RANK-BASED STOCHASTIC DIFFERENTIAL INCLUSIONS AND
DIFFUSION LIMITS FOR A LOAD BALANCING MODEL

RAMI ATAR AND TOMOYUKI ICHIBA

ABSTRACT. In [4], a randomized load balancing model was studied in a heavy traffic asymp-
totic regime where the load balancing stream is thin compared to the total arrival stream.
It was shown that the limit is given by a system of rank-based Brownian particles on the
half-line. This paper extends the results of [4] from the case of exponential service time to
an invariance principle, where service times have finite second moment. The main tool is a
new notion of rank-based stochastic differential inclusion, which may be of interest in its own
right.

1. INTRODUCTION

This paper studies a randomized load balancing model under an asymptotic regime intro-
duced by Banerjee, Budhiraja and Estevez [4], where N servers, labeled 1,..., N, cater to
N + 1 streams of jobs, labeled 0,...,N. For each 1 <i < N, server ¢ caters to stream 7, and
stream 0 undergoes randomized load balancing. Specifically, the power-of-choice algorithm is
applied to this stream, in which £ out of the N queues are chosen at random and the job is
routed to the shortest among them. In the regime proposed in [4], the load balancing stream
is much thinner than the remaining streams. The motivation to study a thin load balancing
stream stems from the fact that the intensity of this stream, along with the parameter ¢, de-
termines the communication volume between the dispatcher and servers, which one wants to
keep low in practical applications. In [4], N is fixed, and, denoting the scaling parameter by n,
the server capacity and the arrival rates of streams 1,..., N scale like n, whereas the arrival
rate of stream 0 scales like n!/2. Under a critical load condition, it is shown that the N queue
lengths, normalized by n'/2, converge to a system of Brownian particles on the half line, with
rank-dependent drift coefficients. This result thus identifies the minimal order of magnitude
of the load balancing stream intensity at which load balancing has a macroscopic effect on the
system behavior at the diffusion scale.

The treatment in [4] assumes exponential service times. The goal of this paper is to extend
the diffusion limit result to an invariance principle, where service times are only assumed to
possess a second moment. This does not amount to a mere technical improvement of the proof
ideas of [4]. To briefly explain this point, let X[L, 1 < i < N denote the normalized queue
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length process of server ¢. Let the ranked normalized queue lengths Yi”, 1 <i < N, be defined
as
Yi'(t) = X7,0)(1),
for a t-dependent permutation 7y of {1,..., N} that ensures that, for all ¢,
VIt < V3 (t) < - < VR(D).

The limiting dynamics of Xf is expected to be given in terms of a system of stochastic differ-
ential equations (SDEs) on Rf of the form (written here in a slightly simplified manner; see
Section for a precise definition and the general form of SDEs treated here),

(1) Xi(0) = X0+ Bit) + [ brgods + L)

where b; are constants, R;(t) is the rank of X;(t) (e.g., Ri(t) = 1 if X;(t) = min; X;(¢)), B;
are mutually independent Brownian motions, and L; is a local time term for process X; at the
origin. In particular, bg, ;) are rank-dependent drift coefficients. If now one lets ¥;, 1 <i < N
denote the ranked processes corresponding to {X;} (by a transformation like the one above for
the normalized queue lengths), one finds that they satisfy a system of SDEs of the form

. 1- 1- 1-
(1.2) Yi(t) = Yi(0) + Bi(t) + bit + §Li(t) - 1{i<N}§Li+1(t) + 1{i:1}§L1(t),

where L; are local time terms. For background on ranked processes of semimartingales, see [6].
The strategy of the proof in [4] is to work with the approximating processes Y;"(t) and show
convergence to the unique solution of ((1.2). In this technique, one needs to show that the

intersection time .
/0 L=,y %

converges to zero in probability, as n — oo for every i = 1,..., N —1 (Lemma 4.2 and Corollary
4.3 of |4]), and here the exponential service time assumption is convenient. Estimating it under
more general conditions may be quite challenging.

Our proof strategy is to work with the processes in and show that they converge to the
unique solution of . Because itself does not involve multiple local-time terms except
the one for spending time at zero, there is no need to estimate the intersection times. On the
other hand, our approach requires the notion of rank-based stochastic differential inclusions
(SDIs), such as

t
(1.3) &@=&@+&@+A&@@+mw

Here, (;(t) = br,) at times when all particles are isolated from each other, but a milder
condition is required at times when some of the particles collide. The precise condition is
formulated by requiring {3;(t)} to belong to a set that depends on the current state {X;(¢)}

(see Section [2.3).

Differential inclusions play an important role in the study of non-smooth dynamical systems
in both deterministic [2,|12] and stochastic |1] settings. An intuitive explanation for their
effectiveness here is that while a precise formulation of must specify the tie-breaking rule
for how R;(t) are defined when two particles collide, such details should not matter. In fact,
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a differential inclusion avoids keeping track of such details. When weak limits are taken for
the queueing model, details on tie breaking rules are lost, and one is left with a differential
inclusion which, in its simplest form, is given by ((1.3).

For a survey on randomized load balancing algorithms and their recent extensive study in
asymptotic regimes, see [10]. Rank-based diffusions have also been extensively studied in recent
years; see e.g., [3L[5,9}/11},/14,/18.|19].

1.1. Notation. Throughout the paper, we use the following notation. [N] = {1,...,N},
R4 = [0,00). ¢ denotes the identity map on R;. In RY | the Euclidean norm is denoted by
| - |I. For (X,dx) a Polish space, let C(R4, X) and D(R4, X) denote the space of continuous
paths and, respectively, cadlag paths, endowed with the topology of uniform convergence on
compacts and, respectively, the Skorokhod .J; topology. Let Cg (R4, R4 ) denote the subset of
C(R4,R,) of nondecreasing functions that vanish at zero. For f: R, — R denote

Lf1I7 == sup [[f(s)]],

s€[0,t]
wi(f,0) == sup{|[|f(u) = f(s)[| : u,s € [0, 2], [u — s| < 6}

If v € RY, then v;, i € [N] denote its coordinates, and vice versa: if v;, i € [N] are given,
then v denotes (v1,...,vy). The same convention holds for random elements v; and stochastic
processes v;(-). The symbol = denotes convergence in distribution.

2. MODEL AND MAIN RESULTS

2.1. The load balancing model. The model we consider is defined on a probability space
(£2, F,P) with the corresponding expectation E. It consists of N + 1 arrival streams, labeled
0,1,..., N, as well as N queues and N servers, labeled 1,..., N. For ¢ € [N], server i serves
jobs in queue ¢ in the order of arrival to the queue. The N queues are fed by the N + 1 arrival
streams, where all jobs from arrival stream i € [N] are routed to queue i, whereas jobs from
stream 0, called the load balancing stream (LBS), are routed to the N queues according to a
randomized load balancing algorithm described below.

The sequence of systems is indexed by n € N. The processes X', EI', DI* and T}, i € [N],
represent the i-th queue length process, arrival process, departure process and cumulative
busyness process, respectively. Moreover, A} denotes the LBS arrival process and A} the
process counting LBS arrivals routed by the algorithm to server 1.

For each n € N, the N + 1 arrival processes E' and A are mutually independent Poisson
processes of intensities A]' and A, respectively. Alternatively, they can be viewed as N + 1
Poisson thinned streams of a single arrival stream, obtained by random selection. These
processes are assumed to have right-continuous sample paths. We have the balance equation

(2.1) Xi'(t) = X'(0—) + Ej*(t) + A} (t) — D (), i €[N], teR4,

and, assuming work conservation, the cumulative busyness process is given by

t
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Note that ¢t —T/*(t), t > 0, ¢ € [IN] are the cumulative idle time processes.

The load balancing algorithm routes LBS jobs to queues according to their relative lengths.
The precise construction requires the definition of a rank function. Namely, rank : [N] x RV —
[N] is defined as

(2.3) rank(i;x) == #{j € [N] :xj < x;} + #{j <i: 25 = 4}, i € [N], z € RV,

Thus, rank(i; ) is the rank of z; among {x;}, where the tie-breaking rule is that the smaller in-
dex among the ties is preferred. For example, for z = (1,1,2,2,3) € R’ one has rank(i; x)>_; =

(1,2,3,4,5), and for = = (1,1,3,2,2) € R®, rank(i;2)?_; = (1,2,5,3,4).

Next, a probability vector p = (p,.) € [0,1], p1+---+pyx = 1, is given, assumed throughout
to satisfy

(2.4) p1=p2 = 2 PN-

The load balancing algorithm routes an LBS job to the queue whose length is ranked r with
probability p, (in particular, shorter queues are preferred). For the construction of this part
of the queueing model, let 0, k¥ € N be IID random variables with the common distribution
P(6; = r) = p;, r € [N]. Then the cumulative number A7(t) of the LBS arrivals routed to
server i by time ¢ is given by

(25) A7) = [

0. 1{71?(5—):91461(3)}61148(8)) R?(t) = rank(i; Xn(t))a (S [N]? teRy.

The most important special cases of this setting are two versions of the well-known power-
of-choice algorithm. Here, upon an LBS arrival, the queue lengths of ¢ out of the N queues,
chosen uniformly at random, are sampled (with or without replacement). The arrival is routed
to the queue that is the shortest among the £ queues. The volume of communication between
the servers and the dispatcher is therefore proportional to £. For this reason, in practice, £ is
usually chosen much smaller than N.

Under the power-of-choice, the probability p, that an LBS arrival is routed to the queue
whose rank (as defined by ([2.3)) is r, is given by

N—

(1)
N b
(2)

for sampling with and without replacement, respectively. Here, (’;) = 0 when j > k. In both

cases, y . pr = 1, and (2.4) hold. Our results are concerned with general p satisfying (2.4)),
but the main interest is in the cases ([2.6]).

Initial conditions. The residual times of jobs that have already been processed at time 0
are assumed to satisfy some mild conditions. Denote the (random) set of queues that at time
0 contains no jobs and, respectively, at least one job, by N™ = {i € [N] : X[*(0) = 0} and
P = {i € [N]: X(0) > 0}. Note that N and P™ partition [N] with #N™ + #P™ = N.

For i € P", let Z'(0) denote the initial residual time of the head-of-line job in queue i. For
1 € N, let fictitious jobs be added, having zero processing time. To this end, rather than

specifying X" (0) as the initial queue length, X™(0—) is specified (as in (2.1))); and for each

N—r+1)f_<N—r)f

(2‘6) Dr = ( N N and Dr =

respectively r € [N]
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i € N, the queue length is set to X/*(0—) = 1 and the residual processing time is set to
Z(0) = 0. Note that this results in X*(0) = 0. Note that by adding the fictitious jobs we
attain the following. The first job to enter service after time 0 will have index 1 regardless of
the initial status of the queue (empty or non-empty). The initial condition is thus a tuple

1" = ({X;'(0-), Z(0),i € [N]}, N, P"),
where (N, P™) partitions [N], and
X'0-)=1, Z*0)=0, i e N,
X;'(0—)>1, Z*(0) >0, i € P".

Service times. Let ®°, ¢ € [N], be Borel probability measures on [0,00) with mean 1,
standard deviation o5 € (0, 00), and ®5({0}) = 0. Let ®:*"" be defined as scaled versions
of these measures, uniquely specified via

(2.7) OI"0, 2] = (0, pitx], x € Ry

Here, p' > 0 is the service rate of server i in the n-th system. For k > 1, let Z'(k) denote
the service time of the k-th job to be served by server i after the head-of-line job at time 0—
(for i € N™ this means the k-th job after the fictitious one). It is assumed that, for every i,
ZI = (ZM(k),k > 1) is an IID sequence with common distribution ®;*".

The potential service process S}, evaluated at t, represents the number of jobs completed
by server ¢ by the time it has worked ¢ units of time. With } l— 0, it is given by

k-1

(2.8) 5?u)znmx{kez+:§22?u)gt} t>0.
3=0

The departure processes are, therefore, given by DI(t) = S7*(17*(t)). This is the number of
jobs completed by time t by server 1.

It is assumed that, for each n, the 2INV + 3 stochastic elements
E' i€ [N], Z!i€[N], I" Ay, {60k},

are mutually independent.

2.2. The scaling and critical load condition. The arrival and service rates are assumed
to satisfy the following. There are constants A; > 0 and A; € R such that

(2.9) AP = V2P — ) = A, asn— oo, i€ [N],
a constant A\g > 0 such that
(2.10) A =020 5 Ny, as n— oo,

and constants p; > 0 and fi; € R such that
(2.11) A= n"V2(ul — npg) =y, asn — oo, i € [N].
Each of the queues is critically loaded, namely

(2.12) N =i, i€ [N
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The scaled initial residual time n'/ 27Z1(0) are assumed to satisfy
(2.13) n2Z0) — 0 in probability, i€ [N],
as n — oo.

Finally, we specify conditions regarding the initial queue lengths X*(0—), representing two

different scenarios. One with initial queue lengths of the order n!/2, and another with queue

lengths of a larger order of magnitude. To state these conditions, let us define

X™0=) = (XP(0-),..., X{(0-)),  X7(0—):=n"'2X['(0-), i € [N],
and, for a fixed sequence a, satisfying n~—1/2
X(0-) = (X](0-),..., XR(0-)),  XP(0-) :=n~*(X]'(0-) — @), i € [N].

It will be assumed that one of the following holds: Either

Qo — 00,

(ICo) X”(O—) = Xo:= (Xo01,...,Xon), an R[iv]—valued random vector,
or
(ICq) X™"(0-) = Xo:= (Xo1,...,Xon), an RM-valued random vector.

The main results of this model are concerned with diffusion-scale versions of the queue length
processes X['(t), t > 0 and cumulative idle time processes t —T7'(t), t > 0. In particular, under

(ICo)), we will be interested in

(2.14) Xp() =n"2XP(), L) = nTPup(t = TR(), 20, € [N],
whereas under (IC,)), we will study the behavior of
(2.15) XP(t) :=n"Y2(X2t) —ay), t>0,i€l[N],

where the queue lengths are centered around the same constants «,, as the initial conditions.

2.3. Rank-based SDE and SDI. We are concerned with a rank-based diffusion defined via
a system of SDEs or SDIs, with and without reflection.

Let constants b := (by,...,by) € RN, m := (my,...,my) € RY, 0 := (01,...,0n) €
(0, oo)N be given, and consider rank-based SDE without, and, respectively, with reflection,

t
Xi(t) = Xo,i + 0;Bi(t) +mit + / br,(s)ds,
0
Ri(t) = rank(i; X (1)),

(SDE) t>0, i€|N]

t
X;(t) = Xo,i + 0;B;(t) + m;t + / bRi(s)dS + L;(t) >0,
0
(SDER) = rank(i; X (t)), t >0, i€[N].

/X t)dL;(t) =0,

Here, rank is the function defined in (2.3)) and L; are the continuous, nondecreasing, adapted
processes, starting from L;(0) = 0, that make the N-dimensional process X () stay in the
non-negative orthant Rﬂf .
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The precise notions of a solution, in strong and weak form, are standard, but we give
them for completeness. On a given stochastic basis (Q, F,F := {F;,t > 0},P) satisfying the
usual conditions, with an F-Brownian motion B in dimension N, and an initial condition

Xo € Fo, a strong solution of is an F-adapted process (X, L) with sample paths in
C(R4,RY) x C’g(R+,R+)N that satisfies (SDER]). A weak solution to is a stochastic
basis (2, F,F,P) that satisfies the usual conditions, along with processes (X, L, B) defined on
it, satisfying a.s., where B is an F-Brownian motion in dimension N, Xy € Fp, and
(X, L) is F-adapted, with sample paths in C(Ry,RY) x Cg(R+,R+)N.

With a slight abuse of terminology, we will sometimes say that a tuple (X, L, B), or even
(X, L) is a weak solution, without specifying the stochastic basis (or the Brownian motion).

We say that uniqueness in distribution holds for (SDER]) if for any two weak solutions
(X,L,B), (Q,F,F,P) and (X, L, B), (Q,F,F,P), with the same initial distribution, the two
processes (X, L) and ()A(1 , E) have the same distribution. We say that pathwise uniqueness holds
for , if for any two weak solutions (X, L, B), (Q, F,F,P) and ()?,E,B), (Q,F,F,P),
with common initial value, the two processes X and X are indistinguishable, that is, P(X; =
Xt > 0) = 1, and so are L and L.

Analogous notions are defined for (SDE) in a similar manner, with X having the sample
path in C(Ry,RY).

Remark 2.1. It is shown by Yamada and Watanabe in [20] that the pathwise uniqueness and
the weak existence of SDE imply the strong existence of the solution and the uniqueness in law.
Following the weak and strong solutions of stochastic system developed by Kurtz in [16], we
claim that the pathwise uniqueness and the weak existence of SDI imply the strong existence
of the solution and the uniqueness in law. Particularly, the pathwise uniqueness and weak

existence of (SDIRY|) ((SDI)), respectively) imply the strong existence of the solution of (SDIRY)
((SDI)), respectively) and uniqueness in law.

To introduce our notion of a rank-based SDI, let II denote the set of all permutations of
[N]. For each 7 € II, write by for the vector (b(1),...,bx(ny). Let us consider a set-valued
map P : RY — 21 defined by

(2.16) P(x) ={r €Il : 2; < x; implies 7(i) < 7(j) for every i,j € [N]},

for x € RY. Denote by conv(A) the convex hull of set A ¢ RY. The SDI without and,
respectively, with reflection, that will be of interest here, are

t
Xi(t) = Xos + i Bi(t) + mat + /0 B5(s)ds, >0, ic[N],

B(t) = (Bi(t),...,0n(t)) € conv{b, : m € P(X(¢))} a.e. t € Ry,

(SDI)
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and a similar one on the state space Rf

Xz(t) = XO,i + O'Z'Bi(t) + m;t + /t 5i(8)d8 + Li(t), t>0, 1€ [N],
0
(SDIR) B(t) € conv{b; : m € V(X (¢))} a.e. t € Ry,

/ Xi(t)dLi( i€ [N].

We call 8 the rank-dependent drift process. We say that X (respectively, (X, L)) is a solution
to SDI (respectively, (SDIRJ)) if there exist an F-progressively measurable process 5 so that
espectively, holds. We extend the notions of weak/strong solution, weak
unlqueness and pathwise uniqueness, given above, to and (| m

2.4. Results. A vector b € RV is said to be nonincreasing if the sequence by, ..., by is.

Theorem 2.2. Let data b,m € RV, o € (0,00)" be given and assume that b is nonincreasing.
Then pathwise uniqueness and strong ezistence hold for (SDE|), (SDER), (SDI) and (SDIR).

Theorem 2.3. Consider data defined in terms of the load balancing model, as follows
(2.17) b, = )\opr, r e [N], m; = 5\1 — [Li, ()\ +,u1( ser) )1/2, 1€ [N]

i. Assume ([Cq). Then (X", L") = (X,L) in D(R+,RN) x C(Ry,RY) as n — oo, where
(X, L) is the solution to , equivalently, , with data .

. Fiz a sequence oy with n~Y2a, — 0o and assume ([Cg)). Then (X”,f)”) = (X,0) in
DR, RY) x C(Ry,RN) as n — oo, where X is the solution to (SDI), equivalently, (SDE),
with data .

2.5. Proof outline. The proofs of Theorems and are intertwined: The existence of
a limit for the queueing model is based on the uniqueness provided by Theorem whereas
existence of solutions to both differential inclusions is a consequence of the convergence proved
in Theorem The steps are as follows.

1. Pathwise uniqueness of (SDI) and (SDIRJ). This is shown in Section [3| specifically, in
Proposition [3.1}
2. This automatically gives the pathwise uniqueness of (SDE|) and (SDERJ). See Remark

3. Weak convergence of the rescaled queueing model to a solution of and
(under and , respectively). This is argued by showing that tightness holds and that
subsequential weak limits satisfy the differential inclusions, which, in view of step 1, imply the
existence of a limit of the entire sequence. This is carried out in Section [4]

4. Step 3 immediately gives weak existence of solutions to both differential inclusions.

5. For (SDI) and (SDIRJ), the set of times when two or more components X; meet is shown
to have Lesbegue measure zero. This gives weak existence of solutions to (SDE) and (SDER)).
This is proved in Section

6. The Yamada-Watanabe Theorem now gives strong existence for the four equations (SDI)),

(SDIR)), (SDE]) and (SDER)) (cf. Remark . This is also proved in Section




3. SDI AND SDE UNIQUENESS

Proposition 3.1. Pathwise uniqueness holds for (SDI) and (SDIR)).

Remark 3.2. Note that every solution to (SDE|) is a solution to (SDI|). The same holds for
(SDERY)) and (SDIR)). Hence, the above immediately gives the pathwise uniqueness to (SDE|)

and (SDER]).

Proof. The starting point for this proof is the rearrangement inequality |13], which states that
if u;, i € [N] is nonincreasing and v;, i € [N] is nondecreasing, then

N N
(3.1) Z uv; < Z U (7)Vi
i=1 i=1

for any permutation 7w € II.

Let two weak solutions (X, L, B) and (Y, M, B), defined on the same stochastic basis, be
given, and let 8 and « be the corresponding rank-dependent drift processes. The difference
process V = (V1,..., V) with V;(-) := X;(-) — Yi(+), ¢ € [IV] satisfies

Vi) = Xi) = YiC) = [ (8= m)ds + L) = M)

and hence, the squared norm satisfies

iwmwt/wwmm><»w+ﬂw—mmn
—Z/ ()~ (s w+2/ ) (L) — dM(5).

The proof of pathwise uniqueness for (SDIR)) will be complete if one shows that the right-hand

above is non- posmve for all £. The second sum is clearly nonpositive because [ X;(t)dL;(t) = 0
while [, X;(t)dM;(t) > 0, and similarly for the ¥; parts in the second sum. Thus it suffices to
show that

N
(3.2) SO () — Yi®) (Bilt) — () <0, ae. tER,.

i=1

A similar argument for (SDIf), only slightly simpler as it does not involve the boundary terms
L and M, also leads to the conclusion that proving (3.2) suffices. We therefore proceed to
show (33.2) for both (SDI) and (SDIR).

Following the definition of the SDI, let us write
=3 ge(tbr, V() =D ha(t)br, >0,
mell mell

where gr(t) > 0, ™ € H, Y oxendx(t) = 1, and gr(t) = 0 for m ¢ P(X(¢)) and similarly,
hr ()>O WEH Y menhx(t) =1, and hr(t) = 0 for m ¢ P(Y'(¢)) for t > 0. By the definition
of B(+) in (2.16]), we have therefore that for a.e. ¢, the conjunction of conditions g.(t) > 0

)
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and X;(t) < X;(t) implies (i) < m(j). A similar statement holds for h.(t) and Y'(¢). Then,
omitting t in the formulas below, we now have

N N
Z(Xi = Y)(Bi —vi) = Z(Xi -Y;) Z[gwbw(i) — habr ()]
i—1 i—1 rell
N
= Z(Xz -Y) Z Grho (br(i) = bo(s))
=1 m,o€ll
N
= Z Z(Xz = Y3)grho (briy — bo(iy)-
m,o€ll i=1

Consider the terms involving only the X;’s in the above sum, namely

N
Z Z Xigwhﬂ(bn(i) - ba(i))'

™0 i=1

To prove nonpositivity of this sum, it suffices to prove that, for any 7 for which g, > 0 (that
is, m € P(X)), and for an arbitrary o € II,

N
ZXi(bw(i) —bs(i)) < 0.
i=1

Because of the monotonicity: if m(i) > m(j) then X; > Xj, reordering i’s so that m(i) is
increasing will give that X; are nondecreasing. It will also give (by the assumption on b) that
bx(s) 1s nonincreasing. Hence, the last display follows from the rearrangement inequality .
Interchanging the roles of X, 7, g, and those of Y, o, h,, we also obtain the inequality for Y.
Therefore, we conclude that is true. This shows that ||V (:)|| = 0 for both and

O

(SDIR).

4. DIFFUSION LIMITS

This section provides the main step toward proving Theorem [2.3] In Subsection [£.1] under
condition (ICpl), it is shown that (X", L™) converge to the unique solution of (SDIRJ). This
proves Theorem [2.3(i) except for the statement regarding (SDERJ), which is treated later

in Section Subsection assumes (IC,[), and, similarly, proves Theorem (ii) except
the statement on (SDEI), whose proof is deferred to Section |5, Most of the work is done in

Subsection (4.1l

4.1. The limit under condition (ICy|). In this subsection we prove Proposition below.
The proof relies on the uniqueness of (SDIRJ) proved in the previous section. Let

(4.1) EP(t) =n~ (B = AT, SP() =0T A(ST(E) — ki),

(4.2) Ag@t) =nPAR), AP =nTVPAR®),
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t
(4.3) P (1) = Ao / PRy (95,
0

(4.4) = A — .

Throughout this subsection, let condition (ICgf) hold.

Proposition 4.1. i. The sequence (X”,ﬁ",E”, S’”,P#’”) is C'-tight.

it. If (X,L,E,S,P) is a subsequential weak limit, then (X,L,B) forms a weak solution to
SDIR)) with the data indicated in Theorem and where B; = UZ-_l(EZ- — S;) (with o; as in
2.17) ) and the progressively measurable rank-dependent drift B is the a.e. derivative of P.
iii. Consequently, denoting B' = Ui_l(El” — S, one has (X", L™, B") = (X, L, B), where the
latter is a (weak) solution of (SDIR)).

Let the Skorokhod map on the half-line I : D(Ry,R) — D(Ry,R;)? be defined by

I(y) = (z,2)  where  x(t) =y(t)+2(t),  2(t) = zt&)pﬂy_(S), t>0.

Note that if (z,z) = I'(y) then
(4.5) 2(t) < lly,  wilz,0) <wi(y,6),  ¢t>0,0>0.

Lemma 4.2. Let (y,z,2) € D(Ry,R) x D(Ry,R)? satisfy x = y + z. Then the condition z
is nondecreasing and f[o %) x(t)dz(t) = 0 (with the convention z(0—) = 0) holds if and only if

(z,2) = I'(y)-
Proof. This is known as Skorokhod’s lemma [8, §8]. O
The tuple
S"(t) = (EP(t), AL(t), DF0), X1 (0, T2 (1), i € [n], AZ(1), 043 0)
is used to define the ‘history’ of the system, namely the filtration
F=o{I",8"(s),s € [0,t]}, t>0.
Let

(2

(4.6) Prit) = An /O prods  and M) = AY(t) — PI(t).

Lemma 4.3. The process M} is an {F}'}-martingale, with optional quadratic variation [M?](t) =
-1 An
n=AX(t).

Proof. Clearly A} and R, cAleﬁned in (2.5)), are F;*-adapted, and A7 (¢) is integrable for all ¢.
Hence, the same is true for M;*. Next, let
(k) =inf{t >0: A%t) >k}, k=1,2,....
These are the stopping times on {F;'}. Hence
(4.7) t"(k) € Fin(— k>1,
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where we recall that for a stopping time 7,

Fro=FyVo{A: An{r <t} e F' t>0}
(see |15, 1.1.11 and 1.1.14]). To show the martingale property, we can write, using fot PRy (s—)ds =
fg p’R?(S)dsv

t
W) = [ gy 1a486) = N [ prrcds
[0,¢] 0 0

t
B /[Oﬂ(lmﬂs‘”ﬁawsﬂ ~ Pry(s-))d 45 (s) + /0 PRy (s (dAG (5) = Ajds)
=: My (t) + M]5(t).

For M[fl, write
A (t)
AP = D Lrpen-)=0p)-
k=1
The history of the system up to ¢"(k)—, namely {S™(t),t < t"(k)}, can be recovered from
the tuple Z", (EI(t),t € Ry,i € [N]), (A2(t),t € Ry), (ZM(j),j € N,i € [N]) and finally,
(9?,]' < k —1). By our assumptions, 6} is independent of this tuple. As a result, it is

independent of F (k)= Therefore, for 0 < s < t, we have

WE

E[A? (O FS] = A7 (s) = D E[lrrnk)—)=an) Lis<tn (k) <ty | F]

B
Il
—

EE[L{rp e (k) —)=6r} Lis<tn (k) <t} Fin )] 5 ]

e
Il
—

=) Elprognm)—)lis<iniy<ey | Fs ]
k=1
=E[CF(O)|FS] - Ci'(s),

where
A (®)
CIt) = ) pregn(r)-) = / PRy (s—)dA4G (),
po [0,4]

showing that A} — C}' = M, is a martingale.

In the expression for M/, the integrand is {7 }-adapted and has LCRL sample paths, while
the integrator is a martingale on this filtration. As a result, M’ is a local martingale [17,
Theorem I1.20]; Using the estimate || M| < Af(t) + ¢ shows that it is, in fact, a martingale.

As a result, so is MZ" Finally, the expression for the quadratic variation is straightforward. [

Lemma 4.4. i. One has

(4.8) XM =Ur+ L7 where  UMt) = XP(0=) + E(t) + A%(t) — ST (b)) + ml't.
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Moreover, the sample paths of ﬁ? are in C’g and

(4.9) / Xr()din () = 0.
0
In particular,
(4.10) (Xp LY =1@Uy),  ielN).

ii. One has (E",8™) = (E,S), where the latter is a pair of mutually independent N -
dimensional Brownian motions starting at zero, with zero drift and diffusion coefficients diag()\g/Q)

and diag(u,}pafer), respectively (where we recall \j = ;).

iii. PP, ﬁ:‘ and X are C-tight, and M — 0 in probability.

Proof. i. By and ,
nV2XP(E) = n T PXP(0=) + 0 R(ER(E) — AP + 0T 2O = n)t+ n! 2Nt + n T2 AR(E)

i

— 0 RSHTT(E) = p T () — 0Pl T (E),

(2
and
—n P T = =0V (= npa)t — it + L7 ().

Using (2.12)), (4.1)), and (4.4) gives (4.8). The properties of ﬁ? and (4.9) follow from
(2.2). The identity 4.10: follows from Lemma .

ii. The fact that E™ = E follows from the central limit theorem for renewal processes |7, §17],
and the fact that, by ([2.9) n=1A? — \;, for each i. For S, one has to be careful about the

1

fact that the assumptions about Z!*(0) differ from those about Z"(k), k > 1. By (2.8, S is
the inverse of

k—1
Z0)+ D Z1().
=1

In the expression
[(n—1)1]
n2(Z20) = () 0t Y (ZPG) - ()Y,
j=1

the first term converges to 0 in probability by (2.13). In the second term, the summands are

IID, and thus its limit in law is a zero drift Brownian motion with diffusion ¢3**. Hence again

by [7, §17], (2.11)) and the independence of {Z7(j)} across i, we have 5" = S. The mutual
independence of E and S follows from that of E™ and S™.

iii. Because 5\8 — Ao, the processes ]f’l-” are all (A\g+1)-Lipschitz, null at zero, for n sufficiently
large. Hence, they are C-tight. Moreover, by Lemma [£.3] and the calculation

t
E[n~" A7 (1)) = n_lAg/ Elprn(q)ds <n~' (Ao + 1)n'/?t,
0

one has MZ” — 0 in probability. By (4.6]), this shows that fl? are also C-tight.
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In view of the identity (X7, L") = I'(U?*) and (&.3)),
(4.11) LE@) < 0PMF,  wol L, 6) < wi(TF,6).
Because T are 1-Lipschitz and SP* are C-tight, so are S*(T7(-)). We have already shown that
E! and A} are C-tight. Hence, by the convergence in law of X" (0—) assumed in (ICo) and

the convergence 1] — m;, which follows from ({2.9), (2.11)) and (4.4), (71" are C-tight. In view
of (4.11)) and the fact X' = U 4+ L7, it follows that L} and X are also C-tight. O

Proof of Proposition 4.1

i. The C-tightness of the sequence follows from Lemma {4.4| parts (ii) and (iii).

ii. Consider a convergent subsequence of (X”, L, En, 8n, pn U”), with limit (X, L, E, S, P,U),
where E and S are as before. Recall (4.3) and note that one has 151” — ]51,#’" — 0 in probability.
Also note by the second part of (2.14) and the tightness of f};‘, that 7" — ¢ in probability.
This and the C-tightness of S}* implies that S*(7;*) — SI* — 0 in probability. Hence, letting
B; = 0;1(E¢ — S;), one has

Uz(t> = X()ﬂ' + Uz'BZ'(t) + R(t) + m;t.
The map I is continuous in the topology of uniform convergence on compact. Hence, by (4.10)),
(X;,L;) = I'(U;) for i € [N], and then by Lemma [4.2]

Xi(t) = Xos + o:Bilt) + mat + Pi(t) + Li(t), /m&@ﬂmw_a
0

Now, P; is a.s. Lipschitz and therefore a.s. a.e. differentiable. The existence of a progressively
measurable process that is a.e. the derivative of P; follows by an argument that was given in
the proof of |1, Theorem 3.4]. We denote this derivative by ;.

The goal now is to prove that (SDIR)) is satisfied. By invoking Skorokhod’s representation
theorem, we may assume without loss of generality that convergence holds a.s. In what follows,
fix w in the full P-measure set where convergence holds.

Fix a time interval [0,t]. The proof will be complete once it is shown that
Leb(G) =t where G={se€|0,t] : B(s) € conv{by : m € II(X(s))}}.
For € > 0 let
II*(z) = {m € Il : x; < xj — 4e implies 7 (i) < 7(j)}, z e RN,
G° ={s€[0,t] : B(s) € conv{b, : m € II*(X(s))}}.
Then e — II°(x) is setwise increasing, and

() T°(2) = ().

e>0
As a consequence, ¢ — G€ is setwise increasing and

& =a.

e>0
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By continuity of measure, it suffices to show that for every ¢ > 0, Leb(G®) = ¢t. To this end,
we first show the following.
For every € > 0 there are 69 and ngy such that for s € (0,t], n > ny and 6 < do,
R"™(0) € TI*(X (s)), 0 € [s,s+ 4]
To show , let ng be so large that for all n > ny,
max | X — X;|f <e.

(4.12)

Let 99 > 0 be so small that
max w(X;, dp) < €.
1

To show that R"™(6) is in II°(X(s)) is to show that whenever X;(s) < X;(s) — 4e, one has
RIM0) < R7(0), that is, rank(i; X"(0)) < rank(j; X™(0)). The latter will be guaranteed if
Xr(0) < X']”(Q) for all 6 € [s, s+ dp]. But

XI0) — X[(0) > X;(0) — Xi(0) — 2 > X;(s) — Xi(s) — de > e — 4e = 0.

This proves (4.12]).
In view of (4.12)), and recalling b = Agp, we have for s € (0,¢] and § and n as above,

N N s+6
5P (s +8) — P (s)) = 5_1)\0/ Prn(9)d0 € conv{by : 7 € II°(X(s))}.

Since for every z € RY, conv{b; : m € II°(x)} is a closed subset of R", we also have

SN (P(s+03) — P(s)) € conv{by : 7 € II*(X(s))}.
For a.e. s, the limit of the lefthand is 5(s). This shows Leb(G¢) = ¢ and completes the proof
of part (ii).

iii. The tightness shown in part (i), the fact that limits are supported on solutions to

(SDIRYJ), as shown in part (ii), and the uniqueness stated in Proposition imply that the
entire sequence converges in distribution to the unique weak solution of (SDIR)). O

4.2. The limit under condition (IC,|). The goal here is to prove Proposition which is
the analogue of Proposition In this subsection, (IC,|) is assumed throughout.

Proposition 4.5. i. The sequence (X™, En, 8, ]5#") is C-tight, and L™ — 0 in probability.

ii. If (X, E,S,P) is a subsequential weak limit, then (X, B) forms a weak solution to
with the data indicated in Theorem and where B; = o; Y(E; — S;) (with o; as in [2-17))
and the progressively measurable rank-dependent drift (8 is the a.e. derivative of P.

iii. Consequently, denoting Bl = afl(EZ” — 87, one has (X™, B") = (X, B), where the latter
is a (weak) solution of (SDI).

Proof. The arguments are very similar to, only somewhat simpler than those given in Sub-
section Hence, we only indicate the differences.

Lemma holds, and its proof is valid as is, as it has nothing to do with conditions (ICy))
or (IC,)). The same is true with respect to Lemma parts i and ii.
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Also, in part iii of Lemma the statements regarding ]51” and MZ” and their proof are
valid without any change. As for the remaining content of Lemma[4.4] part iii, we prove instead
(4.13) L? — 0 in probability, and X! are C-tight.

To this end, subtract n~Y2q,, from both sides of to obtain
(4.14) XP=Ur+L?  where  UP(t) = XP(0—) 4+ EMt) + AP(t) — SP(TP (L)) + .

Now, UZ-" are C-tight because X™(0—) converge under condition (IC,]), and the remaining terms
in the definition of U* are C-tight as already shown.

To prove the claim regarding L7, note that if L?(T) > 0 then there exists a time ¢ € [0, T]
such that X?(t) = 0 and L?(t) = 0. Therefore, 0 = X7(t) = X(t) +n~/2a,, hence by (&.14),
Ur(t) = —n~"2a,,. Thus

P(L}(T) > 0) < P(|U7 |7 = n~"2an) = 0,
where the last statement follows from the tightness of ||U7||% and the fact that n~"/2a,, — occ.
This proves that L? — 0 in probability. In view of (4.14)), this also shows that X" are C-tight,
and (4.13)) is proved.

Next, if (X, U) is a limit point of (X™, U™), then we have shown that X = U (compare with
(X;,L;) = I'(U;) in the case of Subsection [4.1)).

Based on these statements, the completion of the proof of Proposition follows closely

that of Proposition where, in particular, the satisfiability of (SDI)) is completely analogous
to that of (SDIRJ). O

5. PROOF OF MAIN RESULTS

Going back to the steps listed in subsection [2.5] note that Proposition and Remark
establish steps 1 and 2, and Propositions and give steps 3 and 4. Steps 5 and 6 are
carried out below, which completes the proof of the main results.

Proof of Theorem The convergence to the solution of (SDIR)) and (SDI) has already
been shown in Proposition (iii) and Proposition (iii), respectively. To prove the theorem,
it remains to show that if (X, L, B) is a weak solution of (SDIRJ) then it is also a weak solution
of (SDER)), and similarly, if (X, B) is a weak solution ofthen it is also a weak solution
of (SDE). To this end, it suffices to show that, a.s., for a.e. ¢, for every i # j, X;(t) # X,(1).

Fix i # j. For the solution X to (SDIR)), the difference X;(t) — X;(¢) is given by

Xz(t) —Xj(t) = XU,i —XQ,]' —|-O'Z‘Bz‘(t) —O'ij(t) + (mz —Tnj)t+/0 (ﬁz(s) —5j(8))d8+Li(t) —Lj(t)
for ¢t > 0. By Tanaka’s formula, we obtain
| Xi(t) = X; ()] = | X — Xo4] + /O sgn(Xi(s) — X;(s))d(Xi(s) — X;(s)) + L (t)

for t > 0, where sgn(z) := 1,501 — lz<0}, * € R and L (-) is the local time accumulated at
the origin for the semimartingale X;(-) — X;(-). Take a nonnegative function ¢ € CZ(R4) with
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the nonincreasing, nonnegative second derivative ¢” that satisfies ¢”(u) = 1 for v € [0,1/2],
¢"(u) = 0 for u > 1 and ¢(u) = ¢'(u) = 0 for uw > 1. Then applying Itd’s formula to
(e Xi(t) — X;(t)]), we obtain

6(21%:(0) = X;(0)1) — 021X — Xo,
1 1

- /Ot o (21Xi(w) — X ()] )d1X; o) — X ()| + 55 /Ot o (21Xit) = X, 01) (0 +

3

for e > 0 and ¢ > 0. This implies that

[ (Gt = x,f)du= (J;_i?)(cb(il&(t) = X;0)1) — 9 1Xo: — Xo) )
e /0 0 (21, 0) = X))l ) - X, )

for e > 0 and t > 0. Taking the limits as € | 0, we obtain

lim inf /Ot qb”(é\Xl-(u) - Xj(u)|>du —0

el0

almost surely. Since ¢”(0) = 1, this implies, by Fatou’s lemma, that

t t
]
/ L (X ()= X, )y At = / lim inf ¢ (= |X;(u) = X;(u)] ) du
(5.15) 0 0 &

< lim inf /Ot ¢”<§]Xi(u) - Xj(u)\)du ~0

el0

Therefore, the set of times when two or more components X; meet is shown to have Lesbegue
measure zero. If (X, L,B) is a weak solution of (SDIR)), then it is also a weak solution of

(SDER).
The solution of (SDI) can be handled in a similar manner. If (X, B) is a weak solution of
(SDI), then it is also a weak solution of (SDE)). O

Proof of Theorem Pathwise uniqueness for (SDI)), (SDIR)), (SDE]) and (SDER] has
been shown in Proposition [3.1] and Remark Weak existence for the four equations follows

from Theorem It remains to prove strong existence. To this end we employ the Yamada-
Watanabe Theorem (see Remark [2.1)). O
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