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ABSTRACT. We provide a criterion for establishing lower bounds on the rate of convergence in
f-variation of a continuous-time ergodic Markov process to its invariant measure. The criterion
consists of novel super- and submartingale conditions for certain functionals of the Markov process.
It provides a general approach for proving lower bounds on the tails of the invariant measure and
the rate of convergence in f-variation of a Markov process, analogous to the widely used Lyapunov
drift conditions for upper bounds. Our key technical innovation produces lower bounds on the
tails of the heights and durations of the excursions from bounded sets of a continuous-time Markov
process using path-wise arguments.

We apply our theory to elliptic diffusions and Lévy-driven stochastic differential equations with
known polynomial/stretched exponential upper bounds on their rates of convergence. Our lower
bounds match asymptotically the known upper bounds for these classes of models, thus establishing
their rate of convergence to stationarity. The generality of the approach suggests that, analogous to
the Lyapunov drift conditions for upper bounds, our methods can be expected to find applications

in many other settings.
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1. INTRODUCTION

Quantifying the rate of convergence of a Markov process X towards its invariant measure 7 is
a fundamental problem in probability and its applications (see [11,26] and the references therein).
The literature typically focuses on upper bounds on the rates of convergence (see e.g. [9,13,28]).
One of the most effective approaches to address this problem is via Lyapunov functions and the
corresponding drift conditions. This approach has been widely used since the seminal work of
Meyn and Tweedie [26,27] and, due to its broad applicability and robustness, remains one of the
most popular methods for quantifying upper bounds on the convergence rates of Markov processes.
However, an important limitation of this method, particularly in the case when the upper bounds
are subexponential, is the lack of the corresponding lower bounds, which would allow the user to
establish the rates of convergence to stationarity. In this paper we develop a theory based on novel
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drift conditions that yield lower subexponential bounds on the rates of convergence in a general
setting. We apply it to models previously studied using Lyapunov functions for upper bounds and
establish asymptotically matching lower bounds.

Our results can be summarized as follows: take a Lyapunov function V : X — [1,00) (where X
is the state space of X), which may (but need not) satisfy the upper bound drift conditions in [9]
(also given in (10) below). Construct scalar functions ¢ : (0,1] — Ry and ¥ : [1,00) — [1, 00) such
that, outside of a compact set, the following processes

(1) l/V(X)—/Ohapo(l/V)(Xs)ds and  WoV(X)

are a supermartingale and a submartingale, respectively. Then we obtain lower bounds on the tails
of the return times of X to compact sets, the tails of the invariant measure 7 of X and the rate of
convergence in f-variation (including total variation) distance of the law of X, to 7.

Building on ideas in [13, 15], we provide general Foster-Lyapunov-type drift conditions imply-
ing lower bounds for all times on the convergence rates of ergodic Markov processes. The super-
and submartingale properties of the processes in (1) are typically verified using the infinitesimal
characteristics of X and It6’s formula. In conjunction with the classical drift conditions for up-
per bounds [9, 12, 28], our results offer a comprehensive and robust approach to quantifying the
convergence rate of ergodic Markov processes.

As pointed out in [13, Sec. 5], deriving a lower bound on the rate of convergence to stationarity
typically requires a deep understanding of the tail of the invariant measure, which is available only
in very special cases (e.g. Langevin diffusions). The main contribution of this paper consists of
providing a robust framework for deriving lower bounds on the convergence rates without prior
knowledge of the tail behavior of the invariant measure. For example, in the context of (possibly
Lévy-driven) stochastic differential equations with multiplicative noise, our theory makes it possible
to establish lower bounds on f-variation for all times (as opposed to along a sparse sequence of
times going to infinity as in [15]). To the best of our knowledge, such results were previously only
available for Langevin diffusions [15, Thm 2.1], cf. Section 2.6 below.

The remainder of the paper is structured as follows. Section 2 states the novel L-drift condition
and formulates our main theorems for ergodic Markov processes. Section 3 presents the applica-
tions of the results of Section 2 to classes of models, studied in [9,12], exhibiting subexponential
(and exponential) ergodicity. Sections 4 and 5 contain the proofs of the results of Section 2. More
precisely, Sections 4 states and proves lower bounds for the tails of return times to bounded sets
for cadlag semimartingales. Section 5 applies these results in the context of cadlag ergodic Markov
processes to prove the theorems of Section 2. The proofs of the results, stated in Section 3, for
ergodic elliptic diffusions, Lévy-driven stochastic differential equations and hypoelliptic stochastic
damping Hamiltonian system are in Section 6. Finally, Section 7 offers concluding remarks, high-
lights some open questions and describes future directions of research. (See [3] for short YouTube
presentations describing the applications and proofs of our main results.)


https://youtu.be/r3eiRywC0js?si=XAuPbHMpDoe-bHud
https://youtu.be/r3eiRywC0js?si=sJ_NA4GuQP8cVGcJ
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2. MAIN RESULTS

2.1. Basic definitions. Let X = (X;);cr,, where Ry = [0,00), be a strong Markov process
on a filtered space (2, F, (Ft)icr, ), taking values in a locally compact separable metric space
X, endowed with the Borel o-algebra B(X). For any x € X, denote by P, and (resp. E,) the
associated probability measure (resp. expectation), satisfying P,(Xo = ) = 1, and assume that
X has cadlag (i.e. right-continuous paths with left limits) paths. The process X is v-irreducible
(resp. Harris recurrent), where v is a o-finite measure on B(X), if for every A € B(X), such that
v(A) > 0, and z € X we have E,[[;° 1{X; € A}dt] > 0 (resp. P.([,” 1{X; € A}dt = o0) =
1). The probability measure m on (X,B(X)) is an invariant measure for X if for all bounded
measurable functions g : X — Ry and ¢t € Ry we have [, E.[g(Xy)|n(dz) = [, g(x)n(dz). A
Harris recurrent process is positive Harris recurrent if it admits an invariant measure. For any
measurable function f : X — [1,00), the f-variation of a signed measure p on (X, B(X)) is given
by |lplly = sup{| [y g(z)pu(dz)| : g : X — R measurable, |[g| < f}. In the special case f = 1
we obtain the total variation ||u|rv = ||p||; of the measure p. The process X is ergodic if
limy o0 [|Pp(Xt € ©) = 7(1)||ry = 0 for all z € X.

As we are interested in convergent Markov processes, unless explicitly stated otherwise, the
following standard assumption holds throughout the paper: X = (X;)icr, is an ergodic, positive
Harris recurrent Markov process with cadlag paths and invariant measure w on (X,B(X)).

2.2. Lower bounds: the tails of 7 and f-variation. The lower bounds on the tails of the
invariant measure and the rate of convergence of X will be implied by the following L-drift condition.

Assumption (L(V,p,V)). Let V : X — [1,00) be a continuous function, such that, for all x € X,
limsup,_, . V(X};) = 00 Py-a.s. Assume also there exists €y € [1,00) such that (i) and (ii) hold.
(i) Let ¢ : (0,1] — R be non-decreasing' and continuous, such that v+ ro(1/r) is decreasing on
[1,00) and lim, oo 7(1/7) = 0. Assume that for b € Ry and any x € X, the process

1/V(X) —/ w(1/V(Xy))du — b/ H{V(X,) < bo}du is an (Fi)-supermartingale under Py.
0 0

(i) Let W : [1,00) — [1,00) be a differentiable, increasing, submultiplicative® function satisfying
the following: for any £ € ({y,0), there exists a constant Cy € (0,00) such that

(2) P.(T™ < Swy) = Ce/¥(r) forallr € ({+1,00) andz € {{+1<V},
where T .= inf{t > 0: V(X;) > r} and Sy =inf{t > 0: V(X)) < (}.

In applications, the L-drift condition L(V ,,¥) is verified via the infinitesimal generator of X, see
Theorem 2.7, Subsection 2.4 and examples in Section 3 below. In particular, the exit probability
estimate in (2) is typically implied by a submartingale property of the (appropriately stopped)
process ¥(V (X)), see Lemma 2.8 below for details.

1A non-decreasing function may have intervals of constancy, while an increasing function does not; similarly for
non-increasing and decreasing.

2A function W : [1,00) — [1,00) is submultiplicative if it satisfies W(ry 4 r2) < CW(r1)¥(r2) for some constant
C € (0,00) and all r1,72 € [1,00) [34, Def. 25.2].
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Theorem 2.1 gives a lower bound on the tail of invariant measure 7w of the process X under
Assumption L(V,¢,¥). Our lower bounds are in terms of the functions V', ¢, ¥ and a logarithmic

correction:® for any ¢, q € (0,1), define the function
(3) L. g(r) =rp(1/r)¥(2r/(1 —q))(loglogr)®, r € [l,00).

Theorem 2.1 (Tails of the invariant measure). Let Assumption L(V,p,¥) hold. Then for any
¢,€ € (0,1) there exists a constant c. 4 € (0,1) such that

(4) Ceq/Leg(r) <mlx e X :V(x) >r) for allr € [1,00).

Theorem 2.2 provides a lower bound on the rate of f-variation convergence of X to its invariant
measure 7 under Assumption L(V,p,V).

Theorem 2.2 (Lower bounds for f-variation). Let Assumption L(V ,p,V) hold. Consider a func-
tion f: X — [1,00), satisfying f = f. oV for some differentiable f, : [1,00) — [1,00). Assume
further that (a) and (b) hold.

(a) Let a continuous function h : [1,00) — [1,00) be such that the function g == h/f is increasing
(and without loss of generality g(1) = 1) and lim, oo g(r) = 00. Let v : X x Ry — [1,00) be
increasing in the second argument and satisfy

Ey[ho V(Xy)] <wv(x,t) forallz e X andt € R;.

(b) Pick e,q € (0,1) and a constant c. 4 € (0,1), such that the inequality in (4) holds with the

function L. 4, and consider a continuous function a : [1,00) — Ry, satisfying

a(t) < (g™ (t))eeq/Leg(g™ (1) for allt € [1,00),

L is the inverse of the increasing function g in (a). Suppose also that the function A(t) ==

where g~
ta(t) is increasing, lim; o, A(t) = co and denote its inverse by A1

Define the function r¢: X x [1,00) = Ry by rf:=ao A™' o (2v). Then

(5) re(x,t)/2 < ||Pu(Xp €-) —7()|lf forallz € X andt € [1,00).

We obtain the lower bound on the rate of convergence in the total variation distance by choosing
fx =1 (and hence f = f, oV =1) in the previous theorem.

Corollary 2.3 (Lower bounds for total variation). Let Assumption L(V ,0,¥ ) hold and set f, = 1.
Assume there exist continuous functions h,a : [1,00) — Ry and v : X x Ry — [1,00), satisfying
conditions (a) and (b) in Theorem 2.2. Let 1 : X x [1,00) = Ry, 71 == ao A71 o (20), be as in
Theorem 2.2. Then the following lower bound holds

(6) r1(z,t)/2 < ||Pp(Xt € -) —w()|lvy  for allxz € X and t € [1,00).

Remark 2.4. (a) The lower bound in Theorem 2.2 is obtained by comparing the tail (with respect
to V) of the invariant measure m to the tail of marginal distribution of V(X;) at time ¢. The
function h in condition (a) of Theorem 2.2 aims to maximise the growth of r — ra({hoV > r}) as
r — oo with respect to the growth of ¢t — E,[h o V(X})] as t — oo, since this expectation controls
the tail of h o V(X;) via Markov’s inequality (see also Remark 5.2 below for more details).

3In this paper we adopt the convention that logx equals 1 for z € (0, ¢e) and the natural logarithm on [e, o).
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(b) Given a Lyapunov function V', our methods generate lower bounds on the f-variation distances
with the property that the level sets of functions f form a subset of the level sets of V. This is
analogous to results concerning the upper bounds using a Lyapunov function V', see e.g. [9, Thm 3.2].

(¢) The L-drift condition L(V,p,¥) is not restricted to Markov processes with a subexponential
invariant measure and rates of convergence. Indeed, in Section 3.1.3 below, Theorems 2.1 and 2.2
yield exponential lower bounds both on the tails of the invariant measures and the convergence
rates in a class of elliptic diffusion models where exponential upper bounds are known.

(d) By Theorem 2.1, the function a(t) in Assumption (b) of Theorem 2.2 (with f = 1) provides
a lower bound on the tail of 7. In applications it is often simpler to work with some function a
rather than the actual lower bound on the tail of w provided by Theorem 2.1, since the rate of
convergence in Theorem 2.2 is given in terms of the inverse of t — A(t) = ta(t). In particular, under
assumptions of Theorem 2.2, inequality (4) implies 0 < fi(7)ce,q/Leq(r) < fiu(r)m(V > 1) = 0 as
r — 00, making the growth of A(t) (as ¢ — oo) sublinear. This typically leads to subexponential
decay of a o A~! and thus subexponential lower bounds on f-variation.

(e) The iterated logarithm term in (3), and thus in (5), is an artefact of the proof of Theorem 2.1,
where the lower bounds on modulated moments are used to establish lower bounds on the invariant
measure . In all our examples in Section 3, the iterated logarithm term is negligible, suggesting
that it will not affect other applications. While we cannot fully remove this term, it is possible to
modify the proof so that only arbitrarily many (instead of two) iterations of the logarithm remain.

(f) The submultiplicative function [34, Def. 25.2] (cf. footnote on page 3) ¥ in L(V,¢,¥) transforms
the process V(X)) into a submartingale. The function ¥ features in lower bounds in our theorems
through definition (3). Since a product of submultiplicative functions is submultiplicative and,
by [34, Prop. 25.4|, r — g(cr + v)® (where ¢,v,a > 0) is submultiplicative if g is, it follows that
r = r(logr)? exp(brP) is submultiplicative for (i) b > 0 and p € (0, 1), (ii) b= 0 and a > 0 or (iii)
b=a=0and d> 0. This form is similar to the subgeometric rate functions used in [9,12]. In
fact, the rate functions in [9,12] are submultiplicative [35, Eq. (5)], a crucial fact used in the proofs
of 9,12].

2.3. Modulated moments for the process. A classical approach to the stability of Markov
processes relies heavily on decomposing the path of the process as the sum of excursions from some
petite set (see definition of a petite set in (28) in Section 5.2 below). Many results, including bounds
on the invariant measure, the rate of convergence and moderate deviations have been established
using such decomposition (see [10] and the references therein for more details). It is thus natural for
quantitative bounds on the tail of the modulated moments (i.e. expectations of additive functionals
of excursions from petite sets) to contain essential information necessary for bounding the rate of
convergence to the invariant measure and related quantities.

The upper bounds on the modulated moments are well understood, see e.g. [9,10]. In contrast,
very little is known about the lower bounds on modulated moments. There are some known results
regarding the finiteness of return time moments, e.g. [23], which however are not sufficiently strong
to either characterize the tail behavior of the return time or complement the findings of [9, Thm 4.1]

for general ergodic Markov processes. In the following theorem, we both generalize and strengthen
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these results by accommodating a broader range of processes and providing lower bounds for the
tail behavior. Moreover, in Section 3, we show that, for a wide range of models used in applications,
our lower bounds on the return times match the upper bounds from [9].

For a set D € B(X) and § € (0,00), let 7p(d) = inf{t > § : X; € D} (with convention
inf ) := o) be the first hitting time of D after time ¢ (recall that 7p(d) is an (F;)-stopping
time by [16, Thm 1.27]). In Theorem 2.5 we provide, under the L-drift condition L(V,p,V),
lower bounds on the tails of return times to arbitrary subsets of sublevel sets of the Lyapunov
function V. Crucially, in Section 5.2 below, we prove that, under the L-drift condition, all petite
sets are contained in the sublevel sets of V', making Theorem 2.5 applicable to any petite set of X.

Theorem 2.5. Let Assumption L(V ,p,V) hold. Consider a set D € B(X), with D C {V < m}
for some m € (1,00), and fix ¢ € (0,1) and € = (1 — q)/2. Then the following statements hold.
(a) Let h : [1,00) — [1,00) be a non-decreasing continuous function and Gy, the inverse of the

increasing continuous function v — eh(v)/(vp(1/v)) on [1,00). Then for every x € X there exist
constants C,ro, 6 € (0,00), such that

7D (9) C
P, </0 hoV(Xs)ds > r) > G ()T =) for all r € (rg,00).

(b) Let Gy be the inverse of the increasing continuous function v — €/(vp(1/v)) on [1,00). Then
for every x € X there exist constants C,0,ty € (0,00), such that
Po(7p(6) 2 ) > <
(2G1(t)/(1 = q))
Remark 2.6. The proof of Theorem 2.5 in Section 5 below in fact shows that the inequalities
in Theorem 2.5 hold for every § € (0,00), satisfying P,(V(Xs) > r) > 0 for all z € X and
r € [1,00). This condition holds for all 6 > 0 in the models of Section 3 below, because their

for all t € (tg,00).

marginal distributions at positive times have full support with respect to the Lebesgue measure.

2.4. How are Theorems 2.1, 2.2 and 2.5 applied in practice? Continuous-time Markov
processes, where upper bounds on the rate of convergence have been established, are typically
Feller [9,12]. It is thus natural to give sufficient conditions for the assumptions of Theorems 2.1, 2.2
and 2.5 in terms of the infinitesimal characteristics of X expressed via its extended generator. In
this section we first provide tools for verifying the assumptions of our main theorems using the
generator of the process and then discuss their application in practice.

2.4.1. Generators and drift conditions. Following the monograph [8, Ch 1, Def (14.15)], let D(.A)
denote the set of measurable functions g : X — R with the following property: there exists a
measurable h : X — R, such that, for each z € X', t — h(X;) is integrable P,-a.s. and the process

g(X) —g(z) — / h(Xs)ds is a P,-local martingale.

0
Then we write h = Ag and call (A, D(A)) the extended generator of the process X. Define the
left limit at ¢ € (0,00) of the process X by X;_ := limgy Xy and Xo— = Xy. The following

theorem provides a sufficient condition for the validity of Assumptions (i) and (ii) in the L-drift
condition L(V,p,¥).
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Theorem 2.7. Let a continuous V : X — [1,00) satisfy limsup,_,.o V(X¢) = 00 Py-a.s., allx € X.

(a) Let ¢ : (0,1] — Ry be a non-decreasing, continuous function, such that r — 1/(re(1/r)) is
increasing on [1,00) and lim, o0 1/(re(1/r)) = oco. If 1/V € D(A) and there exist b,y € (0,00)
such that

(7) AQV)(@) < 9(1/V (@) +b1{V(2) < lo} for all 2 € X,
then the process in L(V ,p,V) (i) is a supermartingale.

(b) Let U :[1,00) — [1,00) be a differentiable, increasing, submultiplicative function. Assume X has
bounded jumps: for some constant d € Ry, we have Py (V(Xy) —V(Xy—) <d for allt e Ry) =1
for each x € X. If W oV € D(A) and there exist c,ly € (0,00) such that

(8) AW o V)(z) > —cl{V(z) < ly} forallz e X,
then inequality (2) in L(V ,p,V) (1) holds for every £ € ({y,00) and some constant Cy € (0, 00).

If X has bounded jumps, Theorem 2.7 has a natural converse: Assumption L(V,p,¥)(i) and
the submartingale property in (9) of Lemma 2.8 below (which implies L(V,p,¥)(ii)) yield the
inequalities in (7) and (8) involving A(1/V) and A(V o V'), respectively. As this fact is not used in
the paper, the details are omitted.

We proceed with Lemma 2.8, which provides a key step in the proof of Theorem 2.7(b). We
state it here because it is of independent interest in applications as it gives a sufficient condition for
the bound on the exit probability in L(V,p,¥)(ii) in terms of the submartingale condition in (9)
below. Denote t A s := min{s,t}, t,s € Ry, and recall T(") = inf{t > 0: V(X;) > r}, r € R,.

Lemma 2.8. Let a continuous V : X — [1,00) satisfy limsup, .o, V(X¢) = oo Py-a.s., for all
x e X. Let ¥ :[1,00) = [1,00) be a differentiable, increasing, submultiplicative function. Assume
that for some d € Ry, we have P, (V(X;) = V(Xi—) <d for allt € Ry) =1 for each x € X. If for
some Ly, c € (0,00) and all r € (£y,0), the process

./\T(T)
9) Vo V(X \pm)+ c/ KV (Xy) < lo}du s an (Fi)-submartingale under Py
0
for all x € X, then the condition L(V ,p,V) (i) holds with functions V and U.

Remark 2.9. If X has jumps with heavy tails, a submartingale argument of Lemma 2.8 may fail
to imply the inequality in Assumption L(V ,p,¥)(ii). This is because the overshoot of the process
VoV (X) need not be integrable (see e.g. the class of models in Section 3.2 below). It is thus crucial
that condition (ii) in Assumption L(V,p,¥) is given in terms of the probability P, (T(") < Sw)
directly, rather than the submartingale property of ¥ o V(X). As demonstrated in Section 3.2,
in such heavy-tailed cases it is possible to apply path-wise arguments directly to obtain the lower
bound on P, (T < S()), see Section 6.2 for details.

The expected growth condition assumed in Theorem 2.2(a) is easily verified via Lemma 2.10.

Lemma 2.10. Let H : X — [1,00) be continuous with H € D(A) and let £ : [1,00) — [1,00)
be concave, non-decreasing and differentiable, satisfying AH < & o H on X. Define the function
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E(u) = ["ds/&(s) for u € [1,00). Then we have
E.[H(X)] <= YE(H(z))+t) forallz € X andt € R;.

Lemma 2.10 plays a key role in establishing the upper bound on the expected growth of the
process h o V(X) in condition (a) of Theorem 2.2. If £ is constant, the bound on E,[h o V(X})] is
linear in time. Crucially Lemma 2.10 permits an unbounded &, thus allowing the process hoV (X)) to
exhibiting superlinear expected growth. This is key for establishing matching stretched exponential
(see Sections 3.1.2 and 6.1.2 below) and exponential (Sections 3.1.3 and 6.1.3 below) lower bounds
on the rate of convergence.

2.4.2. How to find functions ¢, ¥ (in L(V ,p,¥)) and h (in Theorem 2.2(a)) for a given Lyapunov
function V' ¢ The classical Lyapunov drift condition [9,12,28] requires the process V(X)) to satisfy
the supermartingale condition in (10) below. If such V is available, verifying L(V ,p,¥) reduces to
finding scalar functions ¢ and ¥, such that 1/V(X) — [, ¢o(1/V)(Xs)ds and WoV (X) are a super-
and a submartingale, respectively. Since ¥ is increasing, the Lyapunov function V : X — [1,00)
determines the level sets of ¥ o V| while U : [1,00) — [1,00) modulates only the growth of ¥ o V.
Thus, identifying W is typically straightforward if V' is given and the task is to find the slowest
growing ¥ so that oV (X) is a submartingale. Identifying ¢ for a given V' is also typically a simple
task, as it reduces to bounding the drift of 1/V(X) using Theorem 2.7(a) in Subsection 2.4.1.

The lower bound on the rate in Theorem 2.2 is based on the comparison of the tails of m and
the law of X;. Recall from Remark 2.4(a) that the role of the function h in assumption (a) of
Theorem 2.2 is to balance a lower bound on r — rw({h oV > r}) and an upper bound on the
t— Ey[hoV(Xy)]. Typically, a good choice for h is such that r — rm({hoV > r}) grows to infinity
as 7 — 00 at a polynomial (necessarily sublinear) rate, see Remark 5.2 below for more details.
Lemma 2.10, applied to H = h oV, yields the desired upper bound on ¢ — E;[h o V(X;)] (and
hence by Theorem 2.2 a lower bound on the rate of convergence).

2.5. Sketch of the proofs of the main results: Theorems 2.1, 2.2 and 2.5. The L-drift
condition L(V,p,V¥) is the crucial ingredient of all the main theorems. The following implications
constitute key steps in their proofs:

Lower bounds
Lower bounds

on the tails of . Lower bounds on
(1) . (I on the tails of (I11)
L(V,p,¥) == return times to =—= | . —= convergence rates
invariant measure
bounded sets (Thm 2.2)
(Thm 2.1)
(Thm 2.5)

TABLE 1. The sequence of implications from L-drift conditions to convergence rates.

We now describe informally each of these implications. Implication (I) in Table 1 above requires
a lower bound on the return time of X to a sublevel set {V < ¢} of the Lyapunov function V' (see
Figure 1). Under the L-drift condition L(V,p,¥)(i), the process 1/V(X) — [, ¢ o (1/V)(X,)ds is a
supermartingale when V(X)) is above level £, implying an upper bound on the tail of the supremum
of 1/V(X). This upper bound can be converted into a lower bound on the tail of the return time



SUBEXPONENTIAL LOWER BOUNDS FOR f-ERGODIC MARKOV PROCESSES 9

VA P T < §4)) > Co/U(ry)

Bx ) (S > (1—0)/(2e(1/r)r)) > ¢

™

P.(S@ = (1— )/ (20(1/r)1) = qPu(TCD < S

T(re) Sir Sy t

FIGURE 1. Establishing the lower bound in Theorem 2.5 (implication (I)) requires
conditions (i) and (ii) in Assumption L(V,p,¥) to obtain lower bounds on the
duration S(g) and the height supgecp s, V(X;s) of an excursion from the com-
pact set {V < ¢}. The bound on the height (blue inequality) follows directly
from L(V,p,¥)(ii), while the lower bound on the duration (red inequality) requires
a more involved argument (in Lemma 4.2 below) using the supermartingale
in L(V,p,U)(i).

of V(X) below a level £. The argument requires only the supermartingale property, see Lemma 4.2
below for details. In short, we first wait until the process V(X), started from V(x) > ¢, reaches a
large level 4 = 2r/(1—¢q) for r > ¢ and any ¢ € (0, 1), before descending below ¢. By L(V ,¢,¥) (ii)
we have the blue lower bound on the exit probability in Figure 1. On this event, once the process
V(X) is at V(X ), we apply the supermartingale property in L(V,p,¥)(i) to obtain the green
lower bound on the tail of the return time S,), which implies the red lower bound. Since ¢ € (0,1)
is arbitrary, these estimates imply boundedness of any petite set of X (Lemma 5.4 below) as well
as lower bounds on the tail probability P, ( 1" @ po V(Xs)ds > 7") of the additive functional of
the excursion from any bounded set D, for z € D, § > 0 and 7p(d) = inf{t > ¢ : X; € D}
(Theorem 2.5).

Implication (IT) in Table 1 above uses the fact that, under L(V,p,¥), all petite sets of X are
bounded and, crucially, that the lower bounds on the probability P, ( fOTD @ ho V(Xs)ds > 1") hold
for all non-decreasing functions h : [1,00) — [1,00). These facts, together with the well-known
characterisation of Meyn and Tweedie in [25, Thm 1.2(b)] of the integrability with respect to m,
yield a lower bound on the tail of the invariant measure 7 in Theorem 2.1.

Implication (IIT) in Table 1 above requires a comparison of the lower bound on the tail of the
invariant measure 7, obtained via implication (II), with the upper bound on the tail of the law
of V(X;), controlled by the expected growth of the process V(X). Finally, an application of
Lemma 5.1, which is generalisation to f-variation norms of [15, Thm 3.6] (see also [13, Thm 5.1]),
yields our lower bound on the rate of convergence in Theorem 2.2.

2.6. Related literature.
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Lyapunov functions and lower bounds. A general Lyapunov-function approach to lower bounds
on the total variation distance along a sequence of times tending to infinity is developed in [15].
A key step [15, Thm 3.6] consists of converting lower bounds on the tails of the invariant measure
to the lower bounds on the total variation, an idea also exploited in the present paper (see its
generalisation from total to f-variation in Lemma 5.1 below). Crucially, in [15, Thm 3.2], Hairer
gives criteria (based on ideas from [38]) for establishing lower bounds on total variation along a
sequence of times tending to infinity when the invariant measure is not explicitly known. These
criteria can be summarised briefly as follows: let Wi and Wy be C?-functions on R™ such that
W1 /Wa — 0 as W1 — oo and the inequalities AW; > 0 and AWy < F' hold outside a compact set
for some function F', where A denotes the generator of X. Under these conditions [15, Thm 3.2]
implies f Fdr = oo and, together with [15, Thm 3.6], yields a sequence of times t,, — oo at which
a lower bound on the total variation (based on non-integrability of F') holds.

The critical step in [15] consists of finding a non-integrable function F', which essentially amounts
to the function AW, being non-integrable: [ AWsdr = co. Consequently, the lower bounds on
the tails of m hold only along a (possibly sparse) sequence of levels, yielding a (possibly sparse)
sequence of times t,, — oo at which the lower bound on the total variation can be established. In
contrast, our approach provides lower bounds for all times by essentially analysing lower bounds as
upper bounds of 1/V(X) (as usual V' denotes a Lypuanov function for X). In the language of [15]
this involves estimating the drift A(1/V"), and then using path-wise arguments for semimartingales
(Lemma 4.2 below) to characterise [ ho Vdr = oo for all increasing scalar functions h. This idea
allows us to establish lower bounds on the tails of 7 for all levels and hence get lower bounds on the
convergence rate in f-variation for all times. Moreover, this suggests that establishing lower bounds
for all times using the approach in [15] directly would at the very least require a sufficiently rich
family of functions W2(H), satisfying the assumptions of [15, Thm 3.2] (and hence [ .AWQ(R)dﬂ' = 0)
for all values of the parameter k.

In the context of elliptic diffusions studied in Section 3.1 below, our results may be viewed as
a generalisation of the bounds along ¢, — oo, obtained via [15, Thm 3.2], to all times ¢ € [1, 00).
If the process X has jumps with heavy tails as in Section 3.2 below, [15, Thm 3.2] appears to be
difficult to apply: for the Lévy-driven stochastic differential equation of Section 3.2, W7 is either not
integrable with respect to the jump measure of X or, if it is, we have AW; < 0 outside of a compact
(see the formula for A in equation (44) and Remark 6.6 below for details). This makes the condition
0 < AW7 < oo hard to satisfy outside of any compact set. Finally, it is feasible that our methods
could yield novel insights for the hypoelliptic Hamiltonian system studied in [15] and possibly
extend the result on lower bounds in [15, Thm 1.1] to all times. The function W7 in [15, eq. (5.15)],
satisfying AW; > 0 and thus making W7 (X) a submartingale, is a natural candidate for ¥ o V' in
the L-drift condition L(V,p,¥)(ii). Determining the function V' and estimating the asymptotic
behaviour of A(1/V), so that L(V,p,¥)(i) holds, would enable the application of our results. This
is left for future research.

Lyapunov functions and upper bounds. The rate of convergence to invariant measures of
ergodic Markov processes has been studied extensively. The majority of the modern literature,
based on a probabilistic approach using Lyapunov functions, dates back to the seminal work of
Meyn and Tweedie in the 1990s [25,27,28] and primarily focuses on the upper bound estimates.
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These results have since been further improved and generalised. Notable contemporary versions
can be found in [2,9] and Hairer’s lecture notes [13], see also monograph [11] and the references
therein. Briefly, if for some continuous V' : X — [1,00), increasing, differentiable, concave ¢ :
[1,00) — [1,00), a closed petite set (defined in (28) below) A € B(X) and a constant b € R, the

process
(10) V(X) +/ ¢oV(Xy)du — b/ 1{X, € A}du is a supermartingale,
0 0

the following statements hold (see e.g. [9]):

(a) the process X is Harris recurrent with invariant measure 7 and [, ¢ o V(z)r(dz) < oo;

(b) r(V)||Px(Xy € 1) — 7(-)||Tv < CV(x), where r.(s) := ¢ o H(;l(s) and Hy(u) = [ q;%z), u>1.

Since this approach relies on transforming the state space with a Lyapunov function V, key

information may be lost, potentially resulting in poor upper bound estimates on the convergence
rate (see the motivating example in Section 3.1 below; see also Example 3.5). This naturally
motivates a general study of lower bounds in the context of Lyapunov functions presented in this
paper, particularly in the case when the upper bounds on the rate of convergence are subexponential.
As explained in Section 2.4, our results naturally augment the existing Lyapunov function approach
for the stability of Markov processes and provide a robust method for checking the quality of upper
bound estimates obtained via a given Lyapunov function.

Poincaré inequalities and the rates of convergence. These functional analytic techniques
typically work directly with the infinitesimal generator and are thus not dependent on the poten-
tially suboptimal choice of a Lyapunov function (see e.g. [2,30]). However, due to their analytical
nature, such methods often require more restrictive (typically global rather than local) assump-
tions on the behavior of the transition operator of the process. Additionally, even under strong
assumptions (e.g. reversibility), the literature addressing lower bounds remains sparse.

Potential theory and Lévy-driven Ornstein-Uhlenbeck (OU) processes. A potential the-
oretic approach for the stability of a class of Lévy-driven OU-processes, arising as limits of mul-
ticlass many-server queues, has been developed in [1,32]. In contrast to our results, the lower
bounds [32, Thm 1.2] for the general case of their models hold along a sequence of times t,, — oo.
The theory in [32] gives no information on the sparsity of the sequence (t,),en. However, in some
special cases of the models in [1,32], matching lower and upper bounds for all ¢ € [1, 00) are estab-
lished using Hairer’s result [13, Thm 5.1]. In these special cases, the precise decay of the tails of
the invariant measure of the model in [1] is established using analytical methods.

Mixing coefficients of Rosenblatt and Kolmogorov. Convergence to stationarity of an er-
godic Markov process can also be quantified via Rosenblatt’s and Kolmogorov’s mixing coefficients.
Veretennikov [36] provides upper bounds on the coefficients for polynomialy ergodic elliptic diffu-
sions, cf. Section 3.1.1 below. In the special case when the noise is additive, the corresponding
lower bounds on the coefficients are given in [37] (for discrete-time additive-noise case see [18]).
Markov Chain Monte Carlo. The vast majority of the convergence theory for Markov Chain
Monte Carlo algorithms concerns upper bounds, see e.g. [11] and the references therein. In com-
parison, lower bounds on the rate of convergence are sparse. Some recent model dependent results
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are given in [5,6]. However, the tools used appear to be hard to extend to general ergodic Markov
processes discussed in this paper.

Ergodic theory. Convergence of a Markov process to its invariant measure is closely related to
the decay of correlations and the mixing of dynamical systems in ergodic theory. In this setting,
seminal papers [22,33] establish asymptotically matching polynomial upper and lower bounds on
the mixing rates using operator renewal theory. This approach extends a classical probabilistic
result of Rogozin, bounding the remainder term in the renewal theorem [31].

It would be natural to consider extending Rogozin’s approach to obtain lower bounds on the
convergence rates of Markov processes towards their invariant measures. While this might be
achievable, as suggested in [24], employing renewal theory would likely require much stronger
assumptions on the process than in the present paper. Moreover, in this context, lower bounds
on the rates of convergence can be established only if both upper and lower bounds on the model
parameters are assumed to match. In contrast, as demonstrated by the examples in Section 3,
our approach yields asymptotically matching lower bounds on the rate of convergence even for the
models with oscillating parameters. Adapting the techniques from [22,33] to the context of ergodic
Markov processes studied in this paper would appear to lead to weaker results.

3. APPLICATIONS TO ELLIPTIC DIFFUSIONS, LEVY-DRIVEN SDES AND HYPOELLIPTIC
STOCHASTIC DAMPING HAMILTONIAN SYSTEMS

We now apply the results of Section 2 to stochastic models used across probability and its
application. We mostly consider models where Lyapunov drift conditions have been developed to
obtain upper bounds on the rates of convergence. The examples are chosen to demonstrate the
robustness and the complementary nature of our approach to the existing theory for upper bounds:
we cover the classes of models studied in [9, Sec. 5] and [12, Sec. 3]. In particular, we analyse
models exhibiting polynomial, stretched exponential and exponential ergodicity and in all cases
provide lower bounds, which asymptotically match known upper bounds. More precisely, we give
lower bounds in f-variation for polynomially ergodic elliptic and hypoelliptic diffusions, studied
in [12, Sec. 3] and [9,39], respectively. For brevity, in all other examples we consider total variation
(even though our methods could handle f-variation in these cases) and show that our lower bounds
match asymptotically the upper bounds in [9,12].

The proofs of the results in this section, contained in Section 6 below, typically involve verifying
Assumption L(V,p,¥) via Theorem 2.7 and the condition in (a) of Theorem 2.2 via Lemma 2.10.
In all examples of this section, the dependence of the multiplicative constant on the initial position
x € X can be obtained explicitly from our main estimate in (5) of Theorem 2.2. However, for ease
of presentation, the explicit dependence on the starting point has been omitted.

3.1. Elliptic diffusions. In this section we apply our results to obtain lower bounds on the rate of
convergence to stationarity of elliptic diffusions. We first introduce the general form of the model
and give a simple motivating example. In Sections 3.1.1 and 3.1.2 we discuss the polynomial and
stretched exponential cases, respectively. We stress that our assumptions allow multiplicative noise
with unbounded instantaneous variance of the process. Example 3.5 of Section 3.1.1 demonstrates
the necessity of two-sided asymptotic assumptions on the coefficients (used in this section) for
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obtaining the actual rate of convergence to stationarity. It also shows that upper bounds on the
rate of convergence, established in [9,12,36] using asymptotic upper bounds on the coefficients only,
may be orders of magnitude larger than the actual convergence rate.

Section 3.1 concludes with the class of elliptic diffusions exhibiting exponential ergodicity (see
Section 3.1.3 below). Even though our main focus is on subexponential ergodicity, Section 3.1.3
shows that our methods for lower bounds are also applicable to the exponentially ergodic case.

For n € N, let the process X = (X;);cr, with state space X := R™ be the unique strong solution
of the stochastic differential equation (SDE)

t t
(11) X =Xo+ / b(Xs)ds + / o(X,)dBs,
0 0

where the functions b : R” — R™ and o : R™ — R™™"™ are locally Lipschitz (i.e. for every [ > 0
there exists a finite constant ¢; such that |b(z) — b(y)| + |o(z) — o(y)| < ¢|z — y| for all z,y € R”
with |z|,|y| < 1), and (B;)ier, a standard n-dimensional Brownian motion. Here and throughout
we denote by |- | and (-, -) the Euclidean norm and standard scalar product on R”, respectively. In
particular, |z|? = (z,z) for all z € R™. Let ¥ := 00T, where o7 is the transpose of the matrix o, be
uniformly elliptic: (X(z)y,y) > da|y|? for some &, > 0 and all y, z € R™. The diffusion X in (11) is
assumed to be ergodic with an invariant measure 7.

Motivating example: Consider the following toy example of an elliptic SDE (11) with n = 1 (i.e.
X =R), 0 =1, and b(z) = —x/|x| for all |z| > 1. Applying the generator A of X to the Lyapunov
function V (z) = 1422 yields AV (x) < —V ()2 for all 2 € R with || large. Then, for every initial
condition z € R, an application of the drift condition from [9, Thms 3.2 and 3.4] (see (10) above)

with V(z) = 1+ 22 (and ¢(r) proportional to /7 as r — co) implies the following upper bound:
IPs(X: € -) — w(+)||rv < Cp/t for all t € [1,00) and some constant C, € (0,00). Given that the
process X is in fact exponentially ergodic (use [9, Thms 3.2 and 3.4] with V(x) = exp(|z|) for large
|]), it is evident that the upper bounds obtained through Lyapunov drift condition (10) may be ex-
ceedingly inaccurate. Furthermore, this example demonstrates that the classical Lyapunov-function
theory for upper bounds is not sufficient for characterising the processes that are subexponentially
ergodic. We now apply the results in Section 2 to address this problem by establishing the actual
subexponential rate of convergence using our Lyapunov-function drift conditions in L(V ,p,¥).

3.1.1. Polynomial tails. The following assumption ensures polynomial upper bounds on the tails of
the invariant measure and the rate of convergence in total variation [12, Sec 3.2], [36]. Recall that
a function g : R" — R satisfies g(z) = o(1) as || — 0o if limy e SUPyern =1 9(ulz]) = 0.
Assumption A,. There exist a, 5,7y € (0,00) and £ € [0,2), such that2—{ < 2+ (2a—7)/5 =: m,
and the coefficients b and ¥ = oo™ of (11) satisfy (as |x| — 00)

(@), /|2 /2] = —a +o(1), (B(z)x/|z],x/lz])/|z|' = B+ o0(1), T(E(x))/|z]* =7 +o(1).

As defined in [12], Langevin tempered diffusion on R", given by a smooth 7 : R™ — (0, 00)
(proportional to the density of m on R"), satisfies SDE (11) with coefficients % (x) = I,,/7(z)%,
where I,, is the identity matrix and d > 0, and b(x) = (1 — 2d)V(log7)(z)/(27(x)??), where V
denotes the gradient. If d = 0, we get the classical Langevin diffusion with bounded volatility.
This is an important class of diffusions because, by construction, their invariant measure equals 7.
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They satisfy Assumption A, when 1/7(z)?¢ is proportional to |z|¢, with £ € [0,2), and (V7 (x), z)
is proportional to 7(z) as |z| — oo.

When 7 has polynomial tails, upper bounds for the convergence in total variation for Langevin
tempered diffusions on R"™ (as well as their generalisation in Assumption A,) were studied in [12,
Sec 3.2]. In this section we apply our methods under Assumption A, to obtain matching lower
bounds for the results in [12], establishing the rate of convergence to stationarity.

Theorem 3.1. Let Assumption A, hold. Pick k € [0,{+ (2ac—y)/f) and fix the critical exponent
ap=me/(2—0)—1-k/(2—0) = 2(a+5)—7)/(2—-0)B)—1—k/(2—1{). Then for the function
fe(z) =1+ |z|*, a starting point z € R™ and ¢ > 0, there exists a constant ¢y . € (0,00) such that

e [t <|Pp(Xp € ) —7w()||g,  for allt € [1,00).

The next result provides lower bounds on the tail of the invariant measure 7 and the return time
mp(0) = inf{t > § : X; € D} of the diffusion X to a bounded set D € B(R") after time ¢ > 0.

Theorem 3.2. Let Assumption Ay, hold and recall 0 < 2 — € < m, =2+ (2o —)/B.

(a) For every e > 0, there exists ¢ € (0,00) such that

e )t < n({Jz| = 0}) for allr € [1,00).

(b) For any x € R"™, any bounded set D € B(R™) and arbitrary ¢,6 € (0,00), there exists a constant
cr € (0,00), such that

e Jtme/C=0Fe <P (rp(6) > ) for allt € [1,00).

The proofs of Theorems 3.1 and 3.2 use the L-drift condition L(V,,¥), where V', ¢ and ¥ exhibit
polynomial growth. The functions ¢ and ¥ are obtained directly from the generator inequalities
of Theorem 2.7 and are also polynomial, see Section 6.1.1 below for details.

Remark 3.3 (matching rates). As mentioned above, our lower bounds in Theorem 3.1 on the
f-variation distance matches the upper bounds in [12]. Recall from Theorem 3.1 the parameters
k, aj, and the function fi,. Then, for every ¢ > 0, there exist constants cj ¢, Ck . € (0,00) such that

(12) Che /1O < |[P(Xy € ) — (), < Choe/t™ 5 for all ¢ € [1,00).

Analogous bounds could be established for the tails of the invariant measure 7 and the return time
7p(d). Put differently, in conjunction with [12], Theorems 3.1 and 3.2 imply the convergence rate to
stationarity and the decay of the tails of the invariant measure and the return times in logarithmic

scale:
log ||P,(X; € ) — 7 (- logP
lim OgH ( t € ) 7'['( ))ka = ay, lim og JJ(TD((S) > t) _ mc/(2 —f),
t—00 logt t—00 logt
>
i 822
t—00 logr

Remark 3.4 (oscillating coefficients). Note that Assumption A, requires matching upper and
lower bounds on the asymptotic behaviour (as |z|] — o) of the coefficients of SDE (11). The
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following is a natural generalisation of Assumption A,, allowing oscillating coefficients: for all
x € R™ outside of some compact set it holds that v, < Tr(X(z))/|z|¢ < 7o,

—ap < (ba),z/le)/|elt < —ay & B < (S(e)z/|al,z/|el)/ |2l < Bu

for some constants vz, vu, oL, o, Br, Bu € (0,00). Under this assumption, the lower bounds in
Theorem 3.1 and 3.2 remain valid with with m% = 2 + (2ar — v1)/Br (instead of m.). While a
slight modification of the proofs of Theorems 3.1 and 3.2 is necessary, the same polynomial class of
Lyapunov functions can be used. The details are omitted for brevity. The upper bounds depend
on mY =2+ (2ay — yv)/Bu and can be obtained from the classical theory [12]. The discrepancy
between mcL > mCU leads to an asymptotic gap between the lower and upper bounds on the rate of
convergence. As demonstrated by the following example, this gap is not an artefact of our methods.
Example 3.5 below also shows that upper bounds on the coefficients alone, assumed in [12, Remark
after Thm 16], are insufficient to deduce the rate of convergence in the sense of (12).

Ezample 3.5. Let the function 7 : R — (0,00) be a positive thrice continuously differentiable
density on R (up to a normalizing constant). The one-dimensional SDE

(13) dX; = (log7)'(X;)dt + V2dB;.

is an example of an elliptic diffusion of the form (11) in R.

Assumption A, above is given in terms of the limits of the coefficients of SDE (11) as |z| — oc.
This differs from the assumptions in [12, Sec 3.2], where only the asymptotic upper bounds on the
model parameters are assumed. In particular, in the context of SDE (13), the results from [12,
Sec 3.2] imply the following: if lim sup|,|_, z(log 7)'(¥) = —a for some a € (1,00), then for every
z € R and £ > 0 there exists a constant C' > 0, such that |P,(X; € -) — n(-)||pv < C/tle"1/2=¢
holds for all ¢ € [1,00). However, as we shall now see, an upper bound on the drift in (13) is not
sufficient to determine the actual rate of convergence to the invariant measure.

Fix a € (1,00). Then for every k € (a,00), there exists an invariant density m, such that the
following statements hold: limsupi,|_,., #(log7)'(z) = —a and, for every € R and € > 0, there
exist constants ¢/, C’ € (0, 00) such that

(14) ¢ EN2 < Py(Xy € ) — w()|loy < O /tR/27E for all £ € [1,00),

where the process X follows SDE (13) with Xy = 2. The proof of (14) is in Section 6.1.1 below.

This example demonstrates that, assuming only upper bounds on the coefficients of the diffusion
in (11) (asin [12, Sec 3.2]), may result in the upper bound on the rate being greater than the actual
rate of convergence by any polynomial order. In contrast, if we assume matching lower and upper
bounds on the drift of (13) (i.e. (logm)(z) = —a/xz(1 + o(1)) as |z| — o0), the bounds in (12)
imply (14) with k = a.

Remark 3.6 (Can the drift in (11) point away from the origin?). In Assumption A, we
stipulate that the drift b, while possibly vanishing at infinity, assymptotically points towards the
origin. It is natural to ask whether this assumption can be relaxed by allowing the drift b to oscillate
between pointing towards and away from the origin as |z| — 00.* An example of such a process is

“We thank the anonymous referee for drawing our attention to this natural question.
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given in [20, Example 2.5] by a Langevin diffusion: for a constant ¢ € (0,1), let X follow the SDE
(15) dX: = b(Xy)dt +dB;, where b(z) = —(cos(x) + ¢)z/|x| for all z € R with large |z|.

In [20] it is proved that |[P,(X; € -) — 7(-)||rv < Cut® (=) for any o € (0,1) and all ¢ € [1, 00)
(and some constant C, > 0). It is natural to enquire whether a subexponential lower bound can
be obtained for such a process.

This question is highly non-trivial in general since a sharp upper bound on the rate of convergence
is not clear. The answer to it will depend on the details of the model. More specifically, the diffusion
in (15) is in fact exponentially ergodic,

(16) [|[Px(X¢ € ) —w()|lmv < Coexp(—Cit) for constants Cp, C7 € (0,00) and all ¢ € [1,00),

as can be seen by a direct calculation using an appropriate Lyapunov function (see end of Sec-
tion 6.1.1 below), related to the one used in Example 3.5 above. In particular, the diffusion in (15)
demonstrates that achieving (exponential) ergodicity does not require the drift to be directed to-
wards the origin everywhere outside of a compact set. As the diffusion X in (15) exhibits exponential

ergodicity, subexponential lower bounds cannot be established in this example.

3.1.2. Stretched exponential tails. Under the following assumption, the process X exhibits stretched
exponential ergodicity.

Assumption Ag.. There exist constants p € (0,1) and ¢ € [0,2p), such that the coefficients b and
¥ = ooT in (11) satisfy the following asymptotic assumptions: Limsup, ., Tr(2(x))/|z|* < oo
and

—ap < (b(@),z/|z))/[e]" < —av & Br < (S(@)a/lz],x/|2])/|z]" < v,
for all © outside of some compact set and some constants oy, ay, B, Bu € (0,00).

Assumption A, covers tempered Langevin diffusions exhibiting stretched exponential ergodicity,
studied in [9, Sec 5.2]. In particular, parameters 5 € (0,1) and d € [0,1/8 — 1) (in the notation
of [9, Sec 5.2]), are included in the cases p =  — 1 and ¢ = 2/3d. Moreover, the case ¢ = 0 includes
Langevin diffusions.

The main result, Theorem 3.7 below, establishes lower bounds on the tail of the invariant measure
m, the rate of convergence towards the invariant measure in the TV-distance and the tail of the
return time 7p(d) = inf{t > 0 : X; € D} of X to a bounded set D € B(R"™) after time § > 0.
Theorem 3.7. Let Assumption Age hold.

(a) There exist cx,u, € (0,00) such that

co) exp(urrt™P)) < w({|z| > r}) for allr € [1,00).

(b) For every x € R"™, 6 > 0 and a bounded set D € B(R™), there exist c;,u, € (0,00) such that

cr) exp(u P/ AFP=0Y <P (r1(8) > 1) for all t € [1,00).

(c) For every x € R™ there exist cry,uty € (0,00) such that

crv/ exp(upytE P/ AFP=0y <P (X, € ) — 7(||l oy for all t € [1,00).
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In the proof of Theorem 3.7 we work with the L-drift condition L(V,p,¥), where the Lya-
punov function V' grows polynomially, while ¥ grows at the stretched exponential rate with the
“stretching” parameter 1 —p. The function ¢ is again polynomial and is obtained directly from the
generator inequalities in Theorem 2.7. Like ¥, the function A in Assumption (a) of Theorem 2.2
grows at the stretched exponential rate with parameter 1 — p, see Section 6.1.2 below for the details
of the proof of Theorem 3.7.

Remark 3.8 (matching rates). The class of models defined by Assumption A, contains elliptic and
tempered Langevin diffusions studied in the context of upper bounds in [9, Sections 5.1 and 5.2]. The
techniques of [9] can be applied to obtain upper bounds for all models covered by Assumption Age.
Our lower bounds in Theorem 3.7 match these upper bounds. More precisely, there exist constants
crv, Crv, ury, Ury € (0,00) such that

(17) ey / exp(urytT P/ AFP=0y <P (X, € ) — 7 ()|l oy < Cpy/ exp(Upyt( P/ (14p=0)

holds for all ¢t € [1,00). Analogous bounds hold for the tails of the invariant measure 7 and the
return time 7p(9).

Remark 3.9 (matching constants). Assumption A cannot ensure that constants wur, ur, ury
in the exponents in Theorem 3.7 are only e-away from optimal constants in upper bounds. This is
because, under Assumption A, the coefficients of the SDE in (11) may oscillate asymptotically as
|x| — oo. However, assuming that

(b(x),z/|z])/|2|7P = —a+o(|z[Ph), (S(x)z/|x],z/|x]) = B+o(lz[P~) & Tr(S(x)) =v+o(1),
as |x| — oo, for some constants p € (0,1), a, 8,7 € (0,00), it is possible to prove

lim 0P log w({|z| > r}) = 2a/(B(1 — p)) = o~ EP/AHP) Jim ¢3=PV/A4P=O 100 P (7(8) > ¢).
r—00 t—o0
Limit inferiors in these limits follow from the theory developed in this paper. However, they require
a more involved Lyapunov function (i.e. a product of a polynomial and stretched exponential
functions) than the one in the proof of Theorem 3.7. Upper bounds in these limits follow from [9,
Thm 5.3]. Moreover, for the constants in the exponents for the total variation distance in (17), we

can show Upy /ury < 2 4 e. We omit the details for brevity.

3.1.3. Ezponential tails. In this section we demonstrate that our methods may also be used to
derive lower bounds on the rate of convergence of certain exponentially ergodic processes.
Assumption A.. The coefficients b and ¥ = oo in (11) satisfy the following asymptotic assump-
tions: lim supj,|_, Tr(3()) < 0o and

—ap < (0(z),z/|lz|) < —ay & Br < (E(z)z/lx],z/|x]) < Bu
for all x outside of a compact set and some constants ar,, oy, fr, Bu € (0, 00).

Theorem 3.10. Let Assumption A. hold.
(a) There exist cx,ur € (0,00) such that

e/ exp(urr) < w({|z| >r}) forallr € [1,00).
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(b) For every x € R", ¢ € (0,00) and a bounded set D € B(R™) there exist c-,ur € (0,00) such that

cr/exp(urt) <Py (rp(d) >t) forallt € [l,00).

(c) For every x € R™ there exist cry,ury € (0,00) such that
crv/exp(uryt) < [|Px(X; € ) —w(:)||lrv  for allt € [1,00).

The L-drift condition L(V,p,¥) in the proof of Theorem 3.10 uses V and ¥, which exhibit
polynomial and exponential growth, respectively. As in the examples of Sections 3.1.1 and 3.1.2,
the function ¢ is polynomial and follows directly from the generator inequalities in Theorem 2.7.
The details of the proof of Theorem 3.10 are in Section 6.1.3 below.

Remark 3.11 (matching rates). Exponential upper bounds on the results in Theorem 3.10 can be
obtained, for example, by applying results from [9, Sec 3] and estimates in Proposition 6.3 below.
In particular, there exist constants Cpy, Ury € (0,00) such that

ch/exp(uTVt) < ||IP)I(X,5 € ) — 7T(-)HTV < CT\// eXp(UTvt) for all t € [1, OO)

Similar bounds hold for the tails of the invariant measure 7 and the return time 7(d). Moreover,
ensuring that the constants u,, u, ury in the exponents in Theorem 3.10 are close to their optimal
constants in the upper bounds would require stronger assumptions and a more involved choice of
Lyapunov functions. As the focus of the present paper is on subexponential ergodicity, the details

are omitted.

3.2. Lévy-driven SDE. In this section we apply the results of Section 2 to a solution X of a
Lévy-driven SDE taking values in X = R. More precisely, let X follow the SDE

(18) dXt == —/LXtdt + O'(Xt,)st,

where p € (0,00), 0 : R — Ry is Lipschitz with 0 < inf,ecr o(z) < sup,cgpo(z) < co and L is a
pure-jump Lévy process with Lévy measure v (cf. [34, Ch. 1]). Such X exists and is unique for any
starting point Xg = x € R [29, Thm V.6]. The drift and the Gaussian component of L are zero
as they do not influence the asymptotic behaviour of X when v has heavy tails and o is bounded.
Adding them would require only a minor modification of the proof of Theorem 3.12 below.
Assumption Ay,. Assume that for some m. € (1,00), the Lévy measure v satisfies

0 < liminf(logr)™ev([r, 00)) < limsup(logr)™v([r,o00)) < oo and

T—00 r—00

0 = limsup v((—o0, r])(log |r[)™ .

r——00
As we shall see, when the jumps of L have very heavy tails (as in Assumption Ar), X does not
exhibit exponential ergodicity. Recall that 7p(d) = inf{t > § : X; € D} is the return time of the
process X to a bounded set D € B(R") after time 6 > 0.
Theorem 3.12. Let Assumption Ay, hold and the process X satisfy SDE (18) above.

(a) For any ¢ > 0 there exists a constant ¢, € (0,00) such that

e/ (log )™~ < w([r,00))  for all 7 € [1,00).
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(b) For every x € R, £,0 > 0 and bounded set D € B(R), there exists ¢, € (0,00) such that

e [t < Pu(1p(6) >t) forallt € [1,00).

(c) For any v € R and ¢ > 0 there exists a constant cry € (0,00) such that

CTv/tmc_H_E < ‘|P1(Xt S ) — 7THTV fOT all t € [1,00).

The L-drift condition L(V ,¢,¥) in the proof of Theorem 3.12 uses the Lyapunov function V' with
logarithmic growth. This is necessary to ensure the integrability of the marginals of the process
V(X). The function ¥ has polynomial growth as does ¢ (the latter is again obtained from the
generator inequalities in Theorem 2.7). The function A in Assumption (a) of Theorem 2.2 is taken
to be polynomial with the “largest” growth rate, such that the marginals of the process h o V(X)
remain integrable. The proof of Theorem 3.12 is in Section 6.2 below.

Remark 3.13 (matching rates). Theorem 3.12 is applicable to general pure-jump Lévy drivers
with two-sided jumps and arbitrary path variation. In particular, it covers the simpler model
studied in [12] with additive noise, where it is assumed that o = 1 and v((—o0, 1]) = 0 (making L
a compound Poisson process with positive jumps and, consequently, X = R, for Xo = 2z € R,).
Our lower bounds match the upper bounds from [12], i.e. for some ¢y, Cryv € (0, 00) we have

CT\//mecf1JrE < HPm(Xt € ) - 7T”TV < CT\/'/tmciliE for all t € [1,00).
Analogous bound holds for the tail of the invariant measure 7 and the return time 7p(9).

Remark 3.14. Theorem 3.12 and Remark 3.13 show that the process X in (18) converges to station-
arity at a polynomial rate even though its invariant measure has a logarithmically heavy positive
tail. Since Assumption Ay, stipulates that the negative tail of the Lévy measure v is orders of mag-
nitude thinner than its positive tail, we prove Theorem 3.12 in Section 6.2 below using a Lyapunov
function (45), which is bounded on the negative half-line.

The asymmetry in Assumption Ay, is also visible in the invariant measure . If, for example,
v((—o0,7]) decays polynomially, then the form of the extended generator of X in (44) below, applied
to an appropriate polynomial Lyapunov function V', tends to +oo (as r — —o00) at the same rate as
V itself. This follows by a similar argument to the one in the proof of Proposition 6.4(a) below. In
this case, by [9, Prop. 3.1] and the Markov inequality, we obtain a polynomial upper bound on the
tail m((—o0,r]) as r — —oo. Moreover, by the same argument, if v((—oo,r]) decays exponentially
as r — —o00, so does 7((—o0,7]).

3.3. Stochastic damping Hamiltonian system. Consider the hypoelliptic diffusion X = (Z,Y),
where Z; (resp. Y;) is the position (resp. velocity) at time ¢ of a physical system moving in R,
satisfying the following SDE: dZ; = Y;dt and dY; = o(Z;, Y3)d B, — (c(Z, Y2)Y; + VU (Z))dt. Here
the gradient VU (Z;) is a friction force, ¢(Z;, Y;)Y; a damping force and o(Z;, Y;)d B, a random force,
with B being the standard n-dimensional Brownian motion, acting on the system at (Z, Y;). Ex-
ponential convergence to the invariant measure of this class of models has been studied extensively,
see e.g. [21,39].
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Our primary focus is on deriving lower bounds in cases where subexponential upper bounds
on the rate of convergence have been established. We thus consider a one-dimensional example
previously studied in the context of subexponential upper bounds [9]:

(19) A7, =Yydt, Y, = odB, — (cY; + U'(Z,))dt,

where U : R — R is in C?(R) and o, ¢ € (0,00) are positive constants. We are interested in the
case when the invariant measure of the process X = (Z,Y) has polynomial tails.
Assumption Ag. Let the function U € C*(R) be such that z2U’(2) = a + o(1) as |z| — o for
some a € (0,00). Assume also that the constants o,c € (0,00) in (19) satisfy ac/a? > 1/2.

The next result provides matching polynomial lower and upper bounds on the rate of convergence
to stationarity in f-variation of the hypoelliptic diffusion in (19) (proof is in Section 6.3 below).
The parameter m = 0 in Theorem 3.15 corresponds to total variation.

Theorem 3.15. Let Assumption Ay hold and pick m € [0,2ac/0?® — 1). Then for the function
fm(z,y) =14+ |2|™, any x = (2,y) € R" and € > 0, there exist ¢y e, Cm e € (0,00) such that

O J10/ 751224 < (X € ) — ()|, < Comie /197 7127272 for all t € [1,00).

The upper bound on the rate of convergence in Theorem 3.15 is obtained by applying the drift
condition in [9] (see (10) above) to an appropriate Lyapunov function (inspired by [39]). Note that
the model in Theorem 3.15 has not been analysed in [9], where a hypoelliptic diffusion in (19) with
stretched exponential tails is considered. Following [15], the matching lower bound in Theorem 3.15
is obtained by comparing the tails of X; and 7 via Lemma 5.1. This lower bound does not require
a verification of the L-drift condition L(V ,p,¥), because the invariant measure 7 of the process
in (19) has a known density proportional to (z,y) — exp(—2¢/o?(y?/2 + U(z))).

The Lyapunov function V,, used to obtain the upper bound in Theorem 3.15 also yields polynomial
upper bounds on the tail of return times. By analogy with all other models discussed in Section 3,
it would be natural to use the same V,, to establish the L-drift condition L(V,p,¥). However, a
function ¢, which makes the process 1/V,(X) into a supermartingale, cannot satisfy the growth
conditions in L(V,p,¥)(i). Thus, unlike in the other models of this section, a different Lyapunov
function V; for lower bounds is needed. Such a V} exists but it only yields exponential lower bounds
on the tails of return times. The reason for this discrepancy is that V,, necessarily mainly depends
on the heavy-tailed component Z, while V; has to mostly depend on the light-tailed component Y.

4. RETURN TIMES TO BOUNDED SETS FOR SEMIMARTINGALES

This section develops a general theory for the analysis of return times of continuous-time semi-
martingales to bounded sets. The main result in this section, Lemma 4.2, is a far reaching general-
isation of the approach dealing with return times initiated in [4, Sec 3] to stochastic processes with
jumps and/or unbounded variance. Throughout this section we fix a probability space (2, F,P)
with a right-continuous filtration (F;)cr,. We begin with an elementary maximal inequality.

Proposition 4.1 (Maximal inequality). Let (Fi)icr, be a right-continuous filtration and § =
(&)ter, an (Fi)-adapted process with cadlag paths taking values in [0,1]. Define an (F;)-stopping
time 7, == inf{t € Ry : & > r} (recall inf ) = co) and assume that, for some r > 0 and a locally
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bounded measurable function f: Ry x [0,1] — Ry, the process (&, — JATT f(u,&u)du)ier, is an

(Fi)-supermartingale. Then, for any s € (0,00), we have

P < sup &, > T‘fo) <yt <§0 +E [/SATT f(u,{u)du‘}"g]) a.s.
0

0<u<s

Proof. Pick any s € (0,00) and consider an (F;)-stopping time 7, A s, bounded above by s. Note
that supg<, <, rs §u < 7. Since f is bounded on the compact set [0, s] x [0, 7], there exists a constant
C € (0,00) such that supg<,<,,.as f(u; &) < C a.s. Thus we obtain

Tr\S
(20) 0<E [/ f(u,éu)du‘}"g] <Cs<oo as.
0

Since (§inr, — J/\Tr f(u,&)du)ier, is an (F;)-supermartingale, &, a5 — OTT/\S f(u,&,)du is in-

tegrable and E[&;, s — OTMS f(u, &)du|Fo] < &. The inequality in (20) and the fact that £ is

non-negative imply the following:

Bl il =& [era— [ swgodufm] +B [ [T s g

Tr/\S
(21) <& +E UO f(u,fu)du‘]-"o] .

Moreover, by the definition of 7, in the proposition we have {sup,cp)éu > 7} = {7 < s} as.
Since ¢ is cadlag, on the event {7, < s} we have &, rs = &, > r a.s. Thus, by (21), we have

P ( sup &, > 7“’]:0> =P (7} < s‘}"o) <pt E[&r,ns {7 < s}|Fo] < Pt E[&7, 1] Fo)

0<u<s
<yt (50 +E [/OTTAS f(u,ﬁu)du‘]:o}> ,

implying the proposition. ]

Proposition 4.1 will be applied in the proof of Lemma 4.2 with a continuous function f. To
state the lemma, consider an (F;)-adapted process & := (k¢)ier, with cadlag paths, taking values
in [1,00). Let T denote the set of all [0, oo]-valued stopping times with respect to (F¢)ier, . For
any ¢,r € R4 and stopping time T' € T, define the first entry times (after T') by

(22) M =T+inf{s e Ry : T < 00, krys < L},
(23) prr =T+ inf{s e Ry : T < 00, kKpgs >},

where inf ) = co. If T' = 0, we write A¢ := Aro and p, = pro.

Lemma 4.2. Let £ = (k¢)ier, be a [1,00)-valued (F;)-adapted process with cadlag paths, satisfying
lim sup;_, o kKt = 00 a.s. Suppose that there exist a level ¢ € (1,00) and a non-decreasing continuous
function ¢ : (0,1] — Ry, such that the process

(quJ’_t)/\)‘T‘»PT‘q . .
1/n(prq+t)m\qu —/p o(1/ky)du is an (Fp, +t)-supermartingale
Tq teR4
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for every g € (0,1) and r € (¢,00), where rq := 2r/(1 —q). Pick any q € (0,1), € € (0,(1 — q)/2]
and a non-decreasing function f: Ry — Ry. Then for every r € (£,00) we have

Ae
(24) P ([ fdas = 01/ ro/r]70) 2 aBlo, < AT as

Remark 4.3. (I) The assumption limsup,_, . k; = oo a.s. in Lemma 4.2 implies P(p, < co) =1 for
all 7 € [1,00), making Kp,, Well defined. The main step in the proof of inequality (24) in Lemma 4.2
consists of establishing the following: with probability at least ¢, after reaching the level r,, the
process £ spends more than £/(r¢(1/r)) units of time before returning below the level r.

(IT) Note that f = 1 in Lemma 4.2 yields a lower bound on the tail probability P(A; > t|Fp). In
applications of Lemma 4.2 it is crucial that g can be taken arbitrarily close to 1. This allows us to
conclude that for any fixed time ¢ and starting point ko larger than the level 2Gf(t)/(1 — q), the
process does not leave (¢,00) before time t with probability ¢. In particular, this will imply that
petite sets of a Markov process satisfying L(V ,p,¥) are necessarily bounded (Lemma 5.4 below).
(IIT) The null set where the inequality in (24) fails to hold may vary with . However, when applying
Lemma 4.2 in this paper, we only require the case where Fy is a trivial o-algebra, making (24) hold
for all r € (¢, 00) simultaneously.

Proof of Lemma 4.2. Pick ¢ € (0,1) and r € (¢,00). Note that the inequality in (24) holds for all
e € (0,(1 —q)/2] if it holds for € = (1 — ¢)/2 (the right-hand side of (24) does not depend on ¢,
while the probability on the left-hand side is decreasing in €). We may thus fix ¢ = (1 — ¢)/2.

We start by showing that, once the process x reaches the level ry = 2r/(1 — ¢), with probability
at least ¢ it takes €/(ry(1/r)) units of time for x to return to the interval [1,7). More precisely, we
now establish the following inequality:

(25) P(Arpr, = pry +€/(ro(1/r)Fp,,) = g as.

By the non-confinement assumption limsup,_, ., k¢ = 00, we have p,, < co a.s. Define the cadlag
process (§)ter, by & = 1/kp, 1. Note that 7y, =inf{t >0:& > 1/r} =\, —pr, by (22) and
hence t ATy = ((pr, +1) AAr,p,, ) — pr,- Moreover, by the definition of 7., we have {sup,c[ 5 {u >
1/r} = {mr < s}as. for any s € R;. By assumption, the process ({iar, ,, — JATW o(&u)du)ier, is
an (]:prq +¢)-supermartingale. Moreover, since ¢ : (0,1] — R is non-decreasing and continuous, it
has a unique extension (via its right-limit at 0) to a continuous function ¢ : [0,1] — Ry. Applying
Proposition 4.1 (with a continuous function f(u,s) = ¢(s)) to £ and the stopping time 7y, yields

]P)(Ar,prq < prq + t|fprq) = P(TI/T < t|f Tq) = ]P)(Oiugtgu > 1/T|‘Fprq)

t/\Tl/r
<r(ave|[ " veadz,, )

(p7'q +t)/\>‘7”,/>rq
/ cp(l//{u)du‘}"rq

Prq

<1 (1/rg +@(U/r)VE [(pr, +8) AArpy, = o1l For,|)
< r(1frg + @(1/r)t) = (1= g)/2 + r(1/r)t,  t€ (0,00),
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where the second inequality holds by the following facts: ¢ is a non-decreasing function and the
inequality 1/f, < 1/r is valid on the event {p,, <u < (pr, +t) A Ay, }. The third inequality is a
consequence of the fact ((pr, +1) A Arp,,) — pr, = T1/r At < t, while the last equality follows from
the definition of r,. By taking complements, we get

P(Ar o, = pry + U Fp,) 21 = ((1=q)/2 +re(1/r)t).

Setting t = ¢/(rp(1/r)) and recalling € = (1 — ¢)/2, we obtain (25).

Note that on the event {\,,, > pr, +¢/(re(1/r))}, for any non-decreasing function f, we have
f(kpp+t) = f(r) for all t € [0,e/(re(1/r))]. Since r > £, on the event {p;, < A¢}, the inequality
Ae > )\m,rq holds, implying the following inclusion:

Ae
{ ; f(ke)dt > f(r)€/(7"90(1/7“))} 2 A{pry <A N {Arp,, = pr, +e/(re(1/r))}.

By the inequality in (25), we thus obtain the inequality in (24):

Ae
P( ™ fgat > f<r>s/<w<1/r>>\fo)

>E []l{p,,q < A\ }P <)‘r,prq > pr, +e/(re(1/r))|F, T) ‘.7-"0} > qP(pr, < M| Fo) as. O

5. LOWER BOUNDS ON THE ERGODICITY OF MARKOV PROCESSES

5.1. A lower bound on the f-variation rate of a Markov process. In this subsection we
consider a strong Markov process X = (X;);er, on a general metric space X’ with invariant measure
7 on B(X) (see Section 2.1 for definitions). The following lemma generalizes to f-variation the lower
bound in [15, Thm 3.6] on the total variation between 7 and the law of X;. The key assumption in
Lemma 5.1 is the lower bound on the decay of the tail of the integral of f with respect to w. We
stress that Lemma 5.1 does not require the L-drift condition L(V ,p,¥).

Lemma 5.1. Let X be a Markov process with an invariant measure w on the state space X. Let
functions H, f,G : X — [1,00) be such that f(x)G(z) = H(x) for all x € X and (a) & (b) hold.

(a) There exists a function a : [1,00) — (0,1] such that the function A(r) = ra(r) is increasing,
lim, 400 A(1) = 00 and f{GZT’} f(z)m(dz) > a(r) for all r € [1,00).

(b) There exists a function v : X x Ry — [1,00), increasing in the second argument and satisfying
E.[H(X:)] < v(z,t) for allz € X and t € [1,00).

Then the following bound holds for every t € [1,00) and © € X':

Im() = Pa(Xe € g > (a0 A™H o (20)) (x,1)/2.
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Proof. 1t follows from the definition of f-variation distance and Markov inequality that, for every
t € Ry and every r > 1, one has the lower bound

MO - Bai €l > [ f@hnde) ~ B HG) > v

(G2r)
> a(r) — %Ex[ FX)GX){G(X) > )]

> a(r) — %Ex[H(Xt)} > a(r) = 28,

r

Let » = r(t) be the unique solution to the equation ra(r) = 2v(x,t). Put differently we have
r(t) = A71(2v(z,t)) for all t € [1,00) and v(x,t)/r(t) = a(r(t))/2. Thus we obtain

a(r(t)) — v(z,t)/r(t) = a(r(t)/2 = a(A™ (2v(2,1))) /2,

which, combined with the previous display, concludes the proof. ]

Remark 5.2. In applications of Lemma 5.1 in practice, a good choice of H = f - G (recall that f is
given by the variation norm) requires balancing (I) and (II) below.
(I) It is beneficial to choose H so that the lower bound a(r) on the tail 7({G > r}) is such that
A(r) = ra(r) tends to infinity polynomially. This is because a slower (logarithmic) growth in A
would imply a faster (stretched exponential) growth in v of A~! o (2v), making the lower bound
ao A7! o (2v) smaller (recall that a(r) — 0 as r — o0). In particular, this requires H to grow
sufficiently fast.
(IT) The growth of v(x,t) is often obtained via the application of Lemma 2.10. In particular this
lemma relies on bounding AH (differently put, the derivatives of H) by a concave function of H,
introducing a restriction on the growth of H.

To see how the choice of H plays out in specific models, see applications of Theorem 2.2 and
Corollary 2.3 in Section 6 below, where H = ho V', V is the Lyapunov function and h an arbitrary
function chosen with (I) and (II) above in mind.

5.2. Return time estimates and petite sets. The main estimate required in the proofs of our
main theorems, stated in Section 2 above, is given in Proposition 5.3. It essentially bounds from
below the tail of the return time S(;) of the process X into the set {V < (}.

Proposition 5.3. Let Assumption L(V ,p,¥) hold. Then there exists £y € [1,00) such that the
following holds: for any ¢ € (£y,00) there exists Cy € (0,00), such that for any x € {{+1 <V}, a
non-decreasing continuous function h : Ry — Ry, ¢ € (0,1) and € € (0,(1 — q)/2], inequality (26)
holds for all times t > h(€)e/(Lp(1/1)),

(26) P, < /0 o V(X )ds > t>

Cy
Q)}\I/(QGh(t)/(l =) +q{V(x) > 2GL(t)/(1 - q)}.

In (26), Gp : (h(€)e/(Lp(1/0)),00) — (£,00) is the inverse of r+— h(r)e/(re(1/r)) on (¢,00).

> qU{V(z) <2Gp(t)/(1 -

The proof of Proposition 5.3 is based on Lemma 4.2 and requires us to show that Assump-
tion L(V,p,¥) implies the assumptions of Lemma 4.2 for the process Kk = V(X).
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Proof. Consider the process £ = V(X). Recall the definition of the return time Ay and the first-
passage time p, 7 (where ¢,r € (0,00) and T an (F;)-stopping time) for the process x in (22)
and (23) respectively. As in Section 4, we denote A = Mg and p, = p,o. Note that, by
Assumption L(V,p,¥), we have S = Ay and T = p, and the process k satisfies the non-
confinement property for every starting point x € X, i.e. P,(limsup, ., kr = o0) = 1. Moreover,
by L(V,p,¥)(i), there exists ¢y € [1,00) such that, for every r € (¢y, 00), the process

(pT‘q +t)/\)‘7',ﬂ7'q
1Sty 0 = | p(1/k)du
teR

qu

is an (Fp,, +¢)-supermartingale under P (since fp)‘”’"z Hky < lo}du =0 Py-a.s.) for every z € X,
Tq

where 4 := 2r/(1—¢). Thus, by the inequality in (24) of Lemma 4.2, for any ¢ € [{y, 00), r € (¢, 00),

non-decreasing function h: Ry — Ry, ¢ € (0,1) and ¢ € (0, (1 — q)/2] we have

Ae
(27) P, < /0 h(ks)ds > 5h(r)/(rgo(1/r))> > Palpr, < A).

Recall that by L(V,p,¥)(i) the function r — h(r)e/(r¢(1/r)) is continuous and increasing on
[1,00) (and thus invertible on (¢, c0)), with inverse G}, is defined on t € (h(€y)e/(Lop(1/4p)), 00).
For any t > h(l)e/(Lp(1/L)), set r = G}(t) > £ and note ry = 2G}(t)/(1—¢q) > £+ 1. The inequality
in (26) follows from (27) and inequality (2) in L(V,p,¥)(ii) for all z € {{+ 1 < V'}, since on the
subset = € {ry <V} we have P;(p,, < \¢) = P, (T(e) < S(ey) = 1 by definition. O

A non-empty measurable set B € B(X) is petite (for the Markov process X) if there exist a
probability measure a on B(R,) and a finite measure v, on B(&X') with v,(X) > 0, satisfying

(28) /000 P, (X; € )a(dt) > ve(-) for all z € B.

The following lemma shows that, under Assumptions L(V,p,¥), every petite set for X belongs
to a sublevel set of the Lyapunov function V.

Lemma 5.4 (Under L-drift condition, petite sets are bounded). Let L(V ,p,V) hold. Assume that
a set B € B(X) is petite for the process X. Then there exists ro € (1,00) such that B C {V < rg}.

The proof of this lemma is based on a simple idea, which we first explain informally. Since v,
in (28) is a non-zero measure, we have v,(D) > 0 for some compact set D. Denote by 7p(0) =
inf{t > 0: X; € D} the first time X is in D and let 7, be an independent random time with law
a (in (28)). Pick typ € (0,00) such that P(r, > t9) < v4(D)/2 and note {X,, € D, 7, < to} C
{rp(0) < to}. Since, by (28), it holds

Va(D) < Py(X;, € D) <vy(D)/2+Pp(X;, € D, 74 <o) < va(D)/2+Pr(mp(0) < tp),
we get 0 < 14(D)/2 < Pi(17p(0) < tg) for all starting points = in the petite set B. However,

under the L-drift condition L(V,p,¥) (by Proposition 5.3) we have P,(7p(0) < ty) < 1 — ¢ for any
€ (0,1) and all 2 with V(x) sufficiently large. Hence B must be contained in a sublevel set of V.

Proof of Lemma 5.4. Let B be an arbitrary petite set with a probability measure a on B(R,) and
a non-zero measure v, on B(X) such that (28) holds. Since U2, {V < ¢} = X and, by (28),
1 > v4(X) > 0, there exists £1 € (1,00) such that ¢ :== v,({V < ¢1}) € (0,1]. By Proposition 5.3
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(with h = 1), there exist ¢y € [¢1,00) such that for every ¢ € (0,1), e = (1 —¢)/2 and x € X we
have

(29) P.(Swy) >t) > q forallt € (¢/(low(1/4)),00) and x € {V > 2G1(t)/(1 — q)},

where G : (¢/(Lop(1/4p)), 00) — (o, 00) is the inverse of the function r — ¢/(r¢(1/r)). Since a is
a probability measure on B(R ), there exists t1 € (g/(lop(1/4p), 00) with a([t1,00)) < ¢/2.

Pick ¢ € (1 —¢/2,1) and define ry := 2G1(t1)/(1 — q). Since G; is increasing, we have ry >
G1(t1) > Lo > ¢1. Moreover, since the return times satisfy S, < Sy, for any z € {V > o} the
inequality in (29) yields Py (S, < t1) < Pp(Syy) <t1) <1—¢q<c/2.

For € {V > 7o}, the inequalities P (V(X;) < £1) < Pu(Sy,) < t) < Pu(Syy) < t1) < ¢/2
hold for all ¢ € [0,¢1]. Since a([t1,00)) < ¢/2, by (28) the following inequalities hold for all
x € BN{V >rp},

c=v,({V <)) < /Ooo P, (V(X;) < £)a(dt) < /Otl P, (V(X;) < £1)a(dt) + a([tr, 00)) < ¢,

implying BN{V > ro} = 0. Put differently, B C {V < rg} and the lemma follows. O]
plymng Y

5.3. Proofs of the main results. We begin with the proof of the lower bounds on modulated
moments stated in Theorem 2.5 above. This theorem will play a crucial role in the analysis of the
stability of X and, more specifically, in the proof of Theorem 2.1.

Proof of Theorem 2.5. Fix a set D € B(X), contained in {V < m} for some m € (1,00), ¢ € (0,1)
and € = (1 — ¢q)/2. Since the function h : [1,00) — [1,00) in Theorem 2.5 is continuous and non-
decreasing by assumption, Proposition 5.3 implies that there exist ¢y € (m,00) and Cy, € (0,1),
such that the inequality in (26) holds for h, ¢ = ¢y and all r € (¢, o).

By L(V,p,¥), the function r — ch(r)/(re(1/r)) on (¢p, 00) is increasing and tends to infinity.
Define ro = eh(4y)/(lop(1/4p)) and denote by G}, : (rg,00) — (Lo, 00) its increasing inverse. Since
Cy, € (0,1) and ¥ : [1,00) — [1,00), for all z € {V > ¢y +1} and r € (19, 00), the inequality in (26)
yields

Steg) qCy,
) P ([ hevixite ) > et

Note that E,[[;° {V(Xs) > o+ 1}ds] > 0. Indeed, if P,(V(X,) > €o + 1) = 0 for Lebesgue
almost every s € Ry, the right-continuity of X would imply sup,cp, V(Xs) < 4y + 1 Py-as.,
contradicting the assumption limsup, ., V(X;) = oo Pz-a.s. In particular, since the expectation
is positive, there exists 6 > 0 satisfying P,(V(Xs) > o+ 1) > 0.

Recall that 7p(d) = inf{t > § : X; € D} is the first time, after time 6 > 0, the process X hits
the set D € B(X) fixed above. By conditioning at time §, applying the Markov property of X and
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the inequality in (30), we obtain the following lower bound

7p(0) 7p(0)
P, / hoV(Xs)ds >r | >P, / hoV(Xs)ds >r,V(Xs) > 4o+ 1)
0 0

7p(0)
>E, |I{V(Xs) > lo+ 1} - Px; </ hoV(Xs)d82r>]
0

> E, [IL{V(X(;) > lo+1} - Py, </S“°> hoV(X,)ds > r)]
0
> qC P (V(X5) > bo+ 1) /¥ (2GL(r)/(1 —q)) for r € (rg,00),

where the third inequality follows from the fact that, since D C {V < m} and m < {y, starting
from any point in {V' > o + 1} the first hitting time 7p(0) satisfies S(4) < 7p(0). Since ¢ was
chosen so that P, (V(Xs) > €p + 1) > 0, setting C' := qCy,P,(V(X5) > £o + 1) concludes the proof
of part (a). Part (b) is a special case of part (a) for the function h = 1. O

The following corollary combines the lower bounds of Theorem 2.5 with the fact that, under
Assumption L(V,p,¥), any petite set of X is contained in a sublevel set of the Lyapunov function
V (see Lemma 5.4 above). The result provides a sufficient condition (in the form of an integral
test) for the divergence of the expectation with respect to invariant measure 7 of a non-decreasing
function composed with V.

Corollary 5.5. Let Assumption L(V ,0,%) hold. Then for every q € (0,1) and a non-decreasing
function h : [1,00) — [1,00), the following implication holds:
e 1

(31) 3 €(0,00) sit. / W(2G,(r)/(1 - q))

where Gy, is the inverse of the increasing function v +— (1 — q)h(r)/(2re(1/r)).

dr=00 = /X hoV(z)r(dz) = oo,

Proof. By the standard assumption in the paper, stated above Assumption L(V ,¢,¥), the process
X is positive Harris recurrent. The seminal result [25, Thm 1.2(b)] implies that a measurable
h:[1,00) — [1,00) satisfies the implication:

7D ()
/ hoV(x)r(dz) < oo == 3 closed petite D s.t. V6 >0, sup E, [/ ho V(Xs)ds] < 0.
X zeD 0

By Lemma 5.4, every petite set D for X satisfies D C {V < rp} for some 9 € [1,00). Thus,
Theorem 2.5 implies that for a non-decreasing h : [1,00) — [1,00), every closed petite set D and
any x € D, there exist § > 0 and C € (0, 00) such that

7p(0) 00 7p(0) 00 C
E, [/0 hoV(XS)ds]:/0 IP’QE(/O hoV(XS)dSZT')drz/TO \II(ZGh(r)/(l—q))dr

for some sufficiently large ro € (0,00), where G}, is the inverse of the increasing function r —
(1 —q)h(r)/(2re(1/r)). If the assumption in the implication in (31) holds, then the last integral
in the previous display must also be infinite because the function r — 1/U(2G(r)/(1 — q)) is

continuous and thus locally bounded. The criterion in [25, Thm 1.2(b)] stated above thus yields
the conclusion of the implication in (31). O



28 MIHA BRESAR AND ALEKSANDAR MIJATOVIC

The implication in (31) in Corollary 5.5 is at the core of the proof of Theorem 2.1. It is key that
integral test (31) covers all non-decreasing functions h, not only the polynomial ones.

Proof of Theorem 2.1. Pick q,¢ € (0,1) and note that the statement in display (4) of the theorem
is equivalent to the following;:

Jrg € (0,00) such that, 1/L.q(r) <w({z e X :V(x)>r}) forallre [rg,o00),

where L. 4(r) = ro(1/r)¥(2r/(1 — q))(loglogr)¢. Assume L(V,p,¥) holds.

The proof is by contradiction. Assume that there exists e > 0, such that for every ro € (0, 00)
there exists r; € [rg,00) satisfying 1/L. 4(r1) > n({z € X : V(z) > r1}). We may pick ro > 1
and r1 > exp(exp(exp(1)))ro. Recursively we can define an increasing sequence (r,)nen, satisfying
rnt1 > exp(exp(exp(n + 1)))ry, and 1/L. o(rn) > 7({z € X : V(x) > r,}) for all n € N. In

particular, since g > 1, we have
(32) log log r, > exp(n) for all n € N.

Using the sequence (r,)nen, We construct a non-decreasing function h : [1,00) — [1, 00), satisfying
Sy hoV(z)m(dz) < oo and the assumption of the implication in (31).

Define the function p : Ry — Ry by p(r) =1 for » € [0,r1) and pu(r) == 1/Lc 4(ry) for r €
[Tn, "nt1), n € N. Since the function r — 7({V > r}) is non-increasing, we have 7({V > r}) < pu(r)
forall r € Ry. Let h: [1,00) — [1,00) be a differentiable function such that h(r) =1 for r € [1,71).
For n € N\ {1} and r € [ry, 7h4+1) we define the derivative of h by

ro(1/r)0(2(rm +1)/(1 — q))(loglog r)/?, 1 € [rn, 70 + 1);

33 B (r) =
(33) ) 1/(rn(rne1 — mn)), r € [rn+1,rg1).

Since, by Assumption L(V ,,¥), r — rp(1/r) is decreasing and ¥ is differentiable, increasing and
submultiplicative (i.e. ¥(2(r,+1)/(1—¢q)) < ¥(2r,/(1—q))¥(2/(1—q)) for all r,, € [1,00); without
loss of generality we assume here that the constant C' in definition of a submultiplicative function
in footnote on page 3 equals one, since we may substitute ¥ in L(V,p,V)(ii) with C¥ if C' > 1),

we have

/ \I’(2/(1 - q))(log IOng)_a/za re [Tna Tn + 1)5

R u(r) <
(rur) < 1/ (rn(rpsr — ), r € rn+1,r41).

The identity 1+ flv(x) R (r)dr = h(V(x)) for all z € X and Fubini’s theorem imply the equality
J h( m(dz) =1+ [[7HW(r)7({V > r})dr. Recall 7({V > r}) < p(r) for r € R4 and note

/h d:n—1~|—/ B (r {V>r})dr<1+/ B (r)u(r)dr
— 14 Z < / ) dr /1 o h/(r)u(r)dr)

+rn

(34) < 1—|—\II(2/(1—q))i(loglogrn)_am—i—il/rn < 00,
n=1

n=1

where the final inequality follows from (32), which makes both sums in (34) clearly finite.
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Recall that the function u — (1 — q)h(u)/(2up(1l/w)) is increasing on [1,00) by L(V,p,¥) and
define ' := (1 —q)h(1)/(2¢(1)) > 0 (in fact h(1) = 1).

and introduce the substitution r = (1 — ¢)h(u)/(2up(1/u)) into the following integral:

/OO 2/((1 = q)¥(2Gu(r)/(1 — q)))dr = /100(’1(“)/(“%0(1/@))//‘1’(2U/(1 —q))du

!

Denote by Gy, : [r',00) — [1,00) the inverse

—/Oo(h’( )/ (up(1/u)) + (1/(up(1/u))) b)) /¥ (2u/(1 = q))du

L (1) B(2ry + 1)/(1 — g))(loglog )2
D3 / (20/(1 — q))up(1/u) du

n=ng Tn
1+r, 00
(35) Z / (log log rn)E/Qdu = Z (loglog rn)f/2 = 0.
n=ng n=ng

The first inequality follows from the definition of h’ given in (33) above and the fact that the
function u — 1/(u¢@(1/u)) is continuous and increasing and hence almost everywhere differentiable
with a non-negative derivative. The second inequality in the previous display follows from the fact
that W is increasing by Assumption L(V ,p,¥). The divergence of the sum is a consequence of the
inequality in (32). By Corollary 5.5, the inequality in (35) implies [, ho V(x)m(dz) = oo, which
contradicts (34) and concludes the proof of Theorem 2.1. O

The drift condition on the Lyapunov function V' in Assumption L(V,p,¥) and the lower bound
on the invariant measure 7 from Theorem 2.1 are the key ingredients in the proof of the lower
bound on the rate of convergence in total variation. For the f-variation distance we require the
following corollary of Theorem 2.1.

Corollary 5.6. Let Assumption L(V ,p,¥) hold. Let f, : [1l,00) — [l,00) be a differentiable
function and consider an increasing continuous g : [1,00) — [1,00), satisfying lim, o g(r) = 0.
Then, for every e,q € (0,1) and the function L. 4 in (3), there exists c. 4 € (0,00) such that

(36) /{ . }f* o V(@)m(dz) > ceqfulg™ (r)/Leglg™ () for all 7 € [1,00).

Proof. Pick €,q € (0,1). Then, by Theorem 2.1, there exists a constant c. 4 € (0, 00) such that
R({V > g7 00 2 cog/Loglg™ () for all 7 € [1,0).

Using the inequality above along with the facts that f is differentiable and ¢ is continuous

1

increasing and thus has an inverse g7, we obtain

V(x)
xoV(x)r(dx) = x T(y)dy | 7(dx
/{goVZr}f (2)m(dz) /{WM} (f (1) + / £1(w) y> (dz)

= LWV > g7 () / F@)m({V > max{g~1(r),y}})dy

~(r)
> fo()r({V 2 g7 (r)}) +/1 Fyr{V = g7 (r)})dy
= fulg T DTV 2 g7 (r)}) 2 ceqfulg™ (1)) /Leg(g™ (). U

We now establish the lower bound on the convergence in f-variation in Theorem 2.2.
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Proof of the Theorem 2.2. By Assumption (a) in Theorem 2.2, a differentiable f, : [1,00) —
[1,00) and continuous h, g : [1,00) — [1,00) satisfy g = h/f, on [1,00), with ¢ increasing and
lim, o, g(r) = 0o. Moreover, there exists a function v : X x Ry — [1,00), increasing in ¢, such
that Ex[h o V(X)] < wv(zx,t) for all x € X and t € Ry. By Corollary 5.6, for any ¢,q € (0, 1) there
exists a constant c. 4 € (0,00), such that the inequality in (36) holds.

Any function a : [1,00) — Ry, satisfying Assumption (b) in Theorem 2.2 (i.e. the inequality
a(r) < ceqfs(g71(r))/Ley(g1(r)) holds for r € [1,00) and the function r +— ra(r) is increasing
with lim,_,o 7a(r) = 00), by (36) also satisfies Assumption (a) of Lemma 5.1 with f = f, oV and
G = goV. As observed in the previous paragraph, the functions H := h oV and v(z,t) satisfy
the condition in Assumption (b) of Lemma 5.1: E,[H(X;)] < v(z,t) for all z € X and t € Ry. An
application of Lemma 5.1 concludes the proof of the theorem. O

Proof of Lemma 2.8. Pick ¢ € (¢p,00), r € ({ +1,00) and z € {{+1 <V < r}, and recall the
definitions 7" := inf{t > 0 : V(X;) > r} and Sy = inf{t > 0: V(X;) < £}. Assumption of the
lemma implies that for some d € [1,00), we have V(X ) — V(Xpe_) < d Py-a.s, and since ¥
is increasing we obtain W o V(XtAS([)/\T(T)) < U(r+d) for all t € Ry P,-a.s. Moreover, given that

. (r)
¢ € (£y,0) it follows that fOASM)AT H{V(Xy) <4} =0 Pg-a.s. Thus, by the assumption of the

lemma and the optional sampling theorem the process Wo V(X , S Ar(r) is an (F;)-submartingale
under P,.

We establish a lower bound on P, (T(") < S(e)) as follows. By assumption in Lemma 2.8 we
have limsup,_,.. V(X;) = oo P-a.s., which implies T(") A S < T(") < 0o Pg-a.s. The dominated
convergence theorem and the monotonicity of ¥ yield

U(V(2)) < lim Bo[¥ o V(X5 a7e)] = Eo[¥ 0 V(Xg, np)] < U(0) +Po(TT) < S))U(r +d).

t—00

Thus, Po(T") < Sg) > (¥(V (@) = ¥ () /¥(r +d) > (¥(V(2)) = ¥(0)/(CU(r)¥(d)) > Cp/¥(r),
where Cyp := (U (£ + 1) — U(¢))/(C¥(d)). The second inequality holds since ¥ is submultiplicative
(with a constant C' > 0) and the third holds because ¥ is increasing (both properties are assumed
in the lemma). Noting Cy > 0 concludes the proof of the inequality in L(V o, V) (ii). O

Proof of Theorem 2.7. Supermartingale condition (a). Fix arbitrary x € X and let ¢y € (1,00) be
such that the inequality in (7) holds. By assumption in Theorem 2.7(a), we have 1/V € D(A).
Thus, by [8, Ch 1, Def (14.15)], there exists an increasing sequence {7}, : n € N} of (F;)-stopping

times, satisfying T}, T co as n — oo Pg-a.s. and the localised process
ATn
1/V(Xar,) —1/V(z) — / A(1/V)(Xs)ds is an (F;)-martingale under P, for all n € N.
0

By assumptions of the theorem, we have 0 < 1/V(2/) < 1 for 2’ € X and 0 < ¢(u) < (1)
for u € (0,1], implying E,[1/V(Xiar,)] < oo and Ex[fg o(1/V(X5))ds] < oo for all ¢t € Ry,



SUBEXPONENTIAL LOWER BOUNDS FOR f-ERGODIC MARKOV PROCESSES 31

respectively. By the inequality in (7), there exists b € Ry, such that for every n € N we have
tATn
BV ()]~ B | [ o1/v (s
0
tATy
—1 V@B | [ A - V)|

tATy
<1/V(x)+bE, [/ WV (X,) < Eo}ds} for all t € R..
0

This inequality, Fatou’s lemma and the monotone convergence theorem, yield

B, [1/V(X,)] = B liminf 1/V (Xpnr, )] < liminf E, [1/V (X, )]
n—o0

< liminf (1 /V(2) +Eq [ /O o /V(Xs))ds] +OE, [ /0 " vx,) < eo}dsD
—1/V(2) +E, [/Ot ¢(1/V(Xs))ds} +bE, [/Ot V(X)) < Eo}ds] .

This proves the condition (i) in Assumption L(V,p,¥).
Exit probability condition (b). We employ analogous arguments to show that for some ¢p,c €

(0,00) and all r € (¢p, 00), the process

AT
Vo V(X \pm)+ c/ KV (Xy,) < {fo}du, is an (F;)-submartingale under P, for all x € X.
0

The condition in L(V ,p,¥)(ii) then follows from the application of Lemma 2.8.

Fix arbitrary x € X and let ¢y € (1, 00) be such that the inequality (8) hold. Since VoV € D(A)
(by assumption in Theorem 2.7(b)), as before there exists a localising sequence of (F;)-stopping
times {7}, : n € N}, such that (M{")icr, , where

tAT,
M = 0o V(Xpnz,) — WoV(z) — / AW 0 V)(X,)ds,
0

is an (F;)-martingale under Py. Thus, for any r € (£, 00), the stopped process (M}} ) )ier, is
also an (F;)-martingale under P, (recall T(") = inf{t > 0: V(X;) > r}). Moreover, by assumption
in Theorem 2.7(b) there exists d € [1,00) such that V(X pe) =V (Xpapey_) < r+dforallt € Ry
and 7 € (fo,00) Py-a.s. The fact that ¥ is increasing implies W o V(X7 rpt) < ¥(r + d) for all
t€Ry, r € (ly,00) and n € N Py-a.s. Since Eg[M]) ;)] = 0, by the inequality in (8), there exists
¢ € Ry, such that for every n € N,

Eo[¥ o V(X;np,are)] = ¥ o V(z) + E,

AT AT(T)
/ A(¥ o V)(Xs)ds]
0

>WoV(x)—cE,;

AT AT
/ KV (Xs) < lo}ds|, t € Ry, r e (by,00).
0

The dominated convergence theorem (as n — 00), applied to both sides of the inequality, yields
the submartingale condition, and by Lemma 2.8, Assumption L(V ,,¥)(ii). O

Proof of Lemma 2.10. Pick x € X and recall H € D(A). Thus, by [8, Ch 1, Def (14.15)], there
exists an increasing sequence {T,, : n € N} of (F;)-stopping times, such that T, 1 oo as n — o
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P,-a.s. and M = H(X ap,) — H(x) — fO'AT" AH(X;)ds is an (F;)-martingale under P, for all
n € N. Set Sy, == inf{t > 0: H(X;) > m} AT, for all m € N and note S, T oo as m — o0
P,-a.s. Since Mt(m) is integrable and, on the event {t < Sy}, H(Xins,,) is bounded, we have
Ex[ngSm AH(X;)ds] < oo. Moreover, since AH < {o H on X, for any t € Ry and m € N we
obtain

tASm tASm
B H (X, ) = ) + B, | [ Am(xas| < )+ | [ o m(xas
0 0
This inequality, Fatou’s lemma and the monotone convergence theorem, yield

E.[H(X;)] =E, [lirgian(XtAgm)] < linginf E.[H (Xins,,)]

tASm t
< H(z) + liminf E, [/ £o H(Xs)ds] — H(z) +E, [/ £o H(Xs)ds] .
Since & : [1,00) — [1,00) is concave, Tonelli’s theorem and Jensen’s inequality imply

E, [/OtgoH(Xs)ds} _ /Ot E, [¢ o H(X,)]ds < /Otg(Ex[H(XS)])ds for all £ € R,

Denote g(t) = E,[H(X;)] > 1. Thus ¢g(0) = H(x) and

t
(37) g(t) < g(0) —I—/ €(g(s))ds forallt € Ry.
0
The increasing function = [1 o0) = Ry, given by = f1 ds/&(s), has a differentiable inverse
~1. Denote G(t fo ))ds. By (37) we have G’( ) £(g(v)) < &(g9(0)+G(v)) for all v € Ry,
since £ is non- decreasmg. ThlS yields
9(0)+G(t) dz G(t) dz t G,(’U)
E(g(0) + G(t)) — Z(g(0)) = = = T~ = | Fo A <t
60+60) =260 = [ T 5= [ s v~ @
Thus Z(g(0) + G(t)) < Z(g(0)) + ¢ and hence g(t) < g(0) + G(t) < =1 (Z(g(0)) +1). O

6. PROOFS OF THE EXAMPLES IN SECTION 3

This section is dedicated to proving the theorems presented in Section 3. All strong Markov
processes X considered in this section are ergodic with an invariant measure 7 and Feller continuous
(see [9, Sec. 5] for more details), and thus positive Harris recurrent by [25, Thm 1.1]. Moreover, all
the models in this section are irreducible, either because of uniform ellipticity and the irreducibility
of the driver (a Brownian motion or, more generally, a Lévy process) or by a direct argument in the
hypoelliptic case. Thus, for any Lyapunov function V for X, we will have P, (V(X;) > ro) > 0 for
all starting points x, times ¢t > 0 and levels rq, thus satisfying the assumptions of Lemma A.1 below
and implying non-confinement. Verifying the L-drift condition L(V ,p,¥) in our examples will thus
reduce to finding functions V, ¢, ¥, which satisfy the conditions (i) and (ii) in L(V,p,¥). Since
we are working with Feller processes, we will obtain these conditions by applying the generator to
the relevant functions, establishing the appropriate point-wise inequalities and using Theorem 2.7.
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6.1. Diffusions from Section 3.1. Since the SDE in (11) possesses a unique strong solution,
the process X is strong Markov. Feller continuity follows from [17, Thm 3.4.1]. By It6’s formula
applied to g(X), the extended generator (see Section 2.4 above for definition) of the diffusion X
takes the following form for any twice continuously differentiable g € C2(R"):

(38) Ag(z) = (b(z), Vg(x)) + %Tr (X(z) Hess(g)(x)), for all x € R",

where ¥ = 00T is the instantaneous covariance of X, Vg is the gradient of g, Hess(g) is the Hessian
(i.e. the matrix of the second derivatives of ¢g) and Tr(-) denotes the trace of a matrix in R"*".

6.1.1. Polynomial tails: proofs for Section 3.1.1. For any m € R\ {0}, consider a function p,, :
R™ — (0, 00) in C?(R"), satisfying p,(z) < 1+ |z|™ for all x € R™ and

(39) pm(x) = |z|™  for all x € R" with |z| sufficiently large.

If m > 0, we assume in addition that p,, : R™ — [1,00) takes values in [1,00) only. Recall
parameters o, 8,7 € (0,00), ¢ € [0,2) and m, in Assumption A,. The following (deterministic)
proposition allows us to construct the functions in L(V ¢, V).

Proposition 6.1. Under Assumption A,, extended generator (38) of the diffusion X in (11)
satisfies the following asymptotic inequalities: if m € (—oo,me) \ {0} (resp. m € (me,00)), then
Apm () < Colz|™ =2 (resp. Apm(z) > Colx|™T=2) for all x € R™ with |x| sufficiently large and
Co = max{—mp(m. —m),—mpB(m. —m)/4} € R\ {0} (resp. Co :=mpB(m —m.)/4 € (0,00)).

Proof. Since Vpy,(z) = m|z|™ 22 and Hess(py,)(z) = m|z|™ 2((m — 2)zaT/|z|> + I,) for all m €
R\ {0} and = € R™ with sufficiently large |x| (I, € R™*"™ is the identity matrix), the representation
of A in (38), the identity (X(z)z/|z|,z/|z|) = Tr (E(z)zaT/|z|?) for all points z € R™\ {0} and
Assumption A, yield

(40)  App(x) = —mTﬁ <2aﬁ— T (m—2)+ 0(1)) |2 = —mTB(mc —m +o(1))|z|™H2,

for all x € R™ with |z| sufficiently large. Recall m. > 0 by Assumption A,. If m € (—oo,m,) \ {0}
(resp. m € (me,0)), then a constant Cj and the inequalities follow from representation (40). O

As with all of the results in this section, Theorem 3.2 is a direct consequence of the theory
developed in Section 2 applied to an appropriate class (in this case polynomial) of Lyapunov
functions. Its proof is straightforward, but somewhat tedious. It consist of verifying the assumptions

of Theorem 2.7 and translating them into lower bounds via Theorems 2.1 and 2.5(b).

Proof of Theorem 3.2. Pick ¢ € (0,m.). Let V. := p,, . be a C*(R") function in (39). By
Proposition 6.1, we have A(1/V.)(x) = Ape—m,.(z) < Colz|=~™m<=2 for Cp > 0 and all z € R”
with large norm |z|. For r € [1,00), define @.(1/r) = CorEmetl=2)/(me=¢) " Then A(1/V.) <
©(1/V2) holds outside of a large ball centered at the origin, implying condition (7) in Theorem 2.7.
Moreover, since the function 7 — 1/(r@.(1/r)) = r(2=0/(me=¢) /¢y is increasing with infinite limit
as r — 0o, all assumptions in Theorem 2.7(a) concerning ¢. are satisfied. Define differentiable,
increasing and submultiplicative function W, (r) = r1+2¢/(me=¢) ;- € [1, 00), and note (by (39)) that
V.oV, = ppy,+e- By Proposition 6.1, we have A(¥. o V.) > 0 outside of a large ball centered at the
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origin, implying conditions in Theorem 2.7(b). Thus, by Theorem 2.7, L-drift condition L(V ,p,¥)
holds with (V, ¢, ¥) = (V,, pe, V) for the diffusion X in SDE (11) and every € € (0, m,).

The function L. 4 in (3) (with ¢ € (0,1)) satisfies L. 4(r) = ro(1/r)¥(2r/(1 — q))(loglogr)®
Pl (E=242¢)/(me=¢) (1og log ) /C} for some constant C7 > 0 and all r € [1,00). Since V = V;, by
Theorem 2.1, there exists ¢, > 0 such that

w({le] 2 1)) = &/ Leg(r™e%) = GO/ (K2t (log log (r™e))%) 2 e frf 2T met2e

for all r € [1,00) and a sufficiently small constant ¢, > 0, implying part (a) of the theorem.
Theorem 2.5(b) provides a lower bound on the tail of the return time 7p(d). The inverse function
G1(t) (of the function proportional to 7 — 1/(rp.(1/r)) = r2=0/(m=¢) /Cy) is proportional to
t = t(me=e)/2=0 implying in particular that there exist to, ¢’ > 0 such that ¥(2G1(t)/(1 — q)) <
C't(me+e)/2=0) for all t € (tg,00). Since € € (0,m,) can be chosen to be arbitrarily small, part (b)
follows. By Remark 2.6, following Theorem 2.5 above, the lower bound holds for all § > 0 since
the diffusion X in SDE (11) has full support at every positive time. t

Proof of Theorem 3.1. Pick € € (0,(2 —¢)/3). Let Vo = py.—e (where py,, e is a C?(R™) function
n (39), U.(r) = r1+2/0me=9) and @ (1/r) = CorE=mett=2)/(me=¢) for r € [1,00) and some
constant Cy € (0,00). Recall, from the proof of Theorem 3.2, that the L-drift condition L(V ,p,¥)
holds with (V, ¢, ¥) := (V;, p, Ue).

Pick k£ € [0,4 + (2a — v)/B) and note k < 2 + (2a — 'y)/ﬁ me. Consider the functions
R, fe, g [1,00) = [1,00) given by h(r) = r, fi(r) = r#/(me=2) and g(r) = h(r)/fo(r) = ri=F/(me=e),
By Proposition 6.1, there exists C; € (1,00) such that A(h o V;)(z) < Cj, for all € R™. Thus,
Lemma 2.10 (with H = hoV; and { = C}) yields Eg[ho VZ(X;)] < Cp(hoV(z) +1t) for all z € R”,
t € Ry and some C}, € (1,00).

The function L. 4 in (3) (with ¢ € (0,1)) satisfies L. 4(1r) = re(1/r)¥(2r/(1 — ¢))(loglogr)®
plt(=242e)/(me=2) (Jog log )s /O < p1H=2+3€)/(me=2) /O for some constants C,C’ > 0 and all r €
[1,00). We define the function a : [1,00) — Ry by

Cs,qf*( 1(t)) Ea,qtk/(mcisik) o~ t—l—(£—2+3a)/(mc—k—a)
Leg(g () = t@2tme+2e)/(me—e—h) — 4

_ Eg7qt_1+(2_6)/(m6_k)_b(€) —. a(t),

where b(e) | 0ase | 0. Let A(t) = ta(t) = ¢ ,t~0/me=k)=bE) for t € [1,00). As (2—€)/(m.—k) >
0, for all sufficiently small € > 0, we have lim;_, A(t) = oc.

Applying Theorem 2.2 with functions h, fs, g, a and A defined above yields: for every xz € R",
there exists a constant ¢ € (0, 00) such that

IPa(Xt € ) = ()l f.ove = a0 A7 (2Ch(h o Ve(x) + 1)) = ¢/t™,

where 7. == (m. —k)/((2 =€) — b(e)(m. — k)) — 1. Since b(e) { 0 as ¢ | 0 and k < m,, we get
Ne b ag = me/(2—40)—1—Fk/(2—4) as € | 0 (recall the definition of ay in the statement of
Theorem 3.1). Moreover, since we have Vz(x) < 14 |z|™<~¢ for all 2 € R” and f,(r) = r#/ (M=) is
concave on [0, 00), it follows that fyoVz(x) < fo(1+|z|™™%) < fo(1)+ fi(|z|™ %) = 1+|z|* = fi(z)
for all z € R”. This implies || - ||f,.,. < |- s,, which concludes the proof. O
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Having given full details of the proofs of Theorems 3.1 and 3.2, in the proofs of the remaining
results of Section 3, we will be less explicit in the applications of our theory.

In the last proof of this section, we will show that the assumptions on the upper bounds of the
model parameters, used in [9,12,36], are not sufficient for determining the rate of convergence. We
will prove that, under assumption on upper bounds from [12], one-dimensional Langevin diffusions
may achieve polynomial ergodicity of any order.

Proof of the inequalities in (14). Fix o € (1,00), pick arbitrary k € (o, 00) and set b € (0,00)
such that o = kb/(1 + b) holds. Consider 7 satisfying 7(x) = |z|~*((1 + b) + sin(k|z|)/|z|) for |z|
sufficiently large and note that lim sup|,|_,o, z(log 7)'(z) = —kb/(1 +b) = —a.

For n € (0,1] define the Lyapunov function V,, : R — [1, 00) satisfying V;,(z) = | [ 1/7(y)"dy| for
all |z| sufficiently large. Choosing 7 € (0,1) implies the equalities AV, (z) = ((log m)'V; +V,")(z) =
(1 — n)(log m)(x)/m(x)" for all = outside of some compact set, where A is the generator of the
process in (13). Since there exist ¢, C' € (0,00) such that ¢/|z|* < w(z) < C/|z|F for all z € R
outside a compact set, there also exist constants c1,cy € (0,00) satisfying V;)(z) > c1*** and
(log )’ (z)/m(z)" < cox™ 1 for all x with large |x|. Thus, AV, (x) < 3V (x)M—1D/0k+D) for all
x € R with |z| sufficiently large and some constant c¢3 € (0,00). By [9, Thms 3.2 and 3.4], for each
x € R there exists Cy € (0,00) such that |P,(X; € -) — 7(-)||ry < Cot~ =172 for all t € [1, 00).

To obtain the matching lower bound, note that the inequality AV} = ((logn)' V] + V{") < C’
holds on R for some constant C’ € (0,00). Thus, Lemma 2.10 (with H = V; and £ = ) yields
a constant C” € (1,00), such that E,[V4(Xy)] < C"(Vi(x) +¢t) for all z € R and t € R4. Since
7({V > 7r}) > ¢,r0=R/0+5) for some ¢ > 0 and all large r € [1,00), by Lemma 5.1 with f = 1,
for every x € R there exist ¢,C' € (0,00) such that

A2 < Py (X; € ) —n()||lpv < CtETT2 for all t € [1, 00).
The proof of (14) is complete since 1 € (0,1) was chosen arbitrarily. O

Proof of the exponential ergodicity in (16). In [20, Example 2.5], the authors show that X is poly-
nomially ergodic of any order. Let V : R — [1, 00) satisfy V(z) = le‘ exp(cy + 2siny)dy for z € R
with large |z|. Since |siny| <1 for y € R, we have 0 < WCM)V(:U) < ﬁV/(x) for all z € R with |z|
sufficiently large. As V" (z) = é—ﬂ/’ (x)(c+ 2cosz) for x in the complement of a compact, we have

AV (z) = —(c+ cosx)%‘/’(:c) + %V”(x) = fg%V'(a:) < 2V (2)/(2exp(4)),

where A is the generator of the diffusion X in (15). Thus V(X)) satisfies the drift condition in (10)
above with linear ¢(r) = ¢?r/(2exp(4)), yielding exponential ergodicity by [9, Thm 3.2]. O

6.1.2. Stretched exponential tails: proofs for Section 3.1.2. Recall from Assumption A, parameters
€ (0,1), ¢ € [0,2p). For any u € R\ {0}, consider a function g, : R® — (0, 00) in C?(R"), satisfying

(41) gu(x) = exp(u|z|*™P)  for all € R" with |z| sufficiently large.

We may assume that g, is a function of |z| for all x € R™ and, if w > 0, then g, > 1 on R"™.

The following (deterministic) proposition allows us to construct the functions in L(V ,p,¥).
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Proposition 6.2. Under Assumption Ase, the extended generator A in (38) of the diffusion X
in (11) satisfies the following.

(i) For some u. € (0,00) and all u € (uc,00), there exists a constant C,, € (0,00) such that

0 < Agy < Cyugu/(log gu)(QP*K)/(lfp) outside of some compact set.

(ii) For the function py, defined in (39) above, we obtain A(1/p1)(x) < Cy/p1(x)*P~¢ for some
constant Cy € (0,00) and all x € R™ with |x| large.

Proof. Denote g(|x|) = gu(x) for x € R™. Note that Vg, (z) = ¢'(|z|)z and

Hess(gu) () = Hess(g(|z])) = g'(le)la| ™ In + (9" (|2} /|2|* — g'(|2]) /2’22 T,

where I,, € R"™" is the identity matrix. By Assumption Ase, imsup,_,q Tr(X(2))/]z|* < oo and
there exist 0 < ay < af, and 0 < B, < By such that

—ar, < (b(x),z/|z])/2]"" < —av  and B < (S(@)z/|z],x/|2])/|z|" < Bu
for all x outside of some compact set. By the formula for 4 in (38), we get
Agy(x)
u(l —p)gu(z)
as |z| — oo. Thus, for u € (2ar/(BL(1 — p)),o0) we have A(gy)(z) > 0 for all z with |z| large.
Since |z| = (u~"log gu(x))/(1~P) for 2 € R™ with large |z|, there exists a constant C,, > 0, such
that the upper bound on Ag, in (i) holds.

For = € R™ outside of a compact set, pi(z) = |z|, V(1/p1)(x) = —x/|z|> and Hess(1/p1)(x) =
—(=3x27/|z|* + I,,)/|z|3. Thus the representation of A in (38) and the Assumption A, imply

A(L/p1)(2) < (ar +o(1))/pr(2)*PF,

for all x € R™ with sufficiently large |z|. This concludes the proof of (ii). O

(42) (Bru(l—p)/2—ag +o(1))/|2*~* < < (Buu(l —p)/2 — ay + o(1))/|«[*~*,

Proof of Theorem 3.7. Let V := p1 be a C?(R"™) Lyapunov function in (39). By Proposition 6.2(ii)
we have A(1/V)(z) < C/V(2)>P=% = p(1/V(z)) for some constant C' € (0,00) and all x € R"
outside of some compact set, where the function ¢ : (0,1] — R is given by ¢(1/r) == C/r?+P=¢,
Moreover, by Proposition 6.2(i), there exists u. € (0,00), such that for all u € (u.,o0) the func-
tion W, (r) = exp(ur!~?) satisfies A(¥, o V)(x) = Ag, > 0 for all x € R" with |z| large (g, is
defined in (41)). The functions (V, ¢, ¥,) (with any u > u.) defined above, satisfy the L-drift
condition L(V,p,¥) by Theorem 2.7. For any ug € (2u,c0), Theorem 2.1 yields

(43) 7({V > r}) > cexp(—ugr'™P) for some constant ¢ € (0,00) and all r € [1,00),

implying Theorem 3.7(a) (polynomial and logarithmic terms in (4) of Theorem 2.1 are negligible,
compared to the stretched exponential decay of 1/W¥, implying inequality (43)). Moreover, an ap-
plication of Theorem 2.5(b) yields the lower bound on the tail of the return time in Theorem 3.7(b).

Pick u € (ug,00) (for ug in (43)) and define h(r) := exp(ur'~P). By the inequality in (43)
we have 7({h o V > r}) > ¢/r“/* for some ¢ € (0,1) and all » € [1,00). Since hoV = g,
outside of a compact set, by Proposition 6.2(i) there exists a constant C; € (0,00), such that



SUBEXPONENTIAL LOWER BOUNDS FOR f-ERGODIC MARKOV PROCESSES 37

A(hoV) < ChhoV/(loghoV)2r=0/0-P) outside of a compact set. Lemma 2.10 (with H = hoV,
&(r) = Chr/(log r)r=0/(-p) and hence Z(u) = flu ds/&(s) = (C’;L_1 log u)(Hp*e)/(l*p)) implies

Ep[ho V(X)) <E YHE(hoV(x)) +1t) < exp(Cp(hoV(z)+ t)IP/+r=0y — (2 1)

for all z € R", ¢t € R, and some C}, € (1,00). Thus, by Corollary 2.3, applied with a(r) = ¢/r%/*
and v(z,t), we obtain the claimed lower bound in part (c¢) of Theorem 3.7. O

6.1.3. Ezponential tails: proofs for Section 3.1.3.

Proposition 6.3. Under Assumption A., the extended generator A in (38) of the diffusion X
in (11) satisfies the following.

(i) For some u. € (0,00) and all u € (uc, 00), there exists a constant C,, € (0,00) such that

0 < Aexp(ulz|) < Cyexp(ulx|) outside of some compact set.

(ii) For the function p1, defined in (39) above, we obtain A(1/p1)(x) < C'/p1(z)?* for some constant
C" € (0,00) and all x € R™ with |z| large.

Proof. For any u € (0,00) it holds that Vexp(u|z|) = wexp(u|z|)z/|z| and Hess(exp(u|z|)) =
wexp(ulz])(In/|z| + (u/|z]* + 1/|z*)z2T). By Assumption A, limsup, . Tr(E(z)) < oo and
there exist 0 < ay < o, and 0 < B, < By such that

—ap < (b(x),z/lz]) < —ay and B < (S(z)z/|z],2/|z])/ < fu
for all x outside of some compact set. By the formula for A4 in (38), we get

Aexp(ulz|)
wexp(ulz|)

(Bru/2 —ap +o0(1)) < < (Bru/2 —ay +o(1)) as || — oo.

Thus, for u € (2ar,/BL, 00) we have A(exp(u|z|)) > 0 for all  with |z| large, implying (i).
For all # € R" with sufficiently large |z|, we have pi(z) = |z|, V(1/p1)(x) = —|z| 3z and
Hess(1/p1)(x) = —|z|73(=3z2T/|z|? + L,). Thus,

A(1/p1)(x) = (ar +o(1))/p1(z)* as |z] = o00. O

Proof of Theorem 3.10. Let V = p1, where py is a C2(R") function in (39). Then, by Proposition 6.3
we have A(1/V)(z) = A(1/p1)(z) < ¢(1/p1(x)), for all z € R™ outside of some compact set
centered at the origin, where p(1/r) = C/r? for all r € [1,00) and some constant C' € (o, o0).
Moreover, by Proposition 6.3, there exists u. € (0,00) such that for any ug € (u¢, 00) the function
U(r) == exp(ugr) satisfies A(¥op;) = Aexp(up|z|) > 0 for all z € R" outside of some compact set.
Thus, by Theorem 2.7, the conditions of L(V ,p,¥) are satisfied with the aforementioned functions
(V,p, ). By Theorem 2.1 we obtain a lower bound on the tail of the invariant measure, implying
Theorem 3.10(a). Moreover, an application of Theorem 2.5(b) yields the lower bound on the tail
of the return time in Theorem 3.10(b).

The function L. 4 in (3) (with ¢,e € (0, 1)) satisfies L. 4(r) = ro(1/r)¥(2r/(1 — q))(loglogr)® <
exp(2uor/(1 — q))/Ch for some constant C; > 0 and all r € [1,00). Pick u € (2up/(1 — q),00) and
denote h(r) := exp(ur'~P). Define the function a : [1,00) — Ry by a(r) = cg7qc/r2“0/(1*q)/“ <
Ceq/Leqg(h™1(r)). Since h oV = exp(u|z|) outside of a compact set, by Proposition 6.2(i) there
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exists a constant C; € (0, 00), such that A(hoV) < C}hoV outside of a compact set. Lemma 2.10
(with H =hoV, &(r) = Cjr and hence Z(u) = [;"ds/&(s) = (C} ' logu)) implies

Eg[hoV(X)] <EYE(hoV(z)) +1) < exp(Ch(hoV(x)+1t) = v(z,t)

for all z € R™, t € Ry and some C} € (1,00). Thus, by Corollary 2.3, applied with a and v(z,t),
we obtain the claimed lower bound in part (c) of Theorem 3.10. O

6.2. Lévy-driven SDE: proofs for Section 3.2. Let X be the solution of SDE (18) with a
bounded Lipschitz dispersion coefficient o, driven by a pure-jump Lévy process L with Lévy measure
v. By Itd’s formula [29, Thm I1.36] applied to g(X), where g € C*(R) and fR\(—l,l) lg(y)|v(dy) < oo,
the extended generator (see Section 2.4 above for definition) of the process X takes the form

(44) Ag(z) = —pag'(z) + /R(g(fv +o(2)y) —g(z) — g (z)o(x)yl{y € [-1,1]r(dy), xR
For any m € [1,00), consider a non-decreasing function g,, : R — [1,00) in C?(R) satisfying
(45) gm =1on (—o00,1] & gm(x) = (logz)™ for all x € Ry sufficiently large.

Note that, in particular, the derivatives ¢’, ¢” are globally bounded.

Proposition 6.4. Under Assumption Ay, extended generator (44) of the process X in (18) satisfies

the following inequalities.

(a) For any m € [1,m.) there ezists a constant Cy € (0,00) such that
Agm(z) < Cy  for all x € R.
(b) There exist constants Ca,b,4y € (0,00), such that the following holds
A(1/g1)(z) < Co/g1(2)* + b1{g1(x) < by} for all x € R.

Proof. For any g € C?(R) and C] = sup,cg o(r)? f[_l 1 y?v(dy) € [0,00), Lagrange’s theorem
yields

(46) / (9(z +o(x)y) — g(x) — ¢ (x)o(x)y)v(dy) < C] sup lg"(u)| for all z € R.
[-1,1] u€lz—o(z),z+o0(x)]

Part (a). Let m € [1,m.). For all large * € R, we have g/, (r) = m(logz)™ !/z, implying
g (x+u) < gl (14 u) for all u > 0. Thus, by Tonelli’s theorem, for all large = € Ry we have

o(z)y
[t oo = suteywtan = [ vtan) [ g

[1,00)

_ /0 " ([max{1, w/0(2)}, 00))gln (@ + u)du

(47) < /0 °°u([max{l,u/zgga@)},oo))g;n(l+u>du < o0,

where the final inequality holds by Assumption Ay, since m < m. and o is bounded on R.
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Since g, is non-decreasing and sup,,cp |9, (u)| < co (by definition (45)), inequalities (46) and (47)
imply there exists z¢ € (0,00), such that, for all x € [z, 00), the representation of A in (44) yields

(48)  Agm(z) < —pm(logz)™ " + O sup |9m (W) + /[1 )(gm(l‘ + 0(2)y) — gm(z))v(dy)

< O sup gl (u)| + / v([max{1,u/ sup o (y)}, 00))ga (1 + u)du < co.
u€R 0 yER

Let z € (—o00,xp). Then f[LOO) gm(x+o(x)y)r(dy) < _f[l’oo) gm(xo +sup,ecr 0(u)y)v(dy) < oo since
gm 1s non-decreasing and integrable with respect to v by Assumption Ap. Hence the inequality
in (46) and the global boundedness of ¢!/, imply

Agm (z) < Cf sup |gin, (u)] + / gm(xo +supo(y)u)r(du) < oo for all z € (—o0, xp).
u€R 1,00) yeR

Part (b). By definition of g; in (45), there exists large o € Ry, such that

logz —log(z + o(x)y)

/{_m_n((l/gl)(x Fola)y) — (1/g0)(@)(dy) = /{_2&)7_” e L ay)

, —1]) log 2/(log(x/2) log(x))
,—1])log4 /g1 (z)? for all = > x.

(49) <y

By enlarging x if necessary, we may assume —z(1/g1) (z) = 1/g1(x)? and ¢/ (z) < 1/g1(z)? for all
x > xg. By (49), the bound on small jumps in (46) and the representation of A in (44), we get

/ - ") — e 91(z) —gi(z+ U(ZL‘)y)V
Ao <CL (e ) e/ @)+ [ SRS,

< o vl g+ [ (0 o) — (o))

pzot

< Cay/g1 (ac)2 for all x > x¢ and some constants C%, Cy € (0, 00).

Jumps in [1,00) can be disregarded since 1/g; is non-increasing and the third inequality follows
from Assumption Ay, on the negative tail of v, bound (49) and the fact that o is bounded.

By (45), 1/¢1 is non-increasing, x(1/g1) (x) is bounded from below for x € R and 1/g; < 1.
Thus, since p € (0,00), by (46) we have

A(1/g1)() < Cfsup(1/g1)" () — inf pu(1 /1) () + v((—00, ~1]) b < 00 for all & € R,
u€R u
implying part (b) of the proposition with £y = g1(z). O

In this section we will work with the Lyapunov function V' := g;. Recall the definitions S, =
inf{t >0:V(X;) < £} and T") = inf{t > 0: V(X;) > r}, for r,£ € (1,00).

Proposition 6.5. Let Assumption Ay, hold. For some {y € (1,00) and each £ € (£y,00) there exists
Cy € (0,00) such that

P, (T < Sy) = Cy/r™ forallr € ({+1,00) andx € {{+1<V <r}.
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The proof of this proposition is based on a simple idea, which we first explain informally. The
process X satisfies SDE (18),

t t t t
(50) X, = z—p / X ds+ / o(X, )AL+ / o(Xs_)dLM) 4 / o(X,_ )AL, for all t € Ry,
0 0 0 0

where the driving pure-jump Lévy process L = L(7) + LM 4+ L) is decomposed into a sum
of independent pure-jump Lévy processes Lgf), LEM) and Ll(f) with Lévy measures v(7)(-) =
v(-N (=00, —1]), Y™ () = v(-N (=1,1)) and v (-) = v(- N [1,0)), respectively. For any t € R,

the process X has no negative jumps in (—oo, —1] on the event

/Osa(Xu)dng' < 1/8}.

On Ay, it is thus necessary for X, started at x € {V > £+ 1}, to accumulate sufficient negative
drift in order to return to {V < ¢} before time ¢. Since the drift of the process X is bounded on
{£ <V <L+ 1}, we will prove P.({S) <t} N Ay) =0 for all sufficiently small ¢ > 0, implying

(51) A= {Lgf) =0}nN { sup
0<s<t

(T < S} D {T™ < SN A D {T" <t} N4, D {a_ sup (Ls — L) > V_l(r)} N A,

0<s<t
P,-a.s., where o_ = inf,cgr o(u) > 0. Evaluating the probability of the smallest event in the last
display will complete the proof.

Proof of Proposition 6.5. Recall that X follows (50) and V = g, where g; is a C?(R) function
in (45). Choose £y € (1,00) such that V=1(y) = exp(y) for all y € [y, 0). Note that for all
,r € [ly,00), we have Sy = inf{t > 0: X; < exp({)} and T = inf{t > 0: X; > exp(r)}. By
possibly increasing ¢y, we may (and do) assume that v(exp({p)/o—,00) < 2uexp(fp) holds.

Fix ¢ > ¢y and define the upcrossing and downcrossing times of the interval [exp(£+1), exp(¢+2)]
as follows: 0 := 0 and for k € N,

0, =1inf{t >0, : X; <exp({+1)} and Opyp1:={t >0, : X¢ >exp({ +2)}.

Thus we have 0 = 6; < 0, <--- < 0, < 0, < ?kﬂ < .... The equality 0 = 0,. may occur if the
process X jumps downwards over the entire interval [exp(¢ 4 1), exp(¢ + 2)].

Claim 1. For all z € {V > ¢+ 1} and t € (0,1/(2pexp( +2))) we have P, ({S) <t} N Ay) =0.
Proof of Claim 1. Pick x € {V > £+ 1}. Since {0 < Sy < 0;} = 0 for all k& € N, the following
holds

(52) {S(g) <tPNA =02 {0 < Sy <t AOpi1} N A P,-a.s.

It is thus sufficient to show that Py ({0, < S < t AOpp1} N A;) = 0 for every k € N. By (51),
on Ay, the negative jumps of X can only come from the Lévy process L), The modulus of the
negative jumps of [ a(XS_)dLgM) on the event A; is by definition (51) bounded above by 1/4,
implying Xy, > exp({ 4+ 1) — 1/4. Clearly, for u € [0, 0k+1), we have X, < exp(f + 2). Hence,

by (50), on the event A; we obtain

inf_ X,=Xp + inf {—u X, du + / o (X )dLM) 4 / a(Xu_)dLgﬂ}

0, <s<tAOpi1 S€[0,,,tAOk11] 0, 0, 0

>exp(l+1)—1/4—pexp({ +2)t —1/4 > exp({ + 1) — 1 > exp(¥),
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where the second inequality follows from ¢t < 1/(2uexp(¢ + 2)). Hence, on the event A, the
process X cannot go below exp(¢f) during the time interval [0,t A 0;41] for any k € N, implying
Pe({0), < Sy <t Abrg1} N Ay) =0 for all k € N. By (52), the claim follows.

To conclude the proof of the proposition, pick r € (¢ +1,00) and z € {{+1 <V < r}. Note
that by Claim 1 above we have {S() > T} > {Sw >t} n (T < YN Ay = {T") < t} N A,
P,-a.s. for any t € (0,1/(2pexp(€ 4 2))). Since the positive jumps of L greater than one can only
come from L(+) in (50), we have

—1
{T") <t} N A D { sup (Ls — Ls_) > V(T)} NA = {a_ sup (L{T) — Lgt)) > Vl(r)} nA;

0<s<t o— 0<s<t

(recall V=1(r) = exp(r) > exp(fp) > 1). For some t,c € (0,0), Claim 2 below yields

P,(T") < 59) > P.({T") <t} N A) > Py <{ sup (L) — L) > exp(r)fo_} N At)

0<s<t
> ¢ (1 — exp(—tv(exp(r)/o_,0))) > cv(exp(r)/o_,00)t/2,

where the constant ¢ € (0,00) is such that the third inequality holds uniformly in r € (¢ + 1, 00)
and z € {V > £+ 1}. Recall

tv(exp(r)/o—, 00)) < tv(exp(lo)/o—,20)) < v(exp(fo)/o—,00))/(2pexp(ly +2)) < 1

for the last inequality. Proposition 6.5 now follows from the lower bound in Assumption Ar.,.
Claim 2. There exists ¢ € (0,00) such that
Pa({ sup (L") - L) > exp(r) /o_} N Ay) > (1 — exp(—tu(exp(r) /o, 0)))
s

forallz € {V>{¢+1},r € ({+1,00) and all sufficiently small ¢ € (0, c0).
Proof of Claim 2. The processes L(~) and L(+) are independent with Px(Lgf) =0) = e~ ((=o0-1])
and Px(supogsgt(Lgﬂ - Lgt)) > exp(r)/o_) = 1 — exp(—tv(exp(r)/o_,00)) for all t € R;. For
any t > 0, let B; be o-algebra generated by (Lf;r), Lg_))se[oﬂ. We have to show that there exists a
_)dLgM)‘ < 1/8|B,) > & for all small ¢ € (0, )
and x € {V > ¢+ 1}. By Markov’s inequality, it is sufficient to identify a constant C' € (0, 00),
such that Eq[supg<.<; | [y U(Xu,)qu(JM)|2|Bt] < Ct holds for all t € (0,00) and x € {V > ¢+ 1}.

For any y € R, let the process (Y;Y)¢cr, be the unique strong solution [29, Thm V.6] of the SDE

constant ¢ € (0, 00) such that Px(SUPogsgt

t t
(53) VY =y - u/ Y¥ds + / o(YY)ALM) | for all t € R,.
0 0

For any pair of deterministic sequences S = (si)reny and J = (Ji)ken, such that 0 < s T oo and
Jr € R\ {0}, define the process Z recursively as follows:

Z3V = Y®1{s € [0, s1) }—1—211{56 sk,skH)}Y ﬂk

keN
Note that the conditional law ( U(Xu,)dL(uM)) sel0,]> given the o-algebra B, equals the law
of ( fo SV dL(M)) sefo,] for the sequences S and V' equal to the jump times and sizes of the
components of the Lévy process (L§+), Lg_))sem,t]. This is because the Lévy-driven SDE in (53)
has a unique strong solution. Since o is bounded, [29, Thm V.66] yields a constant C € (0, c0) such
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that for all x € R and any pair of deterministic sequences S and J satisfying the above conditions,
we have Efsupg< < | [y J(Zf;v)dLgM)\Q] < Ct for all t € Ry. This implies that

s 2
E, [ sup / U(Xu,)dLT(LM) ‘Bt < Ct forallte R, and z € R,
0<s<t |Jo
which concludes the proof of Claim 2. O

Remark 6.6. Under Assumption Ay, the process ¥ o V(X) = (log X)™e is not a submartingale as
its marginals are not integrable. As discussed in Remark 2.9 above, this makes a submartingale
argument, similar to the one in the proof of Lemma 2.8, to deduce a lower bound on the probability
P, (T < S(¢)) infeasible. A slight perturbation (log X)™<~¢ (for a small € > 0) makes the process

Me—¢€

integrable under Assumption Ap. However, ¥(r) = r cannot be used because the process

(log X)™<~¢ is a supermartingale for all small ¢ > 0 by (47)—(48) in the proof of Proposition 6.4(a).

Proof of Theorem 3.12. The process X is a Feller process by [19, Thm 1.1], since we can represent it
as a solution of the SDE d.X; = :B—i—fo E(Xs_)dzs for the Lévy process Li = (t, L;) and a covariance
matrix o(x) = (—ux,o(z))T (note that the condition on the Lévy measure of [19, Thm 1.1] holds
since o is bounded).

The irreducibility of X follows from the structure of the SDE in (18) since the Lévy driver L has
unbounded positive jumps, the function ¢ is uniformly bounded from below and the drift pushes
X linearly towards the origin. Indeed, for any starting point of X, with positive probability a large
positive jump of L takes X beyond any given finite interval I the process X needs to spend time
in. By the strong Markov property, at this jump time we consider an event (such as A; in (51)
above, which has positive probability for every ¢t € (0, 00)) without future large negative or positive
jumps of L and with a bounded martingale part of L. On such an event, the drift of the process X
will take it down to the interval I and, once inside I, will make X stay there for a positive amount
of time (recall that X is right-continuous so the martingale part can be controlled). As the details
of this argument are tedious and uninformative, they are omitted for brevity. We conclude (via an
argument analogous to that in [12, Sec. 3.1]) that X is Harris recurrent and ergodic by [9, Thm 3.2]
with a Lyapunov function gy defined in (45) above.

Recall that we are working with the Lyapunov function V = g;, where g; is a C?(R) func-
tion in (45). By Proposition 6.4(b), there exists a constant Cy € (0,00) such that the function
o(1/r) = Cy/r? r € [1,00), satisfies the assumptions of Theorem 2.7(a), which in turn implies
condition L(V,p,¥)(i). Moreover, by Proposition 6.5 the function ¥(r) := r, r € [1, 00), satis-
fies condition L(V,p,¥)(ii). Note that under L(V ,p,¥) the function L., in (3) (with arbitrary
g,¢ € (0,1)) is bounded above by

Le o(r) = rp(1/r)¥(2r /(1 — q))(loglog r)¢ < Cyr™ ! (loglogr)* for all r € [1,00)

and some constant C7 € (0,00). By Theorem 2.1, for any ¢ > 0, we obtain the lower bound
T({V > 1}) > ceg/r™ 1€, and hence 7([r,00)) > ¢, /(log 7)™, for all 7 € [1,00) and some
constants cc g, c. , € (0,1), implying part (a) of the theorem. Moreover, applying Theorem 2.5(b)
yields part (b) of the theorem.

Pick € € (0,1/2) and consider the function h(r) := r™<~¢. Proposition 6.4(a) implies the inequal-
ity A(hoV) < Cj on R for some Cj € (1,00), and Lemma 2.10 (with H = hoV and ¢ = C}) yields a
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constant Cj, € (1, 00) such that E;[hoV (X;)] < Cp(Rh(V (x))+t) holds for all z € Rand t € R4. Thus
we may apply Corollary 2.3 with functions h and a(r) = Cor(t=me=8)/(me=e) < ¢_ /L. (R~ (r)),
r € [1,00), and some C, € (0,1). For each z € R we obtain a constant cpy € (0,00), such that the
lower bound ||P,(X; € -) — 7(-)||rv > eyt —7e=e)/(1=2¢) holds for all t € [1, 00). O

6.3. Stochastic damping Hamiltonian system: proofs for Section 3.3. Let X = (Z,Y) be
the hypoelliptic diffusion satisfying the stochastic damping Hamiltonian system in (19). Recall that
by Assumption Ay we have inf,cgr U(z) =@ —b > —oo and constants o, ¢ € (0,00) in (19) satisfy
ac/a* > 1/2. Following [39], for € € (0,1) and k € (0, 00), define a twice differentiable function

(54)  gre(zy) = (¥P/2+U(2) +e(l —e)(zy +¢2*/2) + b+ 1) > 1 forall (z,y) € R,
By It6’s formula applied to g(Z,Y), the extended generator (see Section 2.4 above for definition)

of the Hamiltonian system (Z,Y") takes the following form:

1
(55)  Ag(z,y) = 500,9(2,y) + y029(2,y) — (cy + U'(2))9y9(2,y)  for any g € C*(R?).
We now apply the generator A to the function gz ..

Proposition 6.7. Under Assumption Ay, extended generator A of the Hamiltonian system in (19)
satisfies the following: ife € (0,1/2) and k := 1/2+ac(1—2¢)/0?, the constant C := keac/2 > 0 sat-
isfies Agr.e(2,y) < —C(gre(z,9)FV/F for all (z,y) outside of some large compact set. Moreover,
Agr. <C" on R? for some positive constant C' > 0.

Proof. Fix € € (0,1/2). Applying the generator A in (55) to the function g; . defined in (54) yields
Agie(z,y) = 02/2 —ecy® — (1—¢e)cU'(2)z.
Since Agke = kgp—1,,Ag1c + (02/2)k(k — 1)gr—2.(9yg1.c)? and gg—_1,- = g1,cgk—2,. We obtain
Agk,a('z’ y) = kgk—l,a(za y) (Agl,s(za y) + UQ(k - 1)(87;91,5(1'3 y))Q/(le,E(Z, y)))
< kgr-1.(2,9)(0%/2 — ecy® — c(1 — )U'(2)z + 0*(k — 1))
= kge-1:(2,9)((k — 1/2)0* — ecy® — c(1 — €)U'(2)2)
(56) < —k’ECLCgk_Lg(Z, y)/27 as Z2 + y2 — 00,

where the first inequality follows since

(8y91,£(2,9))?

2g1(2,9) <(y+c(l—2)2)*/((y+c(l —e)2)* + (1 —e)ez® + 1) < 1 for all (z,y) € R%.

The inequality in (56) follows from the fact that, for 22 + y? sufficiently large, the following holds:
either |z| is large and hence by Assumption Ay, ¢(1 —e)U'(z)z > ac(1 — 3/2¢) or |z| is small and
ly| is large and then ecy? > (k — 1/2)0? + 2U'(2) + keac, since zU’(z) is bounded for z € R by
Assumption Ay. Moreover, since Agy, . is continuous, it is also globally bounded from above. [

Recall that the solution X of (19) is a strong Markov process, all the skeletons are irreducible
with respect to the Lebesgue measure and compact sets are petite [39, Lem. 1.1, Prop. 1.2].



44 MIHA BRESAR AND ALEKSANDAR MIJATOVIC

Proof of Theorem 3.15. By Assumption Ay, we have 1 < 1/2 + ac/o?. Thus, we may choose
e € (0,1/2) such that k == 1/2 + ac(1 — 2¢)/0? > 1. Let V := g be the function given in (54).
By Proposition 6.7 there exist positive constants C,b > 0, such that the following inequality
AV < —¢p oV + blp holds for a sufficiently large compact (hence petite) set D and an increasing
function ¢(r) == Cr*=D/k Then, by [9, Thm 3.4], the assumptions of [9, Thm 3.2] (i.e. the drift
condition in (10)) are satisfied with (V, ¢, D, b).

Recall that for any n € [0,1), we have (r1/1)"(r2/(1 — 1))~ < rq +ro for all r1,79 € [1,00),
where for 7 = 0 we take (1/1)" = 1. Note that g,;—1) = (¢oV)". Thus, by [9, Thm 3.2], for every
n € [0,1) and x € R, there exists C;, € (0, 0o) such that |P,(X; € V=T (WM gperye < C, /=1 0=m
holds for all ¢t € [1,00). Moreover, by the definition of gy . in (54), it holds that

(57) (6o V)"(2,y) = gyp1).c(2,y) > (1+ (1 — £)ez?/2)"*)
> C(1 4 |22k = Fathryn (%)

for some C € (0,1) and all z = (z,y) € R2, where f,(2,y) = 1+ |2|™ was defined in Theorem 3.15
for any m € [0,2(k — 1)). Hence the upper bound follows.

As in (57), we have H(z,y) = Cu(1 + (1 — ¢)e2%/2)F < Cugr(2,y) for all (z,y) € R%. The
constant Cy € (1,00) is chosen so that Gy, = H/f, > 1 on R? for any m € [0,2(k — 1)). By
Proposition 6.7 we have Agg -(2,y) < C’ on R? for some C’ € (0,00). By Lemma 2.10 there exists
C" € (0,00), such that E,[H (X;)] < E;[Crgr-(Xt)] < C"(gr(x)+t) =: v(z,t) holds for all z € R?
and ¢t € [1,00). By [39], X = (Z,Y) admits an invariant measure 7 with density proportional to
(2,9) = exp(—2¢/0?(y?/2 + U(z))). Moreover, by Assumption Ay, we have U(z) < a(1 +¢)log|z|

2
|~2¢ca(1+€)/7% for some constant

for all z € R outside of some compact set. Thus, [ 7(z,dy) > |z
¢ € (0,1) and all |2| sufficiently large. We have liminf), G(z,9)/|2/?*~™ > 0 since G, =

H/ fm. Thus, for all large r € R, there exists ¢, > 0 such that (recall 2 —2k = 1 —2ac(1 —2¢)/0?)

/ ()72, dy) > / || m2ea(L40)/0% 4, > o p(m+2-2k—Geaz/o®)/(2k—m)
{Gm=>r} {|z|>r1/(2k=m)}
Applying Lemma 5.1 with functions f,,, H, Gy, v and a(r) = cﬂr(m“_%_ﬁms/"?)/(Qk_m), for
every = € R? yields a positive constant c,, satisfying

IPo(Xy € ) = m(-)||s,, > et (M2 2h—0cas/o?)/(2(1=3cac/a®)) g6 a1 ¢ € [1, 00).
Since € > 0 is arbitrary, the theorem follows. ]

7. CONCLUSION

This paper develops a general theory for establishing lower bounds in f-variation for Markov
processes in continuous time. The applications discussed in Section 3 demonstrate the wide ap-
plicability of our results. Nevertheless, many questions remain open. We now discuss briefly some
interesting possible further directions of research.

Lower bounds for the convergence in Wasserstein metrics. Lyapunov drift conditions have
also been developed for establishing upper bounds on the rates of convergence in Wasserstein
distance. Applications include convergence of solutions of certain stochastic delay differential equa-
tions on infinite-dimensional state spaces [14]. Subgeometric upper bounds in this context have also
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received attention [7]. It is feasible that our L-drift conditions, suitably adapted to this setting,
could yield lower bounds on the return times to sets bounded in an appropriate metric. Due to the
lack of local compactness in such state spaces, the notion of petite sets from [26] has been replaced
by a weaker notion of metric-dependent small sets, suitable for applications in infinite-dimensional
settings. A natural interesting question is whether our lower bounds on modulated moments, de-
rived via suitably adapted L-drift conditions, could be used to characterise the decay of the tail
of the invariant measure and the rate of convergence in the Wasserstein distance. Put differently,
can the lower bound Lyapunov drift conditions, developed in this paper for locally compact state
spaces, be adapted to the infinite-dimensional setting?

Ergodic averages. The quantification of the asymptotic behavior of an ergodic average % fg Xgds,
as t — oo, of a Markov process X represents a fundamental problem in probability and beyond.
Results on the asymptotic behaviour of ergodic averages, such as the central limit theorem, as
well as moderate and large deviations, are commonly derived using Lyapunov drift conditions and
associated upper bounds on the modulated moments [9,10]. For example, the growth rate of
the speed function in moderate deviations of additive functionals of Markov processes is bounded
above by the tails of the modulated moments [9, Thm 3.3]. In Theorem 2.5 of the present paper
we establish asymptotically matching lower bounds on the modulated moments for a wide range
of models (Section 3 above). It is thus reasonable to expect that our lower bounds have a role to
play in establishing the optimal growth rate of the speed function in moderate deviations.
Discrete-time Markov chains. To the best of our knowledge, there are no general results for
establishing lower bounds on the rates of convergence to the invariant measure for discrete-time
Markov chains in uncountable state spaces. It is natural to expect that the results presented
in this paper can be readily adapted to establish convergence in the discrete-time setting. The
assumption L(V,p,¥) includes a supermartingale condition, exit probability, ergodicity, positive
Harris recurrence and non-confinement, all of which have natural counterparts in discrete time.
Moreover, since all the tools used in our proofs in Section 5 are also available in discrete time (note
that the results of Section 4 hold for discrete-time chains already, if viewed as piecewise constant
continuous-time Markov chains), the conclusions of our main results (Theorems 2.1, 2.2 and 2.5)
are expected to hold in this setting.

Application to Markov chain Monte Carlo. Markov chain Monte Carlo (MCMC) algorithms
represent a major area of application for ergodic Markov processes [11,26]. In particular, upper
bounds on the convergence rates of MCMC algorithms are often obtained using Lyapunov drift
conditions. Knowing whether a convergence rate of one algorithm is better than that of another
can however not be deduced from the corresponding pair of Lyapunov functions used to obtain the
two upper bounds on the rates. Our results on lower bounds for the convergence rate open the
door for such comparisons of MCMC algorithms.

APPENDIX A. NON-CONFINEMENT OF IRREDUCIBLE FELLER CONTINUOUS PROCESSES

A strong Markov process X = (X¢)icr, on a locally compact metric state space X is Feller
continuous if the function = — E,[f(X¢)] is continuous for all ¢t € (0,00) and continuous bounded
functions f: X — R..
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Lemma A.1. Let V : X — [1,00) be continuous and such that {V < ro} is compact for all vy €

(1,00). Assume that the process X is Feller continuous and that for every ro € (1,00) there exists
ko € (0,00) such that Py (V(Xg,) > 10) > 0 for all x € X. Then, we have Py (limsup,_, . V(X;) =

o0) = 1.

In all our examples the processes will be Feller continuous and irreducible with respect to the
d-dimensional Lebesgue measure, making the conditions of Lemma A.1 easy to check.

Proof of Lemma A.1. Pick an arbitrary r9 € (1,00). We will show that P, (limsup,_,. V(X;) <
r9) = 0 holds for every z € X. Pick x € X and estimate

P, (limsup V(X¢) < 19) < Py(limsup V(Xok,) < o) = P2 (U724 NpZ; {V(Xkon) <10})

t—o00 n—o00

(59) < lim Po(72{V (Xign) < 10})

where we have used the continuity from below property of the measure P,. Since P,/ (V(Xg,) >
ro) > 0 for every 2/ € X, the set {V < 1o} is compact, and the process X is Feller continuous it
follow that inf, /ey <,) Py (V(Xk,) > 10) = € > 0. Thus, by recurrent application Markov property
at times nko for ji,j> € N satisfying jo > ja, we have P, (N2 {V (X)) < 70}) < (1 — e)2—01,

n=j1
The continuity from above of the measure P, implies that for any j € N

Po (MR {V (Xpom) < m0}) = lim Po(n]_{V(Xpm) < mo}) < lim (1—e)/ 7 = 0.
j'—00 j’'—00
Combining the inequality in the above display with (58) concludes the proof. O
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