even integral lattice of
signature (,2) with [ > 3. We choose one of the two connected components of

{ZeM®C:(2,2)=0,(2,2) <0}
and label it A(M). The symmetric domain of type IV attached to M is
D(M):=AM)/C* ={[Z] e P(M®C): Z e AM)}.
Let OT (M) denote the subgroup of O(M ®@R) which preserves M and A(M). Let I be a finite-index

subgroup of O"(M). The most important example of I' will be the discriminant kernel

O (M) ={geOt(M): gv)—ve M, forall ve M,

where M’ is the dual lattice of M.

Definition 2.5. Let k € Z and x : I' — C* be a character. A holomorphic function F' : A(M) — C
is called a modular form of weight k£ and character x on I if it satisfies
F(t2)=t"*F(2), forallteCX,
F(gZ)=x(g)F(Z), forallgeTl.
Modular forms can be represented by their Fourier expansions. Let ¢ be a primitive isotropic
vector of M and choose ¢ € M’ satisfying (c,c’) = 1. Then M. = M NctN ()t is an even lattice

of signature (I — 1,1). Around the cusp ¢, one can identify the symmetric domain D(M) with a
tube domain H ./, a connected component of

{(Z=X+iY: X,Y € M.y @R, (Y,Y) < 0}.

This induces an action of O* (M) on H, . and an automorphy factor, which allows us to define

modular forms of half-integral weight. A modular form of trivial character on é?)JF(M ) can be
expanded on H . as
F(Z)= Z c(\)e?miN2),
AeM! ,, (AN)0
Modular forms F' on general I' have similar expansions with M, replaced by a finite-index sub-
lattice. If F' is nonzero, then either k¥ = 0 in which case F is constant, or k > [/2 — 1. The smallest
possible positive weight /2 — 1 is called the singular weight. When F has singular weight, its

Fourier coefficients ¢(\) are zero whenever (A, \) # 0.
Let A € M ® Q be a vector of positive norm. The rational quadratic divisor associated with A\ is

M ={[2] e D(M):(Z,)) =0}.
We define the associated reflection oy € OT(M ® Q) as

2(x, \)
(A, )

ox(z) =2z — A, zeM®Q.

The divisor A is called reflective if oy fixes M, i.e. oy € OT(M). If X is a primitive vector in
M, then A" is reflective if and only if there exists a positive integer d such that (A, \) = 2/d and
dX\ € M. More precisely, the order of X in M’/M is either d, or d/2 in which case d/2 is necessarily
even. A non-constant (holomorphic) modular form on I' is called reflective if its zero divisor is a

linear combination of reflective rational quadratic divisors.
14



2.4. Borcherds products. Let M be an even lattice of signature (b*,b~) with discriminant form

Dy = (M'/M,q), where q(z) = (x,2)/2 is the induced quadratic form. Let Mpy(Z) be the
metaplectic group, which consists of pairs A = (A, ¢4), where A = (‘; g) € SLy(Z) and ¢4 is a

holomorphic square root of 7+ ¢7 4+ d on H, with the standard generators

T=((51).1) and §=((17).,v7).

The Weil representation pps is the unitary representation of Mp,(Z) on the group ring C[Dy/] =
span(e; : € Dyy) defined by
e(sign(M)/8
pur(Teq = e(—a(@)er and pag(S)er = “TELDE 5~ oy e,

V |DM| yEDM

where e(t) = 2™ for t € C, and sign(M) = b™ — b~ mod 8. The dual representation of py; is the
complex conjugate of pys; moreover, py = ppr(—1)-

Let k € %Z. A holomorphic function f : H — C[Dy,] is called a weakly holomorphic modular
form of weight k if f satisfies

da(r) 2 f(A-7) = par(A)f(7), for all A € Mpy(Z),

and if f is represented by a Fourier series of the form

(2.8) =Y Y am)e

z€Dn nEZ—~ q(x)
n>>—oo
The finite sum ¢, (n)q"e, with n < 0 is called the principal part of f. If f is holomorphic at infinity,
i.e. its principal part is zero, then it is a holomorphic modular form. Note that k + sign(M)/2 € Z
if non-zero f exist, and that if sign(M) is even then pys factors through a representation of SLo(Z).
We denote the spaces of weakly holomorphic and holomorphic modular forms of weight k for pas
respectively by

My (par) O My(par)-

There is a natural homomorphism O(M) — O(Dj;) with kernel O(M). We define an action of
O(Djyr) on modular forms f =) ¢, (n)q"e; by

ZC”” n)q"es(z), 0 € O(Dy).

We now assume that M has signature (I,2) with [ > 3. Let f be a weakly holomorphic modular
form of weight 1 — /2 for pj; with integral principal part. The Borcherds singular theta lift [7, 9]
produces a meromorphic modular form B(f) of weight ¢(0)/2 and some character (or multiplier
system) on

O (M, f) = {o € O* (M) : o(f) = [} 2O (M)

which has an infinite product expansion at any 0-dimensional cusp involving the Fourier coefficients
of f (see below). Moreover, the divisor of B(f) is a linear combination of rational quadratic divisors
A, each with multiplicity

Z Cd)\(_dz/\2/2)7
d=1

where A € M’ are primitive vectors of positive norm.
15



There is an identification between modular forms for the Weil representation and Jacobi forms.
Let L be an even positive-definite lattice of rank rk(L). Then one has the isomorphism

Mii—l k(L)(pL) — Jl!c L
2.9
(2.9) ny ew—) ny 9L,y7'3)
yeL'/L veL' /L
where Oy, ,, is the Jacobi theta function of L + v, defined as
OLy(1,3) = Y Ol (7 5) e Hx (L®C).
Le L+~

This map can be extended to modular forms with characters and it induces an 1somorphism between
holomorphic modular forms. It follows that a holomorphic Jacobi form of welght 5 1k(L) and index
L is a C-linear combination of ©, . We call 5 rk(L) the singular weight for Jacobl forms.

It will be convenient to represent Borcherds products in terms of Jacobi forms. Let ¢ € J0!7 L
be a weakly holomorphic Jacobi form of trivial character with Fourier expansion

7,3 =>_ Y f(n,0)q"¢"

nezZ el

The terms f(n,£)q"¢t with 2n — (£,£) < 0 are called singular Fourier coefficients and they corre-
spond to the principal part of the preimage of ¢ under the above isomorphism.

Remark 2.6. The Fourier expansion of ¢ satisfies f(n,f) = f(n,—¢) and f(ni,01) = f(na,¥ls) if
2ny — (01,01) = 2ng — (l2,03) and if ¢1 — ¢5 € L. Therefore, any singular Fourier coefficient of ¢
already appears as a summand f(n, £)q"¢’ where n < ép, £ € L' and 2n < (¢,£), where dr, is the
largest integer less than ¢r/2 and
(2.10) 6r == max {min{(y,y) :y € L+a}:z e L'}
Let U be a hyperbolic plane, i.e. an even unimodular lattice of signature (1,1). We write
U=2Ze+Zf, where e2=f>=0 and (e f)=—1.

Let Uy = Zey + Z f1 be a second hyperbolic plane and define M = U; & U & L. We fix coordinates
on the tube domain about U; by writing

H(L)={Z=7f+3+we:1,weH, 3€ L&C, 2Im(r)Im(w) — (3,3) > 0},
such that
—(a,Z)=n1—(l,3) +mw for a=ne+l+mfeUaL.

These coordinates are chosen such that the infinite expansions below match the denominators of
Borcherds—-Kac—Moody algebras.

Notation 2.7. We write v = z1e; +ze+L+yf+y1f1 € U1®UD L in the coordinate (z1,x,¢,y,y1)
and a = ze+{+yf € U® L' in the coordinate (x,/,y). In particular, v? = (£,£) — 2(zy + z1y1).

Theorem 2.8 ([41, Theorem 4.2]). Assume the above ¢ has integral singular Fourier coefficients.

Then the Borcherds theta lift of ¢ is a meromorphic modular form of weight f(0,0)/2 on 6+(M)
and it can be expanded on an open subset of the tube domain H(L) as
= norel o f(nm,L)
B(o)(2) = *P¢” T (1-acem)
n,me”Z, LeL’
(n,8,m)>0
16



where q = exp(2miT), ¢! = exp(27i({,3)), & = exp(2miw), where the positivity condition (n, £, m) >
0 means that either m > 0, or m =0 andn >0, orm =n =0 and £ > 0, and where the Weyl
vector p = (—A, B,—C) of B(¢) is defined by

1 5_ 1 :
A=52 00.0, B=33> /0.0t C=50s

Lel’ £>0

The Fourier—Jacobi expansion of B(¢) on H(L) is

> (0,02, 0).

Lel’

(2.11) B6)(2) = (©710.1(r3) € ) exo (— S (4T m)) (r3) -5’“) ,

m=1

where the leading Fourier—Jacobi coefficient is given by a generalized theta block

<19<:;(<f;3>>>f<°4

We also need the following additive lifts with characters to construct orthogonal modular forms.

Of(0,4)(7:3) = n()f 00 H
£>0

Theorem 2.9 (Theorem 3.2 in [18]). Let D be an even divisor of 24, k € N, t € iN. If Q =24/D
is odd, we further assume thatt € N. Let ¢ € Jk7L7t(v,7D). Let Gy (1) be the normalized Eisenstein
series of weight k on SLa(Z) whose Fourier coefficient at q is 1. Then the function

G()(2) = F0,0G() + Y (el @) (r,5) - "/
0<mel+QZ

is a (holomorphic) modular form of weight k and some character on 6+(U1 @U@ L(Qt)). The
form G(p) is always invariant under the involution (w,3,7) — (T,3,w).

For a given lattice M, we will often need to determine all holomorphic, reflective Borcherds
products and in some cases prove that no such products exist. To do this, we apply Borcherds’s
obstruction criterion [10] which states that a formal sum

Z Z cz(n)q"ey

n<0xzeD ),

occurs as the principal part of a weakly-holomorphic modular form of weight x for pys if and only

if the identity
Z Z cz(n)ay(—m) =0

n<0xzeD)s

holds for every cusp form > .cp,, @z(n)q"e; of weight 2 — i for the dual representation
pr(—1)- We construct a basis of cusp forms for py;_1) following [116] and realize the problem of
computing holomorphic reflective products as the problem of enumerating integral lattice points in
a polyhedral cone defined by finitely many inequalities (non-negative order along reflective divisors)
and finitely many linear equations. The solution can be conveniently expressed by the notion of a
Hilbert basis, i.e. a minimal system of reflective products Fi, ..., F, such that every holomorphic
reflective product can be written in the form

F=F". . . Fv

with non-negative integers nq,...,n,. Given the polyhedral cone, we used the software Normaliz
[16] to find a Hilbert basis.
17



2.5. Borcherds—Kac—Moody superalgebras. Borcherds—Kac—Moody superalgebras are infinite
dimensional Lie superalgebras introduced by Borcherds [3] in 1988 which generalize affine Kac—
Moody algebras. They can be defined in terms of Chevalley—Serre generators and relations which
are encoded in a generalized Cartan matrix. The restrictions on the generalized Cartan matrix
are weaker; in particular, simple roots are allowed to have non-positive norm (i.e. they can be
imaginary roots). BKM superalgebras also have a character formula for highest-weight modules
and a denominator identity. We will review the denominator identity following [90] because it
contains valuable information about the roots, root multiplicities and the Weyl group.

Let G = Gy @ G1 be a BKM superalgebra with even and odd components Gy and Gy, respectively.
If Gy is trivial, G is a BKM algebra. Let H be the generalized Cartan subalgebra of G. Let AT be
the set of positive roots of G. We have the root space decomposition

G= P Guete P G
acAt aEAT
For oo € AT, we define
multyg(a) = dim(G, N Gp), multy(a) =dim(G, NG1), mult(a) = dim(Gy,),
and define the super-multiplicity s-mult(a) as
multy () — multy («).
The sets of positive even roots and odd roots are respectively
Af ={a € AT :multy(a) >0} and A ={a € AT :mult)(a) > 0}.

Let I be a countable set indexing the simple roots «; and S be the subset of I indexing odd roots.
By expanding a root as o = Zie 7 ki, we define the height and even height of a respectively as

Zk and hto(a Zk

el i€I\S

We further define two formal sums
T = ¢ Z(—l)ht(“)e_“, T — eﬁZ hto(u
m

where p is the Weyl vector of G and the sums are taken over all sets p of distinct pairwise orthogonal
imaginary simple roots. Let W be the Weyl group generated by reflections associated with real
simple roots. In this paper we assume that G has no odd real roots. Under this assumption, one
has the denominator identity

Macag (1~ a>mu1to< >

det(o

(2.12) er -

and the super-denominator identity

O

det(o
Ha€A+(1 — e multl(a Cg‘;/

An affine Kac-Moody algebra G is a BKM algebra with no imaginary simple roots. Therefore,
T = e, and we recover the denominator identity for affine Kac—-Moody algebras.

Following Borcherds, we study BKM superalgebras that have a hyperbolic root lattice (i.e. its
signature is of type ([, 1)) and whose denominator or super-denominator is the Fourier expansion of
a holomorphic modular form F' on O(l + 1,2) at some 0-dimensional cusp. The product side of the
denominator identity suggests that F' can usually be constructed as a Borcherds product [14, 15],
in which case the roots and their multiplicities are encoded in a weakly holomorphic modular form
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for the Weil representation of SLy(Z). The real roots of G correspond to the zeros of F' through
the cusp, so F' is locally reflective. Usually, F is also globally reflective.

This is particularly interesting when F' is of singular weight. In this case, imaginary simple roots
are easy to describe, and in many cases they are just the multiples of the Weyl vector. Moreover,
one can write the sum side of the denominator identity explicitly as in [9, 93, 94], and it is expected
that such a BKM superalgebra has a natural construction as the BRST cohomology of a suitable
vertex algebra. In this paper, we will classify this type of BKM superalgebra under some mild
conditions and work out the corresponding vertex algebras. Our classification is closely related to
the fake monster algebra and its twists, so we will review that theory as well.

In 1990 Borcherds [5] constructed the fake monster algebra G as the BRST cohomology related
to the Leech lattice VOA. The root lattice of the BKM algebra G is U @& A, where A is the Leech
lattice. The Weyl vector is p = (—1,0,0) (see Notation 2.7) and the real roots are « € U & A with
a? = 2. The real simple roots are characterized by the equality (p,a) = 1. The imaginary simple
roots are np for negative integers n, each with multiplicity 24. The denominator of G defines a
reflective Borcherds product @15 of singular weight on 2U & A whose input is the full character of
the Leech lattice VOA (see [7]). Let Cog = O(A) be the Conway group. Borcherds [6] proved that
the denominator identity of G is a cohomological identity and that Coy acts on G naturally. In
this way, he obtained a twisted denominator identity for each conjugacy class [g] of Cog and proved
that it is the (untwisted) super-denominator identity of a BKM superalgebra, denoted G,. The
root lattice of G, is Ly = U ® A9, where

AN ={velA:gl)=nv}
is the fixed-point sublattice. The real simple roots are the roots « of L, satisfying

(p, @) = a?/2
and the imaginary simple roots are mp with super-multiplicity > k| (mung) by, for all negative integers

m, where ng4 is the order of g and where b, describe the cycle shape ku £0 kP of g. The last
two named authors [113] proved that the twisted denominator function associated with g defines a
holomorphic Borcherds product (denoted ®4) of singular weight on U(Ny) @ U @ AY, where N, is
the level of g, and that ®, is reflective on U(Ny) @ U @ A9 if Ny = ng, confirming a conjecture of
Borcherds [7, §15, Example 3].

3. THE HYPERBOLIZATION OF AFFINE KAC-MOODY ALGEBRAS

It is well-known how to realize affine Kac—-Moody algebras as extensions of semi-simple Lie alge-
bras. In this section, we introduce extensions of affine Kac-Moody algebras to BKM superalgebras
that we call their hyperbolizations.

Let L be an even positive-definite lattice of rank rk(L), let U and Uy be two hyperbolic planes,
and define M = U1 @U@ L. Let G be a BKM superalgebra with root lattice U @ L’ and generalized
Cartan subalgebra H with no odd real roots. We assume that the super-denominator of G is

given by the Fourier expansion of a Borcherds product F' for 6+(M ) at the O-dimensional cusp
determined by Uj.

Every divisor A+ of F lies in the 6+(M )-orbit of the rational quadratic divisor associated with
some primitive vector a € U @ L'. If a- appears in the divisor of F, then « is a real root. Since
we have assumed that G has no odd real roots, the divisor at is always a zero and therefore F' is
holomorphic. Moreover, the associated reflection oy, lies in the Weyl group of G. Therefore, o, fixes
the root lattice U@ L', so it also fixes M' = Uy @ U @ L', which implies that o, € OT(M’) = O1(M)
and finally that F' is a reflective modular form.

19



We denote by ¢ the Jacobi form input of F' and write its expansion at oo as

d(r3) = Y. f(n,0q"¢ €y

neZ, Lel’

By Theorem 2.8, the product side of the denominator identity is (see Notation 2.7)

P H (1- e—a)f(nm,f) Ca=(ntm)eUdL, p=(-AB,-C).
a>0

In particular, if f(nm,¥¢) # 0 then « is a root of G and
multg(a) — multy () = f(nm,¥£).

The weight of F' is given by f(0,0)/2. The root « is positive if and only if either m > 0, or m =0
andn >0,orm=n=0and{>0.

Let Ry be the set of positive roots of G of type (n,¢,0). For any positive integer n, (n,0,0) is
an imaginary root in R. All other roots in R4 are (even) real and have multiplicity f(0,¢). Since
the multiplicity of a real root is always 1 (see e.g. [90, Corollary 2.3.42]), we have f(0,¢) = 1.

Assume further that none of (n, 0, 0) is odd. Then the even roots (n,0,0) always have multiplicity
£(0,0). Now consider the sum of root spaces

=P GooHO P G-

a€ER 4 a€ER 4

If F is of singular weight, i.e. f(0,0) = rk(L), then G° defines an affine Kac-Moody algebra g for
which g is a semi-simple Lie algebra whose positive roots are the roots of type (0,¢,0) in R (here,
we can view K = = (1,0,0) and d = wp = (0,0, —1)). The leading Fourier—Jacobi coefficient of
F' at the 1-dimensional cusp determined by U; @ U is a holomorphic Jacobi form of singular weight
given by the theta block

U(T)rk(L) H 79(7-7((675))’ € L® (C,
©0L0er+ ! 7)

which equals the denominator ¥, of g. In particular, G is an extension of g. For m > 0 we define
G™ to be the sum of root spaces associated with roots of type %(x,*,m). Then

="
m=0

is a graded module over § = G°. From this point of view, it is natural to regard G as a hyperbolization
of g.
Motivated by the discussion above, we introduce the following definition.

Definition 3.1. Let § be an affine Kac-Moody algebra. A BKM superalgebra G without odd real
roots is called a hyperbolization of § if there exists an even positive-definite lattice L such that
the root lattice of G is U @ L’ and the super-denominator of G defines a holomorphic Borcherds
product F' of (singular) weight rk(L)/2 on 2U @& L whose leading Fourier—Jacobi coefficient is the
denominator ¥4 of g. We also call F' a hyperbolization of 0.

The notion of hyperbolization was first introduced by Gritsenko and the second named author
in [50, Theorem 1.2], [52, Section 6.3] and [53, Remark 3.11].

In this paper we will classify affine Kac-Moody algebras that admit hyperbolizations and con-
struct a hyperbolization for every such affine Kac-Moody algebra. Moreover, we express every
Jacobi form input ¢ as a Z-linear combination of full characters of an associated vertex operator
(super)algebra.
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4. ROOT SYSTEMS ASSOCIATED WITH SINGULAR-WEIGHT REFLECTIVE MODULAR FORMS

In this section, we classify reflective automorphic products of singular weight on lattices of
type 2U @ L whose Jacobi form inputs have non-negative ¢"-terms. Although Jacobi form inputs
that have negative coefficients in their ¢%-terms can lift to holomorphic Borcherds products, the
corresponding BKM superalgebras in these cases will have odd real roots.

By an argument similar to [108, Theorem 6.2] and [105, Lemma 4.5], we will show that any such
Borcherds product belongs to a root system satisfying certain strong restrictions. These restrictions
yield a finite list of root systems and a finite list of candidates for affine Kac-Moody algebras that
admit hyperbolizations.

Theorem 4.1. Let L be an even positive-definite lattice of rank rk(L) and let U be a hyperbolic

plane. Suppose there is a reflective Borcherds product F' of singular weight on 6+(2U @ L) whose

Jacobi form input has non-negative ¢°-term. Then either (a) or (b) below holds:

(a) The lattice L is the Leech lattice, F' is the denominator ®19 of the fake monster algebra,
and the Jacobi form input is the full character of the Leech lattice VOA.
ere extsts a semi-simple Lie algebra g = ©7_9,k, of rank satisfying restrictions
b) Th ' -simple Lie algeb G185k, of rank rk(L isfyi icti
(1) or (1) and (2) and (3), where g; are simple Lie algebras and k; are positive integers for
1< j <s. We refer to Notation 2.3 for the symbols below. Let A € U with \*> = 2.
(1) If F vanishes on \*, then

(4.1) o dimg N for1<j<s
' ' 24 k‘j7 -7 =7

(1') If F' does not vanish on \*, then

di hY
(4.2) C:= me_ 0 and kj>1, forl1<j<s.
20 Ky

(2) The rescaled lattice L(C) is integral and L is bounded by
(4.3) Q; <L <Py

(3) The leading Fourier—Jacobi coefficient of F' at the 1-dimensional cusp determined by
2U coincides with the denominator of the affine Kac—Moody algebra §.

Let ¢y denote the central charge of the affine VOA generated by g = @j-:lﬂmj- Then cg is always
24 in case (1) and in case (1') we have
240
S C+1

We call case (1) (resp. (1')) the anti-symmetric (resp. symmetric) case, since F' is anti-invariant
(resp. invariant) under the involution (w,3,7) +— (T, 3,w).

(4.4) ¢

Proof. This is a more precise version of [110, Theorem 2.2] in the specific case of singular weight.
We provide a detailed proof here as it combines the proof of [110, Theorem 2.2] with some recent
results proved in [115], and because it explains the construction of the Lie algebra g.

Let ¢ € J(!]’ ;, be the Jacobi form input of F', and write its Fourier expansion as

d(r3)= > fln,0)q"¢".
nez, LeL’
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By assumption, f(0,£) are non-negative integers. Each vector v = (n,¢,1) € U & L' is primitive in
M :=2U @ L and satisfies v> = (£,¢) — 2n. The multiplicity of v* in the divisor of F is

> f(dPn,do).
d=1
By [110, Lemma 2.1 and Equation (2.1)], the Fourier expansion of F' begins with
6(r.3) = f(=1,00g~" + D f(0.0¢" + O(q).

Lel’

Since F' is of singular weight, f(0,0) = rk(L). We know from [115, Theorem 1.2] that a holomorphic
Borcherds product of singular weight has only simple zeros. Therefore, f(—1,0) and f(0,¢) can
only be 0 or 1. By definition, f(—1,0) = 1 in the anti-symmetric case and f(—1,0) = 0 in the
symmetric case. We define

R ={¢e L'\{0} : f(0,¢) = 1}.
By [41, Proposition 2.6], we have

IR| + k(L) 1

(4.5) 1 - f(=1,0) = 23k(L) 2(575) =:C,
(eR
(4.6) > (4,3)* =2C(,3).
(eR

If R is empty, then C' =0, f(—1,0) = 1 and rk(L) = 24. In this case, [81, Proposition 3.2] shows
that M is isomorphic to the even unimodular lattice of signature (26,2), which then forces L to be
the Leech lattice A and F' to be the Borcherds form ®15 (see [113, Theorem 3.5]). The Jacobi form
input of ®q4 is given by

Oa0(7,3)/n* (1) = ¢~ + 24+ O(g),
which equals the full character of the Leech lattice VOA.

Now assume that R is non-empty. Equation (4.6) implies that C' > 0 and that L ® Q is spanned
by R over Q. We will now show that R is a rescaled root system. Let £1,fo € R. Then —¢1 € R
because f(0,¢) = f(0,—¢). For any integer a > 1, al; ¢ R, as otherwise (0,¢1,1)" would have
multiplicity at least 2 in the divisor of F', contradicting the fact that all zeros of F' are simple.
Since F' is reflective, the reflection oo, 1,0) fixes M (see Notation 2.7). From

00,0,01,1,0)((0,0,02,1,0)) = (0,0,04,(¢2),1 — 2(¢1,£3)/(1,£1),0) =2 A € M
we obtain
¢, (@2) €L’ and 2(61,62)/(@1,61) € 7.
We know from [110, Theorem 1.2] that F' is anti-invariant under oo ¢, 1,0) and therefore vanishes
on A\*t. Since (0,0, 0y, (f2),1,0) is primitive in M’, by the Eichler criterion (see e.g. [40, Proposition
3.3]) there exists g € 6+(M) such that g(\) = (0,0,0¢, (¢2),1,0). Therefore, F also vanishes on
(0,0,04, (£2),1,0)*, from which it follows that f(0,0y, (f2)) = 1 and that oy, (f2) € R. This proves
that R is a (rescaled) root system.
Now we can decompose R into rescaled irreducible root systems

R =D R;(a)),
j=1

where R; are standard irreducible root systems and a; are rational numbers by which the (squared)
norms of the roots in R; are rescaled. Since (0,0,7,1, 0)* is reflective for any ¢ € R, there exists

a positive integer d such that ¢2 = 2/d and d¢ € L. It follows that a; = 1/k; for some positive
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integers k;. In the symmetric case, there are no 2-roots in R, so every k; is larger than 1. Let g; x;
be the simple Lie algebra of type R; with level k;. We see from (4.5) and (4.6) that the semi-simple
Lie algebra g = ©3_,g;x; satisfies condition (1) or (1') of the theorem.

By [108, Corollary 4.5], L(C) is an integral lattice. The set R = ®;_;R;(1/k;) generates a
sublattice of L' over Z, from which it follows that

@Qj(l/k:j) < L' and therefore L < @P}/(k‘j).
J=1 J=1
The vectors ord(¢)¢ for £ € R generate a sublattice of L over Z, where ord(¢) is the order of ¢ in
L'/L. Tt is easy to check that this lattice contains the lattice generated by long roots of @jlej(krj),
and therefore ©5_;QY (k;) < L. This proves claim (2).
Finally, let Aj be the set of positive roots of R; and let (—, —) be the normalized bilinear form
on R; that was fixed in Section 2.2. For a € A;’, we have a/k; € R C L' and

(/kj,3) = kjla/kjs3) = (a.3).
Therefore, the leading Fourier—Jacobi coefficient of F' is a Jacobi form of lattice index L(C') given
by

T rk(L) 19(7—7 (&3)) _ : . rk(g;) 19(7—’ (Oé,5>)
n(r) OQR—U(T) j]}l(m ko 1;[ =)

which is actually the denominator of g. Note that
D Qi () < L) < P Py (1)),
j=1 j=1

which matches the index L(C') of the above leading Fourier—Jacobi coefficient of F.
The last assertion follows from the central charge formula

S S

k;dimg; dimg;, dimg
q=> 1 iy i_
j=1

= ki+h o 1+C S 1+C

and because dimg = 24(C + 1) in the anti-symmetric case and dimg = 24C in the symmetric
case. g

Remark 4.2. In the above theorem, when R; is of type Es, Fy or G2, we have Q) = P;/. Let J
denote the subset of such j. Then we have (see [110, Theorem 2.2 (4)])

L=Kao PP (k) where PQJk)<K<EPP (k.
JjeJ J#J J#J
Proposition 4.3. Equation (4.1) has 221 solutions, and they are listed in Table 4. Equation (4.2)
has 17 solutions, and they are listed in Table 5.

Proof. Equation (4.1) was first derived by Schellekens [98] in 1993 in the context of holomorphic
vertex operator algebras of central charge 24, and he determined the solutions that are listed in
Table 4. The solutions of Equation (4.2) can be found in a similar way. O

5. THE CLASSIFICATION OF AFFINE LIE ALGEBRAS WITH HYPERBOLIZATIONS

In this section we state the main theorems and explain the ideas behind the proofs.
Our first main result is the classification of root systems associated with reflective Borcherds
products of singular weight on lattices of type 2U @ L, which was introduced in Theorem 4.1.
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Theorem 5.1. Suppose 2U & L has a reflective Borcherds product of singular weight whose Jacobi
form input has non-negative ¢°-term. Then the associated semi-simple Lie algebra g defined in
Theorem /.1 is one of the 81 Lie algebras colored blue in Tables 4 and 5.

To prove this, we have to rule out most of the solutions of Equation (4.1) and Equation (4.2).
There are 238 root systems in Tables 4 and 5 altogether. A root system will be called extraneous
if it is not one of the 81 root systems described in Theorem 5.1; there are 152 extraneous root
systems of anti-symmetric type and 5 extraneous root systems of symmetric type.

Let g be a semi-simple Lie algebra associated with a singular-weight reflective Borcherds product
on 2U @ L that is extraneous. By Theorem 4.1 (2), the underlying lattice L satisfies the bounds

Qy < L <Py

We will determine an explicit even overlattice K of L with the property that any singular-weight
reflective Borcherds product on 2U & L lifts to a reflective Borcherds product satisfying certain
conditions on 2U @ K, but for which no such reflective products on 2U & K exist. This leads to
a contradiction. The complete proof appears in Section 11 for anti-symmetric root systems and in
Section 12 for symmetric root systems.

The second main result is the construction of hyperbolizations for the 81 semi-simple Lie algebras
in the theorem above.

Theorem 5.2. For each semi-simple Lie algebra g in Theorem 4.1, there exists an even positive
definite lattice Ly with the same rank as g that satisfies the following conditions:

(1) There is a singular-weight reflective Borcherds product Wy on 2U @ Lg;

(2) The leading Fourier—Jacobi coefficient of Wy at the 1-dimensional cusp determined by 2U
is the denominator of the affine Lie algbera §;

(3) The Jacobi form input ¢g of Wy is a Z-linear combination of full characters of the affine
vertex operator algebra generated by §;

(4) The lattice generated by dp and by those A = (n,£,m) € U @ Ly for which Wy vanishes on
M isU@ Ly; that is, U @ Ly is the root lattice of the BKM (super)algebra with (super)-
denominator W4. Here, p is the Weyl vector of Uy and d is the denominator of C' as defined
in Theorem /.1.

(5) When g is of symmetric type, the Borcherds product Wy coincides with the Gritsenko (ad-
ditive) lift of the denominator of §.

The above lattices Ly and Jacobi forms ¢4 are constructed as follows.

(a) Let g be one of the 69 semi-simple Lie algebras of anti-symmetric type. In this case, g
appears as the semi-simple V1 structure of a holomorphic vertexr operator algebra V of
central charge 24 in Schellekens’s list. Then Ly is the orbit lattice in Hohn's construction
of V and ¢q is the unique full character of V.

(b) Let g be one of the 8 semi-simple Lie algebras of symmetric type with C = 1. In this case,
g appears as the N = 1 structure of a holomorphic vertex operator superalgebra of central
charge 12 composed of 24 chiral fermions. Then Ly is the mazimal even sublattice of Py,

and ¢4 can be expressed as a Z-linear combination of the full NS-, NS- and R-characters of
the associated SVOA:
$g = (XNS — X7 — XR)/2.

(c) Let g = Aj 16, A%,s, A%A or Asg. These semi-simple Lie algebras are of symmetric type with
C < 1. In these cases, the affine Lie algebras § admit exceptional modular invariants coming
from a nontrivial automorphism of the fusion algebra. Then Ly = Py, the expressions of
¢g in terms of affine characters are given in Theorem 8.2, and the relationship between ¢4

and the exceptional modular invariants is explained in Remark 8.5.
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The proof of Theorem 5.2 is divided into four sections. In Sections 6-8 we prove parts (a), (b)
and (c) respectively. In Section 9 we prove property (5). The connections between our construction
and the twists of the fake monster algebra are also explained in Sections 6 and 7.

Our last main result is the complete classification of affine Lie algebras with hyperbolizations.
This is a direct consequence of Theorem 5.1 and Theorem 5.2.

Theorem 5.3. There are exactly 81 affine Kac—Moody algebras which have a hyperbolization in
the sense of Definition 3.1. The 81 algebras are colored blue in Tables j and 5.

Combining Theorem 5.1 and Theorem 5.2, we obtain the following constraint on the existence
of singular automorphic products:

Corollary 5.4. There are reflective Borcherds products of singular weight on lattices of type 2U ® L
whose input has non-negative principal part if and only if

rk(L) € {1,2,4,6,8,10,12,16,24}.

6. THE ANTISYMMETRIC CASE: HOLOMORPHIC CFT OF CENTRAL CHARGE 24

The 69 semi-simple Lie algebras g in the anti-symmetric case of Theorem 5.1 coincide with the
semi-simple V) structures of holomorphic vertex operator algebras (VOA) of central charge 24 in
Schellekens’ list [98]. In 2017, Hohn [63] found a uniform construction of the holomorphic VOAs.
For each g, we will take Hohn’s orbit lattice Ly as the underlying lattice L and construct the
reflective Borcherds product of singular weight as the Borcherds lift of the full character of the
holomorphic VOA. We also explain the connection between these hyperbolizations and the twisted
denominators of the fake monster algebra.

6.1. Holomorphic CFTs of central charge 24 and Schellekens’ list. Let V be a holomorphic
vertex operator algebra of central charge 24. The weight-one subspace V7 has a natural Lie algebra
structure and by [98, 26], V] is either trivial, abelian of dimension 24, or semi-simple. In the first
case it was conjectured in [35] that V' is isomorphic to the monster VOA, which was proved under
some conditions in [29]. In the second case V is isomorphic to the Leech lattice VOA.

We focus on the third case where V; is a semi-simple Lie algebra g. Let (—,—) be the unique
symmetric, non-degenerate, invariant bilinear form on V normalized such that (1,1) = —1, where 1
is the vacuum vector. The restriction of (—, —) to a simple ideal g; of g satisfies (—, —) = k;(—, —)
for some positive integer k;, where (—, —) is the normalized bilinear form of g; (see [98, 28]). We

indicate these integers by writing
9=01k D D Gs k-
Then the affine vertex operator algebra
V;} = L@l(k’l,O) Q& L@S(k‘s, 0)

generated by V; is a full vertex operator subalgebra of V. As a Vj-module, one can decompose V'
into finitely many irreducible Vg-modules

(6.1) V = @ mh,---,)\sLm (k‘l, )\1) R R Lgs(k‘s, /\s),
AlyeensAs

where the sum runs over the dominant integral weights A; of g; that satisfy ()\;, 9]V> < k;, where
6; is the highest root of g;.
In 1993 Schellekens [98] established the equation (see Notation 2.3)

dim g - Y
24 Ky
25

for1 <j<s



and showed that it has exactly 221 solutions. By excluding 152 of them, Schellekens proved that
V1 is isomorphic to one of the 69 semi-simple Lie algebras in [98, Table 1] (named Schellekens’s
list) and further determined the induced decompositions (6.1). This result was reproved in [100]
using similar arguments and in [102] by means of the “very strange formula”.

Schellekens also conjectured that there exists a unique holomorphic VOA of central charge 24
with Vi = g for every g on his list. By the work of many authors over the past three decades,
this celebrated conjecture was finally proved (see [70, 73, 75, 76, 72, 91, 100] for the existence and
[27, 101, 72, 68, 74, 77, 78, 79] for the uniqueness). There are at least three uniform proofs of the
conjecture: the Leech lattice method of Hohn ([63, 71, 2]), the generalized deep hole method of
Méller—Scheithauer [86, 85], and the Niemeier lattice method of Hohn-Maller [60].

6.2. Hohn’s construction of holomorphic CFT of central charge 24. Our construction of
hyperbolizations relies heavily on Hohn’s argument, which is reviewed below.

Let Qg be the rescaled coroot lattice (see Notation 2.3). Then V contains the lattice VOA
associated with Qg denoted Vg . If we let Wy = Comy (Vq,) be the commutant (or centralizer),
then the double commutant

Comy (W) = Comy (Comy (VQg )

is a lattice VOA extending Vq,. Therefore, there exists an even positive definite lattice Ly O Qq
such that Comy (W;) is isomorphic to the lattice VOA V. It is well known that V7 has group-like
fusion: all irreducible V7, -modules are simple current modules. In this case, the set of all irreducible
modules R(Vy,) forms an abelian group with respect to the fusion product, and it also carries the
quadratic form q: R(Vy,) = Ly/Lg — Q/Z defined via

q(Varr,) = wt(Varr,) = (0, @)/2 mod Z,

where wt(—) denotes the conformal weight of the module. The full character of the irreducible
module labeled by a + Ly € L’g /Lg can be expressed in terms of the Jacobi theta function and
n-function:

@Lg,a(Ta 5)
r <)

It is also known that W is strongly rational and also has group-like fusion (see e.g. [21, 80]).
The set R(Wj) of irreducible modules forms a quadratic space isomorphic to (R(Vz,), —q), where
the quadratic form is defined by reducing the conformal weight modulo Z. Therefore, V' is a simple
current extension of Wy ® V, i.e. there is an isometry ¢ : Lj/Ly — R(Wj) such that

V= @ WL(a—l—Lg) ® Va—l—Lg-
atLg€ly/Lg
Note that Vg, has central charge rk(Ly) = rk(V1) = rk(g), that W, has central charge 24 — rk(g),
and that the weight-one subspace of Wj is zero. Hohn computed the lattice Lq for each of the 69

semi-simple g and called it the orbit lattice of g.
Let h be the Cartan subalgebra of g. Recall that the full character of V', defined by

(63) XV(Tva) = TrV(e2ﬂiéqLO_1)7 q= 627”'T7 (7—73) € H x bv

is a weakly holomorphic Jacobi form of weight 0 and lattice index Qg (with trivial character on
SLa(Z)) (see e.g. [117, 83, 69]). The above construction implies that xy also defines a weakly
holomorphic Jacobi form of weight 0 and lattice index Ly. Moreover, the character decomposition

(6.2) WVarn, (1:3) = (r,3) € H x (L ® C).

(6.4) XT3 = D Xainy (1:3)  XWigagny) (7)
a+LgeLy/Lg
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determines the theta decomposition of xy as a Jacobi form of lattice index Ly. In particular, the
vector-valued function

(6.5) fom) =D @)™ xw s (Tea
a€Lly/Lyg

is a weakly holomorphic modular form of weight —rk(g)/2 for the Weil representation pr, .
Hohn described Wy in an elegant way. Let A continue to be the Leech lattice and let

Ay:= (At ={z € A:(x,y) =0 forall y € A satisfying g(y) = y}

be the coinvariant sublattice for ¢ € Cop = O(A). Let g € Aut(Vy) be a standard lift of g; that
is, g is a lift of g to the Leech lattice VOA that acts trivially on A9. Hohn [63] conjectured that

Wy is isomorphic to an orbifold VOA Vfg where [g] is one of 11 particular conjugacy classes [g] of
Cop (see Tables 6 and 7). This would imply that V is isomorphic to a simple-current extension of
Vfg ®VL,. Lam [71] proved that the orbifold VAgg with AY # {0} has group-like fusion and described
the corresponding quadratic form explicitly, and in this way was able to confirm Hohn’s conjecture.
The simple-current extension of V/{}g ® Vi, depends on the double cosets

(6.6) O(Lg)\ O(R(Wy), —q)/Aut(Wy).

By counting the numbers of the above double cosets denoted n(Lg), Betsumiya, Lam and Shimakura
[2] supplemented Hohn’s proof of the uniqueness of holomorphic VOAs of central charge 24 with
semi-simple V7.

We will now describe the 69 simple current extensions explicitly. The construction involves 11
distinct Cog-conjugacy classes [g], which are characterized by the property that the discriminant
form (R(V/{]g), —q) of signature rk(AY9) mod 8 can be realized by an even positive definite lattice of
rank rk(A9). The orbit lattices Ly lie in the 11 associated genera.

(1) Let [g] be one of the 8 conjugacy classes in Table 6. For each orbit lattice of genus [g],
the number of double cosets (6.6) is always 1, so the number of inequivalent simple-current
extensions equals to the number of classes in the genus. There are in total 58 classes
(including the Leech lattice) in the 8 genera, so the 8 conjugacy classes [g] induce 57
holomorphic VOAs of central charge 24 with semi-simple V; = g.

(2) Let [g] be the conjugacy class of cycle shape 2'2. The associated (lattice) genus has 2 classes
D12(2) and Eg(2) @ D4(2) and the corresponding numbers of double cosets are respectively
6 and 3. Therefore, this [¢g] induces 9 simple-current extensions.

(3) Let [g] be the conjugacy class of cycle shape 2363. The associated (lattice) genus has a
unique class and the corresponding number of double cosets is 2. Therefore, this [g] induces
2 simple current extensions.

(4) Let [g] be the conjugacy class of cycle shape 2210%. The associated (lattice) genus has a
unique class and the corresponding number of double cosets is 1. Therefore, this [g] induces
only 1 simple current extension.

The relevant data appear in Tables 6 and 7.

6.3. Constructing hyperbolizations.

Theorem 6.1. Let V' be a holomorphic VOA of central charge 24 with semi-simple Vi = g. Let
Lg be Hohn's orbit lattice of g and let xy be the full character of V. Then the theta lift B(xv) is a
reflective Borcherds product of singular weight on 2U @© Ly. Moreover, the leading Fourier—Jacobi
coefficient of B(xv) coincides with the denominator of the affine Kac—Moody algebra §.
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Proof. Let Ag be the set of roots of g. By definition, the Fourier expansion of xy begins

xv(m3) =q '+ > ¥ 4 rk(g) + O(q),
€Ay

and all Fourier coefficients of yy are non-negative integers. It follows from Hohn’s construction that
xv is a weakly holomorphic Jacobi form of weight 0 and lattice index Ly. We conclude immediately
that B(xyv) is a holomorphic Borcherds product of singular weight on 2U @ Lg. It remains to show
that B(xy) is reflective.

Suppose first that g comes from one of the conjugacy classes [g] in Table 6. Then the level and
order of g are the same (denoted ng4 as in Section 2.5). The orbit lattice Ly is determined by

U(ng) @A =2 U @ L.

As mentioned at the end of Section 2.5, it was proved in [113, Theorem 6.5, Remark 6.14] that the
twisted denominator of the fake monster algebra associated with g defines a reflective Borcherds
product ®, of singular weight on U(ng) @ U @ A9. Moller [84] calculated the characters of the

orbifold VOA V[{’g, and by comparing Moller’s result and [113, Theorem 6.5], it was also proved

[113, Remark 6.13] that the input of ®, equals the full character of Vﬁg (up to a factor of %))
as a vector-valued modular form. By Hohn’s construction, the input of ®, is actually f; as defined
in Equation (6.5). We can then use Equation (6.4) to see that B(xy) = ®g4; in particular, B(xv)
is reflective.

Otherwise, g comes from one of the conjugacy classes [g] in Table 7, the level of g is twice its
order, and the isomorphism U(ng) ® A9 = U @ Ly does not hold. In fact, B(xv) is not obviously
related to @, in these cases. We will prove that B(xv ) is reflective by directly calculating the input
forms yy. By Hohn’s construction, it is sufficient to do this for any semi-simple g from a fixed [g],
because the input for any other semi-simple Lie algebra from [g] can be expressed as o( fy) for some
o € O(Ly/Lg). The proof by cases is given in Lemmas 6.8, 6.9 and 6.10 below. O

Remark 6.2. All products B(xy) for V3 = g within a fixed conjugacy class [g] define the same
modular form on the type IV symmetric domain of dimension 2 + rk(g) up to automorphism. We
denote this modular form by W,. The different products B(xy) can be viewed as the distinct
Fourier—Jacobi expansions of ¥, at different 1-dimensional cusps represented by a splitting of two
hyperbolic planes. Letting D, denote the discriminant group of L4, the automorphism group

Aut(Vfg) equals the subgroup of O(D,) that fixes f;. If g is in Table 6, then
Aut(V/{]g) = 0(Dy),

and therefore ¥, is modular for the full orthogonal group. This property does not hold if g is in
Table 7.

Remark 6.3. By the proof of Theorem 6.1, ¥, = ®, for [g] in Table 6. The eight ®, were first
constructed by Borcherds [7, 9] and Scheithauer in [93, 95], but they only considered the Fourier
expansions at O-dimensional cusps. Gritsenko [50] first calculated the 24 distinct Fourier—Jacobi
expansions of ®, for g of cycle shape 1?4 at the distinct 1-dimensional cusps, which correspond to
the 24 Niemeier lattices. The Fourier—Jacobi expansions of ®, for g of cycle shapes 1373 and 1%5%
were first determined in [52]. We also remark that Scheithauer [96] calculated ¥, at 0-dimensional
cusps for g of cycle shape 212,

Remark 6.4. Borcherds [5, 6] proved that the BRST cohomology related to the Leech lattice VOA

naturally defines the fake monster algebra. It is natural to expect that the BRST cohomology re-

lated to any holomorphic VOA of central charge 24 defines a BKM algebra whose denominator
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function is B(xy). This type of construction has been realized for holomorphic vertex operator al-
gebras with V; structures Aig, Agg, AiS, Ag,7 and B1a 9 by Creutzig, Hohn, Klauer and Scheithauer
[61, 19, 62]. A uniform construction for all vertex operator algebras was given by Driscoll-Spittler
in his thesis [30] under several technical assumptions. This (conditional) natural construction also
implies that B(xy ) is reflective on 2U & L.

Remark 6.5. Let G; be the BKM algebra that arises as the BRST cohomology of a holomorphic
VOA with V; = g. Let [g] be the Cog-conjugacy class corresponding to g. Clearly G, depends only
on [g].

(1) When [g] is in Table 6, we have the two isomorphisms

Ulng) A =U® Ly and U@ A = (U Ly)(ny),
since (A9)(ng) = A9. This induces the identifications
O(Uir(ng) ® U @ A9) = O(Ui(ng) & (U @ Ly)(ny))
:O(Ul oU® L;) - O(U1 oU® Lg).

It follows that the Fourier expansion of B(xy ) at U; equals the Fourier expansion of ®4 at
Ui(ng). Recall that the latter is also identical to the denominator of the twist G, of the
fake monster algebra by g (see Section 2.5). Therefore, the denominator of Gy is the same
as the denominator of G4. The root lattice of G is always U @ AY. From (6.7) we conclude
that the root lattice of Gy is U @ L;, and moreover that the two BKM algebras Gy and Gy
are isomorphic.

(2) When [g] is in Table 7, Gy and G, are not isomorphic because their root lattices are not
even isomorphic up to scaling. In addition, the Weyl vector of G, lies in the root lattice,
but the Weyl vector of Gy does not lie in the root lattice (recall that C' is half-integral and
the Weyl vector is of type (—C — 1,%,—C) in this case). For instance, when g has cycle
shape 2!2, the root lattices of Gy and G4 are respectively

U@ Diy(1/2) and U @ Df,(2).
In particular, we disagree with [62, Remark 3.11]: the denominator there is not a twisted

denominator function of the fake monster algebra. We conjecture that the denominator @,
of G is given by the Fourier expansion of ¥, = B(xy) at some other 0-dimensional cusp.

Remark 6.6. The Z-lattice generated by dp and the A\ = (n,f,m) € U @ Ly for which B(xv)
vanishes on Al is exactly the dual lattice U @ L’g. This follows from Remark 6.5 and a direct
calculation of zero divisors (see Lemmas 6.8, 6.9 and 6.10 below). Here, p is the Weyl vector of
B(xy) and d =1 or 2 if the corresponding [g] lies in Table 6 or Table 7, respectively.

Remark 6.7. Let [g] be a Cog-conjugacy class of level N, and order ny. Let My be an even lattice
of signature (rk(AY) + 2,2) whose discriminant form is isomorphic to (R(Vfg), —(q), as determined
by Lam [71]. Let ®, be the g-twisted denominator of the fake monster algebra as before, and
recall that ®, is a holomorphic Borcherds product of singular weight on U(N,) @ U @ A9 (see [113,
Theorem 6.5]). We have the following:

(1) If Ny = nyg, then My = U(Ny) ® U & AY (see [71, Theorem 5.3]) and @, is reflective on M,
(see [113, Remark 6.14]).

(2) If Ny # ng, then M, is not isomorphic to U(Ny) @ U @ A9 and @, is not reflective on the
lattice U(Ny) @ U @ A9. Motivated by Hohn’s construction and the discussions above, we
conjecture that the vector-valued characters of VAgg (divided by 7™ can be lifted to a
reflective Borcherds product of singular weight on M,. Obviously, the theta lift defines a

holomorphic Borcherds product of singular weight on M,. However, we have to compute
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the conformal weights to confirm that it is reflective. We further conjecture that the Fourier
expansion of this product at a certain 0-dimensional cusp recovers the g-twisted denominator
of the fake monster algebra. In other words, ®, defines a reflective Borcherds product on
My, i.e. M, plays the role of the lattice M in [115, Theorem 1.4].

We can now complete the proof of Theorem 6.1. By (6.1), we can express xy as an N-linear
combination of characters of the affine VOA generated by Vi = g which have integral conformal
weight. Expressions of this type have been determined by Schellekens [98]. We will compute the
characters xy for Vi = Biaa, FiAz2 and Cy10. In these cases, the index [Lg : Qg is 1 or 2. To
determine the divisor of B(yy ), it suffices to compute the singular Fourier coefficients of yy, and
by Remark 2.6 it is enough to consider Fourier coeflicients of the form

(6.8) f(n,0)q"¢", n<dp,, L€Q), 2n < (£,0).

Note that the above f(n,£) are 0 or 1 because f(n,¢) > 0 and B(xy) has only simple zeros, hence
B(xv) is reflective on 2U @ Ly as soon as we can show that for every nonzero Fourier coefficient of
form (6.8) there exists a positive integer ¢ such that (¢,£) —2n = 2/t and t¢ € L.

In the three lemmas below, we will express the Fourier expansion of xy in terms of Weyl orbits.
Suppose g = g1k, D g2,k,, Where g 5, may be zero, and let W; be the Weyl group of g;. For a
dominant integral weight \; = >, x;w; of g;, we define

Onmy = . &™) 5el0C,
ZGWj-)\j

where n; = (XA, \;)/k;. Recall (from Notation 2.3) that
Q= QY (k1) ® Q3 (k2), Qy=Pi(1/k1) & Pr(1/ks)

and
/ /
Q< Ly <Ly<Qy
When we view O, ,,; as part of the Fourier series of xyv, the vector £ € W; - \; C Q’g is identified

with ¢/k; and its norm is (¢,¢) = k;{{/k;,{/k;) = nj. Therefore, ¢" - Oy, n, ® Oz, n, induces
reflective zeros if and only if there exists a positive integer ¢ such that

ni+ne —2n =2/t and t(\i/k1 + Xo/k2) € Ly.
For simplicity, we set
O)\l,)\27n1+n2 = O>\17n1 ® O)\27n2‘

Lemma 6.8. When Vi = g is of type Bi22, the product B(xv) is reflective on 2U @ D12(2).

Proof. xy can be expressed in terms of characters of the affine VOA generated by g (using the
notation of (2.6)) as

_ _Bi2po Bi2,2 Bia2 Bia2
XV = X0,0 T Xwitwiz,2 T Xwio3 T Xuws,2

In this case, Qg = Ly = D12(2). Note that 01, = 6 (see [62, Lemma 2.3]), so we only need to
calculate yy up to its g>-term. We first use SAGE to compute the Fourier coefficients of x?'2:2 as
representations of the simple Lie algebra of type Bjs, and then we decompose those representations
into Weyl orbits as defined above. We find

oo
Xv =¢ "+ (Ouw,1 + Oy 1 +12) + > ad,
i=1
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where

c1 = O2uy 4 + Oy 4ws,3 + Ows% + Ow1+w127% + Owl_i_w%% + 40y, 2

+ 12024, 2 + 12Ow3,g + 120w127% + 440, 1 + 900%% + 300,

C2 = OwlO,5 + O2w1+w2,5 + Ow2+w475 + Owg,g + 0311)1,% + Ou&—l—wg,% + O2w1+w12,g
+0 9+ O

w3+wi2,5 w1+we, 5 +40us 4 + 120205 4 + 40w, w5 4 + 120“}7,%
z + 320u6,3 + 440, 4053 + 900w57

+ 120 7+ 120
'3
F900,, 14y 3 +900,, 1, 5 + 22404, 5 + 288054, 5

w1+w12,5

+5200,,,, 5 +5200,,, 5 + 12420y, +25350,,, 1 +5792.

njor

w2+wi2 w1 +wa4,

2

The proof follows by verifying that every singular Weyl orbit is reflective. As an example, consider
the orbit ¢ - Oug,9/2- We write wg = (1,1,1,1,1,1,1,1,1,0,0,0) as coordinates in the simple roots
as in [13]. Then 9/2 —2 x2=1/2=2/4 and 4 - (wg/2) = 2wy € D12(2), s0 ¢> - Oug,9/2 determines
reflective divisors. 0

Lemma 6.9. When Vi = g is of type Az 2Fy 6, the product B(xyv ) is reflective on 2U@D4(6)EA2(2).

Proof. We express yy as the linear combination

Fy10 Fy10 Fy10 Fy10 Az 2
<X0000,0 + Xooo4,2 T Xoo030,3 + X1100,2> © X00,0
Fa10 F110 Az 2 Az 2
X0101,% * X1012,‘1%) ® <X10,% * Xm,%
Az 2

Xooos,% 0006, L7 0021,12 2010,12 11,2
2 2 2 2 2

+(
+< F410 + XF4,10 + XF4,10 + XF4,10 > ® X
F410 F410 A2 Az 2
+<X0102,§ * X2000,§> ® <X02,§ * X20,§>‘
Note that
Qg = Ly = As(2) & D4(6).

Since 67, = 22/3, we only need to calculate xy up to its ¢3-term. We write

o0
xv =¢"" + (01100001 + Oo0,1000,1 + O10,0000,2 + Oo1,0000,2 + Coo.0001,1 + 6) + Z ciq’
=1

and list the singular Weyl orbits in ¢; for ¢ < 3. There are 17 orbits with norm > 2 in ¢;:
022,0000,45 03,0000,3: 030,0000,3, O0,0004,8 » Oo2,2000,8 » O20,2000, »
011,0003,3 ) Ooo,lloo,g ) 002,0100,5 ) O20,0100,§ ) 000,0012,% ) 000,2001,%7
001,0101,% ) 002,1001,% ) 010,0101,% ) 011,0011,% ) 020,1001,%-

There are 26 orbits with norm > 4 in cs:

000,0030,2 ) 003,0003,3 ) 030,0003,2 ) 000,1004, 135 000,2100% ) 002,0102,% ) 002,3000,% )

020,0102% + O30 3000, 35 022,1000% ’ 000,0005,%5 ’ 000,0111,%5 ’ 000,3001,%5 +Oo1,1012, %,
002,0110,% ) 002,1003,% ) 003,0011,% ) 010,1012,% ) 011,0021,% ) 011,2010,% ) 012,0101,%’
@)

20,0110,25> 020,1003,% ) 021,0101,% ’ 022,0001,% ’ 030,0011,%-
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There are 41 orbits with norm > 6 in c3:

O11,0006,7> O14,0000,7, O41,0000,7 000,2004,% ) 002,4000, 2, 004,2000, 2, 020,4000,%7
022,0004,% + O40,2000, 2, 000,0104% ’ 000,1200% ’ 002,1102% ’ 004,0100% + 030,110, 2
022,1100% ) 040,0100% ) 000,0031,% ) 000,1005,% ) 000,2012,% ) 001,0112,% ) 001,2101,%7
002,1110,% ) 002,2003,% ) 003,0021,% ) 003,2010,% ) 004,1001,% ) 010,0112,% ) 010,2101,%7
011,0014,% ) 011,1021,% ) 012,1012,% ) 013,0101,% ) 020,1110,% ) 020,2003,% ) 021,1012,%7
022,0012,% ) 022,2001,% ) 030,0021,% ) 030,2010,% ) 031,0101,% ) 040,1001,%'

We verify that each of these orbits is reflective by direct computation. O

Lemma 6.10. When Vi = g is of type C4 10, the product B(xv ) is reflective on 2U @ D4(10).

Proof. We have the expression

. Cy,10 Cy,10 Cy,10 Cy,10 Cy,10 Cy,10
Xv = E :<X0000,0 + Xo024,4 T Xood0,2 T Xooda,6 T X00,10,0,8 T X0260,5
1
Ca,10 Ca,10 Ca,10 Ca,10 C4,10 C4,10
t Xo0321,3 T X0323,5 T X0500,2 T Xos00,4 T X1051,4 T X1430,4
Ca,10 Ci,10 Ca,10 Ca,10 Ca,10
+ X1431,5 T X2242,6 T X3031,3 T X4140,4) + 2X9299,45
where the glue vector 1 exchanges the affine Dynkin labels wg, w1, W2, w3, w4 and g, w3, We, W1, Wo
C. C C. C. .
(such that e.g. Xoééboo becomes xoé‘()l?o 10 and Xoééi104 becomes Xzé(’)ifg; see (2.6) and the explanations
there). In this case, we have

Q, =Z*20) and Ly = D}(20) = D4(10).

Since 67, = 10, we only need to calculate yy up to its ¢*-term. We write
o

_ 1 i
1=

and find that ¢; equals

Oos00,5 + OQo0a0,22 + Oupoz, 12 + Ouno, 1 + Oprag 21 + O350, 21 + Oy 21

u
0,101,218 +200202,2 + 2042002 + 20101;,% + 209199, 18 + 205010, 19 + 201(2)003,%
+400950,9 + 205901,9 + 404000,2 + 500301, 17 + 501030 17 + 505300 17 + 5030 17
+1000490,8 + 10011y 38 + 100319 3 + 120099, 7 + 1709009, 7 + 1209, 7
+2000102,% + 2001210,% + 2004100,% + 3202020,% + 3800120,% + 3802101,%
+46002011 + 56022001 + 690300, 3 + 690111 8 + 690510 8 + 10105905 s
+1010,000,8 + 12004130, 7 + 1680y030,3 + 1480007 3 + 2050411 1 + 2050509 1

There are 10 orbits with norm > 4 in cs:
010,000,55 02004,% ) 04220,%1 ) 00104,% ) 00321,% )
02302,‘{—(1) ) 03031,% ) 04301,% ’ 05030,‘;—(1) ’ 08100,%‘
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There are 11 orbits with norm > 6 in c3:
Oos00,22 » Opo24,31 s Opa09,31 » 00105,% ) 010,100,% ’ 01051,% )
bl bl o

01430,% ) 03411,% ) 04140,% ) 05013,% ) 07012,%-

There are 16 orbits with norm > 8 in c4:

O 41 O 41 O 41 O 81 O 81 O 81 O 81 O 81
0260,4 » ~'2800,4L» “8220,4 » “0323, 81> Y0900, 5L » Y1070, 8L V1431, 5L s Y2304, 8L

03033,% ) 03412,% ) 04141,% ) 05411,% ) 06140, 8 07013,% ) 08301,% ) 09030,% :

To finish the proof, we verify that the required condition on the orders of vectors in the singular
Weyl orbits is satisfied. We will work out ¢ - O4002,12/5 as an example. The associated dominant
weight is

A = 4wy + 2wy = (6,2,2,2)

in coordinates as in [13]. The corresponding vector in Ly = Dy(1/20) is A/20, which has norm
20 x (12/100) = 12/5, and we have 12/5 — 2 x 1 = 2/5. The order of A/20 modulo Q4 = Z*(20) is
10, but its order modulo Ly = D}(20) is 5. Hence the induced zero divisor is reflective on 2U & Ly
although it is not reflective on 2U @ Q. O

7. THE SYMMETRIC CASE: HOLOMORPHIC SCFTS OF CENTRAL CHARGE 12

In this section, we construct hyperbolizations of affine Kac-Moody algebras § for the eight g
of symmetric type with C' = 1 in Theorem 5.1. These semi-simple g first appeared in [24], where
Dittmann and the second named author proved that the additive lifts of the denominators of these g
are reflective Borcherds products of singular weight on the maximal even sublattices of the (integral)
lattices Py. Shortly after [24] appeared on arXiv, Harrison, Paquette, Persson and Volpato [57]
described these g as the N/ = 1 structures of holomorphic SCFT Fyy of central charge 12, and gave a
natural construction of a certain BKM superalgebra (denoted Gy) as the BRST cohomology related
to Fyy with a fixed N/ = 1 structure under some technical assumptions. They also determined the
super-denominators of these BKM superalgebras.

We will prove that these super-denominators are actually the reflective Borcherds products of
singular weight constructed in [24]. We will also describe the connection between these BKM super-
algebras and the twists of the fake monster algebra, which resolves some open questions proposed
in [57]. Additionally, we express the inputs of these Borcherds products as Z-linear combinations
of the full characters of the affine VOAs generated by g, and construct some exceptional modular
invariants of § as an application.

7.1. Holomorphic SCFTs of central charge 12 composed of 24 chiral fermions. Holo-
morphic vertex operator superalgebras (SVOA) of central charge 12 were classified by Creutzig,
Duncan and Riedler [20], and they fall into three types: the Conway SCFT V /% with trivial weight-
1/2 subspace, the theory VI1Es of 8 chiral bosons and 8 chiral fermions, and the theory Fby of 24
chiral fermions. The hyperbolizations of affine Kac-Moody algebras are related to Fyy. We review
the theory of Fyy following [57].

F54 is constructed from the lattice VOA associated with the Dyo lattice

Do = {(x1,332, e T12) €LY it ao . dan € QZ} .
The lattice VOA Vp,, has 4 irreducible modules labeled by the 4 cosets of D},/Dja,

1 11 1 1 1
07 U—(l,O,.-,O), S = (5,,5,5) and c= (57757—§>
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The four modules Vj, V,,, V5 and V. have conformal weights 0, 1/2, 3/2 and 3/2, respectively. Their
full characters can be expressed as the quotients of Jacobi theta functions by 7'2

@ * ,
X*(TVZ):le’i)(ng)’ *:O,U,S,C, ZED12®(C'
n

The sum Vy @ V,, is the Zo-graded superspace of Fyy (i.e. the NS sector in 2d SCFTs). Let (—1)F
be the canonical involution, such that

(—1)F|V0 =1 and (—1)F|Vv =—1I.

The SVOA Fy4 has a unique irreducible (—1)"-stable canonically twisted module which is given
by Vs @ Ve (i.e. the R sector in 2d SCFTs). The weight-1/2 subspace W, of F4 has a natural
semi-simple Lie algebra structure, which in physics is called the N’ = 1 superconformal structure.
We denote this Lie algebra by g and its Cartan subalgebra by h. For 3 € b, the full characters of
Fy, are defined by

xns(7.5) = Trxs (2072 €2™), Xis(7:3) = Tins (20722 (— 1)),
XR(T,3) = T‘fR(qLO_%emé)v xg(7,3) = Trr (qLO_%€2m(—1)F)-

The restriction of the unique normalized invariant bilinear form of Fy4 to a simple ideal g; of g
satisfies (—, —) = k;j(—, —), where (—, —) is the standard bilinear form of g; as before (see [57]).
We indicate these integers by writing

9=01k D D Gsks-
The semi-simple Lie algebra g is of dimension 24. There are exactly eight distinct possibilities for
g and they are characterized by the identity (see Notation 2.3)
_ dimg h}/
24 k’j ’ -0
The affine VOA V; generated by Wy, = g is a full sub-VOA of Fyy. Let A; denote the set of
positive roots of g. We have the following embedding of integral lattices

lg : PQ = @Pjv(h;/) — lea ¥ Rad Lg(?)) = {<37a>}a6A§7
j=1
which induces an embedding of the maximal even sublattice Ly of Py into Dj. From the conformal
embedding Vy; < Fyy we deduce that the full characters of Fy4 with W, /5 = g can be expressed as

xNs(7,3) = Xo(T,49(3)) + Xo (T, 14(3)),

XNS( ) = XO(T LQ( )) - (T Lg( ))7
XR(T 5) XS(Tv Lg( )) + XC(T LQ( ))7
XR(T 3) = Xs(7,44(3)) — Xe(T,14(3)) =0

where the last equality follows from the fact that «(Lg) < Dig. It is easy to check that, up to
scaling,

N~——~7"

6a(r:3) = 5 (xus(7.) — xg5(7:3) ~ xw(7.5)
=X

o(7514(3)) = Xe(T 14 (3))
k(g) + > (ez’”(a’” + e‘27”'<a’3>) +0(q)

ozeAgL

(7.1)

=]
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is the unique non-trivial C-linear combination of the full characters of Fy4 that is modular under
SLa(Z). In particular, ¢q(7,3) is a weak Jacobi form of weight 0 and lattice index Ly (with trivial
character on SLy(Z)). It was proved in [57] under some assumptions that Fourier coefficients of ¢
determine the roots and root multiplicities of the BKM superalgebra Gg, realized naturally as the
BRST cohomology related to Fby with Wy, = g. More precisely, the root (n,¢,m) € U @ L'g has
multiplicity aq(nm, ) as an even root and has multiplicity by(nm, ) as an odd root, where

1

§(XNS(7—73) - Xﬁg(ﬂé)) = XU(Tv Lg(ﬁ)) = Z ag(n’é)qné-f’
n,l

SR(3) = xelr193)) = S b, O0C"
n,l

7.2. Construction of hyperbolizations. In this subsection we prove the following theorem.

Theorem 7.1. Let g be one of the N' =1 structures of Fay. Then the theta lift B(¢g) is a reflective
Borcherds product of singular weight on 2U © Lq. Moreover, the leading Fourier—Jacobi coefficient
of B(¢g) coincides with the denominator of the affine Kac-Moody algebra g.

Proof. We will use (7.1) and Lemma 7.4 below to conclude that ¢4 has integral Fourier coefficients
and non-negative singular Fourier coefficients. Therefore, the theta lift of ¢4 is a holomorphic
Borcherds product of singular weight on 2U @& Ly. We see from the ¢%-term of ¢, that the leading
Fourier—Jacobi coefficient is given by the denominator 9y of g. It remains to prove that B(¢y) is

reflective. This can be verified by calculating the Fourier expansions of ¢4 up to the ¢*L-term for
L = Ly, where ¢y, is defined in Remark 2.6. As we mentioned at the beginning of this section, this
also follows from Lemma 7.3 and [24, Theorems 5.1 and 6.1]. O

Lemma 7.2. Let z = (21, 29, ..., 212) € C*2. We set
12
u(7,2) = n(r) " [[ 9u(r,2), = =00,01,10,11,
j=1

where Y11 (T, u) := H(7,u) and

doo(r,u) = [ = g™A +¢" 2@+ ¢" /3¢,

n=1

dor(r,u) = [J(1— ™A = ¢ 21— " 2¢7Y),
n=1

o0

D1o(r,u) = ¢ /3P + ) TIA =)0+ "1 +¢"¢T),

n=1

here u € C and { = €2™. Then the following identities hold:
Xo = (¢oo + ¢01)/2,  Xv = (P00 — ¢01)/2, Xs = (d10+¢11)/2, Xc = (10 — $11)/2,

?11(271,22) _ - (;511(7'/2, 2) _ ¢11(T/2 + 1/2, 2)
@11(77 Z) - @10( ) Z)7 ¢11(7_’ Z) - ¢01 (7—7 Z)a ¢11(T, Z)

In particular, we have (see Proposition 2.2)

= —¢oo(T, 2).

onloTV 2)(r,2)
bui(r,2)

6D1a(7,7) 1= 5 (Bu0(r. ) = dun (7. 2) = dno(r. 2)) =
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Proof. The formulas for x, can be established by considering (x.) as a vector-valued Jacobi form
for the dual Weil representation pp,,. The other formulas follow from the definition. O

By restricting the above identities along the embedding ¢y : Ly < Di2, we obtain the following
lemma:

Lemma 7.3. The image 14(Lg) is a sublattice of Dig_ix(g)2 & Di2. By considering the quasi-
pullback we can express the demominator of § as

rk(g)/2
1
Vy(7,3) = W <( H 3z12,,k(g)/2+j)¢11(7'7 Z)) (7,4(3))-
j=1

The full characters of Foy can be expressed as
Ug(7/2+1/2,5)

XNS(753) = ¢oo(T, 14(3)) = —

Ug(7.3) ’
Dq(7/2,
Xﬁé(ﬂﬁ) = (bOl(Tv Lg(ﬁ)) = W?
() = dnolragly) = 242

The input form has the representation

Dyl 2T (2)(73)
199(7—7 3)

We can now prove directly that the BKM superalgebra G, has no odd real roots.

¢g(775) = ¢D12(7—7 Lg(é)) =

Lemma 7.4. The function x.(7,14(3)) = O(q) is holomorphic at infinity, that is, its nonzero
Fourier coefficients f(n,£)q*Ct satisfy that 2n > (£, 0).

Proof. This can be read off of the Fourier expansion of x.(7,t4(3)) up to their ¢*L-terms, since the
analogue of Remark 2.6 holds. The numbers d7, for L = L, are listed in Table 8. This claim can
also be proved by a generalization of [54, Lemma 6.3]: if ¢(7,3) is a holomorphic Jacobi form of
lattice index L which can be constructed as a theta block then ¢(27,23)/¢(7,3) is holomorphic at
infinity. The claim then follows from Lemma 7.3. O

Let us now explain the connection between B(¢g4) and the twisted denominators of the fake
monster algebra. This is similar to Hohn’s observation in the anti-symmetric case.

Theorem 7.5. Let g be one of the N = 1 structures of Foy. Then there exists a unique Cop-
conjugacy class [g] of the same order and level ng (see Table 8) satisfying the following properties:
(1) The lattice Ly is characterized by the isomorphism

U ® Ly = Ulng) & (A7) (ny).

(2) Recall from Section 2.5 that the g-twisted denominator of the fake monster algebra is the
Fourier expansion of a reflective Borcherds product ®4 of singular weight on Uy (ng) @U ®AI
at the 0-dimensional cusp related to Uy, and that the input form that lifts to ®, is given by

the vector-valued characters of the orbifold VOA VAgg. The Fourier expansion of B(¢g) at
Up equals the Fourier expansion of ®4 at Uy(ng) after making the identifications
O(Ul(ng) eU® Ag) = O(Ul(l/ng) oU® (Ag)’)

=O0(U1 ®U(ng) ® (A9) (ng)) 2 O(U1 ® U @ Ly).
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(3) The BKM superalgebra Gy, i.e. the BRST cohomology related to Foy with N =1 structure
g, s isomorphic to the BKM superalgebra G4 obtained as the twist of the fake monster
algebra by g.

(4) The Z-lattice generated by the Weyl vector p and the vectors A = (n,{,m) € U @ Ly for
which B(¢q) vanishes on M\, i.e. the root lattice of Gy, 15 exactly U © Lg. Recall that the
root lattice of G4 1s U ® AJ. The two lattices are related by

(U Ly)(ng) = U @ AY.
Proof. This follows from Theorem 7.1 and its proof and from [24, Theorem 6.1, Proposition 6.3]. O

Remark 7.6. For each g, the lattice Ly is the unique class in the corresponding genus. The
Borcherds product B(¢,) = @, is modular under the full orthogonal group O"(2U & Ly).

Remark 7.7. In 2000 Scheithauer [92] found a natural realization of the fake monster superalgebra
(introduced by Borcherds [6]) as the BRST cohomology related to the holomorphic SCFT Vs,
This BKM superalgbera has no real roots and its denominator (not its super-denominator!) is
given by the Fourier expansion of B(¢g) = ®,4 at U;(2) for g = Aéfg and ¢ with cycle shape 178216
where we view B(¢g) as a modular form on Uy(2) @ U @ Eg = U; @ U @ Dg. By [113, Theorem
5.9] we can express the input as a pair of Jacobi forms (¢1, ¢2), where ¢; is a weakly holomorphic
Jacobi form of weight 0 and lattice index Eg with trivial character on I'g(2/j) for j = 1,2. Let
3 € Es ® C. Note that xz = 0. The other full characters of V/Es have the expressions

_ Opg(7,3) . Yoo (7,0)
XNS(T75) - 7](7—)8 E T](T) ’
() = Es,0(7,3) L 901 (7,0)

The input forms can be expressed as linear combinations of the characters:
¢1(773) = (XNS - Xﬁé) (T73) = Z C1 (n7€)qnczy
neNleEg
$a2(1,3) = (xns — Xgg — XR) (7,3) =0,
The denominator of the fake monster superalgebra can be written in the form

1 e c1(nm,f)/2
H <1 + e—a> '

0<a=(n,l,;m)cUGEs

Remark 7.8. The Conway SCFT V/% was constructed by Duncan [31] in 2007. Harrison, Pa-
quette and Volpato [56] proved in 2019 that the BRST cohomology related to V7% defines a BKM
superalgebra with no real roots. Note that the denominator of this superalgebra is the Fourier
expansion of a Borcherds product of weight 0 on Uy(2) @ U at the 0-dimensional cusp determined
by U1(2), whose input can be expressed as a pair (¢1, ¢2) with

¢1(7) = (xns — X58)(7),
d2(T) = (XNS — X7 — XR + Xg) (1) = —48,
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and where the characters of V/% are given by

n(r)* _n(r/2)*

st = oyt ~ 2 ) = Sy T2
xa(r) = 222200 oy () =24
BT e YR

Let [g] be the Cog-conjugacy class of cycle shape 1724224, The g-twisted denominator of the fake
monster algebra is identical to the Fourier expansion of the above Borcherds product at the other
1-dimensional cusp determined by U through the identification

OUaU(2)=0UaUi(1/2)) =0(U(2) ® Uh).

Inspired by the two remarks above, we hope to systematically study the connection between
vertex algebras and reflective Borcherds products of singular weight on lattices of type U(N)QU @ L
in the near future.

7.3. Exceptional modular invariants. The 2D rational CFT consists of both holomorphic and
anti-holomorphic parts, which together can yield SLs(Z) modular invariants. The classification of
modular invariants of affine Kac-Moody algebras was an interesting and vast topic particularly in
the 1980s and 90s. We will reveal some new connections to the theory of Borcherds products here
and in the next section.

Let us first recall some basics about modular invariants. Clearly, the CFT torus partition function
> |xi|?, i.e. the summation of the norm-squares of the characters of all primaries, is a diagonal
modular invariant. However there can exist other, non-diagonal modular invariants. In general, a
SL2(Z) modular invariant of a 2D rational CFT can be written as a sesquilinear combination of
characters

Z =3 MuXaXyy  Map€N.

Two major approaches to constructing modular invariants are the conformal embedding and simple
currents extension, see e.g. the textbook [22, Chapter 17]. Modular invariants that cannot be
obtained from simple currents are often called exceptional. For example, A} is known to have
three exceptional modular invariants at levels k = 10, 16, 28, respectively called Eg, E7, Eg modu-
lar invariants. Exceptional modular invariants are rare and can be constructed by either special
conformal embeddings or via nontrivial automorphisms of fusion algebras. The full classification of
modular invariants for simple affine Lie algebras of all levels has been achieved for A; [17, 67] and
Ay [36], see some recent progress in [38].
We can construct many exceptional modular invariants by means of the conformal embedding

Vo = Foy

and the automorphism x, <> x. of the Dis; fusion algebra. First we have the diagonal modular
invariant of Dis, i.e.

Zpy = Ixol® + Ixol® + sl + el
The diagonal modular invariant of Fp4 with Wy, = g is given by

1
Zru = 5 (ows P + sl + erl? + Ixg?)
= x0(ms 13 + Xl 1) + P (7,19 G2 + Ixe(T. 13

By letting the automorphism y, <> X. act on the holomorphic part, we obtain an exceptional
modular invariant of Vj,

(7.3)  Zg5 = Ixo(7 tg(3))7 + [xs (7, g (3)” + xo (7, 19 (3))Xe(T, 19(5)) + X (T, 1)) x0 (7, 14(3)).-
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The following relation is immediate:

(7'4) ZF24 %};Z = ’¢9‘2

In order to write out the exceptional modular invariants (7.3) explicitly, it is enough to express
the full characters of Fo4 as Z-linear combinations of full characters of the affine VOA V;. We have
calculated these expressions by cases and have found that the full character ygr is always given as
follows (see (2.6) for the notation):

r - 95,k
w3 R @),
=1

where p; is the Weyl vector of g;. Note that if we write ¢y as a Z-linear combination of characters
of V; then there is a unique negative term, and it is given by

S
_ 85.k;
-=5 ® Xp;,3/2°
i=1
We will see that

XR ?é 2¢g,—

if and only if g is of type A4 5 or A%g, in which cases there are certain imaginary roots that are
simultaneously even and odd. Note that the g-order of yg is always 1.
The expressions of xns and xgg for the eight N =1 structures are given below.

Case A?Q: The affine VOA of type A 2 has nonzero conformal weights - and % associated with
the weights w; and 2w, respectively. The (formal) fermionization of A 2 is well-known to be

A1 Ao A2 A2 A1z Al A12 \/_XA12
1 3

XNs = Xo,0 +X2’%7 XNS = Xo,0 X27%’ 2

This theory describes three 2D chiral fermions. For the holomorphic SVOA of type A?Q, the
fermionic characters are naturally given by

. A2 . A2
XNS = XNs 5 XNs — ®XNS y  XR = Xr -

where the tensor products take over all eight copies of A; 2. We remark that (7.3) for Asf’2 gives
exactly the exceptional modular invariant found in [37, Equation (5.12b)].

Case A§’3 : We use the well-known conformal embedding A3 3 C Dy 1. Denote

Az Az Az Az3
®0 = Xoo,0 T X031 + X301, 91 = =Xy 1

As an SVOA, the fermionization of A3 has the fermionic characters

A A A
XN, = o+ o1, xﬁg?’ =¢o—¢1, xg° =201

Therefore, for the holomorphic SVOA A3 3, we have the fermionic characters

s = @ad’s s = Qe = Q™

where the tensor products run over the three copies of Aj 3.
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Case A4 5: Several modular invariants of Ay 5 were found in [99, Appendix BJ. The one related
to the conformal embedding A4 5 C D21 is actually the fermionic modular invariant. Let us denote

A A A
%= Xuiwo &= Z Xowz1: P2 = Z Xio01,1
1
- A4y5 A4 5 A4 5
¢3 = Zxoozl,g’ Zxono b = Xq111, 3
1
Here the glue vector 1 describes Zs permutation on the affine Dynkin labels, i.e., w; — w;_1 for
1 <4 <4 and wg — wy. For the holomorphic SVOA, we find that the fermionic characters can be
expressed as
XNS = Qo+ @1+ P2+ b5, Xgg = Po+ P1— P2 — ¢5,  XrR = 405,

The modular invariant (7.2) is exactly the (B.6) modular invariant in [99]. The exceptional modular
invariant (7.3) coincides with the (B.5) modular invariant in [99]. Moreover, the summation

Zpyy + |0g|* = |0 + 61]% + 2|da|* + 10|05

gives the (B.3) modular invariant in [99] (compare (7.4)). Let us comment on the extra modular
invariants. The simple current extended modular invariant was given in [99, Equation (B.2)] as

4
Zpa2) = Y |6il* + 5lés|”.
i=0
In addition, a different exceptional modular invariant was given in [99, Equation (B.4)] as
Zg.ay = 1gol* + |91 + 183]° + [@al® + 4|¢5]* + (¢26b5 + c.c.).

These two modular invariants are related by

Zpo) — Zn.ay = |dg|*-
(Compare (7.4).)

Case A3,4A‘I’72: In this case we use the conformal embedding A3, C By;. We find that the
fermionic characters can be expressed as

1

XNs = ( Z (XE]L‘OJOAL* + X101 *) Z (Xz]q()304* + X101 * > ® ® X?Bz — ;4112)
1,even 1,0dd

The tensor products run over the 3 copies of Ay . The glue vector 1 describes the Z4 permutation
on the affine Dynkin labels, i.e., w; — w;_1 and Wy — w3. The subscript even means the summation
is taken over all primaries generated by the simple current 1 with integral conformal weights, while
odd means all those generated by the simple current 1 with half-integral conformal weights.

Case B3 3G 4: Consider the decomposition D51 x D71 C Di2 1 and the conformal embeddings
By 3 C D51 and Go 4 C D7 1. We find the following formulas for the fermionic characters:

XNs—@mezxm) (55,

even odd
(ZXBQS ZXBQ 3) ® <ZX02,4 _ZXGQ,AL)'
even even odd

Here even means the summation is taken over all primaries with integral conformal weights, while

odd means all those with half-integral conformal weights. For both Ba 3 and G 4, the even part
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contains two primaries with conformal weights 0 and 1, while the odd part contains two primaries
with conformal weights 1/2 and 3/2.

Case B273A273A%’2: We use the conformal embeddings from the previous cases and find

B B Az3 Az 3 Az3 A12 A12
XNS = (ZX 2’3+ZX 2’3) Xooo + X031 t+ X301 T X 117%)®® (x00” + x )

even odd
Bas Ba s Az,3 A3 Az,3 A, 3 ® A1,2 At,2
XNs = (ZX ZX ) X000+X031+X301_ 111 ® Xoo - 21)'
even odd

Here even and odd are defined as in the case of By 3G9 4.

Case B354 2: We use the conformal embedding B3 5 C Byp,; and find

XNS = ( Z X7 + Z XBS’5) Xo o+ X;llz),

even odd
B B A2 A12
XRs = (ZX35 > X 35) (x00" = x51%)-
even odd ?

Here the even part of Bs s contains four primaries with conformal weights 0, 1,2, 2, while the odd
part contains four primaries with conformal weights 1/2,3/2,3/2,5/2.

Case C34A;2: This case is very similar to Bs5A4;2. We find

XNS = (Z X9+ ZXCS’4> Xoo + X;412)7

even odd
C C A2 A2
s = (A= A0 o (i~ ).
even odd :

Here the even part of C3 4 contains four primaries with conformal weights 0, 1,2, 3, while the odd
part contains four primaries with conformal weights 1/2,3/2,3/2,5/2.

8. THE SYMMETRIC CASE: FOUR EXOTIC CFTSs

In this section, we construct hyperbolizations of affine Kac—-Moody algebras g for the remaining
4 semi-simple Lie algebras g of symmetric type with C' < 1 in Theorem 5.1. The data for these 4
cases is given in Table 2. Note that in these cases the lattices Py (see Notation 2.3) are even.

A? A%A Az g
Py | Ai(4) | 2A:(2) | 441 | A2(3)

©
N
fy
=
=)
i
0

1 1 1 1
¢l 3 i 2 3
8 24
‘g 3 5 8 6

TABLE 2. The 4 exotic cases related to exceptional modular invariants.

The 4 exceptional g correspond to 4 exotic 2D CF'T's that already made appearances in the physics
literature around three decades ago. The common feature of these 4 exotic 2D CFTs is that they
possess certain exceptional modular invariants that come from the nontrivial automorphisms of
the fusion algebra of the simple current modular invariants. This accidental phenomenon was first
found by Moore and Seiberg for A; 16 and Agg [87], later by Verstegen for A%,S [103] and finally
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by Gannon for A%A [37]. Our new observation here is that the two stories are actually deeply
connected; that is, both the existence of reflective Borcherds products of singular weight and the
existence of exceptional modular invariants come from the same identities among the characters of
the affine Kac—Moody algebras.

Let A; be the set of positive roots of g. Note that dimg/C = 24. Similarly to the previous
section, we work with the lattice embedding

tg: Pg—= Dia, 3+ 14(3)={1/C copies of <3’O‘>}aeAg+’
such that the following identity holds:
(3:3) = (19 (3) 1s(0)) = & D (@:3)"
acA}
Theorem 8.1. For each g in Table 2, we define the pullback
0g(7:3) = C' 6Dy, (T, 14(3)),

where ¢p,, is defined in Lemma 7.2. Then the theta lift B(¢q) is a reflective Borcherds product
of singular weight on 2U & Py. Morover, the leading Fourier—Jacobi coefficient of B(¢q) coincides
with the denominator of g.

Proof. By definition, we find that
6y(7,3) = tk(g) + Y (o) e 1 0(g)
ozeAgL

and this is a weak Jacobi form of weight 0 and lattice index Py. It is easy to check that iy, = 2
for these four cases. From Remark 2.6, it follows that all singular Fourier coefficients of ¢4(7,3)
appear in the ¢’-term given above. Therefore, the theta lift is reflective and of singular weight, and
its leading Fourier—Jacobi coefficient has the desired form. O

The next theorem expresses the inputs of the Borcherds products as Z-linear combinations of
the full characters of the affine VOA generated by g.

Theorem 8.2. The following identities hold:

A116 A116 A116
¢A1,16 = X27% + X14,% - X&%o )
Arg A1,8 A178 Arg Arg A178 Arg Arg A1 A1,8
a2, = (Xo5" +xs2") ® (1" +xg ) + (1" +xg6") © (xoo® +xss") =2 5" O, 5
s ’5 5 5 ' 5 5 ’5

A A A A
Ao = X111 T Xi70 T Xop s ~ Xy 3
A4 A1 4 A1 4 A4 A4 A1 4 A4 A4
Pat, = Z (xo0" +xa1") ® (xoo™ +xar") © (xoo" +xan") © Xo1 — 4®X27% ;
cyclic
where the sum contains 4 terms by permutation. By taking 3 = 0 we obtain the identities among
unflavored characters given by

¢g(7,0) = dim g.

Proof. First one proves that the Z-linear combinations of affine characters above define Jacobi
forms by checking their transformations under the action of the generators of SLy(Z). To prove the
identities, it is enough to check that their ¢°-terms match, since a weak Jacobi form of weight —12

and lattice index Py has to be zero (see e.g. [104]). O
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The embedding ¢4 for g = Ay g induces an embedding A»(3) — 3A4,. By considering the cor-
responding pullback we obtain an identity between affine characters of type As at levels 3 and
9:

Az

A2,3)2 Az3 _( A2,3)3 _ Az _’_XH&

Azz Az3 Az Az
(X0 + Xos4 + Xao.1 Xi1,1 11,1 11,1 ™ X71,9 7 X33,3°

Both sides of this identity reduce to the constant 8 if we set 3 € As ® C equal to 0. Similarly, by
considering the embedding

At,16 — Ais — A‘i4 — A?,zy
A1(4) — 2A1(2) — 4A1 — Dg,
we obtain identities between affine characters of type Ay at levels 2, 4, 8 and 16:

A116 A116 A116
’ + ) 3

Xz,% 14,2 8,4
= (xoo” +xs5°) (65" + X 5°) = (G5)”
= (it + ) - g

= (000") i + T000%)" (657) "+ T06%) (657) "+ X0 (57) = ()"

All four expressions reduce to the constant 3 if we set 3 € A; ® C equal to 0.

Remark 8.3. The Z-lattice generated by those A = (n,¢,m) € U @ Py for which B(¢,) vanishes
on A\t is exactly U & Py

Remark 8.4. The Borcherds product B(¢g) for g = Ay 16 was first constructed by Gritsenko and
Nikulin [47, §1.4] in 1998. They showed that this product equals a certain even theta constant when
viewed as a Siegel paramodular form of genus 2 and level 4. They also studied the corresponding
BKM superalgebra [47, Section 5.1].

Remark 8.5. As we mentioned at the beginning of this section, the inputs ¢y are related to
exceptional modular invariants.

(1) For Aj 6, there exist the Dg modular invariant [87, Equation (5.8)] by simple current
extension and the E7 exceptional modular invariant [87, Equation (5.11)]. They satisfy the
identity

ZDlo - ZE7 = |¢A1,16|2

(2) For Asyg, there exist the Dy modular invariant [87, Equation (5.12)] by simple current
extension and the &) exceptional modular invariant [87, Equation (5.14)]. They are related
by the identity

Z’Dg - Zc‘fé = ‘¢A2,9‘2’

(3) For Ai8, there exist the 2Dg modular invariant by simple current extension for each A;g
[87, Equation (5.8)] and the exceptional modular invariant [103, Equation (4.1a)].

(4) For A‘1174, there exist the 4D, modular invariant by simple current extension for each A4
[87, Equation (5.8)] and the exceptional modular invariant [37, Equation (5.12a)].

(5) In cases (3)-(4), the difference of the simple current modular invariant and the exceptional
modular invariant is given by » . |¢g.5]% for a suitable finite decomposition ¢g = > JXIRE

Remark 8.6. Theorem 8.2 relates the Borcherds products of Theorem 8.1 to vertex algebras.
However, we do not know whether they are super-denominators of BKM superalgebras that can be
constructed as BRST cohomology related to vertex algebras.
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9. THE 12 SYMMETRIC CASES: THE CONSTRUCTION AS ADDITIVE LIFTS

Some Borcherds products are known to have constructions as additive lifts. Since additive lifts
are always invariant under the involution (w,3,7) — (7,3,w), we cannot hope to express anti-
symmetric Borcherds products as additive lifts. In this section, we will give a uniform construction
of the 12 symmetric Borcherds products as additive lifts. The inputs into the additive lift turn out
to be the denominators of the associated affine Kac-Moody algebras g.

Recall that for each g in Table 8 or Table 2 we have constructed a reflective Borcherds product
B(¢y) of singular weight on 2U @ L in the previous two sections, where Ly is the maximal even
sublattice of Py. The product B(¢y) has a Fourier—Jacobi expansion of the form

B(¢g)(w,3,7) = 94(7,3) - p2miCw exp <— Z <¢g‘OT£1)(m)) (1,3) - e27rimw> .

m=1

When g is not of type Ay 16, the weight of 9, is integral, so we can define the additive lift of ¥,
following Theorem 2.9:

l .
G(Q?g)((%ﬁ, 7') = Z <0B|%rk(g)T£c)(m)> (7_73) . e2mm0w

0<mel+EZ

When g = Aj 16, we have 04(7,3) = J(7, 2). In this case, we use Gritsenko’s “trivial lifting” of ¢,
defined in [47, Theorem 1.11] to be

G)(w, 2, 7) = g:l (%) I(r,mz) - 2Fm/8.

Theorem 9.1. Let g be one of the semi-simple Lie algebras in Table 8 or Table 2. Then we have
B(¢g) = G(Ug).

Proof. The identity follows from Koecher’s principle if we can show that the divisor of the additive
lift contains the divisor of the Borcherds product. The 8 cases with C' = 1 were proved in [24,
Theorem 5.1], and a much simpler proof can be found in [112, Corollary 4.5]. In particular, the
identities for g = A%Q and A%g were first established by Gritsenko in [49, Theorems 3.2, 4.2].

The case g = Aj 16 was proved in [47, Example 2.3], the case g = A‘i 4 was proved in [49, Theorem
5.1], and the case g = Agg was proved in [55, Theorem 13.5 (2)]. The remaining case g = Aj g
can be proved in a similar way; we will give a sketch. Here we have Ly = 24,(2) and the number
07, defined in Remark 2.6 is 2. Therefore, all of the singular Fourier coefficients of ¢4 already
appear in its ¢*-term. By an argument analogous to [53, Remark 3.4, Lemma 3.5], G(9y)/B(¢,) is
holomorphic and therefore constant. O

Compare the first two Fourier—Jacobi coefficients of the Borcherds products and additive lifts,
B(¢g) = Ug(7.3) - (“ = Uy(7,3)0g(7.3) - (T + O(CH?),
G(y) = Vg(7.3) - ¢ + (gl i T (1/C + 1)) (r.3) - COF +0(*),
where for g = A; 16 we define
(w%T@ (9)) (r,2) = —9(7,32).

This implies the following uniform expression.
44



Corollary 9.2. Let g be one of the semi-simple Lie algebras in Table 8 or Table 2. Then the input
can be expressed as

(Yals e 7 (1/C + 1)) (7,3)
ﬁg@?ﬁ) ‘

Remark 9.3. This corollary shows that in the symmetric cases the input, which was originally
constructed as a Z-linear combination of characters of some vertex algebra, can be read off of the
denominator of g. There is no expression of this kind in the anti-symmetric cases.

¢g@33)::_

Remark 9.4. Recall from Corollary 4.3 that Equation (4.2) have 17 solutions. The 12 solutions
of Equation (4.2) that correspond to symmetric cases with hyperbolizations are characterized by
1/C being integral. This is related to the expression of the input ¢q as a Z-linear combination of
characters of the affine VOA generated by g. This expression contains a unique term with negative

coefficients, namely
S
-
Xkejp;/hy"
Jj=1

The condition that 1/C is integral guarantees that the dominant integral weight k;p;/ h}/ is well-
defined. The equality dimg/24 = C = h}/ /k; implies that the first nonzero Fourier coeflicient in
the above character is ¢'. We do not have a conceptual explanation for this. A similar phenomenon
for exceptional modular invariants has been observed by Schellekens and Yankielowicz [99, p.100].

10. FOURIER EXPANSIONS OF SINGULAR-WEIGHT REFLECTIVE BORCHERDS PRODUCTS

In this section we will work out the Fourier expansions of singular-weight reflective Borcherds
products as in [9, Example 13.7], [93, Section 9] and [25, Section 5].

Let F' be a reflective Borcherds product of singular weight on Uy @ U @ L and set K = U & L.
Assume that the input as a Jacobi form,

o(rs) = > f(n.0g"¢,

neZlel’

has only non-negative singular Fourier coefficients. We will consider the Fourier expansion of
F at the O-dimensional cusp related to U;. Let W be the Weyl group, i.e. the subgroup of
O(U @ L) generated by reflections associated with vectors (n,f,m) € U @ L’ for which 2n < ¢?
and f(nm,f) > 0. We fix a Weyl chamber C of F and denote its closure by C. Let p be the
corresponding Weyl vector.

We will view F' as a function on the associated tube domain. This is anti-invariant under the
Weyl group W, i.e.

F(o(Z)) =det(o)F(Z), foralloeW.

It is known that W acts simply transitively on the Weyl chambers of the negative cone of K ® R.
Therefore, the Fourier expansion of F' has the form

F(z)=3 detlo) Y c()\)e(a()\+p),Z>,
oW MeK', A\peC
A,0)<0
where e(t) = e*™ as before. Since F has singular weight, c(\) = 0 whenever (A+p, A+p) # 0. Note
that (A,C) < 0 and p € C together imply that (), p) < 0. But on the other hand, if (A+p, \+p) = 0,
then we have
200, 0) = A+ p, A+ p) — (M A) = (p,p) = =N’
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and
(Ap) = (A A+p) = (A A) < =0%
since (A, A+ p) < 0. Since —\?/2 < —A% A2 < 0 and therefore (\, p) > 0, so in this case (), p) = 0.

Write A and p in coordinates as (1, T2, ..., 27, 29) € R4 and (y1,v2, ..., ¥r, yo) € Rb! respectively,
such that

i a2t —ai=(\ ) <0,
Yi+ys+ .. +yr—ys = (p,p) =0,
T1Y1 + Toy2 + ... + TrYr — Toyo = (A, p) = 0.

By the Cauchy—Schwarz inequality, we have
T 2 T T
2gys = (Z ziy) < D3> < adud,
j=1 j=1 j=1

from which it follows that A = ¢p € K’ for some ¢ € Q. Note that (v,C) < 0 for v € C. Since
(A\,C) <0 and p € C, we find ¢ > 0.

Write A = ¢p = Y A; with A\; € K’ and ()\;,C) < 0, and suppose that these \; contribute to
¢(A) in the product expansion of F' at U;. From (Aj,p) < 0 and Y (\;,p) = (cp, p) = 0 we obtain
()‘jv p) = 0.

If (A\j,Aj) <0, then a similar argument as before shows that A; is a positive rational multiple of
p. Otherwise, suppose (A;,Aj) > 0 for some j. Then F' vanishes on )\jl and the reflection oy, lies
in the Weyl group W. Since oy, maps C to a new Weyl chamber, it maps p to the corresponding
new Weyl vector, i.e. oy;(p) # p. It follows that ();, p) # 0, leading to a contradiction. Therefore,
every \; is a positive rational multiple of p and A\; € K’. If we choose a positive ¢ € Q such that
cp is a primitive vector in K’, then every )\; is a positive integral multiple of cp.

This gives us the following expression:

F(Z)=")_ det(o) e((o(p), 2)) | | (1 —e((o(nep), Z)))f(" c?p /2, nep)

oo
ceW n=1
oo

(10.1) = det(o)o (e((p, )11 (1 — e(nc(p, Z)))

f(n202p2/27ncp))
ceW n=1

=: Z det(o) U(AF((p, Z)))

oeW

The value of f(n2c?p?/2, ncp) depends only on the coset of ncp in K'/K, and

f(x,nep) = f(x, —ncp) = f(x,mep)

if (n+m)cp € K. Note that the function Ap above is often an eta quotient.

We will now work out the expressions of type (10.1) for the singular-weight reflective Borcherds
products constructed in the previous sections. Let g = ©;g;x, be one of the 81 semi-simple Lie
algebras with a hyperbolization. Let Wy be the corresponding singular-weight reflective Borcherds
product on 2U & Lgy. Using the notation of Theorem 2.8 and Theorem 4.1, the Weyl vector of ¥,
is a norm zero vector given by

(_C - 17 Py _O)
in the anti-symmetric cases, and by
(_07 Pg> _C)



in the symmetric cases, where pg is the normalized Weyl vector of g defined by
Pg = Z pi/kj,
J

where p; is the Weyl vector of the simple Lie algebra g;. The function Ap that appears in (10.1)
for W, can be described as follows.

(1) Let g be of anti-symmetric type. Then g corresponds to a Cog-conjugacy class denoted [g].
Let ku £0 kP be the cycle shape of g and define the associated eta quotient by

Hnlm’ n(t %lﬁ (1—-4¢")

Then
Av,((p, Z)) =ny((p, Z)).

Here the number ¢ in (10.1) is 1 if g has order equal to its level, and it is 2 otherwise.
(2) Let g be of symmetric type with C' = 1. Then g also corresponds to a Cop-conjugacy class
denoted [g]. The number ¢ in (10.1) is always 1, and

Ay, ((p 2)) = 14((p. 2)).

(3) Let g be of symmetric type with C' < 1. In this case, g does not correspond to any
Cog-conjugacy class. However, we obtain a similar expression for Ar as an eta quotient
associated to a (fake) cycle shape. More precisely,

A‘I’g ((P, Z)) = 779((ﬂ7 Z))7

where the (fake) cycle shapes of g are given in Table 3. The number ¢ in (10.1) equals 1/C,
which also appears in Table 3.

g| Aie | Alg | A1y | Az
c 8 4 2 3
g | 871162 | 47284 | 27448 | 37193

TABLE 3. The (fake) cycle shapes of the 4 exceptional semi-simple Lie algebras

11. THE CLASSIFICATION OF ANTI-SYMMETRIC ROOT SYSTEMS

In this section we prove Theorem 5.1 in the anti-symmetric cases.

Theorem 11.1. If 2U & L has an anti-symmetric reflective Borcherds product of singular weight
whose Jacobi form input has non-negative q°-term, then the associated semi-simple Lie algebra
g defined in Theorem 4.1 lies in Schellekens’ list of 69 semi-simple V1 structures of holomorphic
vertex operator algebras of central charge 24.
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11.1. The main argument. To explain the proof of Theorem 11.1, we begin by introducing a
useful concept.

Definition 11.2. An even positive definite lattice K is called a forbidden component if there is
no reflective Borcherds product of any weight on 2U @ K. By considering its symmetrization, we
find that K is forbidden if and only if there is no reflective Borcherds product of any weight that
is modular for the full orthogonal group O™ (2U @ K).

Let F = B(f) be the potential Borcherds product in Theorem 11.1. By [110, Lemma 3.3], for
any even overlattice L1 of L, there exists an anti-symmetric reflective Borcherds product of some
weight on 2U @ Lq. Moreover, if there is a decomposition

20 L1 =2U & Ly @ Ls,
then the quasi-pullback will yield an anti-symmetric reflective Borcherds product on 2U & L.

To rule out the existence of a singular, reflective, anti-symmetric Borcherds product on 2U & L,
it is therefore sufficient to find an overlattice L; of L that admits a direct sum decomposition
L1 =2 K ® Ly with a forbidden component K.

Argument 11.3. To exclude the 152 extraneous root systems, we use the bounds

Q;<L<Py
and the property that L(C') is integral to determine an even overlattice K = K; @ Ky of L that
contains a forbidden component K.

(a) In many cases, the upper bound Py is integral, and we can take K to be the maximal even
sublattice P{Y of Py or a certain even overlattice of P{".

(b) When Py is not integral, L is contained in a maximal even overlattice ) of the lower bound
Qg, and we usually find K as a suitable sublattice of Q.

We will use the following forbidden components:

Rank 2:

(1) 241(16);  (2) 2A41(18);  (3) 2A41(20); (4) A2(16); (5) A2(24);

Rank 3:

(6) A1 ®2A1(8); (7) 241(2) ® A1(5);  (8) A1(3) ©241(9);  (9) A1(3) ® A2(5);
(10) A1 & Az(6);  (11) A; & A2(8);  (12) A1(2) © A2(8);  (13) Ay & A2(12);
(14) A1(2) ® Ax(12);  (15) A5(24);

Rank 4:
(16) 2A1(6) @ Agy;  (17) A1(2) @ A3(3);  (18) Ay @ AL(16); e
0

(19) A1(7) @ Ly, where Lj is the rank three lattice with Gram matrix (% 10

: ) The lattice L,

=

is a maximal even overlattice of 3A4;(7) with discriminant 56.
Rank 5:
(20) 3A; ©24:(5);  (21) A1 ®241(2) ® Ax(4);  (22) A1(3) ® A2 ® Az(4);
(23) A1(3) @ Ag; (24) Ar(4) © Aq(2);
Rank 6:
25) 2A1(3) ® A2 ® A2(3);  (26) A2 @ As(2) ® Ax(4);  (27) A1 @ Az & A5(8);
) As @ A5(16);  (29) 24:(2) ® Ay;  (30) 241 @ Ay(2);
31) As(6) ® Da;
32) As @ Lo, where Ly is a maximal even overlattice of A4(3) (such that discr(Lsg) = 45);
33)

2L3 @ L3(2), where L3 is the rank two lattice with Gram matrix (2 });
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Rank 7:

(34) 24, & A5(8);

Rank 8:

(35) 4A2(3); (36) 245 @ Ay; (37) Al D Alg(S) @® Dy;

(38) 341 @ A1(4) © Dy; (39) 2A2(2) ® Dy; (40) Ay @ Dy
(41) 2D4(3);  (42) A1 @ A2(2) ® D5;  (43) A2(4) @ De;
(44)
(45)

A)(5) & Ly, where Ly is the maximal even sublattice of Z & Z3(5) of genus 225%;
20 1 -1
45) D4 Ls, where Ls is the rank four lattice with Gram matrix < ? _21 _61 _01> of genus 21_1252;
-1-10 6
Rank 9:

(46) 3A1 ®3Ay; (47) 2410 A1(3) ® A2 @ Dy;  (48) A1 ®3A1(2) @ Ds;

Rank 10:

(49) 2A1 ® 2A5 ® Dy; (50) 245 @ A2(2) @ Dy; (51) 2A2(2) @ Dg; (52) Ay & Dg;
(53) 341(2) ® D7; (54) A3 ® D7; (55) Az ® Dg(3);

(56) 342 @ L7, where L7 is the maximal even sublattice of Z? & Z?(3) in the genus 2% 3?;
Rank 11:

(57) 3A2® Ds;  (58) A1 @ A2(2) ® Eg;

2111111
1131001
(59) D4 Lg, where Lg is the rank seven lattice with Gram matrix 1 (1] (1) (2) 000 of genus 2%4%1;
1010140
1010104

Rank 12:
(60) Dg ® Eg; (61) 2As ® Dsg; (62) Ay @ Dg; (63) Ay @ Az @ Eg; (64) 3A1 ® Dg;
(65) The maximum even sublattice of Z @ 2A%(4) in the genus 247

Rank 13:

(66) 3A1 ® Ay @ Eg;

Rank 14:

(67) 242 @ A2(2) & Es;  (68) A2(2) @ Dy & Eg; (69) A1 @ D5 ® Es;  (70) Eg @ Es;
A5 0550

(71) Es® L, where L is the rank six lattice with Gram matrix | § 1 2 ¢ 9 9 | in the genus
EEREE

234

(72) The maximal even sublattice of Z8 @ 245(4);

Rank 16:

(73) A2(2) © Ds & Es;  (74) A1 © D7 & Es;

Rank 18:

(75) As 2D,y D FEg; (76) 2A1 ® Dg @ Eg; (77) Al D A1(2) ® 2Fg; (78) 24, (2) @ 2FE;.

The forbidden components above can be verified using the algorithm described at the end of

Section 2.4 except for the following three cases, which would have been prohibitively time-consuming
to check directly due to the large lattice discriminant.

Lemma 11.4. The lattice 4A5(3) is a forbidden component.

Proof. We use the overlattice

2U ® 4A45(3) = 2U(9) @ 442 < U @ U(9) @ Eg
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and can verify quickly that there are no reflective Borcherds products on U & U(9) & Eg. By
[110, Lemma 3.3], 2U @ 4A3(3) has no anti-symmetric reflective Borcherds product of any weight.
Suppose that 2U @& 4A45(3) has a symmetric reflective Borcherds product, and denote its input
as a vector-valued modular form by f. Since the components of its divisor must be of the form
vt for primitive vectors v € 2U @ 4A%5(1/3) with v2 = 2/3 or 2/9, the function n8f defines a
holomorphic vector-valued modular form of weight 0, so it is constant, i.e. an invariant of the
Weil representation paprgsa,(3)- This is impossible because the constant coefficient ¢(0,0) of f and

1/3

therefore the coefficient of ¢'/3eq of n®f is nonzero, which proves the lemma. O

Lemma 11.5. The lattice Ly ® A)(5) is a forbidden component.
Proof. There is a positive definite even lattice K of rank 4 such that

2U & Ly AY(5) 2 U @ U(10) & K & A)(5).
It follows from the bound of [23, Lemma 4.5 and Table 2] with N = 10 that there is no reflective
Borcherds product on 2U & Ly & A)(5). O
Lemma 11.6. The lattice Ay & Dg(3) is a forbidden component.

Proof. Use the isometry
2U & Ay @ Dg(3) XU @ U(6) & 242 & Eg(3).

By [23, Lemma 4.5 and Table 2] with N = 6, there is no reflective Borcherds product of any weight
on 2U @ Ay @Dg(?)) O

11.2. Excluding the extraneous root systems. In this subsection we rule out the 152 extrane-
ous anti-symmetric root systems using Argument 11.3 and the 78 forbidden components that were
listed above.

11.2.1. Rank 4. There are 3 extraneous root systems of rank 4:
(1) D4’361 C = 1/6, Pg = D4(18) Here,

L < Dy(18) < Ay(6) ® A3(12) < A1(3) @ A1(9) & A3(6) < A, & A1(3) @ Ay(6)

using the overlattices D4(3) < Ag & A3(2), Ax(4) < A1 & A1(3) and A1(9) < A;. This
overlattice of L contains the forbidden component A; & Az(6) labelled (10).

(2) G940 C = 1/6, L = 2A5(24). This lattice contains the forbidden component Ay(24)
labelled (5).

(3) B4,142 C = 1/2, Pg = 4A1(7) Then

L <4A:(7) < A1(7) ® Ly,
where L; is a certain maximal even overlattice of 341(7). This is the forbidden component

of rank 4 labelled (19).

11.2.2. Rank 5. There are 6 extraneous root systems of rank 5.
(4) A148A272G296: C = 1/24, Py = A1(12) @ A2(24) @ A2(96). This lattice contains the
forbidden component Ay (24) labelled (5).
(5) A379632772: C= 1/24, Pg = Ag(gﬁ) @ 24, (36) Then

L < AL(96) @ 241 (36) < A1(12) @ 241 (24) ® 241 (36) < A1(3) ® 241(9) @ 24, (24)

using the rules A5(8) < A1®2A;(2) and A;(4) < A;. This overlattice contains the forbidden
component Ap(3) ® 2A41(9) that we labelled (8).
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(6) A1716BQ724G2732: C = 1/8, Pg = A1(4) ) 2A1(12) @ A2(32). Then
L < A1(4) ® 2A1(12) D A2(32) <A1 P 2A1(12) S¥ A2(8)

using the rules 4;(4) < A; and Aa(4) < Ag. This overlattice contains forbidden component
(11), ie. A1 @ A2(8)
(7) A% 16C3,32: C =1/8, Py =2A,(4) ® A5(64). Then

L < 2A;(4) @ A5(64) < 2A1(4) @ A1(8) ® 2A44(16)

using the overlattice A%(8) < A; @ 2A;(2). This contains forbidden component (1), i.e.
24, (16).
(8) Af 6B3uao: C =1/8, Py =2A4,(4) & 3A41(20). Then

This overlattice contains forbidden component (3), i.e. 241(20).
(9) A1716A47401 C = 1/8, Pg = A1(4) D A/4(40) Then

using the overlattice A)(5) < A4 and A4(4) < A4. This case is ruled out because the
overlattice contains forbidden component (24), i.e. A1(4) & A4(2).

11.2.3. Rank 6. There are 22 extraneous root systems of rank 6.
(10) Af5,Gous: C =1/12, Py = 4A;(6) ® A2(48). Then
L <44, (6) D A2(48) < 4A4 (6) P A,

using the overlattices A2(4) < Az and A2(3) < As. This case can be excluded because the
overlattice contains forbidden component (16), i.e. 24;(6) & As.
(11) Af44B3 55 C =1/12, Py = 2A,(6) © 4A;(18). Then

This overlattice contains forbidden component (2), i.e. 241(18).
(12) A3 36Bass: C =1/12, Py = 245(12) & 24, (18). Then

L < 2A5(12) & 24 (18).

This overlattice contains forbidden component (2), i.e. 24;(18).
(13) A1724A2736A3,481 C = 1/12, Pg = A1(6) D A2(12) D Ag(48) Then

L < A1(6) ® Ax(12) @ AL(48) < 4A41(6) ® A(12) < 441(6) ® Aa,

using the overlattices A5(8) < 3A4;, A2(4) < Az and As(3) < Ag. This overlattice contains
forbidden component (16), i.e. 24;(6) @ As.
(14) A%712A2718G27242 C = 1/6, Pg =24, (3) D A2(6) D A2(24) Then

L <2A1(3) @ A2(6) © Aa(24).

This overlattice contains forbidden component (5), i.e. A(24).
(15) A1712A3724B2718: C = 1/6, Pg = A (3) D Ag(24) D 2A1(9) Then

L < A1(3) @ A§(24) @ 241 (9).

This overlattice contains the forbidden component (8), i.e. A1(3) ® 241(9).
(16) A218B3 15 C =1/6, Py = Ay(6) ®© 4A1(9). Then

This overlattice contains forbidden component (10), i.e. Ay & Ay(6).
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(17) A3 gCs16: C =1/4, Py =34A1(2) ® A5(32). Then
L < 3A41(2) @ A5(32) < 3A1(2) © A1(4) ©2A41(8) < A; ©3A1(2) @ 24,(8)

using A5(8) < A; @ 2A;(2). This overlattice contains forbidden component (6), i.e. A; &
241(8).
(18) A%78BQ’12G2716: C= 1/4, Pg =2A; (2) @ 24, (6) D A2(16). Then

L < 2A1 (2) ) 2A1 (6) D A2(16).

This overlattice contains forbidden component (4), i.e. A3(16).
(19) AfgBsgp: C =1/4, Py = 341(2) ® 3A,(10). Then

L <3A:(2)®3A:(10) < 34:(2) & 2A:(5) & A;(10)

using 24;(2) < 2A;. This overlattice contains forbidden component (7), i.e. 24;(2)® A1 (5).

(20) A3 14 C =1/4, Py = 245(16). Then
L < 245(16) < Az & A5(16)

using the rule A5(16) < As. The overlattice Az & A5(16) is forbidden component (28).

(21) A% gAup: C =1/4, Py =24,(2) ® A}(20). Then
L <2A1(2) ® A}(20) < 2A1(2) @ Ag(4) < 2A1(2) ® Ay

using the rule 4/(5) < Ay. The overlattice 24;(2) & A4 is forbidden component (29).

(22) A315Ga16: C = 1/4, Py = 2A5(4) & A»(16). Then
L < 2A5(4) ® A2(16).

This overlattice contains forbidden component (4), i.e. A3(16).

(23) B3 15: C =1/4, Py = 6A4,(6). Then
L <6A1(6) <3A1(6)® A1(2) ® A,

using the rule 34;(6) < A;1(2) & Ay. This overlattice contains forbidden component (16),
i.e. 2A1(6) @ As.
(24) A9 9B29Ga12: C =1/3, Py = A(3) ® Z*(9) @ A2(12). Since L is an even sublattice of Py,

L < A5(3) ©2A41(9) © A2(12) < A1(3) © 3A:1(9) ® A2(3)
using Ao(4) < A1 & A1(3). This overlattice contains forbidden component (8), i.e. 41(3) ®
g Az(4) <A1 @ Ay(3). Th 1 forbidd p (8), ie. A1(3)

241(9).
(25) A16A429C512: C =1/3, Py =7Z(3) ® A2(3) ® A%4(24). Since L is an even sublattice of Py,

This overlattice contains forbidden component (15), i.e. A5(24).
(26) A279A47152 C = 1/3, Pg = A2(3) D A2(15) Then

L < A2(3) D A2(15) <Ay &P A4(3) < Ay & Lo,

where Lo is a maximal overlattice of A4(3), using A2(3) < Ay and A4(5) < A4. This
overlattice contains forbidden component (32), i.e. As @ Lo.

(27) A1 6A29B315: C = 1/3, Py = Z(3) & Aa(3) & Z3(15). The maximal even sublattice of
Z(3) ® Z3(15) is an index two sublattice in Aj(15), and it is contained in A4(3). Since L is
even, we have

L < As(3) ® As(3) < Ay @ Lo
as in the previous case. This overlattice is forbidden component (32).
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(28) A;16A4312G212: C =1/3, Py =7(3) ® A5(12) & A2(12). Using the rule A5(4) < Z @ 24y,
P, < Ay(12) @ Z*(3) @ 24,(3).
Since L is an even sublattice of Py, we have
L <44:1(3) & A2(12) < A1(3) @ A1 & A2(2) & A2(12)

using 34;(3) < A; @ A2(2). This overlattice contains forbidden component (13), i.e. A; @
As(12).
(29) A26G3g: C =1/2, Py = A3(2) ®245(8). Then

L < As(2) @ 245(8) < A1(2) @& A1(6) © Ax(2) @ As(8)

using Ay (4) < A1 @ A1(3). This overlattice contains forbidden component (12), i.e. A1(2)®
As(8).
(30) A37833710: C = 1/2, Pg = Alg(S) D 3141(5) Then

L < AL(8) @ 3A41(5) < Ay ® 241(2) @ 3A,(5)

using A%5(8) < A;®2A;(2). This overlattice contains forbidden component (7), i.e. 24;(2)®
Aq(5).
(31) A3,8C3,8: C= 1/2, Pg = Aé(S) O] Alg(16) Then

L < A5(8) & A5(16) < Ay & 24,(2) & A5(16)
using the rule A5(8) < A; @ 2A;(2). This overlattice contains forbidden component (18),
ie. Ay @ AL(16).
11.2.4. Rank 7. There are 5 extraneous root systems of rank 7.
(32) Af jgA43 750 C =1/24, Py =3A;(12) ® 245(24). Then
L < 3A:1(12) & 2A2(24).

This overlattice contains forbidden component (5), i.e. A(24).
(33) A} jgBar2: C =1/24, Py =5A;(12) @ 24,(36). Then

L <5A:(12) ®2A4,(36) < 5A1(3) ® 241(9),

using A;(4N) < A;(N). This overlattice contains forbidden component (8), i.e. A;(3) ®
241(9).
(34) A11643 5,0 C=1/8, Py = A1(4) ®345(8). Then

L < A1(4) D 3A2(8) <A1 D 3A2(8)

This overlattice contains forbidden component (11), i.e. Ay & Ay(8).
(35) A%716A2724B27242 C = 1/8, Pg =34, (4) D A2(8) D 2A1(12) Then

L < 3A1(4) D AQ(S) D 2A1(12) <341 ® 2A1(12) ) A2(8)

This overlattice contains forbidden component (11), i.e. A; @ Aa(8).
(36) Af 643320 C=1/8, Py =4A4,(4) ® A5(32). Then

L < 4A,(4) @ A4(32) < 5A1(4) ®241(8) < 5A; ® 2A,(8)

using A5(8) < A1 ®2A;(2) and A;(4) < A;. This overlattice contains forbidden component
(6), ie. A1 @24, (8)
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11.2.5. Rank 8. There are 38 extraneous root systems of rank 8.
(37) Af51A236: C =1/12, Py = 6A;(6) @ A3(12). Then
L <6A:(6) ® A3(12) < 6A1(6) ® A

using Ay (4) < Ay and A3(3) < A,. This overlattice contains forbidden component (16), i.e.
(38) AS 19Bo1s: C=1/6, Py =6A1(3) ®2A1(9). Then
L <6A1(3) ®2A1(9).

This overlattice contains forbidden component (8), i.e. A1(3) ® 24:(9).
(39) Af 543 15 C=1/6, Py =4A;(3) @ 245(6). By the rule 44;(3) < 44; we obtain

L < 4A1(3) D 2A2(6) < 4A1 D 2A2(6)

This overlattice contains forbidden component (10), i.e. A; @ A3(6).

(40) ATgA3 50 C =1/4, Py =24,(2) ®345(4). Then
L <24 (2) @ 3As (4) < 2A1(2) D A, (4) O Ay DAL DAy (3)

using As(4) < Ay @ A1(3) < Ay. This overlattice contains forbidden component (22), i.e.

A1(3) © Ay @ Az(4).
(41) A}gAz 160 C =1/4, Py =5A4,(2) & A5(16). Then

L < 5A1(2) ® A5(16) < 3A1(2) @ 24, & A5(16)

using 24 (2) < 2A;. This overlattice contains forbidden component (18), i.e. A; & A5(16).

(42) A%78A271232712: C = 1/4, Pg =44 (2) D A2(4) D 2A1(6). Then
L <44 (2) ® A2(4) @ 24, (6) <241 ® 24, (2) ® A2(4) P 241 (6)

using 2A41(2) < 2A;. This overlatice contains forbidden component (21), i.e. A; ®2A4;(2) &

Aa(4).
(43) A%FGC);Q’IQ: C =1/3, Py =7Z5(3) & A2(12). Since L is an even sublattice of Py, we have

L < D6(3) D A2(12) <241 B 245 @ As(12)

using Dg(3) < 2A; & 2A,. This overlattice contains forbidden component (13), i.e. A; &

As(12).

(44) A%((;A%79B279: C = 1/3, Py = Z*(3) ® 2A2(3) & Z*(9). The maximal even sublattice of
Z*(3) @ Z*(9) is the rescaling by 3 of a lattice in the genus 2532, and it is contained in
2A45(3). Therefore, L < 4A2(3). This case is excluded because it is forbidden component

35).
(45) 54‘117()53%79: C =1/3, Py = Z*(3) ® Z*(9). The maximal even sublattice of Py(1/3) is
245(3) © My(3),
where M, is a maximal even overlattice of Z? & Z2(3) (such that My has discriminant 36)
with My < 2A5. Therefore we have

L < 2A2(3) D M4(3) < 4A2(3).

This overlattice is forbidden component (35).
(46) Af gA29A310: C =1/3, Py = Z*(3) ® Aa(3) & A5(12). Using the rule A5(4) < Z & 241,

P, < A2(3) @ 24:(3) @ Z*(3).
Since L is an even sublattice of Py, we have
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using D4(3) < A2® A2(2). This overlattice contains forbidden component (25), i.e. 24;(3)®
As ® Aa(3).
(47) A3g: C =1/3, Py =4A5(3). Then

L < 4A2(3).

This overlattice is the forbidden component (35).
(48) A? A35: C =1/2, Py =2A; & 2A45(8). Then

using A%(8) < 34; and 44; < D,4. This overlattice is the forbidden component (37).
(49) Af jAs10: C =1/2, Py = 44, & A)(10). Using A}(5) < A4 we have

L <4A1 @ Aﬁl(l()) < 4A1 & A4(2)

This overlattice contains forbidden component (30), i.e. 2A4; @ A4(2).
(50) A174A276A37832762 C = 1/2, Pg =A B A2(2) @ Ag(8) D 2A1(3). Then

L <A@ Ay(2) @ A5(8) ®2A1(3) < A5(8) @ Ay @ 34,

using A;1(3) @ A2(2) < 34; and A; & A;1(3) < Az. This overlattice contains forbidden
component (27), i.e. Ay & Az & A5(8).
(51) A} 4Bsio: C =1/2, Py =5A; & 3A1(5). Then

L <5A1 34, (5)

This overlattice contains forbidden component (20), i.e. 341 @ 24 (5).
(52) A34B3g: C =1/2, Py =2A5(2) ®4A;(3). Then

L< 2A2(2) D 4A1(3) < 2A2(2) ® Dy

using the rule 44;(3) < D4. This overlattice is forbidden component (39).
(53) A? jA35Gas: C =1/2, Py = 24; & 245(2) & Ay(8). Then

L <2419 2A2(2) D A2(8)

This overlattice contains forbidden component (11), i.e. A; & Ay(8).
(54) A%74BQ,6G2’8: C = 1/2, Pg =4A, % 2A1(3) D A2(8) Then

L <4A; ®2A4,(3) @ Ay(8).

This overlattice contains forbidden component (11), i.e. A; & Ay(8).
(55) A} ;C3g: C =1/2, Py =5A; @ A5(16). Then

L < 5A; ® A5(16).

This overlattice contains forbidden component (28), i.e. Ay ® A%5(16).
(56) A}, Bjg: C =1/2, Py =2A; ®64,(3). Then

L <2A ®64; (3) < 4A1 2A2(2) <Dy 2A2(2)
using 341(3) < A; ® As(2) and 4A; < Dy4. This overlattice is forbidden component (39).
(57) A13G34: C =2/3, L = K & 2A5(6) with 44;(3) < K < Z*(3/2). Then
74 (4) < K(2/3) < Z*.

Since K (2/3) is integral and K = K(2/3)(3/2) is even, K(2/3) is the 2-scaling of an even
lattice. Therefore, K (2/3) < D4(2). Using the overlattice D4(3) < D4 we then have

L < 2A2(6) D D4(3) < 2A2(6) @ Dy

This overlattice contains forbidden component (31), i.e. A9(6) @ Dy.
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(58) Af3Da9: C = 2/3, Py = Z'(3/2) ® D4(9/2) and Qg = 4A4,(3) ® D4(9). Then L(2/3) is
integral and
4A1(2) ® D4(6) < L(2/3) < Z* @ D4(3).
We see from L = L(2/3)(3/2) that L(2/3) is the 2-scaling of an even lattice. Therefore,
L(1/3) is an even lattice bounded by

4A1 ® D4(3) < L(1/3) < D4(1/2) @ D4(3/2) = D) & Dj(3).
It follows that L(1/3) < D4 & D4(3). Then
L < Dy(3) ® D4(9) < Az(3) @ Az(6) & Dy,
using D4(3) < Ay @ A3(2) < D4. This overlattice contains forbidden component (31), i.e.

Ay(6) @ Dy.
(59) A1 2A445C34: C =1, Py =7Z& Ay(5) ® A5(8). Since L is an even sublattice of Py,
L < A1(2) D Aﬁl(5) D Ag(S) <A1 D 3A1(2) P Ay,
where used A)(5) < Ay and A5(8) < A; @ 2A4,(2). This overlattice contains forbidden
component (29), i.e. 24;(2) @ Ay.
(60) Af,Ba7: C =1, Py = 7" ®Z*(7). Since L is even, it is contained in the maximal even
sublattice of Pyg:
L < 3Ls @ L3(2)

where Lj is Z? with Gram matrix (7). This overlattice contains forbidden component

(33), i.e. 2L3 @ L3(2)
61) B2.Dsq: C = 1, P, = Z*3) @ D4(3). Since L is an even sublattice of P, we have
2,34, g g
L < 2Dy(3). This overlattice is forbidden component (41).
(62) Ay 2B23B35Gay: C=1,Py=7Z&7Z3) ®Z3(5) ® Az(4). Since L is even, it is contained
in the maximal even sublattice
Q® Ay(4) ® Az(5)
of Py, where @ has genus [22]63!5~! and discriminant 60. Therefore,
L<Q&A(4) ® A2(5) < Q& A1 & A1(3) © A2(5)
using As(4) < A1 @ A1(3). This overlattice contains forbidden component (9), i.e. A1(3) ®
Ay(5).
(63) Aj2As5Bs5: C =1, Py =7 Aj(5) & Z3(5). Let Ly denote the maximal even sublattice
of Z @® Z3(5). The overlattice Ly @ Al(5) of L is forbidden component (44).
(64) A3 ,B35: C =1, Py =7Z?®Z5(5). The maximal even sublattice of Py is Ly @ A)(5), which
is forbidden component (44) and is an even overlattice of L.
(65) A12B23C34Ga4: C =1, Py =7®Z*(3) d A5(8) & As(4). Since L is even, it is contained
in the maximal even sublattice
L <Qa Ay(4) @ A3(8)
of Py, where () has genus [4']732. Then
L<A&® 2A1(2) S¥) A2(4) oQR
using the rule A%(8) < A; @ 2A,(2). This overlattice contains forbidden component (21),
ie. A1 24, (2) S¥ A2(4).
(66) AT,G3,: C =1, Py =17 ®3A(4). Since L is an even sublattice of Py, we have

L <2410 3A2(4) <341 D A1(3) DA D A2(4)

using As(4) < Ay @ A1(3) < Ay. This overlattice contains forbidden component (22), i.e.
A1(3) B A2 & As(4).
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(67) A?,C3,: C =1, Py =Z? @ 2A5(8). The maximal even sublattice of Py is 24; @ 245(8).
Then
L <2410 2Ag(8) < Ag(S) @ HA; < Ag(8) ® Dy DA
using A5(8) < 34; and 44; < Dy4. The overlattice Ay ® A5(8) @ Dy is forbidden component
(37).
(68) A%7233,5C’3,4: C =1, P, =7®Z5) ® A4(8). Since L is even, it is contained in the
maximal even sublattice A5(8) & @ of Py, where @ has genus [41];5%. Then
L < A1(2) D Alg(8) DA <AL D 3A1(2) @ Ay
using @@ < A;(2) @ Ag and A5(8) < A; @ 2A;(2). This overlattice contains forbidden

component (29), i.e. 24;(2) & A4.
(69) B§’3G%74: C =1,P, =7Z3) ®245(4). Since L is an even sublattice of Py, we have

L < D4(3) @ 2As (4) <Dy 2A2(2)
using 242(2) < 245 and Dy4(3) < Dy4. The overlattice Dy @ 2A5(2) is forbidden component
(39).
(70) Ay5B23Gaas: C =1, Py = A\ (5) ®Z*(3) ® Az(4). Since L is an even sublattice of Py and
Al (5) < Ay we have
L < AY(5) ®2A1(3) @ Az(4) < Ay @ 24,(3) ® As(4).

This overlattice contains forbidden component (23), i.e. A1(3) ® Ay4.
(71) A ,Cus: C =1, Py =7"® Dy(5). Since L is even,

L < D4@D4(5) < D4 Ls,

where Ls is an even overlattice of Dy(5) of genus 21_1252. This overlattice is forbidden

component (45).
(72) A%72D4,6G2,4: C=1,Py, =7 Dy(3) ® Az(4). Since L is even,

L <2A; ® Dy(3) ® Az(4) < 2A1 ® Aa @ Az(2) ® Ay(4)

using D4(3) < Ay @ A2(2). This overlattice contains forbidden component (26), i.e. A @
45(2) & Ao(4).
(73) C33G23: C =4/3, L = Ay(3) ® K with 64,(3) < K < 245(6). Then

641 < K(1/3) < 245(2).

Since K is even and K (4/3) is integral, K (1/3) is even. It follows that K(1/3) = 6A4;, and
thus

L <Ay(3)®641(3) < A2(3) @ A1 @ A2(2) ®341(3) < A2(2) ® 2A41(3) ® Ay ® As(3)

using 34;(3) < A1 @ A(2) and A; & A1(3) < A,. This overlattice contains forbidden
component (25), i.e. 241(3) & A2 & As(3).
(74) G%,?f C =4/3, L =4A5(3) is forbidden component (35).

11.2.6. Rank 9. There is only 1 extraneous root system of rank 9.

(75) A 161 C =1/8, Py = 9A,(4). Then
L < 9A1(4) < 4A1 B A1(4) @ Dy.

This overlattice contains forbidden component (38), i.e. 341 ® A1(4) ® Dj.
57



11.2.7. Rank 10. There are 24 extraneous root systems of rank 10.
(76) A1%: C =1/4, Py =104;(2). Then
L <104, (2) < 3A1(2) @® Dr.

This overlattice is forbidden component (53).
(77) Af gAz9: C =1/3, Py =1Z5(3) ® Ax(3). Since L is even, we have

L < Dg(3) ® A2(3) < Dg(3) @ As.
The overlattice Dg(3) @ Aj is forbidden component (55).
(78) Al 4A34: C =1/2, Py =44, ®345(2). Using 44; < D, we obtain
L < 441 @ 345(2) < 342(2) & Dy
This overlattice contains forbidden component (39), i.e. 242(2) @ Dy.
(79) A] JAss: C =1/2, Py =TA; & A5(8). Then
L <TA; & A5(8) < 341 & Dy & A5(8).
This overlattice contains forbidden component (37), i.e. Ay & A5(8) & Djy.
(80) A, As6Bag: C =1/2, Py =641 @& Az(2) ©2A4,(3). Then
L <6A; ® Ay(2) 2A1(3) < Dy 245 @ As(2)
using the rules 44; < Dy and A; @ A1(3) < Az. The overlattice Dy @ 242 & As(2) is
forbidden component (50).
(81) A34Baa: C =3/4, Py =4A5(4) ®24,(2), Qg = 4A42(4) ® 24,(4). Then
241 @ 4Ay < L(1/4) < 72 @ 4AY,.
Since L(3/4) is integral and L is even, L(1/4) is integral. It follows that L(1/4) < Z?® F,
and therefore that L < 24;(2) ® Eg(4). Note that
2U ©2A4,(2) @ Eg(4) 22U & 104,(2)
and
1041(2) < 4A1(2) ®6A; < 4A1(2)® Dy ®2A1 < 3A1(2) ® D5 @ 24,4

using 24;(2) < 2A; and 44; < D4 and Dy @ A1(2) < Ds. This overlattice contains
forbidden component (48), i.e. A; & 341(2) & Ds.

(82) A172A%’73B375: C=1,Py,=Z®3A,Z3(5). Since L is even, it is contained in the maximal
even sublattice @@ of Py, where @ is an index two sublattice of A4 in the genus 212153.
Therefore we have

L<Q®3A; < Ay P 3As.
This overlattice contains forbidden component (36), i.e. 245 & Ay.
83) A3 ,A93B23C34: C =1, P, =73® Ay ® Z?(3) ® A4(8). The maximal even sublattice of
12412302303, g 3
73 @ 7%(3) is A1(2) & 2As. Since L is an even sublattice of Py, we have
L < A1(2) ® 345 ® A5(8).
This overlattice contains forbidden component (34), i.e. 245 ® A%(8).
(84) A172A374B§73: C = 1, we have
P, =7 Ay(4) @ Z°(3) < Z* © 24, © 24,

using the rules A5(4) < Z&2A; and 73(3) < Z.® As. Therefore, L < Dy ®2A; ®2As. The
overlattice Dy @ 2A; @ 2A, is forbidden component (49).
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(85) A,A23G3,: C=1,Py=7"® Ay ® 2A5(4). Since L is even, we have
L<Ds® AP 2A2(4) <Ay P 2A2(2) @ Dy

using 2A42(2) < 2A4,. This overlattice contains forbidden component (39), i.e. 245(2) & Djy.
(86) Af,A23B33Goy: C =1, Py = 7> @ Ay ® Z*(3) ® Az(4). The maximal even sublattice of
P, is 24,(3) @ 342 @ Az(4), and it is an even overlattice of L. This overlattice contains
forbidden component (22), i.e. A1(3) ® Az @ Az(4).
(87) A3 3A45: C =1, Py =3Ay® A(5). Then
L <34, @ Aﬁl(5) < 345 @ As.
This overlattice contains forbidden component (36), i.e. 242 & Ay.
(88) A%72A273A4,5B273: C=1 Py = 72 @ Ay @ A (5) © Z*(3). The maximal even sublattice of
P, decomposes as Q & Ay & Aj(5), where @ has genus 2%3%. Since L is even, we have
L < Q@AQ@AQ(5) < 3Ay @ Ay,

using @ < 245 and A)(5) < A4. This overlattice contains forbidden component (36), i.e.
245 B Ay.
(89) A172A§’730374: C=1Py=7Z&3A & A4(8). Since L is even,

L < Ay(2) @ 345 & A4(8).

This overlattice contains forbidden component (34), i.e. A5(8) @ 2As.
(90) A33B23Goy: C =1, Py =234y ®Z*(3) ® Aa(4). Since L is even, we have

L <2A,(3) ®3A4; & Ax(4).

This overlattice contains forbidden component (22), i.e. A1(3) @ Az @ As(4).
(91) A‘1172A273D476: C=1,P,=7Z"® Ay ® D3. Since L is even and D4(3) < Az @® A3(2) we have

L <Ay ® Dy EBD4(3) < 245 @A2(2) @ Dy

The overlattice 242 & A2(2) @ Dy is forbidden component (50).
(92) A1,A34C34: C =1, Py = Z' @ A5(4) @ Aj(8). The maximal even sublattice of Py is
241(2) ® D5 ® A%(8). Since L is even,
L < 2A1(2) @® D5 @ Aé(8) <A1 4A1(2) @ Ds

using the rule A5(8) < A; @ 2A;(2). This overlattice contains forbidden component (48),
ie. A1 ®3A; (2) @ Ds.
(93) A?72A374A4752 C = 1, we have
P, =7 ® A5(4) © Ay(5) < Z* @ 24; @ A}(5)
using A%(4) < Z & 2A;. Since L is even,
L<Dy®2A, @ AZL(5) < Dy®2A; & Ay
This overlattice contains forbidden component (40), i.e. Ay & Djy.
(94) A23A34Baz: C =1, Py = Ay ® 245(4) @ Z*(3). The maximal even sublattice of Py
decomposes as A1 (2)® A3(3)®Q, where @ has genus [4%]5. The overlattice A;(2)® A3(3)BQ

of L contains forbidden component (17), i.e. A1(2) & A3(3).
(95) A27gB§’3: C=1,Py;= Ay ®7Z53). Since L is even, we have

L < A2 D D8(3).

This overlattice is forbidden component (55).
59



(96) Af,A34B3s: C =1, Py = Z' @ A3(4) © Z?(5). The maximal even sublattice of Py splits
as Ay @ Q, where Q is a sublattice of Dg with genus [22]425% and discriminant 1600. Then
L<AL®Q < Ay & Dg.
The overlattice A4 & Dg is forbidden component (52).

(97) A172A§73A3,4G274: C=1Py=Z324; @ A5(4) ® Az(4). The maximal even sublattice of
Py is 245 @ Ax(4) @ D4(2). Therefore,

L <2456 A2(4) D D4(2) < 4A1 & 3A,,

using A2(4) < Az and D4(2) < 4A;. This overlattice contains forbidden component (46),
i.e. 341 & 3A,.
(98) A?72A273B27333,5: C=1,Py=27® Ay ®Z*3) & Z3(5). The maximal even sublattice of
P, splits as 243 © Q where @ has genus 2%13_153 . Therefore,
L<2A2€BQ<3A2€BA4
since Q < As @ Ay. This overlattice contains forbidden component (36), i.e. 245 @& Ay.

(99) A?72A374B273G2,4: C=1,P,=7® Ay(4) & Z*3) & A2(4). The maximal even sublattice
of Py is Ay @ 2A5(4) @ Dy. Therefore,

L < As @2142(4) ® Dy <244 @2141(3) ® Ay ® Dy

using As(4) < Ay @ A1(3). This overlattice contains forbidden component (47), i.e. 241 ®
A1(3) ® As D Dy.

11.2.8. Rank 12. There are 21 extraneous root systems of rank 12.
(100) A?72A%73G274: C=1,Py;=75®2A5 & Ay(4). Since L is even,

L < 2A2 &) A2(4) (&) DG'

This overlattice contains forbidden component (43), i.e. As(4) @ Dg.
(101) AY,Bss: C =1, Py = Z? @ Z3(5). The maximal even sublattice of Py is A)(5) & Ds.
Therefore,
L < Aﬁl(5) ® Dg < Ay @ Dsg.
The overlattice Ay & Dg is forbidden component (62).
(102) A?72A%’73A3,4: C=1,Py,=7%® 345 ® A5(4). The maximal even sublattice of Py splits as
Q @ 345, where @ is an index two sublattice of 241 & D4 in the genus 2%42. Therefore,

L<Q®34A5 <2A1 B 345D Dy.

This overlattice contains forbidden component (49), i.e. 241 @ 2A5 ® Dy.

(103) A‘;’72A273A3,4B273: C =1, P, =75 Ay & A4(4) ® Z*(3). The maximal even sublattice of
P, is 245 @ Ay(4) @ Dg. This is an even overlattice of L containing forbidden component
(43), i.e. A2(4) D Dﬁ.

104) A% ,By3Goy: C =1, P, = 78 ® Z%(3) @ Ay(4). The maximal even sublattice of P, is
1,22, ) g g
249 ® Az(4) ® Dg. This is an even overlattice of L containing forbidden component (43),
i.e. A2 (4) @ D6.
105) A$,A2%2,: C =1, P, = Z5 @ 24%(4). The maximal even sublattice of P, is a sublattice of
1,2413 4 g 3 g
Ay ® Dy ® Lg, where Lg is a rank seven lattice in the genus 2%4%1. Therefore,

L<A1€BD4@L6.

This overlattice contains forbidden component (59), i.e. Lg @ Dy.
60



(106) A%72A‘2173B273: C =1,P, = Z*®4A>®Z>*(3). The maximal even sublattice of Py is 445® L7,
where L7 has genus 2%132. The overlattice 4As @ L7 of L contains forbidden component (56),
1.e. 3A2 &) L7.
(107) A§72A475: C =1, P, =78 A)(5). The maximal even sublattice of P is A}(5) & Ds.
Therefore,
L< Aﬁl(5) @ Dg < Ay & Dg.

The overlattice A4 & Dg is forbidden component (62).

(108) A1,A43,B55: C =1, Py = Z' @ 24y @ Z*(3). The maximal even sublattice of Py is
4As @ L7, where L; has genus 212132 as before. The overlattice 445 @ L7 of L contains
forbidden component (56), i.e. 342 @& Lr.

(109) A7 ,C34: C =1, Py =7Z° & A4(8). Since L is even,

L < Ag(S) D Dg < 3A1 D Dg,

using the rule A%5(8) < 3A;. The overlattice Dg ® 3A4; is forbidden component (64).

(110) AS,B35: C =1, Py = Z° ® Z°(3). The maximal even sublattice of Py is 443 ® Ly, where
L7 is the maximal even sublattice of Z? @ Z?(3) as before. The overlattice 445 @ L7 of L
contains forbidden component (56), i.e. 342 & Ly.

(111) A3,G35: C =2, L = 345(2) ® K with 243(2) < K < 245(2). Then K < Z*(1/2) & Z*.
Thus K < Z5 and further K < Dg. Therefore, L < 3A5(2) @ Dg. This overlattice contains
forbidden component (51), i.e. 242(2) & Dg.

(112) A?71C372D473G2722 C=2 L= A2(2) @ K with

341 ©341(2) © Dy(3) < K < Z%(1/2) @ A4(4) @ D)(3).

Then K is contained in a maximal even overlattice of 341 @ 341 (2) ® D4(3) in the genus of
A1®A1(2)® Es. Therefore, L is contained in a lattice in the genus of A;®A;1(2)® A2(2)B Es
which contains forbidden component (58), i.e. A; & A2(2) & Es.

(113) A3 C32G3,: C =2, L =3A45(2) & K with

341 ©34:(2) < K < Z%(1/2) © A4(4).

Then K is contained in a maximal even overlattice of 341 ®3A4;(2) in the genus of A1 @ Ds.
Therefore, L is contained in a lattice in the genus of A; @ D5 @ 3A2(2) which contains
forbidden component (42), i.e. Ay ® A(2) ® Ds.

(114) Ai{’,lc??g: C=2,Qy=3A1®94:(2). Then L is contained in a maximal even overlattice of
3A;1 ®9A1(2) in the genus of A1 @ A3z @ Eg which is forbidden component (63).

(115) A3,D43Ga9: C =2, L = Ay(2) & K with 243(2) @ D4(3) < K. Then K is contained in
a maximal even overlattice of 243(2) @ D4(3) in the genus of 24; @ Eg. Therefore, L is
contained in a lattice in the genus of 24; @ A(2) @ Eg which contains forbidden component
(58), i.e. Al ® A2(2) @ Eg.

(116) A3,C3,: C =2,

243(2) @ 641(2) < L < 245(2) @ 245(4).
We see from the upper bound that L < Z?(1/2) ®Z* ®2A%(4). Therefore, L < Z°®2A45(4).
The maximal even sublattice of Z5 @ 24%(4) is forbidden component (65).
(117) A3 A53G3,: C =2, L = 245(2) @ K with
3A1 & A5(3) < K.
Then K is contained in a maximal even overlattice of 34; @ A5(3) in the genus of 245 @ Dy.
Therefore, L is contained in a lattice in the genus of 245 & Dy @ 2A45(2) which contains

forbidden component (39), i.e. 242(2) @ Dy.
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(118) A, A39D54: C =2, Qq = 4A; ® A3(2) ® D5(4) < L. Then L is contained in a maximal
even overlattice of 441 @ A3(2) @ D5(4) in the genus of A1 © A3 @ Eg which is forbidden
component (63).

(119) A3 DypFy3: C =3, L = Dy(3) ® K with

245 ® Dy(2) < K < 2A5 ® Dy.
Thus K < 243 @ Dy. Using the rule D4(3) < Ay @ A2(2), we have
L <2459 Dy D4(3) <3A, D, D A2(2).

This overlattice contains forbidden component (50), i.e. Dy ® 242 @ A5(2).
(120) C3,Es3: C =4, L is bounded by

641 & E6(3) < L < 2A5(2) & E4(3).

Therefore, L is contained in a maximal even overlattice of 64; @ Eg(3) in the genus of
Dg & Eg, which is forbidden component (60).

11.2.9. Rank 14. There are 10 extraneous root systems of rank 14.
(121) A%,A435: C =1, Py =78 ® 3A4,. Since L is even, we have

L < 3A2@D8.

This overlattice contains forbidden component (61), i.e. 245 & Dg.

(122) A{hA34: C =1, Py =Z'" @ Aj(4). The maximal even sublattice of Py is Lg @ Eg, where
Lg has genus 2(234%1. The overlattice Lg @ Eg of L is forbidden component (71).

(123) Ai?2A273B273: C =1, P, = 72" & Ay ® Z*(3). The maximal even sublattice of Py is
Ay ® Eg & L7, where Ly has genus 212132 as before. Then

L< Ay & Es® Ly <34 Eg < Eg @ Eg

using L7 < 2As and 342 < Fg. The overlattice Fg @ Eg of L is forbidden component (70).
(124) A3,B3,: C =3/2, L is bounded by

The projection K of L to the first component 5A4%(2) is even and integral, because L itself
is even and 4A4; is even. Therefore, L < K @ 4A;, where K is an even sublattice of 545(2)
containing 5A42(2). Then K is contained in the maximal even overlattice Ay @ Eg of 5A42(2).
Therefore,

L<A2€B4A1€BE8.

This overlattice contains forbidden component (66), i.e. 341 ® Ay @ Eg.
(125) A?71A37203272: C =2, L is bounded by

5A; ® A3(2) ®6A41(2) < L < Z°(1/2) @ A4(2) @ 245(4).

We see from the upper bound that L < Z5(1/2) @ Z* @ 2A5(4). Then L is contained in
a maximal integral lattice of Z5(1/2) @ Z* @ 2A%(4) which is in the genus of Z8 @ 2A5(4).
Since L is even, it is contained in the maximal even sublattice of that, which is forbidden
component (72).
(126) A?71D5,4: C=2Q;=941®D5(4) < L. Then L is contained in a maximal even overlattice
of 941 @ D5(4), in the genus of Ay @ D5 @ Eg. This is forbidden component (69).
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(127) A3 1 A32G5,5: C =2, L =345(2) ® K with
5A1 ® A3(2) < K < Z°(1/2) @ A4(2).
The maximal even overlattice of 54; @ A3(2) is Eg. Using 245(2) < 242, we have
L < Es @ 3A45(2) < Bs ® 245 @ As(2)

This overlattice is forbidden component (67).
(128) A3 1 A39D43Ga2: C =2, L = Ay(2) @ K with 54; @ A3(2) ® D4(3) < K. The maximal
even overlattice of 541 @ A3(2) @ Dy(3) is in the genus of Eg @ Dy4. Therefore,

L < A2(2) D Eg D D4.

This overlattice contains forbidden component (68), i.e. Fs ® D4 @ As(2).

(129) A3 ,43,C30: C = 2, Qp = 241 & 343(2) ® 341(2) < L. Therefore, L is contained in
a maximal even overlattice of 24; @ 3A43(2) @ 3A1(2) in the genus A; & Ds & Eg. This
overlattice is forbidden component (69).

(130) A%’JB%,IFAL?,: C =3, L =Dy3)® K with 342 & 44; < K. The maximal even overlattice
of 343 ®4A; is Eg ® D4. Therefore,

L<E6@D4@D4(3)<E6@2D4<E6®E8

using the rules D4(3) < Dy and 2Dy < Eg. The overlattice Eg @ Eg of L is forbidden
component (70).

11.2.10. Rank 16. There are 5 extraneous root systems of rank 16.
(131) A%%C’g’z: C =2, L is bounded by

104; ©641(2) < L < Z'°(1/2) @ 245(4).

Then L is contained in a maximal integral sublattice of Z'°(1/2) @ 2A4%(4) which is of genus
7 @ 2A%(4). Therefore, L is contained in the maximal even sublattice of that, which is in
the genus of 243 @ D7 and contains forbidden component (54), i.e A @ Ds.

(132) A%%G%,z: C =2, L=3A2(2) ® K with 104; < K. Any maximal even overlattice of 104;
is in the genus of Fg @ 2A;. Therefore,

L<EBEs®2A1 3A2(2).

This overlattice contains forbidden component (58), i.e. A; @ A3(2) ® Exs.

(133) A7 A43,C39: C =2, Qg = TA; ©2A3(2) ®3A4,(2). Then L is contained in a maximal even
overlattice of Qg which lies in the genus of A; © D7 @ Eg. This overlattice is forbidden
component (74).

134) A0 Dy 3G9 C =2, L = Ay(2)® K with 104, ®D4(3) < K. The maximal even overlattices
1,144,342,
of 1041 @ D4(3) are all in the genus of Eg @ Dg. Therefore,

L < Eg® Dg @ A2(2).

This is forbidden component (73).
(135) A371A772G§’71: C =4, L=3A;® K with A3 ® A7(2) < K. The maximal even overlattices
of A3 @ A7(2) are all in the genus of 24; @ Eg. Therefore,

L <2A, 9 3A5 6 Eg < 2A1 ® Eg @ Exs.

This overlattice contains forbidden component (70), i.e. EFg ® Fg.
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11.2.11. Rank 18. There are 7 extraneous root systems of rank 18.
(136) A%1A§72: C =2, Q=94 ®3A3(2), and Qg < L. The maximal even overlattice of Py is
in the genus 24; ® 2Fg. Then L is contained in a certain lattice K in the genus 24; ® 2Fs.
Since there is a unique (up to powers) reflective Borcherds product on

2U @ K =2U @24, ® 2Ey

and this product has weight 42, we have L # K. Note that discr(Qg) = 224 and therefore
discr(L) = 2® with an integer a. Therefore, L is contained in an index-two sublattice of K,
which is either in the genus of 2Fg @ 2A4;(2) or in the genus of Eg @ Dg @ 2A4;. These two
lattices are respectively forbidden components (78) and (76), so neither case can occur.

(137) A%?1A3720372: C =2 Q=124 3 A3(2) ®3A,(2). Since Qq < L, the lattice L is contained
in a maximal even overlattice of Qg which lies in the genus of A; @ A;(2) ® 2Es. This
overlattice is forbidden component (77).

(138) A3 ,D3,: C =3, Qg =543 ®2D4(2), Py = 545 & 2Dy, and Qg < L < Py. The maximal
even overlattices of Qg lie in the genus of Ay ® 2Eg. Since L is contained in a certain lattice
K of this genus and also in Py, it follows that L is contained in an index 4 sublattice of K
in the genus of Ay & 2D, & Es. This overlattice is forbidden component (75).

(139) A27lB§71D4,2: C=3P,=4A9 72 @ D,. Since L is an even sublattice of P,, we obtain

L <Ay ® D1s ® Dy.

Note that
2U @ Ay ® D19 ® Dy 22U ® Ay @ 2Dy @ Exg.
This case can then be excluded using forbidden component (75), i.e. As @ 2Dy @ FEg.

(140) A3710§—”1: C=4,Q;=A3®15A;, and Qg < L. Then L is contained in a maximal even
overlattice of Qg which lies in the genus of Ay @ A;(2) ® 2Eg. This overlattice is forbidden
component (77).

(141) A371C3y1Gg’1: C =4, L =06A;® K with A3 ® 3A; < K. The maximal even overlattice of
A3 ® 3A; is D5 ® Aq. Therefore,

L<Ds® Al @ 6As.

This overlattice contains forbidden component (57), i.e. D5 @ 3A,.
(142) A3,1C§’,10§,11 C =4, L=3A ¢ K with A3 $9A; < K. The maximal even overlattices of
A3 ®9A; are all in the genus of Eg ® A3 ® Ay. Therefore,

L<Eg®A3 DAL D3Ay < Es D Eg® Az © A;.

This overlattice contains forbidden component (70), i.e. Fg @ Fg.

11.2.12. Rank larger than 18. There are 10 extraneous root systems of rank greater than 18, but
they cannot admit reflective Borcherds products of singular weight by [115, Theorem 1.5].

12. THE CLASSIFICATION OF SYMMETRIC REFLECTIVE MODULAR FORMS

In this section we prove the symmetric cases of Theorem 5.1:

Theorem 12.1. If 2U & L has a symmetric reflective Borcherds product of singular weight whose
Jacobi form input has non-negative ¢°-term, then the associated semi-simple Lie algebra g defined
in Theorem 4.1 satisfies 1/C € Z.

The Lie algebras g as above are listed in Tables 8 and 2.
To prove the theorem we need the following generalization of [110, Lemma 3.3].
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Lemma 12.2. Let U @ K @ L be an even lattice of signature (1,2) with | > 3 and set M =U @ K.
Suppose that M @ L has a reflective Borcherds product which vanishes on some M- with X\ € M.

Let Ly be an even overlattice of L. Then M @ L1 also has a reflective Borcherds product vanishing
on A\t

Proof. Let f be the input of the Borcherds product on M @& L as a vector-valued modular form.
Recall that the principal part of f was described in [110, Lemma 2.1]. Note that

MeL<MaeLi<MeaoLl <MaolL.

By applying the arrow operator of [14, Lemma 5.6] to f, we obtain a weakly holomorphic modular
form of weight 1 — /2 for the Weil representation ppsqr, that is given by

fItaert = > >, > o(z,n)q" ey,

ye(M'®L})/(M®L1) neZ—~2/2 ze(y+M&L1)/(MOL)

where c¢(x,n) are the coefficients of ¢"e, in the Fourier expansion of f. We will write

fIrE = > d(y,n)q" .
YEM'®LY)/(MBL1)

It is not hard to see that the nonzero coefficients of f| Tj‘f}ggﬁ are reflective (similarly to the

proof of [110, Lemma 3.3]); it is less obvious that f] T%gﬁh is not identically zero. Suppose without
loss of generality that A is primitive in M’, and write A> = 2/d where d € N. We have two cases to
consider.

(a) If the order of A in the discriminant group of M & L is ord(\) = d, then we know by [110,
Section 2.1 and Lemma 3.3] that ¢(A\, —1/d) > 0 and thus

d(\ —1/d) = > c(z,—1/d) > c¢(\,—1/d) > 0,

z€(A+M®L1)/ (ML)
ord(z)=d

because every c(z, —1/d) is non-negative.
(b) If ord(\) # d, then ord(\) = d/2 and d/2 is even. In this case,
c(2X,—4/d) + c(\,—1/d) > 0

and therefore

(2N, —4/d) + ¢ (N, —1/d) = > c(z,—1/d)
z€(A\+MOL1)/(M®L)
ord(z)=d

Y (4D ety —1/a)

yeEA+M®L1)/(M&L)
ord(y)=d/2

>c(2X,—4/d) + c(A,—1/d) > 0,
because ¢(z, —1/d) > 0 and ¢(2y, —4/d) + c(y, —1/d) > 0.
In particular, B(f] T%g/{fh) is a reflective Borcherds product on M @ L; that vanishes on AT.
Note that the coefficients of g~ 'eq in the Fourier expansions of f and f]| T%g/{fh are the same, so

B(f| th127") remains symmetric if B(f) was. -

Proof of Theorem 12.1. To prove the theorem we have to rule out the 5 extraneous semi-simple g
of symmetric type with non-integral 1/C. We do this by cases.
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(1)

A2 4B 4: The lattice L is bounded by

Ag(4) @ 2A1(4) < L < AL(4) ©241(2).
Since L is even, we conclude

A2(4) ®2A1(4) < L < As(4) @ 2A1(2).

It follows that L = A2(4) ©2A;1(4) or A2(4) ®2A1(2). By a direct calculation, we can prove
that 2U @ A2(4) & 2A:(2) has no symmetric reflective Borcherds product of any weight.
Lemma 12.2 then shows that 2U @ L has no symmetric reflective Borcherds products.
A22D, 4: The lattice L is bounded by

A5(2) @ Dy(4) < L < Ap(2) @ Dy(2),
and further by

A2(2) ©® D4(4) <L< A2(2) ©® D4(2)
Since both L and L(3/2) are integral, L(1/2) is also integral. Since

Ay D D4(2) < L(1/2) < Ay @ Dy,

L(1/2) can only be As @ D4(2), As @ 4A; or Ay @ Dy, and therefore L = A5(2) @ Dy(4),
As(2)®4A1(2) or A2(2)@ Dy (2). We were able to check by a direct calculation that there are
no symmetric reflective Borcherds products of singular weight on 2U @ L in the latter two
cases; in the first case, the discriminant was prohibitively large and we needed a more subtle
argument. Let vy be a 2-root of D4 and write K for the lattice generated by D4 and vy /2,
such that K (4) is an even lattice of discriminant 4* = 256. We were able to compute that
there are no symmetric reflective Borcherds products of any weights on 2U @ A9(2) & K (4).
By Lemma 12.2, there are also no symmetric reflective Borcherds products of any weight
on 2U @ A3(2) @ D4(4).
A%QB%Q: The lattice L is bounded by

245(2) B 4A4:(2) < L < 245(2) @ 4A;.
Since both L and L(3/2) are integral, L(1/2) is also integral. From
24, ®4A; < L(1/2) < 24, & 7,
and the integrality of L(1/2), it follows that
245 ®4A; < L(1/2) < 24, & 7.

This forces L(1/2) to be one of 245 @441, Ay ®2A1 BZ2, 245 Dy or 2A; & Z*. Therefore,
L = 2A2(2) ® 4A1 (2), 2A2(2) @ 2A1(2) @ 2A1, 2A2(2) D D4(2) or 2A2(2) @ 4A1. Here,
245(2) ® D4 was the forbidden component (39) - there is no reflective Borcherds product
(symmetric or anti-symmetric) of any weight on 2U @ 2A45(2) @ Dy4. Since L is of type
245(2)® K and K < Dy, we can use Lemma 12.2 to conclude that 2U & L has no symmetric
reflective Borcherds products of any weight.

Ay 2C42: The lattice L is bounded by

Ay(2) ®4A1(2) < L < AY(2) @ Dy(2).
Since L is even, we have

A4(2) D 4A1(2) <L< A4(2) @ D4(2).
It follows that L = A4(2) @ 4A1(2) or A4(2) @ D4(2). By direct calculation, we were able
to verify that there are no reflective Borcherds products of any weight on 2U @ A4(2) & Dy.
Lemma 12.2 then shows that 2U @ L also has no symmetric reflective Borcherds products

of any weight.
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(5) Ag2B42: The lattice L is bounded by
A6(2) ® D4(2) < L < A4(2) & 4A;.
Since L is even, we have
Ag(2) @ Dy(2) < L < Ag(2) D 4A;.

It follows that L = Ag(2) @ D4(2) or Ag(2) ® 4A;. By direct calculation, we were able to
verify that there are no symmetric reflective Borcherds products of any weight on 2U @ Ag(2).
Using the pullback from 2U @ L to 2U @ Ag(2), this rules out the root system Ag 2By 2.

O

13. APPLICATION: ANTI-SYMMETRIC PARAMODULAR FORMS OF WEIGHT 3

The restrictions of reflective Borcherds products of singular weight on appropriate lattices yield
anti-symmetric Siegel paramodular forms of degree 2 and weight 3.
Siegel paramodular forms of degree two and level ¢ are holomorphic functions on the genus-two
Siegel upper half space
Ho={Z=(12)e M(2,C):ImZ > 0}

which are modular under the level ¢ paramodular group

*  tx * *
_ ko k% */t
Li=1 . 4 « & |NSpAQ@) all xcZ

tx tx tx  x

These can be realized as modular forms on orthogonal groups of the lattice 2U @ A (t) of signature

(3,2). More precisely, modular forms on (~)+(2U @ Ay (t)) correspond exactly to Siegel paramodular
forms that are modular under the normal extension

0 ¢t 0 0
1 1-10 0 O
0 0 -t O

Let x; : I} — {£1} be the unique nontrivial character with kernel T'y. Then My(T;) is decomposed
into the direct sum of plus and minus V;-eigenspaces, that is,

My(Ty) = Mp(TF) @ Mi(TF, xt).

Moreover, symmetric modular forms of weight k& on 6+(2U @® Ai(t)) correspond to My, (T, xF).
Therefore, we call Siegel paramodular forms in My (T}, Xf ) symmetric and Siegel paramodular forms
in My (T}, Xf“) anti-symmetric. For a paramodular eigenform, the distinction between symmetry
and anti-symmetry is exactly the sign in the functional equation of the associated L-function.

Anti-symmetric Siegel paramodular forms of weight 3 have applications to birational geometry.
Let t be squarefree. By [45, Proposition 1.5], the modular variety

Af =T} \ Hy

is isomorphic to the moduli space of polarized K3 surfaces with a polarisation of type (2t)® 2Eg(—1).
[45, Theorem 1.5] further yields that if ¢ is prime then the above modular variety is actually the
moduli space of Kummer surfaces associated to (1,t)-polarised abelian surfaces. We know from [34]
that the geometric genus of the variety A;" is given by

B30 (A_j) — dime S5(I'}).
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Recently, Ibukiyama [64] found a dimension formula for S3(T)") for squarefree t. In particular,
he proved [64, Proposition 6.1] that dimc S3(I')) > 0 for prime ¢ if and only if ¢ > 163 and
t # 179,181,191,193,199,211,229,241. In particular the moduli space Azr always has positive
geometric genus if ¢ > 241 is prime.

In this section we construct a large infinite family of anti-symmetric Siegel paramodular forms
of weight 3 that seems to be new.

Recall that there are exactly two semi-simple Lie algebras g of rank 6 with integral C in
Schellekens’ list. Let z € C. For any nonzero v € Ly with ¥4(7,vz) # 0, the pullback of the
corresponding singular-weight reflective Borcherds product B(xy ) along the embedding

o & Zv — 2U @ L,

defines a nonzero anti-symmetric paramodular form of weight 3 and level v2/2. The case g = Ag 7
was considered in [52, Theorem 2.1]. Here we use the other Lie algebra, g = A; 2D5 5. In this case,
the orbit lattice is

Ly = A1(2) ® D5(8).

By restricting to vectors in Ly we obtain the following theorem.

Theorem 13.1. For a = (a1, as,a3,ay,as,ag) € Z5, the theta block

Ga = 79a1 79112 79113 79114 79115 79111 +a2 19&1 +az2+as 19@1 +az+a3z+aq 79112 +as3 19az +a3z+aq 19&3 +aq

(13 1) 19&1 +az+asz+as 19&2 +asz+as 19&3 +as 19&1 +2a2+2a3+as+as 19&1 +az2+2a3+astas
. 15
19!11 +az+az+astas 19!12 +2a3+a4s+as 1902 +az+as+as 19&3 +aq+tas 192[16 /77

=¢*(-+) € Jyn(a)
of type % is a holomorphic Jacobi form of weight 3 and index N(a) for Ay, where
Op(7,2) :=9(7,b2), beELZ,

and the index N(a) is half the sum of squares of the subscripts in 0. If this theta block is not
identically zero, then there exists an anti-symmetric Siegel paramodular form F, of weight 3 and
level N(a) with trivial character whose leading Fourier—Jacobi coefficient is exactly ©,. Moreover,
if N(a) is squarefree then Fy is a cusp form.

In squarefree levels ¢ < 300, Theorem 13.1 produces 64 anti-symmetric paramodular forms of
weight 3 that are listed in Table 9. Using [52, Tables 1-3] and Table 9, we obtain a basis of S3(I';")
consisting of Borcherds products for the prime levels

t =167, 173, 197, 223, 227, 239, 251, 257, 263, 269, 271, 277, 283, 203.

Note that Ibukiyama [64] also showed that dimc S3(I';7) = 1 for t = 233, 281; however, the
corresponding paramodular forms cannot be obtained from the two infinite series [52, Theorem 2.2]
and Theorem 13.1.

Anti-symmetric Siegel paramodular forms of weight 2 and trivial character are very interesting
due to their role in the paramodular conjecture. Unfortunately, there is no semi-simple V; structure
g of rank 4 with integral C, so the above method does not work. However, there does exist a
unique semi-simple V; structure g of rank 4 with non-integral C. In particular, we can use a similar
argument to construct anti-symmetric Siegel paramodular forms of weight 2 with a character of
order 2 by considering the pullbacks of B(xy ) where V; = g = C4 0.

14. REMARKS, QUESTIONS AND CONJECTURES

In this section we raise some questions and conjectures that are related to our work in this paper.
68



14.1. Uniqueness of hyperbolizations. We have proved that there are exactly 81 affine Kac—
Moody algebras § which have hyperbolizations. For each of these algebras, we have constructed a
natural hyperbolization with underlying lattice L.

Question 14.1. Does every affine Lie algebra have a unique hyperbolization? More concretely, let
g be one of the 81 affine Lie algebras with a hyperbolization, and suppose that L is an even positive-
definite lattice for which there is a singular-weight reflective Borcherds product F' on 2U & L whose
associated semi-simple Lie algebra is g.

(a) Is the lattice L uniquely determined?
(b) Is the modular form F' uniquely determined?

Note in (b) that a single function can have interpretations as a modular form on O"(2U & L)
for different lattices L.

Recall that the lattice L must satisfy the bounds Qg < L < Py. When g is of symmetric type,
there are examples for which the lattice L is not unique:

(1) g = A1,16: In this case, Qg = A1(16) and Py = A;(4). Then L has only two possibilities:
A1(16) and A;(4). We verify by direct calculation that both 2U @ A;(16) and 2U @ A;(4)
have unique reflective Borcherds products of singular weight; however, the two products are
expansions of the same modular form.

(2) g= A%A: We have constructed a reflective Borcherds product of singular weight on 2U @ L
for Ly = 4A;. This product can also be viewed as a reflective Borcherds product on
2U @ D4(2).

(3) g= Aigz the singular Borcherds product we constructed can be defined on 2U @ L for both
L= Lg = 2A1(2) and L = 2A1 (4)

(4) g= A%Q: besides Ly = Dg, we can also take any of L = 2Dy, Dg(2), or Eg(2).

(5) g= A%g: besides Ly = 343, we can also take L = E{(3).

When g = B 3G24, we have Qg = 2A;(3) ® Az(4) and Py, = Z2(3) & Az(4). Since L is even,
it is contained in the maximal even sublattice of Py, which coincides with Qg4. Therefore, L =
2A4:(3) ® Az(4) = Lgy. It follows that L is unique.

Regarding the question above, we propose the following conjecture.

Conjecture 14.2. The singular Borcherds product F is always unique as functions on symmetric
domains. For any semi-simple g of anti-symmetric type, the lattice L is unique, i.e. L = L.
Furthermore, the hyperbolization of g is unique.

Some cases of this conjecture can be proved easily, but in general it appears difficult to check.
For example, [106, Theorem 4.7] implies the uniqueness of L and F' for the 23 semi-simple g of
rank 24. When g = Eg2Bs 1, we have Q = Es(2) @ Ds and Py = Es(2) @ Z8, which uniquely
determines L = Eg(2) @ Dg. The uniqueness of F' follows from [110, Lemma 3.2].

We proved in Section 6 that the 69 singular Borcherds products on 2U @ Ly for anti-symmetric
g come from only 11 different modular forms. The above conjecture would therefore imply the
following classification.

Conjecture 14.3. There are exactly 23 distinct modular forms that can be realized as reflective
Borcherds products of singular weight on a lattice of type 2U @ L whose input forms have non-
negative principal parts.

14.2. Other questions and conjectures. We have the following conjecture related to Remark
6.7.

Conjecture 14.4. Let [g] be a Cog-conjugacy class such that A9 is nonzero. Let M, be an even lat-
tice of signature (rk(A9)+2,2) whose discriminant form is isomorphic to (R(Vfg), —q) as introduced
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by Lam [71]. Then the multiplicative theta lift of the (vector-valued) characters of V/{}g (divided by

prk(A9) ) is a reflective Borcherds product of singular weight on My. Moreover, the Fourier expansion
of this product at a certain O-dimensional cusp is the g-twisted denominator of the fake monster
algebra.

As we mentioned in Section 6, this conjecture was proved in [113] whenever g has level equal to
its order. However, the proof is indirect.
Remarks 7.7 and 7.8 lead us to ask the following questions:

Question 14.5. Let [g] be a Cop-conjugacy class whose level n, is equal to its order. By [113],
the g-twisted denominator of the fake monster algebra is the Fourier expansion of a singular-weight
reflective Borcherds product @, for O (Uy(ny) @ U @ AY) at the 0-dimensional cusp determined by
Ui(ng). The function ®, can also be viewed as a singular-weight reflective Borcherds product on
Uy ®U(ngy) ® (A9) (ny), and we can consider its Fourier expansion there at the 0-dimensional cusp
determined by U(ng). When (A9)'(n,) # A9, this Fourier expansion may define the denominator
of a new BKM superalgebra, denoted G;, which is different from the g-twist of the fake monster
algebra. Is G’g related to a vertex algebra? If so, can we express its input Jacobi form

ba(T,3) € JO!’(AQ)/(%)(I’O(ng/d)), dlng

in terms of characters of the vertex algebra? Does G; have a natural construction by the BRST
cohomology? Note that the corresponding vertex algebra is V/#¢ when g has cycle shape 178216

and it is the Conway SCFT V/% when g has cycle shape 1724224,
We have the following question concerning Section 8.

Question 14.6. Let G; denote the BKM superalgebra corresponding to any of the four affine Lie
algebras possessing exceptional modular invariants. Can we realize Gy as the BRST cohomology
related to a vertex algebra? Our expression of the Jacobi form input in terms of affine characters
may be a hint towards finding such a desirable vertex algebra.
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TABLE 4. The 221 solutions of Equation (4.1) in the order of increasing C. Those
allowing hyperbolization are colored blue (continued on next page).
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TABLE 4. (continued).
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TABLE 6. Hohn’s construction: the 8 conjugacy classes with the same order and level.
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g genus Ly n(Lg) | g C

Bisa 23/2

BZ, 11/2

D12(2) 6 g%z 2/2

3.2 /2

212 | TI0(25"045%) ng 3/2
Al 1/2

A8,2F472 9/2

ES(Q) D D4(2) 3 Cy QAiZ 5/2
_ Fy6A 1/2

3,3 +4 29+5 4,6412.2
2: 6‘ HG,O(2H( 4H‘ 57| Da® @A) 2 Dy12A26 | 1/2
22107 | Tl 0(2% 4257 D4(10) 1 | Cyio0 1/2

TABLE 7. Hohn’s construction: the 3 conjugacy classes with distinct order and level.

g g genus of Lg Ly 5Lg
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172223241121 | BosGoa | IMao(24%4;%373) | 241(3) @ A2(4) | 17/3
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178216 A3, Ils 0(2f;%) Dg 2

TABLE 8. The hyperbolizations related to Fay
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N(a)

a=(ar,....a5)

Theta block - n'®

122
138
158
167
170
173
174
183
186
197
202
202
206
206
213
215
218
218
218
222
222
223
230
237
237
238
239
246
254
254
254
255

(1,1,1,1,1,1)
(-7,1,1,1,1,3)
(-8,1,1,1,1,1)
(-8,1,1,1,2,1)
(-7,1,1,1,1,5)
(-8,1,1,1,2,2)
(-8,1,1,1,1,3)
(-8,1,1,1,2,3)
(=9,2,1,1,1,1)
(-8,1,1,1,2,4)
(-9,1,1,1,1,1)
(-9,2,1,1,1,3)
(=9,1,2,1,1,1)
(-8,1,1,1,1,5)
(-9,1,1,1,2,2)
(-8,1,1,1,2,5)
(-9,1,1,1,1,3)
(-9,1,1,2,2,1)
(-7,1,1,1,1,7)
(=9,1,1,1,3,1)
(=9,1,2,1,1,3)
(=9,1,1,1,2,3)
(-10,2,1,1,1,1)
(=9,1,1,1,2,4)
(-8,1,1,1,2,6)
(=9,1,1,1,3,3)
(-10,2,1,1,2,1)
(-10,2,1,1,1,3)
(-10,1,1,1,1,1)
(=9,1,2,1,1,5)
(-8,1,1,1,1,7)
(-10,1,1,1,2,1)

152534435267
1524344352627
1425344253678
14253343526278
1°243%435267(10)
1423344526278
1124342536278
11243343526378
11243343536279
142433435262782
142434425262789
14233343536379
1423334536789
14243%4253678(10)
132433445262789
14243343526278(10)
142334425263789
132°33425367289
1°2431435267(14)
1424334252627289
142233445362789
132433435263789
132°3243526378(10)
1324334352627829
1213343526278(12)
1423334252637289
132433435262728(10)
1324324352678(10)
142433425267289(10)
14223344536789(10)
1421314253678(14)
132433435262789(10)

TABLE 9. The 64 antisymmetric paramodular cusp forms of weight 3 and squarefree
level < 300 constructed from Theorem 13.1 (continued on the next page).
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N(a)| a=(ay,...,a6) Theta block - 5

255 | (—10,2,1,1,2,3) | 132333435263728(10)
262 | (—10,1,1,2,2,1) | 12253343563789(10)
263 | (—10,1,2,1,2,1) | 13232435362789(10)
263 | (=8,1,1,1,2,7) | 1%213343526278(14)
266 | (—10,1,1,1,3,1) | 132433425367289(10)
266 | (—10,1,2,1,1,3) | 132234435263729(10)
266 | (—8,-3,4,1,1,1) | 1%2332425363728(11)
269 | (—10,1,2,1,2,2) | 13233%24%5362789(10)
269 | (—10,2,1,1,2,4) | 1323334352627282(10)
271 | (-10,1,1,1,2,3) | 132333435263789(10)
277 | (=9,1,1,1,2,6) | 13233435262789(12)
278 | (—=10,1,1,2,2,3) | 12213343561789(10)
278 | (—10,2,1,1,1,5) | 13243243526378(10)2
282 | (—10,1,1,1,3,3) | 1323334253627289(10)
282 | (—9,-2,3,1,1,1) | 1324334252627289(11)
282 (—9,2,1,1,1,7) 14233343536279(14)
282 | (—8,-3,4,1,1,3) | 11223242536728(11)
282 | (-7,1,1,1,1,9) 1°2434435267(18)

285 | (—10,1,1,2,3,2) | 1323334352627829(10)
286 | (—9,-2,4,1,1,1) | 132333425363789(11)
287 | (— 10,1,1,1,4 1) | 142%324256272829(10)
287 | (—10,2,1,1,2,5) | 132333435262728(10)?
287 | (—9,-2,3,1,2,1) | 122°324352627289(11)
293 | (— 10 1,1,1,4,2) | 1123324356272829(10)
293 | (—10,1,2,1,2,4) | 1323324353627829(10)
293 | (—9,-2,3,1,2,2) | 1224324%52627289(11)
293 (—8,1,1,1,2 8) | 1%2%3343526278(16)

295 | (—10,1,1,2,3,3) | 1323334252637829(10)
298 | (—10,1,2,1,1,5) | 132239435262729(10)?
208 | (—9,-2,3,1,1,3) | 1323334252637289(11)
298 | (—9,-2,3,2,2,1) | 122431453627829(11)
298 (—9,1,1,1,1,7) 142331425262789(14)

TABLE 10. (continued).
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