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ABSTRACT: Understanding how the thermodynamic properties of a black hole are modi-
fied when probed by D-branes is an important problem in AdS/CFT. This work focuses
on a recently proposed black hole/D3-brane system in AdSsxS®, which is dual to four-
dimensional A" = 4 SYM in the presence of a two-dimensional surface defect. The Laplace
transform that extracts the asymptotic growth of states in this defect CFT naturally defines
a thermodynamic approach in the gravitational side of the duality for which charges and
entropy are real. Studying the superconformal defect index in a large-charge expansion for
all values of NV, we compute the leading correction to the entropy of the combined system,
which matches precisely with its gravity counterpart.
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1 Introduction and Summary

The AdS/CFT correspondence has allowed us to understand the Bekenstein-Hawking en-

tropy for a large class of supersymmetric black holes as a semiclassical limit of the Boltzmann

entropy of supersymmetric gauge theories [1-29]. Subleading corrections beyond the semi-

classical result, which could be perturbative or logarithmic in the semi-classical expansion,

and which could come from o' corrections, as well as from other quantum effects, have been

also computed and exactly matched across both sides of the duality, see for example [30-41].

Despite these remarkable quantitatively precise advances, not much is understood yet about

more drastic quantum gravity processes such as perturbing black holes with D-branes.

A pioneering attempt in this direction has been recently put forward in the context of
AdS5/CFTy in [42]. In this reference the authors studied the effect of perturbing a super-



symmetric black hole in AdS; [43-48] with a D3-brane! extending across the time, radial,
one compact direction in AdSs and one compact direction in the internal space S°. In the
dual gauge theory, which is the four-dimensional SU(N) N = 4 SYM, inserting this probe
D3-brane corresponds to inserting a surface operator [49], compatible with the supercharges
used to construct the 4d superconformal index.

In the probe approximation, the authors of [42] found that the free energy of the black
hole/D3-brane system reduces to the sum of the free energy of the unperturbed black hole
solution and the Dirac-Born-Infeld on-shell action of the D3-brane in the geometry of the
unperturbed black hole solution, respectively. It may seem natural to assume that in the
very same probe approximation the entropy of the total system reduces to the sum of the
entropies of the two unperturbed components. Indeed, if one commits to this intuition then
the charges of the D3-brane are fixed in terms of the charges of the embedding black hole
solution. Unfortunately, the charges and entropy of the D3-brane fixed by this procedure
turn out to be complex.? As also stated in [42], this result is intriguing, because the dual
microstates that one counts in the field theory do indeed have real charges, and certainly
their Boltzmann entropy is not complex.

This naive contradiction strongly suggests that another procedure must be used to define
the thermodynamic properties of the combined system. The goal of this paper is to find
such a procedure. Indeed, we propose that the entropy of the system black hole/D3-brane
is recovered by means of the natural holographic translation of the method used to count
states in the holographic dual 4d-2d field theory system: the Laplace transform of the defect
superconformal index.3

For the case of the superconformal index without the insertion of the surface defect, the
Laplace transform — in the leading order in the semiclassical large charge approximation —
picks up two leading complex conjugated saddle points whose contributions add up to give a
real entropy [18, 50, 51]. Similarly, as we show here, we find this also to be the case when
the defect is introduced in the system. In the gravitational picture, these leading saddle
points correspond to two complex geometries that serve as saddle points of the Euclidean
gravitational path integral. Borrowing the field-theory procedure to the holographic dual
setup implicitly defines how to compute the corrections to the entropy that the D3-brane
induces when probing the black hole.

Using a Cardy-like expansion we confirm the results of [42] for the free energy of the 4d-

!There are two non-trivial properties that need a closer analysis regarding how to preserve supersymmetry
when inserting the D3-brane: The first is to check that it is possible for the D3-brane to be supersymmetric
and the second is whether or not this supersymmetry is compatible with the one preserved by the black hole.
Some indications that it is possible for this D3-brane to be supersymmetric have been presented in [42]. Here
we assume this is true and leave a more rigorous check for future work.

2In contradistinction to the unperturbed system, in the presence of the D3-brane there is no non-linear
constraint among real charges for which the extremal value of the corresponding entropy function becomes
real and thus identifiable with the asymptotic value of a Boltzmann entropy.

3This Laplace transforms only depends on the charges of the combined system and not on the charges of
its individual components.



2d field theory, and extend them, both to finite N and beyond the probe approximation. We
find that at leading order in the Cardy-like expansion, inserting the defect does not change
the shape of the saddle point governing the growth of the unperturbed 4d superconformal
index. Surprisingly, this tells us that the naive probe approximation is sufficiently precise to
exactly describe the 4d-2d system at large charges. In the string-theory side of the duality,
this result predicts a fully backreacted answer for the entropy of the perturbed black hole at
leading order in the Cardy-like expansion. It would be very interesting to understand whether
the % corrections induced by the presence of the D3-brane can be understood, geometrically,
as a change in the area of the horizon. In order to answer this question we would need to
understand how the D3-brane backreacts the geometry in the bulk. We leave that problem
for future work.

The paper is organized as follows. Section 2 summarizes the supergravity theory, and
other useful background information. We motivate and present our prescription to study
the thermodynamics of the combined black hole/D3-brane system and perform the Laplace
transform to extract the microcanonical entropy. In Section 3 we study the field theory dual
description and we revisit the 4d computation in the absence of defect and recall how to
evaluate the asymptotic growth of the index in that case. In Section 4 we compute the defect
index. We analyze the 2d index of the surface defect at large charges by implementing a sys-
tematic Cardy-like expansion. In Section 5 we conclude with brief remarks and questions for
the future. Appendix A reviews the thermodynamic procedure used in [42] while Appendix B
summarizes useful mathematical identities.

2 The gravity theory

In this section, we summarize the five-dimensional gauged black hole solution of [44] and its
thermodynamic properties. After reviewing its supersymmetric limit we carry on to study
the effects of adding the probe D3-brane. Then we proceed to study the thermodynamics of
the combined system.

2.1 The black hole solution

We consider five-dimensional minimal gauged supergravity whose action takes the form

1 2 8
= Pz |(R+12¢°) %1 — = FAxF+ ——=FAFAA 2.1

167G / v [( F1207) L= 3G A 4 o ’ (2.1)
where F' = dA and g is the inverse length of AdS. The five-dimensional coordinates describing
the solution are {t,r,0,¢,%} where 0 < ¢,9 < 27 and 0 < 0 < 7. The equations of motion

can be derived from (2.1)
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We review the known nonextremal nonsupersymmetric black hole solution with one electric
charge and two rotations as was studied in [44]. The solution of the metric and gauge field
are given by

9 Ag [(1 + 927"2) prdt + 2q1/] dt  2quw  f [ Agdt 2 p2dr?  p*df?
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(2.3)
where we have added a pure gauge term asdt with as being a constant. The remaining
functions in the metric and 1-form are

1 2+ 2ab
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g°r r

d d
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(2.4)
For the general non-extremal solution with no supersymmetry, there are four independent
parameters that characterize the black hole

{a,b,m,q}. (2.5)

Moreover, we may sometimes find it convenient to swap one of the parameters, namely, ¢
with the horizon radius, i.e.,

q=—ab+ r+\/—a2 (0292 4+ g2 +1) = b2 (92r1 + 1) — g>rL +2m —r3. (2.6)

The electric charges and angular momentum can be computed via the Komar integrals

QBH=167T1G5/53 (z;)*F—;;gFAA:éE)Qg;ZEb, (2.7)
Jimn = = ey — 5577 [2am + qE%(Elb+ ag?)] | 3

where {4 and ¢, are dual to Killing vector —d,; and —0, respectively such that
§6 = —gupdat, & = —guydat. (2.10)



The charges are evaluated at the asymptotic boundary and for this reason, the Chern Simons
term in the integral for the electric charge does not contribute to the charge. In fact there
are different notions of charge and we refer the reader to [52] for more details. The energy
can be found from the AMD formalism

1 mm (22, + 25 — Z45p) + 2mqabg? (Z4 + Zp)

Epp = — . 2.11
BH = G 45222 (2.11)

The Hawking temperature is derived by requiring appropriate periodic identifications in Eu-
clidean time, which leads us to

(14 g% (2r3 4 a® + b%)] — (ab+ ¢)?

Ten = Bap = 2.12
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The angular velocities €27 and §29 are found to be
0 _a (r2 +b%) (1+g*2) + bg Q _ b(r2 +a?) (1+¢*2) +aq (2.13)
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We can now define the null Killing vector field
X' =0 + 10p + Q20y, (2.14)
and the electrostatic potential is
By = YA, HAL| = 39474 (2.15)
BH — X 12 rT—T4+ X 12 T4 - 2 ((Ti + a2) (’["_2"_ + b2) + abq) . .
The entropy can be computed via the area of the horizon
1 72 [(ri + a2) (ri + 62) + abq]
SBH = — P . (2.16)
Gs 25, Epr s

Once we have computed these thermodynamic quantities, we may deduce the on-shell action
from the quantum statistical relation

Igy = BeuEBH — SBH — BBH1,BHJ1,BH — BBH 2 BH 2,BH — BBHPBHUBH

_ B 22 2N (2, 2) ¢*ri (2.17)
 4G5E.E (m g7 (% i) (07 +r%) (a2 +72) (B2 +71%) + abq) '

2.2 The supersymmetric limit

We are interested in solutions that admit a Killing spinor, i.e., preserve N' = 2 supersymmetry.
The BPS bound

3
Epn = gJiBu + gJoBH + ngBH , (2.18)



is saturated for
m

TTaibs (2.19)

q =
This can be found by imposing (2.7), (2.8), (2.9) and (2.11) into (2.18). Keeping in mind
(2.6), we find that the parameter ¢ simplifies to the following

q = —ab+ agri +bgri + 11 tiry (abg+a+b—gri)
. . . (2.20)
= (a — noiry)(b — noiry ) (=1 + noigry).

From now on, we denote ng = %1 for the upper/lower sign in (2.20) respectively. This choice
of sign can be interpreted as a choice in one of two branches that dominate the path integral
and denote a growth of states. We shall come back to this point in great detail in Section 2.4.
In the supersymmetric limit, the temperature, angular velocities and electrostatic potential
n (2.12), (2.13) and (2.15) are complex

g (r3 —r?) (2ri(ag 4+ bg + 1) +ingg (r? — 3r3))

Ty = 2.21
BH 27 (a — ingry) (b —ingry) (gr2 4+ ingry) (2.21)
Qi — g (ary —ingr?) (1 — inogry) (2.22)
’ (a —ingry) (r4 — inggr?) ’
g (bry —ingr?) (1 — inggry)
0 = 2.23
2B = ingrs) (s — inogr?) 22
3 1—1
q>BH _ gr+ ( ZnOgTJr) (224)
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and we can equivalently find a linear constraint among the angular velocities and electrostatic
potentials of the black hole

Ben (9 + Q1B + Q20 — 2@pH) = 2ming. (2.25)

Once (2.18) is imposed, we find that if we want to preserve the reality of the parameters a, b, q

and m, we find that
b+ ab
N +09, (2.26)
g

and this is the exact value where the discriminant of r?A, is zero, i.e., the inner and outer
horizons coincide and we land in the extremal regime of the solution. This analysis leads us
to conclude that supersymmetric Lorentzian solutions must be extremal if we preserve the
reality of roots of A, to avoid naked singularities.



Imposing both these conditions (2.19) and (2.26) leads to the following thermodynamic

relations

Qi = — 1 m(a+b)

BT G5 29(1 — ag)(1 - bg)’
N :Lﬂ(a+b)(2a+b—|—abg)
BPHT Gy 4g(1 - ag)?(1—bg)

1 w(a+b)(a+ 2b+ abg)

* —_
2,BH _G5 49(1 — ag)(l — bg)2 ) (227)

Bt =g 1o = st oy (1 = )1~ bg) + (1+ ag)(1+ )2~ ag — b))

N _iTrQ(a—kb)\/a—{—b—i—abg
BTG5 2g32(1 - ag)(1 - bg)

which are now all real-valued expressions. We shall call the BPS limit the limit of the solution
where both extremal and supersymmetric conditions are imposed and we denote this by *.
The family of solutions has now been reduced to two free parameters, a and b. Revisiting the
quantum statistical relation, we introduce the variables

BBH BBH 3 BBH
= B0y g — — PBH ) o — 2 opn = 2B (@ — o
wipn = 5 (Qupn — Qpn), wasn = (Q2pn —Qapn),  wsn =5 (Peu — Pha),
(2.28)
with
39
T,BH =9, Q;,BH =9, *BH = o (2.29)

Note that the BPS values of the chemical potentials are independent of which saddle we
consider. Imposing these new variables into (2.25), we find the new linear constraint among
the chemical potentials takes the form

W1,BH + W2 BH — 3¥BH = No. (2.30)

With some manipulation, as the supersymmetric limit must be taken carefully, the quantum
statistical relation can now be rewritten as a statement independent of the temperature
2 3
i
~ FBH - (2.31)
29°G's w1 BHW?,BH

Iy, susy = —SBH — w1,BHJ1,BH — w2,BHJ2,BH — YBHEBH =
and via the holorgraphic dictionary, we arrive at the following on-shell action

3
Isn, susy = miN?— B (2.32)
W1,BHW2,BH



2.3 The combined system: black hole and probe D3-brane

Next we move on to introduce the methodology we follow to compute the O(N) corrections to
the entropy induced by the probe D3-brane. It is important to emphasize that even when o/
corrections are included, the entropy of the supersymmetric black hole receives corrections
of O(N®) [37-40] and so for the purposes of this paper, they can be ignored.

Assuming unequal black hole angular momentum and equal black hole electric
charges, [42] found that the supersymmetric on-shell action of the D3-brane is

¢
Ips, susy = —2miN —. (2.33)

w1

This result comes from regularizing the Dirac-Born-Infeld and the Wess-Zumino contribu-
tions [42].

The wide tilde denotes the variables in the perturbed system and not just of the unper-
turbed black hole, e.g., ¥ # ¢pn .

To understand physically the dependence on the chemical potentials in the on-shell ac-
tion, let us review how the brane is extended into the bulk. On the AdSs coordinates, the
coordinates 6 and 1 are fixed

AdSs: (t,7,0 = 09, 6,0 = 1), (2.34)

while on the S°, the D3-brane only wraps around one of the coordinates while the others
remain fixed

S°: (1,2 = 20, B3 = B3,0,0 = 0o, = 1hy). (2.35)

As the angular momentum of the system comes from the symmetries associated to the Killing
vectors Js and Oy, only one is set to be free which means that the on-shell action may only
depend on the chemical potential conjugate to the angular momentum associated to dy. On
the other hand, the electric charges come from the S°, in particular, from ¢; and we expect
that the on-shell action depends on the two potentials associated to the electric charges from
the fixed angles ¢o and ¢s.

Although we have studied the black hole at equal electric charges and potentials, once
the D3-brane is introduced into the system, the potentials acquire a subleading correction in
the 1/N-expansion. Denoting the perturbed potentils as @1, p2 and @3 we expect the on-shell
actions for the fully refined system to be

I = Ipn susy + Ips, susy, (2.36)
where
2 P1P2Ps A P23
Ipn, susy = niN2ELP2ES Ips, susy = —2miN P23 (2.37)
Wi w1



This expectation is reassured by microscopic computations of the fully refined 4d supercon-
formal index [3-5] and our calculation of the 2d index in Section 4.1. To prove (2.37), one
would need to study the BPS limit of the fully refined AdSs black hole solution of [47].

The quantum statistical relation of the perturbed system is

I=-5- Zi:la}kjk - Z?:ﬂﬁl@l- (2.38)
2.4 The extremization
The entropy of the system can be found by extremizing the entropy function
N N 3 N 2 N /3 2
S=-T-2mi) 31Qr—2miy @i+ 2miA (Z Br— ) @+ no) . (2.39)
I=1 k=1 =1 k=1

We impose the linear constraint among the chemical potentials via the Lagrange muliplier
A4
The extremization of (2.39) leads to the following constraints

0 =2mi(A — Q) — inN2ZL2258 | ogjr N P2P8 1=1,2,3, (2.40)
wiW2Pr w1(p7p2 + ¢703)
i P1P2P3 . V23
0= —2mi(A+ J, N2I2Z222 _ 9jr N 222 k=1,2. 2.41
(A + Jy) +am ST i 51 (@) ( )

Solving for the charges and substituting back into (2.39) we find the extremal value of the
entropy function

S = 2mingA (2.42)

which has the same structure as the result obtained in the absence of the probe D3-brane,
although the value of A as a function of charges changes for the perturbed system.

In order to identify (2.42) with the entropy, which is a real-valued quantity, one may
constrain the charges of the system to the locus Im(g) = 0. In the absence of the D3-brane,
this is the well-known non-linear constraint among charges that happens to be equivalent to
the vanishing of the Bekenstein-Hawking temperature. In the presence of the D3-brane and
for real charges, there is no solution to the locus Im(§ ) = 0. As explained in the introduction,
the field-theoretic analysis will provide the solution to this puzzle: at large charges of order N2
for large IV the entropy of the system approaches, asymptotically, to the real part of entropy

functional S of the dominating saddle points,

Entropy ~ Re(S), (2.43)

without the need of imposing further constraints on the charge locus. This result comes from
the addition of contributions coming from two complex conjugated saddles, each of them with

4We note that in the gauge theory side the two choices ng = 1 correspond to two different saddle points
of a multi-dimensional Laplace transform used to exchange from canonical to microcanonical ensemble as well
as to impose the gauge-singlet constraint. We will further elaborate on this in Section 4.



its own on-shell entropy functional. This addition yields a real-valued asymptotic entropy.
Let us elaborate. With four of the extremization equations in (2.40) and (2.41), we solve for

01,2, P3, and wo

~ 2@1(iN + K(JNX + N — @3) + @2(@3 — K))Z

- NG+ 0@ - N(@s—h)
P2 = —7601&71 +~K),
NQZ_ A (2.44)
3 = —7WI£J1 +~A),
Q3 — A
Ty — &1(J1 + M) (N + AA + N — Q3) + Q2(Q3 — /N\))‘

(Ja+ A)(A = Qo) (A — Q3)
Note that the dependence on w; is trivial. Imposing these relations into the remaining ex-
tremization equation in (2.40) and (2.41) leads to the following equation for A

0=2(A—Q1)A—Q2)(A—Q3) — N2 A+ J))(A+ Jo) + 2N(A+ J))(A— Q). (2.45)

From (2.45), we can see that the first two terms have the same form as the cubic equation
for A for the black hole in absence of the D3-brane, but now the charges correspond to the
combined system. The last term in (2.45) is of order O(/V) and can be treated perturbatively.
To keep track of the leading terms in N, we consider a rescaling of the form

A=N2A, Jpy=N%*Jppuip3, Qr= N2Qrpuips. (2.46)

To ease presentation we remove the subscript “BH+D3” in the remaining of this section.
Then, we find

0=2(A~ Q1)(A— Qa)(A~Qs) ~ (A+ J)(A+J) + (A+T)A-Q).  (247)

Moreover, the first two terms, with the probe D3-brane turned off, is the usual cubic equation
for A that appears when only considering the black hole [3-5]. We analyze the cubic equation
in a perturbative expansion in N by first considering the general form of the cubic polynomial

P(ag,A) =ag+ CLlA + CL2A2 + a3A3 = (A — A+)(A — Ao)(A — A,) = 0, ap,1,2,3 € R,
(2.48)

where A4+ and Ay are the three roots of the cubic equation.
With the combined system, each coefficient in the polynomial as well as the Lagrange
multiplier may also receive corrections

ar=a +—d",  A=AO4 %5/\(1), (=0,1,2,3. (2.49)

,10,



(0)

The given values of a,” and agl) are

al?) = —2Q1Q2Qs — J1.J, alV) = 2J,Q, (2.50a)

= 2(Q1Q2. +Q2Qs + Q1Q3) — Xh_y Ji at? = 2(Q1 - 1), (2.50b)
= 253 Q-1 alt) = —2, (2.50¢)
al’) =2, alV = 0. (2.50d)

We can expect that the roots of (2.48) are shifted by a subleading correction in N

3 l
0o, 1 a 1
EZGP+N@v<Mm+NAm>:Q (2.51)

=0

Expanding for large N, we find

3 (0) A (0) (0) 4 (0)
1 dP(a;’, A 1 OP(a,”’, A B
H%M:P@%M%+N§(3W%&+(gmm+mN%.
/=0
(2.52)

Note that the expansion is only valid up to O(N~!) as higher corrections must also be
supplemented, for example, by higher derivative corrections from the black hole. Evaluating
at the roots A,(Q L0 the zeroth order term vanishes, as expected, while the subleading terms
are in general nonzero

3 © 7O

oP(a{”, Al
R OPlay A ) () _ 40 4 o0A© 4 oD (AD)2 4 o) (A0, (2.53a)
=0

5P(a® A
@0 A7) _ 04 2000 4 300D

1
=5 > (AR - A,
m#n#k

(2.53b)

Using (2.53a) and (2.53b), we arrive at an expression for the subleading correction to the
roots of the cubic equation

2(AY + QALY + 1)

- |
3 Zm#n;ﬁk(Al(fO) - AS{))(AI(CO) — A

(2.54)

This solution is only valid when there are three distinct roots. In the case of degenerate roots,
the corrections are modified and the analysis must be done carefully. Since the coefficients of
the cubic equation for A are real, we expect two cases for the types of roots we may encounter:
A) one real root and two complex conjugated roots or B) all real roots.”

®The reglme where the roots are all real are defined by a constraint on the discriminant of (2.48): disc =
—4a3a1 + a2a1 + 18apazasai — ag (4a2 + 27aoa3) > 0.

— 11 —



A for the Black Hole A for the Black Hole and D3—brane

Im(A) Im(A)
°
* .
0.5 0.5 M
® Q=5/45
L * Q=6/45
0.0 = + ® Re(A) 0.0 = + s Re(A) m Q=7/45

I
0.00 0.05 0.10 0.15 0.20

Figure 1: Here we show the complex A plane with several values of two different sets of roots
of (2.45) for N =20, Q1 = Q2 = Q3 = Q and J; = Jy = J satisfying the non-linear constraint
that ensures a real entropy in the pure black hole case. The first set of roots corresponds to the
black hole without D3-brane, whereas the second corresponds to the combined system. The
nonlinear constraint no longer remedies the two complex roots of A to be purely imaginary
when a probe D3-brane is introduced in the system.

We shall focus on case A first and for simplicity, we choose a regime of charges, where all
angular momenta are equal denoted by J and likewise all electric charges are equal denoted
by Q. We now revisit the problem of the nonlinear constraint

(6Q +1) (3Q* — J) = (2Q°* + J?), (2.55)
in the case of no probe brane. Then we find that the roots Ay are given by
1 2
AD = ii\/3Q2 +35 (—6@ +/(1—4Q)3 + 1) L Q<y (2.56a)

1
AY = 5~ 3Q, (2.56b)

where Agg) are complex conjugated to each other and Aéo) is real. We plot the functions of

these roots on the left hand side of Figure 1. With the probe brane extended in the bulk,
we impose yet again the nonlinear constraint (2.55) with the charges promoted to the total
charge of the combined system. We then see that the two purely imaginary roots pick up a
real part and therefore get shifted while the real root also takes a smaller value, as shown in
the right plot of Figure 1.

The key observation here is that in contradistinction to the unperturbed black holes, there
is no generalization of the nonlinear constraint enforcing the reality of the entropy when the
D3-brane is introduced. Instead, the reality of the entropy comes from the addition of the
two leading gravitational saddles corresponding to the constraints ng = 1 and ng = —1.

- 12 —



Therefore, in the case of not imposing (2.55), we find two of the roots take the general
form

As = Ay +iA,, (2.57)

where A, and A, are real and can be found by taking the real and imaginary parts of (2.54).
The entropy of the system can be found by considering the sum of the two gravitational
saddles, where the first saddle corresponds to the constraint ng = 1 for the choice A_ and
the second saddle corresponds to ng = —1 for the choice A

BS ~ 627riA, + e 2miby eQTri(Ax—iAy) + e—Qw(Ax—HAy) _ 2627rAy COS(ZTI’A;,;) ~ 627rAy’ (258)

where
7 (VBE(B2(y —3) +v—1) +95°(3y — 1))
Y6 (€ (5404 + 1882 + 1) + 61/3 (2762 + 2) 63) (2:59)
and
P =602 (VBES + 902 +3) +1, 1 =J+Q, € =21J+27Q+2 (2.60)

We stress that this result is not assuming a non-linear constraint amongst charges and we
have assumed equal charges for simplicity.

Finally, we make a brief comment about scenario B. In this case, there is no predicted
growth of states as the extremized value of the entropy function is purely imaginary. It would
be interesting to study what happens to the growth of BPS states in this regime of charges
realized in the field theory dual.

3 The 4d superconformal index: A brief review

In this section we focus on the undeformed 4d superconformal index and its integral repre-
sentation. We also review the Laplace transform procedure that extracts state-degeneracies
at large charges and finite values V.

The superconformal index counts (with sign) BPS states that can not combine to form
long representations of the superconformal algebra. For A/ = 1 theories on S' x 3, the
superconformal index was defined in [53, 54] and takes the form

Tia(w; €) = TrH(Sle?’) [(_1)F e—ﬁ{Q7QT}627ri§aQae?ﬂia(J1+%)627riT(J2+%)] ’ (3.1)

where @, are the flavor charges with chemical potentials given by &, that will be later traded
by Aqg =&+ %Ta(a + 7), where 7, is the R-charge. The combination J; o + 5, where Jp 5 are
the angular momenta on S® and r is the R-charge, commute with the supercharge Q. The
chemical potentials o and 7 are associated to Ji + 5 and Js + g, respectively.
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In particular, the superconformal index Zy4(c, 7; A) counts 1—16—BPS states for N' = 4
SYM theory and we shall focus on this theory from now on. The matter content is given by
the three chiral fields ®1 23 appearing in the superpotential

W ="Tr ((I)l [Q)Q, @3]) ; (32)

with the associated chemical potentials being Ay 2 3. For an SU (V) gauge group, Zyq(o, 75 A)
can be written as a multidimensional contour integral over the gauge holonomies u;; = u; —u;
that imposes the gauge singlet constraint

Lu(o,mid) = [ [DU)Zu(u,0,m ) (3.3)
SU(N)

1 N-1

- HN/ H dukﬂizl [Liz T (uij + Daso,7)
0 k=1 Hi;éj ' (uij;0,7)

9

where

(627ria. e27ria) N-1 (627ri7'; e27ri7—) N-1 3

KN = ’ E’V — )i = H (f(Aa; 0,7’)>N—1 . (3.4)

a=1

We have used a modified version of the elliptic gamma function f(u, T,0), as described in
Appendix B. The evaluation of (3.3) has been the subject of several works [3-13, 15-22, 25,
26, 28, 29, 34, 55, 56]. The final outcome is of the following form

. 3
Tia(o, 75 8) = Nexp [—<N2 -0 ] ((an, - ‘2”0)] , (35)

I=1

1

where we set w = s] 0 = 55 17 for some coprime integers s1, s (a more generic relation ).

We have ignored exponentially suppressed corrections in 1/|w|. The function {-},, is defined
in (B.5) and the value of ng = %1 indicates the domain of chemical potentials

1 A

Im (—) > Im () > 0, no =1, (3.6a)
w w
1

Im<—><Im<A><O, no = —1. (3.6b)
w w

Moreover, the chemical potentials satisfy the constraint

3
S A =o+7+ 3_2”0. (3.7)

I=1

In case of real chemical potentials with |A7| < 1, for I = 1,2,3, the leading contribution
obtained in the large N limit of (3.5) gives

i(N? — 1
TN =D A agn] (3.8)

Zya(o,7;A) = N exp [—
oT
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Figure 2: The Figure shows the complex plane of chemical potentials for a generic A where
the region corresponding to ng = 1 (3.6a) is shown in gray and the region specified by ng = —1
(3.6b) is shown in light blue. The thick blue arrows running over the interval Re(A) €
(—1; 1) represent the integration contour for A;. With dashed curves we schematically show
a deformation of the initial contour such that it passes through the critical values of chemical
potentials A.

where the linear constraint (3.7) simplifies to

3
ZA[—T—O':—H(). (39)
I=1

As we see, the 4d index crucially depends on the domain of chemical potentials, i.e., the value
of ng.

3.1 Extracting degeneracies: changing ensemble

Now we would like to extract the degeneracies of the 1—16—BPS states counted by the supercon-
formal index, see for example [18, 50, 51]. This means that we have to change (3.5) from the
grand canonical ensemble — with fixed chemical potentials — to the microcanonical ensemble.
To do so, we are instructed to perform the following Laplace transformation

d(J:Q) = /dAdeae log Zaq—2mi -y ArQr—2mi(oi47J2)+2miA (S, Ar—7—otno) - (3.10)

This integration can be approximately solved in the large N limit or in the Cardy-like limit
(|7],|o] < 1)° using the saddle point approach. We then must find the extrema of the
exponent and sum over the saddle points that dominate. Let us consider a family of critical
points {Ay,, wn, }, as shown schematically in Figure 2, such that the effective action has the
same real part when evaluated at these points. In other words, both saddles are equally
leading in the saddle point approximation which then gives us

d(J, Q) ~ Z (eflogLLdeﬂ'iE?:l A]QI727Ti(UJ1+TJ2)+27TiA(Z?:1 A177'70+n0)) ‘ ) (311)

no==1 Ang

5See [6-11, 57] for extensive work on the Cardy-like limit of the superconformal index.
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Note that here we identify the critical points using only A,, because the constraint (3.9)
already determines the critical values of w,,. The extremization leads us to the following

relations
log Z.
aaOgAIM:%i(A—QI), I=1,---3, (3.12a)
dlogZ
T8 _ 9ri(Jy + A), (3.12b)
do
dlogZ
% = 2mi(Jy + A), (3.12¢)
.

under the constraint (3.9). This implies
3
2 [](Qr = A) = N*(Ji + A) (T2 + A). (3.13)
I=1

The relation (3.13) have precisely the same structure as (2.45), without the last term that
accounts for the D3-brane contributions and assuming the charges are the ones of the 4d

1—16—BPS states counted by the superconformal index. The degeneracy of states is then given
by

d(J;Q) ~ > > erminohi, (3.14)

no==+1k=+,0

Generically, if we require a growth of states, then (3.13) must have two complex con-
jugated solutions for A, which we have called Ay in (2.57), that upon application of (3.14)
generate a dominant saddle for each value of ng. These dominant saddles correspond to
the roots satisfying Re(2mingA+) > 0. If we appropriately label A+ such that the subindex
corresponds to the sign of its imaginary part, we have

d(J; Q) ~ e 2miM 4 2MiA— — 902mAy cog (9 A L) ~ €2y, (3.15)

If the imaginary part of AL vanishes, then we see that the microcanonical expression for the
index is a pure oscillatory term that does not probe the growth of states compatible with
black hole entropy.

4 The defect superconformal index

The computation of the defect index requires the consistent embedding of the 2d N = (2,2)
superconformal algebra into the 4d A/ = 4 superconformal algebra. This has been done in
detail for N' = 2 [58] as well as for N’ = 4 [42]. In these works, the fugacities used in the 2d
description are related to those in 4d. For this reason, we write the full defect index purely
in terms of the 4d chemical potentials.

The defect worldvolume Myg extends along the S and wraps a circle inside the S2. The
surface operator with support on this My, will be such that it commutes with the supercharge
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selected to construct the 4d superconformal index, and this is ensured in practice by appro-
priately choosing the orientation of the surface operator during the embedding procedure.
The defect index is then given by

Ip = / [DU) Z4a(u, 0,73 A) Za4(u, 0,75 A) . (4.1)
SU(N)

It has been proposed that (4.1) provides the microscopic definition of a dual gravity system
which includes black holes interacting with a probe D3-brane [42]. We revisit this matter
carefully in this section.

It is possible to work in the approximation where the saddles of (3.3) are not affected by
the insertion of Z94 in (4.1). This regime corresponds holographically to the probe limit of
the black hole/D3-brane system. In this probe limit we can write

ID = Z Z4d('LAL, 0,T; A)ZZd(av g, T; A) +- (42)
uedd—saddles

where the --- correspond to the subleading saddles. Instead of directly implementing the
probe limit (4.2), we first study the 2d index in the context of a systematic Cardy-like ex-
pansion along the lines of [34, 59]. This enables us to have better control over the effect
of backreaction coming from the 2d defect on the 4d index. If we denote the fundamental
domains of chemical potentials A() ng = +1 then we will see in Subsection 4.1 that for
ng = 1, the integrand Z94 in (4.1) becomes independent of the holonomies up to corrections
exponentially suppressed in 1/|w|

1)) = Zoa(o, s AV) N Zy(a,0,mAW). (4.3)
u€4d—saddles

Moreover, for the other domain of chemical potentials labelled by ng = —1, the leading order
in the Cardy-like limit is given by

I]()fl) = Zo4(o,T; A(fl)) Z Z4q(, 0, 7; A(il))‘ (4.4)

—0
“ ac4d—saddles

We now turn to study the 2d index in the systematic Cardy-like expansion.

4.1 The Cardy-like expansion of the 2d index

Following [42, 58], we start with the 2d index given as

N
90(—u1~—A2—|—0' O’) Go(ui-—Al—A2+T+a' 0')
Zog = 1 J ’ 1 J ’ (4.5

2 ;exp ; o8 Oo(—uij + Ay — 735 0) o o (uij; o) (4:5)
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Now using the elliptic theta functions in (B.2a) and (B.2b), the 2d index can be recast in the

form

2 : eZm( uij—Ag—i-O'). eZ7ri0')oo (e2ﬁi(uij+A2)- eZ7ri0')oo
2d — Z exp Z Og 27r1 (—uij+A1—7). e27r1<7) (e27ri(u” Ai+71+0). e27r10)
J# o0 o (4.6)
: eQﬂ'i(uiijlngJrTJra); e27rio)oo (627ri(fuij+A1+A2+T); eQﬂicr)oo
2mi(usj). o2mio 2mi(o—u;j). a27io
oy (e i) e )Oo(e i) e )Oo

We consider u;; = (x;0 + yi;7) and 7 = %‘7 such that w;; = o(x;; + i—;yij) = 0z;j. These
change of variables allows us to implement the systematic Cardy-like expansion.” Upon using
the asymptotic expansion (B.3), we find

27T10 : 2rmi(—Ag)
Zod = ZGXP 5o Z Z (Br(zij)LIer (e 2 )

j#i r=0
+B, (1 _ zij) Lis_, (GQWi(Az)) + B, <_zl _ Zij) Liy_, <627ri(—A1—A2))
2
S1 : (A1 +A
(1 e Z”) Lip-y (@rera2) (4.7)
SU L\ T 2mi(Aq)
_Br 1+ —+ Zij ng_r €
59
(—81 — zm‘) Lig_, (eQ”i(_Al))
52

—B, (1 — z;;) Lis_, (ezm(e)> — B, (zi5) Lia—, (e%i(_e))ﬂ .

In the last line we have regulated the Polylogarithms via a small € > 0 regulator. We will

+B;

_Br

see that we can safely take ¢ — 0 at the end of the manipulations. Utilizing the property of
Bernoulli polynomials,

the 2d index is simplified to

Zog = Zexp 2ma ZZ 27na { (2i) <(—1)TL12—T <e2ﬂ'i(—A2)> + Liy_, (e2m(A2)>>

;ézr[)

+ B, ( 82 — Zij) ((_1)7’Lig—r (e27ri(*A17A2)) + Lig_, (e2Tri(A1+A2)>)

By = z) (Liner (€740) + (<1) Lo (C4D) )

B (Liae (7 4 (1) Lig, (09 Y]]

"See [59] for a similar implementation to the 3d superconformal index.

(4.9)
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The final simplification requires us to use the property of Polylogarithm functions

: 2miz ny : —2miz (271—1)71
Li, (e“™%) 4+ (—1)"Liy(e )=—"—"7"B.({z}), n=123,--, (4.10a)
n.
Li_p (™) 4+ (=1)"Li_, (e ?™*) =0, n=0,1,2,3, -, (4.10b)

for 0 < Re(z) <1 and Im(2z) >0 or 0 < Re(z) <1 and Im(z) < 0. Now (4.9) becomes

Zog = Zexp - Z Z (2ri)” 27”!" S (B (2) (Baer ({Bs}) — Bay)

SEDPB ) (B (-1 - Ba)) = By () )] (4.11)
_ z 27“ 1) > A 5 Uij o
_; S };[2({ a} — 1)+ 6ng,—1 jZ#N—l_Q )

where we have recovered the original holonomy variables, namely u;; = % and for compact-
ness we have defined n = 15, The function {z} defined in (B.6) is such that it forces the
Bernoulli polynomials to have the same periodicity properties as the Polylogarithm functions.

Note that (4.10a) ensures that the terms with the e regulator produce a finite result as the
right hand side is a finite quantity at z = 0.

For the leading correction in the Cardy-like limit, the last terms in (4.11) vanishes and
we have

. 3
Zy4 = Nexp [27”(];7_1) (H ({A) — n))] . (4.12)

a=2

There are two main observations to make regarding the transition from (4.11) to (4.12):

e For the fundamental domain of chemical potentials labelled by ng = 1, the holonomies
drop from the expression (4.11), rendering our result (4.12) valid at finite N up to expo-
nentially supressed corrections in 1/|w|. This domain of chemical potentials corresponds
to (4.3) and clearly in this case there is no need to work in the probe limit.

e For ny = —1 there is a linear dependence of the holonomies in (4.11) that accounts for
backreaction of the D3-brane when considering the combined 4d-2d system. However,
this term vanishes in the leading term of the Cardy-like limit. This allow us to factor
out the 2d index contribution to the 4d defect superconformal index, as anticipated in
(4.4).

The next step is to explicitly evaluate (4.1) and extract the microcanonical degeneracies
implementing the Laplace transformation.
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Figure 3: The Figure shows the complex plane of chemical potentials for a generic A where
the region corresponding to ng = 1 (3.6a) is shown in gray and the region specified by ng = —1
(3.6b) is shown in light blue. The thick blue arrows running over the interval Re(A) € (—1; 1)
represent the integration contour for Aj. Now we represent the deformed contour in the
presence of the D3-brane in black dashed lines passing throught the new saddles labeled as
A.. We have kept the contour (dashed orange curve) for the case of the black hole in the
absence of D3-brane just for reference.

4.2 The combined 4d-2d system: extracting degeneracies

For simplicity, we continue to restrict ourselves to the leading term in the Cardy-like limit
when we consider the combined 4d-2d system. From (3.5), (4.3), (4.4) and (4.12), the total
defect index is given by

. 3 3
T = Nexp [”(N(; = (—““1) [T A, —m+2]] (A —n>>] SNCRE)
I=1 a=2

T

Note that for purely imaginary o, 7 as well as for purely real arguments, the functions {-},
and {-} coincide, which allows the expressions for Z5; and Z4; to be written in terms of the
same combinations of chemical potentials. The expression (4.13) considerably simplifies in
the regimes of real chemical potentials A; such that |Aj| <1

T = Nexp [”(N —U <—(N+ YA Asy + 2A2A3>] , (4.14)
g T
As=c+17—A1 — Ay —ng. (415)

From now on we proceed to extract the microcanonical degeneracies from the grandcanonical
expression for the defect index given in (4.14). Implementing the Laplace transform using
the saddle point method requires the following extremization process

dlogIp .

—— =2mi(A — I=1,--- 4.1
8A[ 7”( Q1)7 ) 37 ( 6)

dlogIp )

—_— =2 A 4.1
9o 7”(‘]1 + )7 ( 7)
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0logIp

o = 2w+ A), (4.18)

under the constraint (3.9). It is worth pointing out that in this case the charges Q123 and
J1,2 are the total charge of 4d and 2d states.

From this point on, the mathematical problem is essentially equivalent to (2.40). In
the field theoretical language we have to repeat the calculation of Section 3.1 just replacing
Zs4g by Ip in (3.10). If we focus on the large N regime, following the logic of Section 2.4,
we find a new set of saddle points through solving a modified cubic equation completely
equivalent to (2.45). In Figure 3, we show a schematic picture of how the new saddles in the
complex domain of chemical potentials can be changed by the 1/N corrections introduced by
considering the contribution of the 2d defect states to the degeneracy.

5 Final comments and open questions

We have presented the thermodynamic analysis for the combined black hole/D3-brane system
in a way that ensures the reality of the charges and the entropy. To do so, we took into account
both leading saddles of the gravitational path integral and likewise, on the gauge dual, the two
leading saddles of the integral over the holonomies that represent the defect superconformal
index. Following this procedure we obtain real charges and entropy without the need of
imposing a nonlinear constraint among the charges.

There are various interesting extensions of this work. The first is to compute the back-
reaction of the D3-brane in the geometry. One first step in this direction may be solving
the Killing spinor equations for the combined system of a black hole/D3-brane. Presumably,
while doing so, we would be forced into computing relevant backreaction effects. This may
allow us to answer questions like whether the exact change in entropy predicted by the field
theory side of the duality can be interpreted as a change in the area of the black hole horizon.
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A Revisiting a previous approach

In this appendix we briefly review the procedure used in [42] to compute the entropy of the
combined system. Recalling that at the level of the on-shell action

I =Igg + Ips (Al)

and requiring that
S = Spu + Sps, (A-2)

then the first law of thermodynamic of the total system would unequivocally constrain the

thermodynamic charges of the D3-brane to be

1 61D3 1 8ID3 1 8]1)3
J — _ , J = ——=—" = ——=—, A3
1,D3 300, 2,D3 300, D3 3 0% (A.3)
provided the chemical potentials do not receive subleading corrections in 1/N, or equivalently,
that they are the very same chemical potentials of the unperturbed black hole. To evaluate

the right hand sides of the equations in (A.3), we must invert the Jacobian matrix

a(Qla 927 (I)’ B)

a(a’a vaaTJr) (A4)

In this way we find the expressions for the electric charges and angular momentum of the
D3-brane reported in [42].

A.1 Legendre transform with just the D3-brane

The entropy of the D3-brane is defined from the Legendre transform

3 2 3 2
Sps = —Ipg — 27 »_ @1 euQrps — 2mi Y _ wipHJkD3 + 2WiA (Z prBH — Y WkBH+ no) ;
=1 k=1 =1 k=1

(A.5)

where A is a Lagrange multiplier implementing the corresponding linear constraint, and we
have reinstated the subindex BH to recall that these are the very same potential as the black
hole solution. The extremization leads to the following equations

oI
0=——2D5 _ 9ri(Qrps — A) = 2ri <N‘WW(5§ +00) — Qrps + A> L 1=1,2,3,
J¢r.BH ©1 BHWI,BH
oI
0= 2 —2mi(Jyps +A) = —2mi <N¢2’BH¢3’BH 8% + Jups + A> : k=1,2.
Owy. BH Wk, BHW1,BH
(A.6)
Imposing (A.6), we find that the entropy is given by
Sps = 2minpA. (A.7)
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Solving for p2 gy and 3 gy in the equation for I =2 and I = 3, we find

_ A—Q3ps3 _ A — Q2 p3 AS
$2.BH = —Wl,BHTa ¥3,BH = _Wl,BHT- ( . )

and imposing this into the equation for k = 1, we have

0=(A—Q2p3) (A —Q3p3) +N(Ji,p3 +A)
=A%+ A(=Q2p3 — Q303 + N) + (Q2,03Q3.p3 + NJ1p3).

As this is a quadratic polynomial with real coefficients, the solutions can either be two real

(A.9)

roots or two complex roots, conjugate to each other. Therefore, we have

1
Ar =3 <Q2,D3 +Q3p3 — N £ \/(—Q2,D3 —Q3p3+N)2—4(NJyips+ Qz,D3Q3,D3)) :
(A.10)

In general, using the expression for the charges found in [42], Ay are complex valued roots,
but not necessarily complex conjugate to each other. Moreover, we have the extremization
equations

A=Qips, A=-Jops. (A.11)

In the regime that (A.10) and (A.11) are satisfied, we find a complex-valued entropy.

B Elliptic functions and their asymptotic behavior

Here we gather definitions and useful identities of elliptic functions.
The Pochhammer symbol is defined as

[e.9]

(%:0)00 = [ (1 - 24"). (B.1)

k=0
The elliptic theta functions have the following product forms

(e 9]

folus7) = [ (1= e2mietin)(1 — gamiut ) (B.22)
k=0
_ (627riu; 627ri7-)oo <627ri("r—u); eQm’T)oo ] (B.2b)

Consider an asymptotic expansion in 7 with fixed 0 < arg7T < 7 as given in [60]:

(2e"™7; 2T o, = exp ( ! > (1B, (1 - g) (Q?uT)rLiQ—r(ZO : (B.3)
. !

2mit
r=

The elliptic gamma function and the ‘tilde’ elliptic gamma function are defined as

. ‘
1 — pitightl,—1
I'(z; = - B4
J7 =
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F(u; g T) - H 1 — e2miljotkr+u] ’ (B4b)

1 _ p2mi[(j+1)o+(k+1)T—y]
7,k=0

To study asymptotic behaviors of elliptic functions, we introduce a 7-modded value of a
complex number u, namely {u}., as

{u}r =u— |Reu — cot(arg 7)Imu| (u € C), (B.5)

and define {z} such that
{z} =z — |Rez], (B.6)

where {z}, = {2} for purely imaginary .
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