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Abstract

We study the map between two descriptions of the 7T deformation of conformal
field theory (CFT): One is the defining description as a deformation of CFT by the
TT-operator. The other is an alternative description as the undeformed CFT on the
dynamical TT-deformed space that backreacts to the state or operator insertions, remi-
niscent of the theory of gravity. Instead of adopting the topological gravity description,
we develop a more literal CFT-based operator formalism that facilitates systematic
and straightforward computations of the TT-deformation of the stress tensor, oper-
ators, and their correlators, while rederiving known results in the literature. Along
the way, we discuss the backreaction to the TT-deformed space in response to local
operators and exhibit the hard-disk and free-space structures in the UV-cutoff and
Hagedorn phases, respectively, suggested by Cardy-Doyon and Jiang. To capitalize on
the alternative description of the TT-deformed CFT, we focus on the correlators of
semi-heavy operators, i.e., the operators of large conformal dimension A > /¢, and
show an intuitive and simple way to obtain the TT-deformed correlators from those
of the undeformed CFT on the TT-deformed space via dynamical coordinate trans-
formations. This may have implications in the holographic dual description, pointing
towards a working dictionary for a class of matter correlators in the cutoff AdS picture.
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1 Introduction

As a quantum field theory (QFT), the difficulty of quantizing General Relativity (GR) is
rooted in the fact that the gravitational constant Gy has the (classical) dimension, length-
squared, in four spacetime dimensions. Namely, the gravitational coupling is irrelevant in
the sense of renormalization group (RG) and keeps becoming stronger as the energy scale
is increased. This implies uncontrollable divergences at short distance scales unless it is
somehow rendered asymptotically safe , or UV-completed by new degrees freedom, such
as strings, that effectively regulate short distance divergences.

Recently, there emerged a class of two-dimensional QFTs with irrelevant couplings, or
interactions, which appear to be UV-complete, the prototype of which is known as the 7T
deformation [3-5]. As this name suggests, one typically views these interactions as deforma-
tions of renormalizable QFTs, and these deformations are known to preserve integrability
when the undeformed QFT's are integrable. To understand the most basic properties of these



theories, we focus on the TT deformation among other deformations which, as the notation
indicates, is a bilinear of the stress tensor components and can be added to any local QFT's
in a model-independent way. To be as universal as possible, we further restrict our attention
to the case of the T'T-deformed conformal field theory (CFT) whose only scale enters via the
TT-coupling p of dimension length-squared. As one might expect, the TT-deformed CFT
shows signs of non-locality at short distance scales associated with the TT-coupling . For
example, as we will see in Section [3| there is a mechanism by which the short distance is cut
off and that is presumably related to the fact that the UV divergences in this power-counting
nonrenormalizable theory are rendered under control. In this regard, it is hoped that the
nature of the T7T-deformed theory has some bearings on the short-distance physics which
quantum gravity might share.

Our main interest in this paper is in the following observation and we explore several
aspects of it: There are two descriptions of the TT deformation of CFT as illustrated in
Figure . One is the defining description as a deformation of CFT by the TT-operator [3].
The other is an alternative description as the undeformed CFT on the TT-deformed space
that backreacts to the state or operator insertions [6}/7]. Our main objective is to study the

TT-deformed CFT undeformed CFT
on — _ on
undeformed space TT-deformed space

Figure 1: Two descriptions of the TT-deformation of CFT: It can be viewed either as
a deformation of the theory or a deformation of the space. The TT-deformed space is
dynamical in the sense that it backreacts to the state or operator insertions. It has an elegant
description in terms of the flat space JT gravity [8+10], or equivalently, a ghost-free massive
gravity |11]. In this paper, however, we develop a less sophisticated, yet complementary,
operator formalism based on a literal interpretation of this equivalence. To be more precise
and not to mislead, we note that the two descriptions are only the endpoints of an infinite
number of in-between hybrid descriptions as discussed in Section [2,.

map between the two more in detail than in the earlier works and to better understand the
latter unconventional description, i.e., a QF T living on a dynamical space, reminiscent of the
theory of (quantum) gravity. In fact, it was shown in [8-10] that the TT-deformed CFT can
be described by the undeformed CFT coupled to the Jackiw-Teitelboim (JT) gravity [12,/13]
in the flat space limit, or equivalently, a ghost-free massive gravity [11]. In this work,
however, we interpret this equivalence more literally and develop a CFT-based operator
formalism which we believe provides a complementary view to the JT gravity description.
In Section , we first review the basic ideas of [6],7] on the different descriptions of the
TT deformation and give our own account of how they are mapped to each other. This
introduces a notion of dynamical coordinate transformation and the TT-deformed space.



In particular, from the maps or dynamical coordinate transformations, we give a simple
rederivation of the recursion relations for the TT-deformed stress tensor previously found
in the literature. These set the basis for the analyses and discussions in the subsequent
sections. We then begin to study the physical and technical implications inferred from the
dynamical coordinate transformations. In Section [3, we discuss the short distance structure
of the TT-deformed space due to the backreaction in response to local operators and exhibit
the peculiar properties of the TT-deformed space suggested earlier in [14,[15]. In Sections
and , we study the TT-deformed correlators, developing the operator formalism of CFT on
the TT-deformed space. In particular, we show in Section [5| that, in a semiclassical limit,
the TT-deformed correlators can be computed, in an intuitive and simple way, from those
of CFT on the TT-deformed space via dynamical coordinate transformations. In Section @,
we discuss the implications of the results in Section [5] in the holographic description of the
TT-deformed CFT. In Section , we give a brief summary of the results and add a further
discussion on the CFT on the TT-deformed space.

2 The map between two descriptions

Let us denote the TT-deformed CFT on R? by TW[R?]. The TT-deformation is defined by
the infinitesimal deformation of the action

1) _
Sl op) = S[p] + _,u/ dsz(T”% where Og‘% = TWTW — (@MW) = — det TV
R2

2 s (2.1)

, W and ©W = TW for the flat metric ds® = dzdz. So
the TT-deformed CFT, T®[R?], on R? is obtained by the iteration of the infinitesimal
transformations starting with the undeformed CFT, T(¥[R?]. Note that at every step of the
infinitesimal deformation, the stress tensor gets deformed and must be updated in the next
step. This is the reason why the TT-deformation is defined in the infinitesimal form. We

where TW = T 7w — 7

will develop an algorithm to systematically compute the explicit form of the deformed stress
tensor to an arbitrary perturbative order in the 7T coupling f.

As stated in the introduction, the TT-deformed CFT on R? is equivalent to the unde-
formed CFT on the TT-deformed R?, denoted by R?OI 1)’ equipped with the operator-valued
dynamical coordinates, Z" and Z*, which are functions of (z, Z). This equivalence between
the two descriptions can be expressed as TW([R?, )| = TO[R, ], where R, \ means that
we are deforming by p the theory defined on the undeformed R2. More generally, we can
consider deforming by g1 the theory defined on the space that is deformed by p9, so that the
net TT-deformation coupling is jt = p1 + 2. In this case, the space is denoted by R%m\ o
the theory on by T(Hl)[R%ﬁbﬂ#Q)]' In this more general setting, there are an infinite number

of equivalences, T(Al)[R(Q/\l‘/\2)] = T []R% )] with Ay + A2 = g1 + pt2. In subsection , we

1 lpe

) and

IThis notation is slightly redundant in the sense that the index of 7(#1) is always the same as the first

. 2
index of R(m l2)*



exploit the equivalence, 7" [R%M 6#)] = T u+on) [R%ﬂ +6u(0)

for the deformed stress tensor from which we can systematically find the explicit form of the

], to derive the recursion relations

deformed stress tensor in the perturbative p-expansion. In subsection [2.2] we focus on the
equivalence T [R(Zmo)] =T7O [R%Ol . to study the undeformed CFT on the deformed space.

2.1 The infinitesimal map

We first discuss the infinitesimal map between the undeformed ordinary coordinate z = Z*I%)
and deformed dynamical coordinate Z*%%)  and its implication on the deformed stress tensor
components 7", T® and ©W. The infinitesimal deformation takes the 7 [R?] theory
to TWHWR? = TWHWIRE 5 o] which can be mapped to TW[R?,;,]. In the latter
description, the dynamical coordinate of R%u\ 5, 18 given by [7]ﬂ

5 TW (g 7
N Z(#|5#)(Z7 2) =74 el deM +
272 Jpo z2—x

O(p?) (2.2)
where we can alternatively write z as z = Z®% . This expression is equivalent to Cardy’s
line integral representation in [7], as will be elaborated in Appendix , and can be derived
from the random geometry description [16] as follows: By using the Hubbard-Stratonovich

transformation, the TT-deformation (2.1)) can be expressed as
o~ Slutou) _ =Sl /[dh]e—sélu J dPwe® et hijhy— 3o [ dPwhi T (2.3)
where [dh] is the properly normalized integration measure for the auxiliary symmetric tensor

h;;. For the infinitesimal transformation, 6px < p and the h-integrations are dominated by
the saddle point

. op
This implies that h}; = 9;a; + 9 with
5 TW (. 7
o =2a; = _,u/ d%ﬂ (2.5)
212 Je z—x
where z = z + iy and 0 = 276%(z — ). We note that
ow_ L [ p TV 1 / de—T(_m@_’f) (2.6)
27 Jre (z—x)2 27 Jpe (z —17)?

by using integration by parts and the conservation law 07" + 00W = 9Tw 4+ 9OW = (.
In other words, the saddle point solution ([2.5]) respects the conservation law. With the form
of the TT-deformed action and the definition of the stress tensor /gT;; = —20.5/dg",
the T'T-deformation can then be interpreted as the (dynamical) coordinate transformation

(2,2) — (240" z+a%), (2.7)
yielding the infinitesimal transformation law (2.2)).

20ur convention is that d?z = 2d(Rex) A d(Im x) = idz A dZ and §%(z) = 36(Rex)d(Im ).
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2.1.1 The stress tensor flow and deformation

As an application of the dynamical coordinate transformation , we provide a somewhat
simpler derivation of the stress tensor deformation discussed in [7]. For this purpose, we
consider the equivalence, T#HM[RE 5 ] = TW[RE 5 ]. The conservation of the stress
tensor in these two descriptions implies that

+ou)a o A a [~ o
D, T+, () = D, TW, (%) =0, (2.8)
—_———— ————
deformed T on undeformed space “undeformed” T on deformed space

where we introduced a notation (z!,2?%) = (z, ) and (2!, 7?) = (ZWlow  ZWow)  Using

dz 143200 (z,z)  —BTW(z 2) 47 Wl5w) .
( dz ) B < —J—MT(“)(z,Z) 1+ 5_“@(/1)(275) > < d.7(ulom) > +O0(6p) , (2.9)

one can find that
0 = 9T H+on) + 9O (utin)
_ 5 (Tm)@) _ 2‘5_#@@@(#)) ) (@(m (@) - 2 (T 4 (@(m)z)) ,

™ s

(2.10)

where the stress tensor components are the functions of x unless otherwise indicated. This
then reads the flow equations for the stress tensor components:

TWHm () = TW(7) — 25“@ T (2) + O(6u?) (2.11)
QWM (1) = W (F) — % (TWTW (2) + (0w (2))?) + O(6p?) (2.12)

From these equations, using further the infinitesimal transformation law (2.2]) as well as
(2.6)), we find the recursion relation for the deformed stress tensor components:

I TN (. YTV (2. 3
T(“)(z,z):T(z)+/ @[2/ d%a (z,7) (2,2)
0 R2

272 A

PO (2, )OTM (2, 2 ey (2.13)
+/ dsz (x,2)0T (z,z)+/ deT (z,
R? R?

SRS
8l

Z—X

)OT™(z, 2)]

where T'(z) = T")(z, 2) is the holomorphic stress tensor of the undeformed CFT, and

n
QW (z, 5) = / 2622[ o1 (T (2, 2) TN (2, 2) — OV (2, 2)?)
0

(2.14)

+ 0, —
-z

2 I0@ DOV 2) o, T, 2)eN (s, z)]
2 )

R2 zZ—XT R2
where ©)(z, 2) = 0 since the CFT stress tensor is traceless.
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A few remarks are in order: there are various ways to express the recursion relations.
The formula is particularly convenient for the systematic computation of the deformed
stress tensor order by order in the 77T coupling . As an illustration, the explicit expressions
for the stress tensor deformation, to second order, are provided in Appendix[B] It should be
noted that the composite operators that appear in the formula need to be regularized and
we adopt the point-splitting regularization and renormalization. The formula for the
trace makes it easier to see its equivalence to the more familiar form of the flow equation [17]

O (z,2) = L [TWTW (2, 2) — 00 (2,2)?] = Edet T . (2.15)
T e

We will discuss more on this point in Section . As an alternative to ([2.13)), for example,
there exists a more concise expression

TW(z,2) = T(z) —i0J# (2, 2). (2.16)

where J;E” Jis a spin 1 current

p 27N (2. HNTN (2. 2 20T (2, 2)0W (2, 2
J00 (2, 5) / dax {/ d*xTWM (2, 2)T™(z, 2) _/ 2T (z,2)0W (2, 2) (2.17)
0 R? R2

272 Z— Z—Z

which turns out to be conserved, dJ* +9J% = 0 with J* = J*). In terms of this current,

the trace is given by
OW(z,2) = idJ® = —igJ™ . (2.18)

Note that with the flow equation , this shows that the 7T7T-deformation is a total
derivative and thus topological in some sense as observed in [7,16]. In this paper, instead
of exploring aspects of this tantalizing property, we focus more on the practical use of these
expressions.

To make a point of the formulas such as and , they provide a new technique for
a systematic and straightforward computation of the stress tensor correlators to an arbitrary
order, going beyond the low-order analyses in [17-19).

2.2 The finite map

The infinitesimal map in the previous section is of good practical use since it yielded the
recursion relations for the stress tensor components that allow us to perform a systematic and
straightforward computation of the TT-deformed stress tensor in terms of the undeformed
CFT (anti-)holomorphic stress tensor components 7(z) and T'(2). In this section, we discuss
the direct finite map between the TT-deformed CFT on the undeformed space, 7+ []R%M'O)] =
TO[R?), and the undeformed CFT on the T'T-deformed space, TO[RE, ].
The dynamical coordinate of R%o\ . Is given by [6,(81H10]
L (k) (z,7)

=\ _ 2



where we used a simplified notation Z" = ZO® and z = Z®0  This is equivalent to the

following infinitesimal transformation from 7(©)[R? (o] to TO [R%OI ki)
5 TW (¢ 7 O TW (x. 7
2040 (z,2) = 200(e.2) + 3t [ ot DD o). )
T R2 Z—X

Note that we have two versions of the infinitesimal transformations (2.2)) and (2.20)), but
we have not found a way to directly infer one from the other. However, one can check a
consistency. The difference of the two equations (2.2)) and - yields

(2030 _ 7)) _ (700 _ Z:0)) _ pop / 2 TP ) O(512)
R2

272 z—x
_ - 2.21
- L/ deT(uMu)(x’ z) — TW(x, 1) ( )
272 Jge z—x
where we used 7"+ = TW 4+ 549, T* + O(5u?). This implies that
T (u+ép) 7
gowssn _ gwan _ [ TUPED) o 0.2

We can view this relation as more fundamental than , , and in the sense
that all of them can be derived from it: The du — 0 limit, in Which Z W) = 7z and
ZO = 7 vields which is equivalent to (2.20)). Then using ) and - this
relation yields .

To avoid the clutter of notation, from now on, we drop the superscript of Z® and denote
it simply as Z. Using -1 = 276%(z—x), the conservation 97" + 90" = 0 and integration
by parts, the finite map ([2.19)) implies the transformation

az 1—LeW(z z) ETW(z 7) dz
- | = ” B 4 _ B (2.23)
az L) (z, z) — 20 (z, 2) dz
and its inverse

dz\ i 1-LOW(z,z) —LTW(zz) 4z
( dz > =7 ( —%T(“)(Z,Z) — %@(M)(Z72> iz ) (2.24)

where the determinant

2
J=1- —@ (2, 2) = £ (T (2, 2)TW) (2, 2) — 01 (2,2)%) = 1 — —@w (z,2)  (2.25)
T
using the flow equation (2.15)) which we will rederive from the finite map consideration in the
next subsection. We note that the dynamical coordinate Z is holomorphic, i.e., 0Z/0Z = 0,
as can easily be checked.



2.2.1 Mapping the stress tensors

We now give a field-theoretic derivation of the relation between the T'T-deformed stress tensor
(TW, 7w W) and that of the undeformed CFT on the TT-deformed space, (T(Z),T(Z)).
The finite version of (2.8]) reads

0
ox®

0
T(“)ab(m) — WT(O)%(X) -0, (2.26)

where 2% = (2,%) and X® = (Z, Z). These conservation laws yield

0=9gT™ + oW
0 0z 0z

= ,T(2) = 50T(2) + 5 0T(Z) (2.27)

— J\ar(z) - %a (TW(2,2)T(2)) -

J =

0 (0W(z,2)T(2))] ,

where we used the conservation law 9T® + 00" = 0 to obtain the last expression. This
suggests that
T (2, 7) = T(Z2) — LW (z, 5T (2) (2.28)
s

0 (z,z) = —%T(“)(z, OT(Z) . (2.29)

Solving these equations for 7 and ©®, we find that

T (%) : @(u)(zj) —

(1) A
Tz 2) 1 - BT(Z2)T(2) 1— LT(2)T(2)

(2.30)

These reproduce the relations derived from a holographic argument [20] which we review in
Appendix [C] The inverse maps are given by

T ) o T )

e\
1 EQG0 I(z) = 1— 60

T(2) oW

Er2yr(z) = (2.31)
T

Note that as in the infinitesimal maps, the composite operators need to be regularized and
we adopt the point-splitting regularization and renormalization. The consistency of these

relations requires the flow equation ({2.15])

O (z,2) = —E [TWTW (2, 2) — 0W(2,2)7] . (2.32)
T

Note that the maps (2.30) and (2.31)) are of the standard form of quasi-primary operators:

A+A

O, (z) = (det g—;) C 0aa(X) (2.33)

N



with 2 = (2, 2) and X® = (Z, Z) and the identifications, T(Z) = Oyo(X), T(Z) = Op2(X)
and —£T(Z)T(Z) = O11(X). As a remark, the map for the trace is equivalent to the follow-
ing transformation of the TT-operator, d*z [TWTW(z, z) — ©W(z,2)?| = d*XT(2)T(2).

One can, for example, explicitly check that agrees with to second order to
which the Jacobian factor in starts contributing. Another consistency check of the
infinitesimal and finite maps, and , is to see if the recursion relation (2.14}) and
flow equation are equivalent. The consistency requires that

T(N) (x, j)@(u) (2, 2)

po, [T(“)(z, HTW(z,2) — 0W (2, )% = —2—8 P
m R2 -
2.34
27r R2 Z— '

Using (2.16) and (2.14)), one can check that the LHS can indeed be rewritten as the RHS
with ©®) being replaced by —£ det Tl(j” ). We can view the consistency condition ([2.34)) as a
flow equation for the TT-operator:

0, det T = 0, / (2.35)

272 z— 272 Z—T

2z TW (z, ) detT“)(z zZ) N /d% TW (2, 7) det ﬂ(f)(z,é)

In the following sections, we will study the implications of these maps, capitalizing on the al-
ternative description of the TT-deformed CFT as the undeformed CFT on the TT-deformed

0) [TR2
space, T )[R(ow)]~

3 The TT-deformed space at short distances

In this section, we discuss the property of the TT-deformed dynamical space that can be

inferred from the finite map (2.19). Using (2.24) and (2.30)), the metric on the TT-deformed
space is given by

dste = dzds = (dz - ET( )dZ) (dZ - ET( )dZ) (3.1)

A remark is in order: As suggested in [20] and further discussed in [21], when the 2d met-
ric (3.1)) is uplifted to a 3d space in a specific manner, this particular form of the metric is
very suggestive of its connection to the AdSs space in the Fefferman-Graham coordinates or
the Banados space [22]

2

du* u? _ 1 1~ _
2 n _ = 2~ 2
Ao =73+ [(1 + —7T2T(Z)T(Z)) dzdZ - E1(2)dz* - ET(2)d2* || (3.2)

where the TT-deformation coupling p is identified with the radial coordinate. This makes
contact with the proposal in [23] for the holographic dual [24] of the TT-deformed CFT as a
“cutoff” AdSs space. So the undeformed CFT on the T'T-deformed space, T(© [R?o\ #)], is the

10



description suited to discuss the AdS; dual of the TT-deformed CFT, T [R%MO)]' However,
since the coordinates (Z, Z) are not ordinary coordinates but operators and depend on the
states and operator insertions, i.e., dynamical, it is not clear how the holography works
beyond the pure gravity limit, i.e., in the presence of matter operators dual to bulk ﬁelds.ﬂ
We will come back to this point later in section [6] where we discuss that it may be possible
to include matter correlators in the “cutoft” AdSjs if we restrict ourselves to the semi-heavy
operators Oa a, that is, the operators of large conformal dimension A >> /¢, or alternatively,
in the double scaling limit x — 0 and A — oo with pA? fixed.

With the coordinates (Z, Z) being dynamical, there is more to be learned of the TT-
deformed space R%O‘ ) than the form of the metric (3.1)) can tell. To study how the T'T-
deformed space backreacts to the state or operator insertions, we first consider the expecta-
tion value of the coordinate Z on a CFT primary state |A):

(A|Z|A) = = + - / 2 BT @ D)IA) (3.3)

272 Z—

The stress tensor expectation value (A|T®(z, z)|A) on the RHS can be computed exactly
by solving the conservation law 97" + 90W = 0 and flow equation (2.32]) with the ansatz

(A|TW (z,7)|A) = % (r/\/11) where r=|z] (3.4)

and the boundary condition lim, o f(r/y/it) = 1 in the CFT limit. One can find that

2
(AT (z,2)|A) = ——=——=, (Al0W(,2)|A) = —— - (35)
22 /1 — 4pA 4,u 1 — 4pA

7|z[? 7|z[?

We checked this result against the explicit form of the stress tensor deformation to second or-
der given in Appendix Note that to express (A|©W|A) in terms of the function f(r/\/p),
the factorization property of the TT-operator [3] is used:

(AT — (©W)%|A) = (AITW|ANAITW|A) — ((AlO®]A))* . (3:6)
The stress tensor expectation value then yieldd]]

z 4pA
— 2 ]1=
2 m|z|?

(A|Z]A) +1 (3.8)

3There is a mundane but working gravity dual description of the TT-deformed CFT including matter [25].
This gravity dual can be interpreted as a Gaussian ensemble of the AdS3/CFT5 in a concrete and specific
sense.

4By integration by parts, the integral can be performed as

/ d’x o d’zx 5.1 4uA _LQZ
R? (z —x)Z2,/1 — 4‘“—% 2pA Jg: (2 — ) mlz[2  pA

||

4uA

_@_

1

7 (3.7)

where we used 0,(1/(z — x)) = —216%(z — ).
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The modulus [(A|Z|A)] = [(A|ZM]|A)] is plotted in Figure . The property of the TT-
deformed space differs qualitatively depending on the sign of the TT coupling p. In the
case of the UV cutoff phase 1 > OE there appears a state-dependent minimal length in the

deformed space Rg|,):
[pA

since the modulus stays constant below |z| < 24/uA /7. So the backreaction of an operator
of dimension A cuts off a disk of radius \/uA /7, or put differently, the operator puffs up
into a disk in the deformed space and becomes a non-local object. This is a manifestation
of the hard-rod picture discussed in [14,[15] as illustrated in Figure [3| In contrast, in the
Hagedorn phase p < 0, there is no minimal length. Rather, it is as if the space is enlarged
in comparison to the undeformed R? as indicated by the dashed purple curve in Figure .
The map suggests that, from the perspective of the deformed space, the undeformed
R? can be smoothly extended into the region r = |z| < 0:

1+ 1—1—45'? for >0
(A|Z]|A)| = — . (3.10)
Sl1—4/1+ L’:L for r <0 (analytic continuation)

This enlarged region is the free space discussed in [14]. So the backreaction of an operator
of dimension A creates a free space inside the disk of radius /|u|A /7, or put differently,
the operator becomes a ring that houses free space inside of it as illustrated in Figure [4
A few remarks are in order: (1) Curiously, the expectation value of the TT-deformed
coordinate satisfies the following inviscid Burgers’ equation:
_ _ g ,
0u (T [(AIZIA)]) = = (7' [(A1Z]A)) BIE (1 (ALZ|A)) (3.11)
in a similar way to the energy of the TT-deformed theory on a cylinder [4]. (2) We observe
that
(AJTW]A) A

BT = T emia) ~ @z 812

where we assumed the factorization property (A|TW (W) |A) = (A|TH|A)((A|OW|A))™.
This is of the form of the CFT stress tensor expectation value as one might have expected.

5The usage of the terminology, UV cutoff phase for ;1 > 0 and Hagedorn phase for i < 0, comes from
the behavior of the energy spectrum and free energy of the TT-deformed CFT on a cylinder [3-5}/16]:
E = %(1 — V1 -2u(A+ A —¢/12)/(7R2) and F(B) = i(l — /14 2meu/(35?%)), where R is the radius
of (spatial) circle and § is the inverse temperature. The former implies that the TT-deformed energy for
1 > 0 becomes complex at high energies suggesting presumably a UV cutoff, whereas the latter implies that
there is a limiting (Hagedorn) inverse temperature Sy = /—2mcu/3 for u < 0 below which the free energy
becomes complex.
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A
u<0
u>0
| Zuin| =/ || Al
analytic continuation ____..-="" '."
0 NN 1z|

Figure 2: The modulus of the deformed coordinate ZW(z,%) = Z on a primary state |A).
The deformed space has a state-dependent minimal length |Zyin| = /pA/7 in the UV
cutoff phase > 0. The dashed black line is the undeformed map |(A|ZW|A)| = |z| for
i =0 as a reference. The solid blue curve is the map between |z| and |(A|ZWW|A)| for the
UV cutoff phase n > 0, whereas the purple solid curve is the map for the Hagedorn phase
i < 0. In the latter case, the Z-plane can be analytically continued below the minimal
length |Zmin|, as indicated by the dashed purple curve, and interpreted as “free space”. In
the IR regime, |z| > \/|u|A, the TT-deformation is irrelevant and the solid blue and purple
curves approach the undeformed dashed black line.

The expression of the dynamical coordinate expectation value (3.8) must be consistent with
the coordinate map (3.1 between (z,%) and (Z,7). Indeed, with (3.12), we see that the
inverse map of (3.8)) is nothing but the coordinate map (3.1)):

1A

zZ = <A’Z‘A> + W

:/(dwzm)—g<A\T(Z)\A>d<AyZ\A>> L 313

In this form, the analytic continuation (3.10) in the Hagedorn phase u < 0 is naturally
covered. (3) The circle of radius /|u|A/m corresponds to the coordinate singularity of the
metric ((3.1)):

det gu(Z, Z) = —111 (1 _ i—zT(Z)T(Z))Q _0. (3.14)

On the state |A), this yields [(A|Z]|A)| = v/|u|A /7.
This last observation gives us a simple way to generalize the analysis for a single operator
insertion to multiple operator insertions. In the case of two operator insertions at Z = —a

13



A

s
N

%%

Op(c0) O A(c0)

Figure 3: The UV cutoff phase u > 0: The map between the undeformed and deformed
spaces on a primary state |A). The (light blue) disk surrounding the operator Oa(0) in
the undeformed space degenerates to a circle of radius R = \/uA /7 in the deformed space
and the (grey) disk inside is excised. So the disk can be interpreted as a puffed-up operator
analogous to a hard-rod in 1d discussed in . This is a manifestation of nonlocality in
the T'T-deformed theory.

A Ig

- > free space

04(0)

O () 0,(0)
Figure 4: The Hagedorn phase u < 0: The map between the undeformed and deformed
spaces on a primary state |A). The operator Oa at the origin z = 0 in the undeformed
space is mapped to a circle of radius R = \/|u|A/7 in the deformed space. In contrast to
the UV cutoff phase, no region in the z-plane is excised upon the map to the Z-plane. In
fact, the Z-plane can be analytically continued below the minimal length |Zy,|, and it looks
as if free space was created “inside” of the operator in the analytically continued Z-plane as

discussed in )

and Z = a, the CF'T stress tensor is given by

(2a)?A

T(z) = (Z —a)(Z + a3’

(3.15)
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where Z and T'(Z) should be understood as expectation values. So the boundary of the
cut-off region or free space reads

(Zfa—1)(Zfa+1)| = 2/TulA]7 (3.16)

This is illustrated in Figure[5] As the two fat operators approach each other to the distance
scale shorter than their sizes, they merge and the individual operator cannot be resolved.
This is yet another manifestation of non-locality of the TT-deformed theory.

Figure 5: The backreaction of two operator insertions in the Z-plane: The orange regions
indicate the cut-off region (;n > 0) or free space (1 < 0). On the left, the two operators of
dimension A are well separated at a distance 2a and each orange region is approximately a
disk of radius /|p|A/m < a. On the right, as the two operators come closer to each other,
a ~ /|u|A/x, the two disks merge and the individual (fat) operator cannot be resolved.

The above demonstrates that, because of the non-trivial mapping between the z-space
and the dynamical Z-space, some regions near operator insertions must be removed, in
both spaces. Actually, in the presence of two insertions which makes the space non-simply
connected, there is another interesting phenomenon. FEq. implies that the relation
between z and Z is

dz = dZ — “T(2)dZ, (3.17)
T
which for two insertions (3.15)) gives

JT7AN 1 1 1. Z—a
=74+ — | = = —log = : 3.18
: +7T(Z—a+Z+a+aOgZ+a (3.18)

The constant of integration was chosen so that z = Z at infinity. This function has a cut
between Z = +a on the Z-plane. Let us consider moving on the Z-plane counterclockwise
around Z = a from point P_ just below the cut to point P, just above the cut, as in
Figure [6]a). From (3.18)), we see that the deformed-theory coordinate z changes by

20 A

p T APl = T (3.19)
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Namely, the two points P_, P,, which really are the same point, are mapped in the z-space
to two points with different values of Im z. To identify zp, and zp_ in the z-space, we have
to identify the region above the cut and the region below the cut with a vertical shift. For
p < 0 the shift is Imzp, —Imzp = —2uA/a > 0 and there is a “gap” between the cuts,
while for > 0 the shift is —2uA/a < 0 and there is an “anti-gap” between the cuts; see
Figure[f[b) for a graphical explanation for the y > 0 case (with an anti-gap). Therefore, the
z-space is not just a copy of flat R? with two disks removed, although its metric is locally
flat [

Im[z]

. . EEEEY SPEE
P P
.—‘P—i_':—a/ i -1 :» 1 RE[Z]
R \_/\ e /\_/
Y ST

Figure 6: (a) A circular path (blue dotted circle) to go around Z = a in the Z-space . P_ is
a point below the cut [—a,a| and P, is a point above the cut, but they are really the same
point. (b) The z-space. The regions inside the black solid curves are excluded. The two
horizontal black dashed lines are identified. A part of the z-space image of the circular path
is also shown as a blue dotted curve. Points P_ and P, are to be identified. The parameters
area=A=1,1=0.3>0.

4 Correlators on the TT-deformed space

The description of the TT-deformed CFT as the CFT on the TT-deformed space, 7® []R%Om)],
may provide, both practically and conceptually, useful perspectives in the study of correlators
in the TT-deformed CFTE To begin with, as discussed in [7], in considering the correlators,
we can take two viewpoints, “Heisenberg” and “Schrodinger” in analogy to quantum me-
chanics. In the “Heisenberg” picture, the operators are deformed and denoted by O(AM,)A(Z’ zZ),

6The fact that the TT deformation inserts shifts of coordinates between two points has already been
noted in [7] in perturbation theory. This is a manifestation of that phenomenon in a finite setting.

"The correlators in the TT-deformed space were recently studied in [26] using the path integral formulation
in the topological or massive gravity description [8-11]. Our study may provide a complementary view on
this subject.
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whereas in the Schrodinger” picture, the states are deformed:

(OL) 5 (z1,21) - OL) 5 (2, 2))o = (OF) 5, (21,21) - OF) & (2 Z0)) (4.1)

n,

where the subscript of (---), denotes that the correlators are evaluated on the vacuum of
the TT-deformed theory with the coupling y. So 1 = 0 corresponds to the undeformed CFT
vacuum. It is the “Heisenberg” picture on the LHS that is better suited to our purposes.
As alluded to in (2.33), via the coordinate transformation (z,2) — (Z,Z), the deformed
operators may be given by

A+A A4A

O, (2,2) = (detg—;>_ " 0,a(X) = (1_“_T(Z)T(Z))_ " 0A(2)05(2) (42)

with 2¢ = (2, 2) and X® = (Z, Z), which generalizes the transformation property of the stress
tensor discussed in Section [2.2.1 We note that in the spirit of Section [2.1.1} the infinitesimal
version of this operator map reads

A+A

81: -2 -

where 2% = (z,%) and 3 = (ZWw ZWww) with the latter defined in (2.2). This can be
expressed as the flow equation:

T (y, )00V () 1 T (y, )00 (x)

(1) _ 1 2 AA 2 AA

9O0aal) = 52 / dy z=y Fow | -y (4.4)
_A:A@(u)(x) ( )

The second line is the contribution from the Jacobian which is absent in the formula proposed
in |7]. We believe that the appearance of a similar contribution in the stress tensor component
provides evidence for the presence of this term. As in the case of the stress tensor,
both the finite and infinitesimal maps, and , require regularization and we adopt
the point-splitting regularization and renormalization.

As a demonstration of utility of and , we calculate the two-point correlator to
first order in the T'T-coupling p. Since the Jacobian factor only contributes from the second
order, we have

(o A(Zlv Zl)O(Au,)A(Z% Z))o = (Oa(Z1)Oa(Z1)Oa(Z2)Oa(Za))o + O(1i?) (4.5)

An important note is that despite the fact that Oa(Z) and Oa(Z) are CFT operators in
disguise, the holomorphic and anti-holomorphic parts do not factorize:

(OA(Z1)OA(Z1)OA(Z2)OA(Z2))o # (Oa(Z1)OA(Z2))o(Oa(Z1)Oa(Z2))0 - (4.6)
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In fact, the first-order correction solely comes from the coupling between them. Expanding

Oa(Z) in powers of p using (2.19) and (B.1)), it reads

1 A T(2)Oa(71)0Oa(%)
RHSof (4.5) = PTr 32571 /d2x< ( 2’1( _1):B 2))o + (21 ¢ 22) + c.c.

1 811A? (ln|z12/e|2 1 1 (1 N 1 ))
|z12|*2 w212t | 2122 |z12]2 2€ \ 212 Z12

to first order in p where we used (T(x)Oa(Z1)Oa(22))0 = A/(_2 (A= 1)(1' —21)%(Z — %)?) and
performed a point-splitting regularlzatlonﬁ This reproduces the results in [7,/17]. Note that
the computational detail is rather different from that of the conformal perturbation theory

(4.7)

in [17] which involves an insertion of the TT-operator, u [ d*xT(z)T(Z), in contrast to a
single T or T in this methodﬂ Though tedious, we can systematically compute higher-order
corrections by keeping on expanding O (Z) and using, for example, to find the higher-
order deformation of 7. Indeed, we have tested to second order, reproducing the
leading-log contribution to the two-point correlator [7]:

8112 In? |215/€|?
<OM(ZI, %)0%) (2, z2)>0 =+ AN+ 1>2|Z12|4% T (4.9)

We omit the computational detail as it is straightforward and not particularly illuminating.

Even though the correlators of the TT-deformed theory necessarily involve both holo-
morphic and anti-holomorphic operators (T(Z), Oa(Z)) and (T(Z), Oa(Z)) and they do not
factorize, one may still wonder if the standard CFT properties apply to (anti-)holomorphic
correlators. For example, let us consider the two-point correlator and ask if the following is
true:

(Oa(Z1)0Oa(Z2))0 = <ﬁ>o : (4.10)

It is not our purpose in this discussion to prove it, but we only want to show how it may be
holding true in a somewhat nontrivial way. To illustrate it, we check it to second order in .
Recall that in section [3| we found (Z)y = z, as inferred from (3.8). One might then think
that the dynamical coordinates Z;’s are simply replaced by the flat coordinates z;’s on the
RHS of this equation. If so, (4.10) would not be true. But that is not the case as we now

8To provide a little more detail, we used that

S S :—1[@1-+am 215, 1} (4.8)
(T — 21)2(% — %)? z2, T—2 Zio —Z T — Zo
and integration by parts while regularizing 1/(z1 — z) — 1/(21 + € — ).
9Recall the definition of the TT-deformation . The naive conformal perturbation theory only works
to first order except for a few accidental cases since the TT-operator itself receives higher-order corrections,
whereas this method works to an arbitrary order.
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demonstrate. First, by expanding Oa(Z;), the LHS of the first equation can be calculated

as
1 d2.’13d2 < (f)7< )80A<21)80A<22)>
OA(Z1)ON(Z. =
(OO B0 = 5+ 4 i 02— 0)
1 AQRA+ g / d*xd?y
— 411
e < I I P ey | L (4.1)
1 A(2A + 1)cp? 3
— @) .
Z%2A - 67T22%2A+2212 +OW)

where we used that (T'(2))o = (T'(2))o = 0 and integration by parts with (z — §)~* =
—0,0,(z — 4)~2/6. Meanwhile, by expanding Z;’s, the RHS reads

1 1 AQA+ 1) , T(z) / , T(@)\’
<Z12z~A >0 5T Ty / - g . "

4
1 AQA+ 2 /d%d@@@):ﬁ(g»
2

— 0 ; 4.12
= +div - (4.12)
A 2miapt (21— 2)(22 — v)
1 AQA+1)cp?
= —<+ +div + O(p®) .
28 6#22%2A+2212 ()

where we once again used that (T'(z))o = (T'(z))o = 0 and div denotes the 1/¢? divergent
contribution from [ d?xd*y(T(z)T(y))o/((2i — z)(z; — y)) (i = 1,2) which we regularize as
(zi —x)(z; —y) — (2:+€—x)(z; —y) by point-splitting and is renormalized away. So we see
that the two indeed agree, at least to second order, after renormalization.

As another example, let us check if the following is true to second order in p:

c
T(Z,)T(Z =( ——=—— . 4.1
@)@~ (57 ). (4.13)
By expanding T'(Z;), the LHS can be calculated as

(2T (Za)) = = + 1o / dzxdaymf) Qﬁ S’(T“?ff(@”“

)>y)L& (O°T(z)T(2)) +--  (4.14)

/\/\

— +div+ O(i%)

~ 5.4
221, 672 212212

where we used (T'(2))o = (T'(z))o = 0 and [---],s denotes a point-splitting regularization
similar to the one (implicitly) used in ([4.12)). Once again, div denotes the 1/e? divergence.
In the meantime, in a similar way to the computation of (4.12)), the RHS reads

c _ ¢, S / dPaT(z) / PyT@)\'\ |
202, — Zo)t a 224, 4wl 21— T 29 — Y .
5 2,2
‘ - /~L_2 + div + O(i?) .

= 5.4 2.6
2279 627571,

(4.15)

19



Thus the two agree to second order after renormalization. We note that this second-order
result agrees with that of the two-point correlator of T (z;)’s in [17119] because the Jacobian
factor can only start contributing at third order in this case.

5 Semi-heavy correlators via a simple map

In the last section, we mostly discussed the practical use of the 7 []R%O‘ M)]—theory description
of the TT-deformed CFT in the study of correlators, but we may have stopped short of
offering conceptual perspectives. In this section, we study a semi-classical regime in which
one can take full advantage of the fact that the 7© [ (0,0)-theory is a CF'T which is related
to the 7 [RQMO)] -theory via a simple map ([2.19). Namely, we focus on the semi-heavy

operators, i.e., the operators OX‘)(Z, z) = O(A’f)A(z,Z) of large conformal dimension A > 1
(more precisely, A > /¢, as we will see below), for which the dynamical coordinate Z
becomes approximately classical, i.e., a c-number coordinate. As it turns out, we may
alternatively interpret this regime as a double-scaling limit, 4 — 0 and A — oo keeping uA?
fixed finite. From the latter viewpoint, this is a regime in which the TT-theory becomes

local since the operator size /|p|A/7m — O.

We claim that for the heavy operators with A; > /¢, the correlators can be approximated
by those of CFT on R?:

(O%(21,2) - O (2, 2,)) HJAOA )0 (Z))o

~ <H Oai<Zf‘>>o<H O5(Z)o

where (Z¢, Z) are the c-number coordinates and related to (z, Z) via the map

¢ Ko el ~cl : 7 ( 77l <T(Zd) anl @Az<ZzCl)>0

dz =dZ — =(T(Z"))on dZ th  (T(Z))on =l . (52
Z 7T< ( )>OA Wil < ( )>OA <H?:1 OAZ(Z;:I»O ( )
Since Z¢ takes values in the set {Z%} (i = 1,---,n) in (5.1]), this definition requires a
point-splitting regularization: Z% = Z{ + ¢;. Note that (T'(Z%))on is the normalized vev

(5.1)

of the stress tensor in the presence of n operator insertions. In the second line of (5.1]), the
Jacobian factors dropped out since the Jacobian J; ' = 1 — ﬁ—zT (Z)T(Z;) ~ 1 to leading
order at large A as we will see.

5.1 “Classicalization” and a factorization property

The key to show the claim (5.1)) is the “classicalization” of the dynamical coordinate Z at
large A: If Z can be replaced by a c-number as opposed to an operator, the operators Oa(Z)

10This might bear some similarity to the double scaling ('t Hooft-like) limit,  — 0 and ¢ — oo with puc
fixed finite, discussed in [18]. It might be interesting to see if there is a coherent picture unifying the two
limits.
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become the ordinary CFT operators and the correlators can be computed as those of CF'T
on R2. We are now going to show that Z can indeed be replaced by a c-number at large
A > /e

Recall the finite map ([2.19)), i.e., the inverse map of (5.2)):

[ (7

_ pof o TW(2,T) _ .
Z=z+ 52 d T =z + 6z[D(pT), D(pT)] (5.3)
where the notation 0z[D(uT), D(uT)] is to stress that the deformation of the coordinate §z
is a function of uT and pT and their derivatives and integrals denoted symbolically by D. As
discussed in the last section, the basic idea in the computation of correlators is to perform
the expansion of the operator

OA(Z) = Oa(2) + 02004 (2) + %(522820A(2) +-- (5.4)

and 0z is further expanded in powers of p by using the recursion equation (2.13)). For
example, to second order, the explicit expansion is given in (B.1)).

It is instructive to first consider the simplest case, i.e., two-point correlators, to make the
argument for proof more concrete and easier to digest. Schematically, they are expanded as

(O (12008 (2 m)o = 32 30 WD DL (T () On(2)0a )
i=1,2 n,m,p,q (55)

X (T(7)"Oa(z1)Oa(22))o -

The “classicalization” of Z boils down to that of T hence of (T, T), as indicated in ([5.3).
Indeed, the following factorization property holds for A > \/c:

(T2, T(2:)Oa(21)O “r (T(2:)Oa(21)Oa(22))o
<OA(21>OA(Z2 H (Oa(z1) A(22)>0 .

(5.6)

=1
In other words, T'(z) can be replaced by a c-number, i.e., an expectation value in the two-
point correlators. This follows from the conformal Ward-Takahashi (WT) identity,

c

2(z —y)*

2 1
T L L 57)

+ Z [(33 _Azl,)z + : ,8%} (T'(y)Oa(21)0a(22))o

Tr— 2z
i=1,2 v

(T'(z)T(y)Oa(21)Oa(22))0 = (Oa(21)0a(22))o

At large A > \/c, the third line dominates and we find that

(T(x)T (y)Oa(21)Oa(22))0 = Z

i=1,2

[ A 1
_|_

(x—2z)%  =—z

a] TW)Os(=)0s)0 . (5.8)
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where the three-point correlator on the RHS is given by

(T(2)Os (1) 0a ()0 — e — (5.9)

(z —21)(z — 22)2232
and the leading-order WT identity (5.8)) is of order O(A?%) > O(c). Explicitly, this yields
(leA) _

(z — 21)%(x — 22)(y — 21)*(y — 22)%2{2

By iterating the same argument for more insertions of the stress tensor T'(x;), it is straight-
forward to find that]

Z
HT 2:)Oa(21)Oa(22))0 = = H 12 . (5.11)

i=1 _zl .’L’z—Zg)

(T'(2)T(y)Oa(21)Oa(22))o (5.10)

This indeed implies the factorization (5.6)) and the “classicalization” of Z.

Having shown the factorization property, we wish to close the circle of this argument by
connecting it to the claim in the beginning of this section. First, since the dynamical
coordinates Z’s become c-numbers at large A due to “classicalization”, they can be replaced
by Z° in the correlators. Second, one can show by a power-counting analysis that the
Jacobian factors are subleading and thus drop out:

(11770a(Z)0a(Z))o = ([ ] 1i(27, Z)2 Oa(Z) O (Z"))0

i=1 =1
n

~ ([[ 0a(ZH0a(Zi))0

i=1

(5.12)

We now elaborate on the power-counting analysis to justify the second line. First of all, we
are concerned with the double expansion of the correlators in powers of p and A and only
keep the greatest power of A at every order in the p expansion. Using the recursion relations
in Section one can show that the Jacobian J = 1— %6(“), as given in ([2.25)), is a function
of uA taking the form J = 1 — f(uA) with f(uA) ~ O((uA)?) [ Meanwhile, the expansion
indicates that the operator Oa(Z) is a function of pA? to leading order at large A in
the p expansion since 6z = g(uA) ~ O(pA) and 9, ~ O(A). So at every order in u, we see
that the Jacobian factors J2 can only yield subleading contributions in powers of A and thus
can be dropped. As an important point, implied in this argument is that the correlators are
functions of uA? to leading order at large A in the p expansion. This, in particular, suggests
the aforementioned double scaling limit 1 — 0 and A — oo with pA? fixed finite. Finally,
in the coordinate transformation between (z,%) and (Z, Z), the stress tensor T(Z) (or
its complex conjugate) gets replaced by a c-number, i.e., the expectation value (T'(Z))oy in
the presence of n operators O, (Z;) (i = 1,--- ,n) in this semiclassical regime.

L As a technical note, the derivative 9., in only acts on the factor 1/225°7" to leading order in A.
So the factors involving x; such as 1/(z; — zj)2 go along the ride in the computation, which makes the proof
straightforward.

2For concreteness, the trace ©(*) is given by to second order in p.
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5.1.1 Generalization to higher-point correlators

We are now going to generalize the proof of the factorization (/5.6|) to higher-point correlators.
By a similar argument, the conformal WT identity approximates to

(T(x)T(y)HOAi(Zi»O%Z{( A0

r—z)? -2z

[ [T0a

- A; 0 A, 9 n (5.13)
~ jZ:l [@ —r _ZZJ {(y —Ety _JZJ] g On, ()0

to leading order in large A; > +/c. This is a quantity of order A? and the approximate
equality &~ means an equality up to O(A) corrections. So the factorization

(T(@)T(y) [1im1 Oa,(z))o  (T(@) [1iny Oa,(zi))o (T(y) [y Oa,(zi))o

(IT=, Oa,(zi))o - (IT7-, Oa,(z))o (1=, Oa. (z0))o (5.14)
requires that
zn: (ITi—; Oa,(2:))00:0; (T, Oa,(2:))o ~ zn: 0 ([T, Oa, (2))00; (T 11, Oa,(2))o (5.15)

(z —zi)(y — 2) (. —2:)(y — %)

i,j=1 i,j=1

which can be rewritten as

> M&i@ify{o_&;ﬁzf»o —0(A) < O(AY) . (5.16)

ij=1
This is indeed the case since In([ [}, Oa,(2:)) = O(A). So the factorization property gener-
alizes to higher-point correlators of the heavy operators Oa,(z) with A; > \/c. To generalize
this proof to more insertions of the stress tensor T'(x;), note that each insertion adds a factor
of the differential operator in square bracket in to the WT identity. With the repeated
use of for every additional insertion of T'(x), the factorization for two insertions of 17s
generalizes to

(IL. T(a) ITizs Oa,(2i))o N (T(x) [T, Oa,(2i))o
(ITizi Oa,(zi))o ~11 I, 0n )Y (5.17)

Combining with the power-counting argument below (5.12), this proves the claim (5.1]) in
the beginning of this section.

a

5.2 The two-point correlators

As a check and further evidence for the claim (5.1)), we show in detail how to compute the
two-point correlators, reproducing the known results in the literature. For the two-point

correlators, the formula (5.1)) reads
1

(O (21, 2))OW (29, 7))o ~ m , (5.18)
1 2
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where the coordinate transformation between (z, z) and (Z, Z) is given by

;= dze — -
: / ( C T R(Z8 = a)2(Z8 + a)?

A
4a’uAdZ¢ )
1
a

_ 5.19
_ch+UA 1 N 1 | Z& +a (5.19)
- T \Zd—a Z'+a Z& —a
for the operator insertions at Z¢ = Z¢ = —q and 7§ = Z§ = a. As commented below

(5.2)), this requires a point-splitting regularization: Z{ — —a — ¢ and Z58 — a + . The
two-point correlator is that of CFT and as simple as

1
(2a)12

(OR (21, 2) O (22, 22))o ~ (5.20)
The p-dependent information of the TT-deformation is all encoded in the map (5.19). To
find the TT-deformed correlator, we need to express (5.20) in terms of the flat coordinates
(z1,21) = (=b,—b) and (22, Z5) = (b, b). Inverting the map (5.19), we find

A (1 1 1 20— €
¢ N <6+26—6 b—e ¢
2 A2 _
B WA l+ 1 ln2b €
m2(2b—€)2 \e 2b—€¢ b—e € (5.21)
n pEA2 1+ 1 1 12b—€ | 2b— € '
—— = — n n
m2(b—e€)?\e 2b—e b—e € €
2 A2
12A 11 12— \
— - — 1 O :
7'('2([)—6)(2[)—6)(6_'_26—6 b—e @ ¢ =00

For reference, we presented the result to second order in the p expansion. This is already
cumbersome and it seems hopeless to find the all-order expression. However, fortunately,
we actually need only the first-order result (first line) to compute the all-order two-point
correlators at large A.E For example, the second-order contributions in can only
yield O(p?A?) < O((uA?)?) to second-order in p in expanding (5.20). More generally, one
can easily convince oneself that the leading A contributions to the correlators only come
from the first-order expansion. Denoting a = (b — €)(1 — 6b) + O(u?) where — (b — €)db is the
first-order correction in , the two-point correlators are then given by

<OXL)(—b, —b)OXL)(b, b))o ~ W&Aéb (5.22)

13This map has already appeared in (3.18) and some aspects of it was discussed in Section
14The first-order correction agrees with (4.7)) including the regularized divergences.
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to leading order in A, where the renormalization of the 1/¢" divergences is assumed.lﬂ In
particular, the leading-log contribution reads

O (b HOL 0N~ S TSR e

where the dots are the terms subleading in powers of In(2b/¢). This perfectly agrees, to
leading order in A, with the known all-order leading-log contributions to the two-point
correlators [7]:

(O FOR O = gy [ FRFAA D

T 7287 (27) ).
0o n—1 (525)
8 In"(|z[/€)
= -1 ”22"'u— 2A 4 k)P — 2

This check serves as evidence for the claim . It should, however, be noted that the sub-
leading A-corrections in do not agree with those in as they are not supposed to.
We have not found a way to systematically include the 1/A corrections in this semiclassical
approximation. However, as discussed earlier in Section [d], we can, in principle, compute the
exact correlators from (4.1)) and order by order in the p expansion.

6 Comments on TT-deformed correlators from cutoff
AdS

As alluded to in the beginning of Section , the TT-deformed CFT is conjectured to be
dual to quantum gravity on an AdS; space [24] with a finite radial cutoff [23]. One of
the outstanding issues in this proposal is the inclusion of bulk matter. Namely, it lacks
a working GKPW dictionary [27,[28] and it has not been understood how to compute the
matter correlators in the cutoff AdS as first discussed in [17]. In other words, the naive
form of the cutoff AdS proposal only works for pure gravity without matter, which may be
foreseen by the fact that the flow equation can be identified with the (purely) radial
component of the Einstein equations only in the absence of matter [17,21].

Even though it is out of scope of this paper to fully address this issue, we would like to
discuss an implication of our findings in Section |5 and offer an idea which might partially
solve the issue of matter correlators in the cutoff AdS proposal. The formula (5.1f) applies, in
particular, to the heavy operators, i.e., the operators of dimension A ~ O(c) > /c at large c.

15The power divergences can be renormalized by redefining the operators as

2

O (b, £b) = e~ %o O (&b, £b) . (5.23)
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In this case, the Banados metric describes the AdS; space with conical defects [29-31].
The CEFT correlators with all heavy operators then correspond to the exponential of (minus)
the on-shell action on these conical defect geometries [32]. To obtain the TT-deformed
correlators, we simply perform the coordinate transformation from (Z¢, Z¢') to the flat
coordinates (2;, %) on a fized radial slice (corresponding to the TT-coupling ) as opposed
to the variable radial slice which would bring the Banados metric to the Poincaré AdSs [33].
In fact, the argument in Section [5| suggests that this works similarly for a class of light
operators of dimension /¢ < A < ¢. For these operators, the probe approximation suffices.
So the standard GKPW dictionary followed by the coordinate transformation gives
the TT-deformed correlators at large A. To be clear, there is no actual radial cutoff in
this idea and what is described above is the standard AdS/CFT except that the correlators
are remeasured in the coordinate distance, determined by , at a fixed radial slice as
illustrated in Figure [7]

A

radial direction
(deeper into bulk)

fixed u slice (z,2)
UV cutoff e slice (Z,Z) / NOT CUT OFF \

< > AdS boundary
2a=|Z),|

Figure 7: An image of the holographic dictionary for the two-point correlator in the
geodesic approximation for illustration: The solid purple curve (semi-circle) represents the
geodesic between the two points (Zy, Z1) and (Zy, Z,) on the UV cutoff surface. The parts
of the geodesic in the strip (indicated in light blue) between the constant p and e slices
do contribute to the two-point correlator. So the constant p slice is not a cutoff surface.
Instead, the distance 2a = |Z5| is remeasured in terms of 2b = |z15| in the flat coordinates

(z,2) on the fixed u slice determined by (5.19)).

Of course, the issue still remains as this only works for all semi-heavy correlators at leading
order in A. We have not understood how, in principle, to holographically incorporate the
subleading corrections in A even in the large ¢ limit.

7 Discussions

We studied the map among different descriptions of the TT-deformed conformal field theory,
labeled as 'To‘l)[]R?/\1| )\2)] with A\; + Ay = p, which follows from the interpretation of the T'T
deformation as a (dynamical) coordinate transformation. This perspective is very useful,
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both technically and conceptually, for the study of the TT-deformed CFT. Technically, it
leads to systematic and straightforward computations of the TT-deformation of the stress
tensor, operators, and their correlators, while rederiving known results in the literature.
Conceptually, it offers a novel type of QFT which lives on a dynamical space, reminiscent of
the theory of gravity, and as discussed in Section [3] it further gives a rather direct way to
study the short-distance properties of the 77 deformation.

Among these descriptions, particularly useful and appealing is the 7 [R?Ol M)]—theory,
that is, the undeformed CFT on the TT-deformed R?. As discussed in Section [5, this
description as a CF'T shows its full advantage in the semiclassical regime where the conformal
dimension A of the operators are so large as A > /¢, and it gives an intuitive and simple
way to compute the TT-deformed correlators from the CFT ones via dynamical coordinate
transformations. As discussed in Section[6] the last point has implications in the holographic
dual description, which points towards a working dictionary for a class of matter correlators
in the cutoff AdS picture. However, it fell short of offering a comprehensive solution to the
issue of the cutoff AdS proposal in the presence of matter. The challenge with this idea is if
there is an intuitive and systematic way to include the 1/A corrections in the semiclassical
framework in Section [5| and if it admits a natural holographic translation.

As a final point, one of the underlying themes of this paper was to study conformal
field theory on TT-deformed space, 7 [R%o\ ] However, in contrast to ordinary CFT, the
coupling between the holomorphic and anti-holomorphic sectors played an essential role as
a description of the TT-deformed CFT. It is desirable to have a conceptual understanding
of this point than merely to accept it as a technical fact. One natural idea is to understand
this coupling as a contact interaction. Namely, even in ordinary CFT, there is a coupling
between the two sectors in the form of contact terms. For example, the contact term of the
holomorphic and anti-holomorphic components of the stress tensor is given by (T'(z,)T (%)) =
—%8552(212). However, as discussed in Section |3 the TT-deformed space exhibits some
degree of non-locality. So the notion of -function must be suitably generalized. As an
illustration, we take the two-point correlator of 7' and T as an example. Using , one
finds that

2 2
R c -
(T(Z)T(Z2)) = — 0062 (215) + ——— + contacts + div + O(4?) | (7.1)
6 A2 21521
where contacts denotes the contact terms of order O(u?). We focus our discussion on the
second non-contact term and propose a generalization of the d-function that reproduces it.
The idea is to start with the identity

1 -1 1 (=1 1

2
=—0-=—|0-+0- 2
7(2) 27raz 4m {824—84 (7.2)

and define the generalized J-function by
1fo1 o1 1[-1 1 CYADNE bpe

A= —|—=—=+—=| =— 0= S — B - ,
=1 {azz*azz} in [82“92 —zew’z 1-tew’z| (TP
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So we propose that

@) =% (57 A2<212>>0 | (7.4)

Using the finite map (2.19)) and expanding (Z;, Z;) in powers of p, the first nontrivial (non-
divergent) non-contact term is calculated as

<T(Z1)T(Zg)> _ —%065(52(212) B %08161 {_ % /d SC(T(5 )T(if‘)>0:| Tt

1
4422, | (21— x) (22 — )
2,2

TC = iz :
— — 2005 . | e
6 (z12) + iz + div +

(7.5)

This indeed reproduces the second non-contact term in (7.1). On the first pass, this idea
seems to work. However, it remains to be seen if it works in generality. If it does, we
would have a better understanding of the TT-deformed CFT in terms of the CFT on the
TT-deformed space.
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A Equivalence between (2.2) and line integral represen-

tation

In this appendix, we give more details about the expression ([2.2)) for the infinitesimal map:
o _ 1 1

ZWbow (5 2) = 24 = / >z TW (2,7 - Al

(z,2) Z+27r2 g x (x,7) el gl I (A.1)

where we modified (2.2) to include a reference point (X, X); the original expression (2.2)
corresponds to the choice X = co. In an earlier work [7], a different expression was given in
the line integral form

9
ZWbw (5 7) = 2 4 on (dz TW(z,z) — dz ©W (z, ) . (A.2)
T J(x.x)
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To show that the two expressions are identical, note that

_ 1 1
dx A\ dz TW(z, T) ( - )

z—x X-—=x

T — T —

=—d [log( ’ _)Z(> T(“)(x,x)d:p] + log ( ’ _;) OTW (2, %) dx A dZ

= —d [log(;__;> (TW (2, 7)dz — O (x, %) dx)] : (A.3)

where in the last equality we used the conservation law, 9T® + 900" = (0. Therefore, we
can rewrite the second term in (A.1)), upon using d*z = idz A dT, as

_ Z(S_M rt—z () (0 Ndr — QW (1 7
o2 |, d [log(m ) (Z (z,z)dT — W (x,T) dx)
- _&M r—z ) (0 Nd7 — QW (7
= Clog(x ) (1 (x,z)dr — W (x,T) d$), (A.4)

where C' is the closed contour that goes clockwise around the path connecting (z,Zz) and
(X, X) (see Figure . Considering the phase coming from the log (which turns the closed-
contour integral | o into the line integral 27i i) (()'2%), this reproduces the second term of (A.2]).

x| z
C

X

Figure 8: Contour C

B The stress tensor deformation to second order

By solving the recursion relations (2.13) and its complex conjugate, the deformation of the
stress tensor is calculated to second order as
T(z)oT 2 _
W =74 H /d%M e [T(2)*T(2)]

272 Z— 72
2 = 2 2 =/ _
+ (/ d2x—T($) ) O*T(2) + N—/ d2xT($ﬂj(z>,aT(z) ;
R2 273 Jpe z

4 _ _
8 2=/, T

where the subscript p.s. stands for the point-splitting regularization. This can be rewritten

p-s.

(B.1)

more concisely as

w_g, Py [ T@TE)
! T+27r262/dm o (B-2)
2 7=\ 2 2 (> :
+ “—483 (/ d2x—T(x) ) T(z)| + ”—az d2xT(I),T(Z),T(Z)
8w R 2T/, 2137 Jre zZ—Z
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Then, using ([2.6]), the trace is found to be

W pp_ 1 [ T@T@), 12 [ o [ 2 TOT@PT(@)
M /d _z;() i [ B3)
471'4 "z /d T —7)

to second order.

C Holographic derivation of the stress tensor map

We review the derivation of the stress tensor map (2.30]) by using a holographic argument [20].
As commented in the beginning of Section , the TT-deformed space R%OI . is conjectured to
be identified with the cut-off boundary of the Banados space [22]:

QL
V)
[N}

I
‘&
N
[\

[ =
A
<Y
N
|

|
=
\N]]

2 _ 2 d 2
: )dZ> (dZ - Z—T(Z)dZ) == pqudzedzb . (C)
m z

where the radial coordinate z is related to the TT coupling via z = Vi and we set the
unit 4G = 1.@ In the AdS holography, the boundary stress tensor is identified with the
Brown-York tensor [34] and given by

Top = Ouwb — Yab© + Yap with 0 =~"0,, , (C.2)

where ©,, is the extrinsic curvature on the boundary surface. The unit normal vector is
ne = (1/2,0,0) and so the extrinsic curvature is calculated as

@ab = (V ny + Vbna) = anbnz (C3)

which yields
v 2 -
Oyz = 2.2 (1 — PT(Z)T(Z)) , Ozz=0;;=0. (C.4)
The boundary stress tensor indeed reads

TZZ = (1 — @)’YZZ ﬂ) T Z) s (CE))
Tyz=(01-0)1zz > T(Z), (C.6)

Tyz =042 +7v221—0) =% 0. (C.7)

16Tn this appendix, with an abuse of notation, we use z to denote the radial coordinate of the AdSs space.
It should not be confused with the complex coordinate z in earlier sections. The coordinate w, which appears
later in this appendix, corresponds to the complex coordinate z for the undeformed R2.

30



Now, with the TT-deformation, the stress tensor is conjectured to be identified with the
Brown-York tensor at a finite z [23] with respect to the (w,w) coordinates in terms of which
the boundary metric is manifestly flat, dsﬁdy = dwdw. The coordinate transformation is

dz 1 1 AT\ [dw
(2) = ez (er ) () ©)

1
YRRy
(1-477)

given by

This yields

TW =T, =

where the Brown-York tensor components at a finite z = /i are given by

143277 o 143E7T p3TT + 5 (TT)?
Ty, = —F"F—T, 77 =—>5—1, Ty;=—= jEp— : C.10
T 2T 7 r 1-ErT (C.10)

Note that at a finite radial position, these components form a tensor whereas (T'(Z), T(Z),0)
do not. Similarly, the trace can be calculated as

1 _ 2
OW =Tpy=— (ETTZZ + <1 + M—QTT> T,y + HTTZZ>
(1 - N—ETT) i i i
o (C.11)
C1-&87T

These agree with the map ([2.30|) derived from a field-theoretic consideration.
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