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Abstract

We prove that the restriction of the vertex-reinforced jump process to a sub-
set of the vertex set is a mixture of vertex-reinforced jump processes. A similar
statement holds for the non-linear hyperbolic supersymmetric sigma model. This is
then applied to vertex-reinforced jump processes on subdivided versions of graphs
of bounded degree, where every edge is replaced by a finite sequence of edges. We
prove that discrete-time processes associated to suitable corresponding restrictions
are mixtures of positive recurrent Markov chains. We also deduce a similar state-
ment for edge-reinforced random walks. [1] P

1 Models and Results

1.1 Motivation

One of the biggest open problems concerning vertex-reinforced jump processes, vrjp for
short, is to decide whether the discrete-time process associated to vrjp on Z? is a mixture
of positive recurrent Markov chains for all constant initial weights. For small weights, this
problem was solved by Sabot and Tarres [ST15] and with a completely different technique
by Angel, Crawford, and Kozma [ACKI4]. The corresponding statement for recurrence
rather than positive recurrence has been proven for all constant initial weights by Sabot
in [Sab21]. Solving the above mentioned open problem seems currently out of reach. A
possible approach might be the development of a renormalization group technique for
vrjp on Z2, restricting it to smaller and smaller sublattices. We show in this paper that
restriction of vrjp to subsets of a finite vertex set is a mixture of vrjp with random weights,
which gives rise to a kind of renormalization flow on the distributions of these random
weights. As a case study we analyze this flow on subdivided graphs, showing that it drives
the effective random weights towards smaller and smaller values in a stochastic sense and
thus more and more into the positive recurrent regime.
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1.2 Reinforced processes

Let G = (A, E) be an undirected locally finite connected graph with vertex set A endowed
with edge weights W, = W;; > 0, e = {i,j} € E. The vertex-reinforced jump process
(vrjp) on G is a continuous-time jump process (Y;):>o taking values in A. Conditioned on
(Ys)s<t and Y; =i € A, it jumps to a neighboring vertex j € A at the rate W;;L;(t) with
Li(t)=1+ fot Ly,=; ds being the local time at j with an offset of 1. Vrjp was invented
by Werner in 2000. Sabot and Tarres [ST15] introduced the vrjp in exchangeable time
scale (Z; := Yp-1())i>0 with the time change D(t) = ., (L;(¢)* —1). In this time scale,
vrjp is a mixture of reversible Markov jump processes; see [ST15, Theorem 2] and [SZ19,
Theorem 1].

We remark that the vrjp on infinite graphs might make infinitely many jumps in finite
time, which means explosion in finite time, if the weights W, increase fast enough far out.
However, on finite graphs, this does not occur almost surely.

For technical reasons, we encode a continuous-time jump process on GG by two sequences
of random variables (X, )nen, and (73,)nen,. The random variable X, takes values in A;
it encodes the n-th position visited. The event {X,, = X, 1} may occur with positive
probability. If such an event occurs, we say that the process has a self-loop. The random
variable T}, takes positive real values; it encodes the waiting time for the jump from X,
to X, 411. The connection of this description to a continuous-time A-valued jump process
(Y;)i>0 can be described on the event {> 2 T, = oo} by V; = X, for Z;‘;; T, <t<
> 1o Ti. Note that in the representation (Y;);>o the information on self-loops is lost. In
the case of explosion in finite time, the sum 7T, is finite. In this case, ¥} is only
defined for t < )~ T, but the description in terms of X,,, T}, still exists for all n. This
is why we do not need any assumptions on the weights W that avoid explosions in finite
time.

Our first result concerns the vrjp restricted to a subset J C A. We define the restriction
to a subset for a general continuous-time jump process.

Definition 1.1 (Removal of self-loops and restriction to a subset: process)

Let (X, Tn)nen, be a continuous-time jump process on G. Recursively, we take oq := 0
and for n € N, on the event {o,_1 < 0o}, we define o, :=inf{l > 0,1 : X; # X,,,_,} to
be the index of the next jump to a different location. The process with self-loops removed
is defined by (X7, T7) = (X7, T )nero = (Xows Sori' ™ T)neny on the event {0, <
oo for all n € N}.

Let ) # J C A. We set recursively 1o =0, 7, = inf{l > 7,_1 : X; € J} forn € N. In
other words, on the event {Xy € J}, 7, denotes the number of jumps up to the n-th return
to J. The restriction of the process to J is defined on the event {7, < oo for all n € N}
by (XJaTJ) = (XT{’T’IiL])nENO = (Xo,, Tr Jneny -

The notation (X'7,T77) means that both operations have been applied to the process
(X, T), first the restriction to J and then self-loop removal.

One may visualize the restriction as editing a film of the continuous time representation
of the jump process, cutting out all parts of the film where the jumping particle is not



in J, but the cut locations in the edited film remain visible as self-loops. Removal of these
self-loops in this edited film means that the corresponding cut locations become invisible.

Note that the definitions of X7 and X” do not use the T-components of the process.
In particular, the definitions of X7, X7, and X77 make also sense if one starts with a
discrete-time process (X,,)nen, only.

The mixing measure representing vrjp in exchangeable time scale as a mixture of
Markov jump processes has been described in terms of a random field Sy = (5;)iea
in [STZI17, Proposition 2] for finite graphs and in [SZ19, Theorem 1] for infinite graphs.
Because the law v} of this random field 35 appears in the present paper in an additional
role, we review it first for a finite set A including a pinning point p € A. Take a symmetric
matrix W = (Wi;)ijea € [0,00)*A of weights. Note that W may have positive diagonal
entries. For 3 € R*, define

HYy = HY = Hg :=2diag(B) — W, (1.1)

where diag(f) denotes the diagonal matrix with diagonal entries given by f3;, i € A. Let
1 € RA denote the column vector having all entries equal to 1, which implies that the
Euclidean inner product (1, Hgl) is the sum of all entries of the matrix Hg. The law of
B equals the probability measure

Al

o 2\ 2 e 2<1H51>
vy (df) := (;) L0y —F—= \/m

on RA, where the notation Hs > 0 means that the matrix Hg is positive definite. The
probability measure v} was introduced for W;; = 0 in [STZ17, Definition 1] and general-
ized for W;; > 0 in [SZ19, Section 5.1]; see also [LW20), Section 4]. [SZ19, Proposition 1]
extends the definition of v} to infinite graphs.

We use the following notation. For a vector v € R¥, a matrix A € RE*% and subsets
I C K and J C L of the index sets, we denote by v; the restriction of v to I and by Ay,
the restriction of A to I x J. Let P;MA denote the law of the vrjp in exchangeable time

scale on A starting in p with weights W.

(1.2)

Theorem 1.2 (Restriction of vrjp as a mixture of vrjps)

Assume that the graph G is finite without self-loops and partition its vertex set A = 1U J,
INJ =0, with |J| > 2. Consider the vrjp (X, T) in exchangeable time scale on A starting
at p € J with weights W. The restrictions (X7, T7) and (X7, T77) to J without or

with self-loops removed are miztures of vrjps in exchangeable time scale on J with random
weights

WY (Br) =(Wii(61))ijes :=Wis +Wir([Hglir)” Wy and (1.3)
W#(ﬁl) = (M/{j]‘(ﬁl)l{i;éj})me],

respectively. They depend on a random vector B; € R, where Brugey € R} s distributed
according to VIU{ } with W € RUVIPHx(1u{e}) obtamed by restricting the parameters W to
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I and wiring all points in J at p:

Wi fori,j €1,
I/Vij = VVJ@ = Zke]Wi fO?”i € [7j =P, (15)
0 fori=j=np.

In the case of (X'7,T77) this means the following for any event A C JYo x RTO.

T#(81), w
PYA(XT#,T7%) € A) = / PYTEDI(X,T) € A) vty (dBrogey)

RIU{p}

_ / PVE0I (X, T) € A) vl (dBy). (1.6)

The analogous statement holds for (X7, T7).

Note that on the l.h.s. in the process (X 77, T77) is built from the canonical process
(X, T) on AN x R while on the r.h.s. (X, T) means the canonical process on JYo x R,

An explicit formula for the probability density of 5; can be found in [SZ19, Lemma 4
combined with Lemma 5(i)]; however we do not need it here.

Comparison with the restriction property observed by Davis and Volkov. In
the special case of J being a set of consecutive integers on a one-dimensional integer
interval this restriction property has already been observed by Davis and Volkov in [DV02]
Section 3]. In this special case, W77 is deterministic and equals the restriction of W to
J x J. Hence, in this special case, (X 77, T77) is again a vrjp, not only a mixture of vrjps.
The analogous property holds on a tree.

Subdivisions. For r € Ny, we define the 2"-subdivision G, = (A,, E,.) of the undirected
graph G = (A, E) to be obtained by replacing every edge in G by a series of 2" edges; see
Figure [I] for an illustration. It will be convenient to have Ag = A and A; C A, for [ < r;
see also Definition below.

The next result considers vrjp on a subdivided graph G, with random weights W. If
the graph has degree bounded by d, the following result of Sabot and Tarres allows us
to deduce recurrence of the restriction to G; with | < r, provided r — [ is large enough
depending on E[W?], d, and «.

Fact 1.3 ([ST15, Corollary 3]; see also [ACK14), Theorem 20])

Let d € N and a € (0,%]. Then, there is ¢; = c1(d, o) > 0 such that for all connected
undirected graphs G = (A, E) with vertex degree bounded by d, all independent random
weights W = (We)eer (not necessarily identically distributed) with E[W] < ¢; for all
e € E, and all starting points p € A, the discrete-time process associated to vrjp with

random weights W starting in p is a mizture of positive recurrent Markov chains.



Figure 1: A part of Z? on the left and its 8-subdivided version on the right.

Theorem 1.4 (Vrjp on subdivided graphs) Let G = (A, E) be a connected undi-
rected graph without self-loops and take I, € No with | < r. Let (X,T) be vrjp in
exchangeable time scale on the subdivided graph G, with starting point p € A and random
weights W, > 0, e € E,., with respect to some probability measure with corresponding expec-
tation . Its restriction (X7, TN%) to Ay with self-loops removed is again a mizture of vr-
jps on Gy with random weights denoted by W® = (We(l))eeEl. If the family W = (We)eep,
is independent or i.i.d., then so is the family W . Given W, the conditional law of W®
can be described in terms of the restriction S5\, of a V/V\‘:—distributed random field 3. For
any finite subgraph G of G and the corresponding subdivision Gy = (AI,EI), the restric-
tion of WO to E, equals Wi given in with J = A; and I = A, \ Ay, and fulfills the
recursion equations described in Lemma[3.3, below. In particular, one has

PPW,AT((XAZ;é,TAHE) €)= / PW(l);é(ﬁ);Al((X’ T)c") Vx(dﬂ), (1.7)

RAr g

Assume that the vertex degree of G is bounded by d. Moreover, assume that the weights
W., e € E,, are i.i.d. and satisfy E]W®] < ;27D for some a € (0, i] with the constant
c1(d, o) from Fact. Then, the process X7 is a mizture of positive recurrent reversible

Markov chains.

One could weaken the assumption of the recurrence statement by making only an
independence assumption rather than an i.i.d. assumption. To increase readability of the
proof, we only treat the stronger assumption.

Consequences for linearly edge-reinforced random walk. Linearly edge-reinfor-
ced random walk (errw) (X, )nen, on G starting at p with constant initial weights a > 0
is defined as follows. Let Xy = p and let wy(e) := a, e € E, be the initial edge weights.
In each time step, the random walker jumps to a neighboring vertex with probability
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proportional to the weight of the traversed edge. Each time an edge is traversed, its
weight is increased by 1. More formally, conditioned on (X,;)m<, and X, = i € A,
the conditional probability of X1 = 7 € A is non-zero only if {i,j} € E. It equals
wa({4,5}1)/ D kenqipyer Wa{i, k}), where wy(e) = a + ZZ:O L{{Xp,Xms1}=e} denotes the
weight of the edge e at time n. Errw was introduced by Diaconis in 1986 in [CDS86],
see [Dia88]. For more history on this process, see [MRO6]. It was shown in [ST15]
Theorem 1], that errw is a mixture of the discrete-time process associated to vrjp with
i.i.d. Gamma(a,l)-distributed weights W,, e € E. The following result shows that under
rather general conditions, errw on a subdivided graph G, with constant initial weights,
appropriately restricted, becomes a mixture of positive recurrent Markov chains as soon
as r is large enough. More precisely, we prove the following statement.

Theorem 1.5 (Errw on subdivided graphs) Let G = (A, E) be a connected undi-
rected graph without self-loops and with vertex degree bounded by d. For all r € Ny
consider the subdivided graph G,.. Let X be errw on A, with starting point p € A and with
constant initial weights a > 0. Assume that o € (0, ﬂ , 7 €Ng, and 1l €{0,...,r} satisfy
I(a+a)/T(a) < ci(d,@)20=Y with ¢, as in Fact|1.5. Then, the restriction XN of errw
to \; with self-loops removed is a mixture of positive recurrent Markov chains.

In this paper, we treat 2"-subdivisions with powers of 2 only rather than arbitrary k-
subdivisions for k£ € N. This is just for notational simplicity. General k-subdivisions could
be treated by the same method, applying the recursive restriction described in Lemma
[3.3] below, not to all edges simultaneously in every recursion step, but only to some of
the edges.

Comparison with previous work on errw. [MR09, Theorem 1.1] provides a variant
of Theorem in the special case of the graph Z? with nearest-neighbor edges, showing
only recurrence rather than a mixture of positive recurrent Markov chains. Note that
at that time, the relation between errw and vrjp, which is an essential tool in the proof
of Theorem [1.5] was not known. The present paper gives a heuristic explanation why
subdivisions make errw and vrjp more recurrent: the reason is that taking subdivisions
and then restricting to the original graph decreases the effective weights in a stochastic
sense. This is made precise in the next lemma. By a monotonicity result of Poudevigne
[PA24] Theorem 1] decreasing the weights of vrjp increases the probability of vrjp being
recurrent.

Theorem 1.6 (Decay of the effective weights by restriction) Let the graph G be
finite and take 0 < I < r. We endow the subdivided graph G, with i.i.d. edge weights
W, >0, ec E,. Consider the family W® of corresponding random weights from Theorem
all realized on the same probability space with expectation operator E. We abbreviate
C, = 2‘“1“(% —a)/\/m for0<a< % and cg := v +log2 = 1.27036 . . ., where

v = —/ e tlogtdt =0.57721. .. (1.8)
0



denotes the FEuler Mascheroni constant. For alle € E; and ¢’ € E,., one has

E[(WD)*] < (27°) (WS fora €01, (1.9)
1 m—
ROV < o min (Cal2 )y B forae(0,}), (110)
a ME,..., r
E[log Wé(l)] < rgin }Qm_l (E[log Wer| — (r —m)log 2 + ¢2) — ca. (1.11)
meql,..., T

Set mg =1 —2 — | Hogy(CLE[WS])| and my :=r —2— | (log2) " (E[log Wu] + c2)|. If
mo € {l,...,7r}, a minimizer in 15 given by m = mg. If mg <1 or mg > r, it is
giwen by m =1 or m = r, respectively. The analogous statement holds for my with
replaced by .

Note that for @ € [0, 3), the bound (1.10) implies the bound (L.9)), using m = I. The
proof of Theorem [1.6]is done in Section [3] and given by induction. The induction step is

based on the following lemma.

Lemma 1.7 (Induction step for moments of effective weights)
Consider the setup of Theorem[1.6 Forl e {1,...,r}, € € E;_1, and € € E;, we have

E[(W:™)*] < 27°E[(WD)*] for a € [0,1], (1.12)
E[(W )] < CLE[(WY)] fora € [0,3), (1.13)
(1.14)

Ellog W] < min{E[log We(,l)] —log 2, 2E[log We(,l)] + o}
with the constants C,, and cy from Theorem . For o € [0,3), the bound in (1.12)
is stronger than the bound in (1.13)) if and only if E[(We(,l))a] > 272CY. Similarly, the
minimum in bound (1.14)) equals E[log We(,l)] —log 2 if and only if E[log We(/l)] > —log2—cs.
Note that the expectations do not depend on the choice of € and €.

Discussion. The iteration of the bound ([1.12]) gives an exponentially decreasing upper
bound for E[(Wé(l))"‘] as a function of r — [, while iteration of the other bound (|1.13]

is only useful for small values of ]E[(Wé(l))a], but then gives a doubly exponentially fast
decreasing bound. Thus, for 0 < a < %, there is a change of regimes in these upper
bounds for E[(Wé(l))a], consisting of exponential decay for the first iteration steps with
a transition to doubly exponential decay for later One may speculate that there
might be a change of regimes for the decay of E[( as well, not just for the upper

bounds.

steps.
Wy

1.3 Non-linear hyperbolic supersymmetric sigma model

Let A be a finite set containing a pinning point p and consider interactions W = (W;;); jea,
W;; = W;; > 0, such that the graph (A, E.) with edge set £, := {{i,j} C A: W;; > 0}
is connected.



The non-linear hyperbolic supersymmetric sigma model, H??-model for short, is a
statistical mechanics type model involving spin variables taking values in a supermanifold
called H??. The spin variables have three even (= commuting) components z, y, z and two
odd (= anticommuting) components £, 7 in a real Grassmann algebra A = Ay @ A; with
R C Ay. Here, Ay > x,y, z denotes the even subalgebra and A; 3 &, 7 the odd subspace.
More details can be found in [DSZ10], [Swa20], and [DMR22, Appendix]. To every vertex
i € A linearly independently, we associate a spin variable o; = (x;, y;, 2, &, 1;) subject to
the constraint

o, € H¥? :={(z,y,2,6,m) € A> x A2 : 2% +y* — 22 + 26n = —1,body(z) > 0}. (1.15)

Here, body(z) € R is the unique real number such that z — body(z) is nilpotent. We
endow A3 x A? with the inner product

(o,0") :=za' +yy' — 22" + &' —ng (1.16)

for o = (x,y,2,&,n),0 = (2,4, 2,&,1). For any smooth function f : R¥ — R there is
an extension to a superfunction f : AF — Ay constructed by a Taylor expansion in the
nilpotent parts; it is denoted by the same symbol. The same holds if f is defined only on
an open subset U of R¥, but then the extension is only defined on the subset of A} with
bodies in U. In particular, on H?? the component z is not an independent variable, but
just an abbreviation z = \/1 + 22 4+ y2 + 2¢n. In the H?2-model, the pinning point p € A
gets constant spin o, = o := (0,0,1,0,0) € H?P assigned to it. The superintegration
form Do on H?? is defined by

H2I2 s

fe Dof(o) := QL/R2 dx dy 0:0, (%f(x,y,z,g,n)) (1.17)

for any superfunction f decaying sufficiently fast to make the integral well-defined. The
H?P-model A is given by

1
1Y (4) = il (04) = 8o(dor,) Don gy exp (5 > Wi(l+ <az-,aj>>> . (118)
ijEA
Here, 9, denotes the Dirac measure in o. Note that p}/\‘fp depends on the choice of p due
to the constraint o, = o, while the law v}V of the S-field does not.
The following result shows that the restriction of the H?? model is a mixture of H??
models.

Theorem 1.8 (Effective weights for restrictions to subsets) Let A = IUJ, INJ =
0, with |J| > 2 and p € J. Using the weights W7 (8;) defined in (1.3) and W obtained
from W by wiring all points in J at p, cf. (1.5)), one has

W (oa)flos) = | vi(aB) 1O (05) f (o)
L [ |

(H?212)7

- / S (d5) / 2 (6 () (1.19)
RIV{p} (H2\2)J



for any superfunction f on (H?2)’ which is compactly supported or decays at least suffi-

ciently fast so that the left-hand side of (1.19) is well-defined.

How this paper is organized. Section deals with the restriction of Markov jump
processes on finite graphs to subgraphs, the removal of self-loops, and the combination
of these two operations. In Section [2.2] this is used as an ingredient to treat the same
operations for vrjp, which is viewed as a mixture of Markov jump processes. In particular,
Theorem is proved there. This theory is applied to subdivided graphs in Section [3]
Section deals with a recursive description of the random weights W® introduced in
Theorem [I.4 This results in a proof of Lemma and its consequence Theorem [1.6]
Section proves the recurrence statements for vrjp and errw given in Theorems
and We avoided using the H?? model and supersymmetry in Sections [2| and
make the proofs more accessible to probabilists. Alternatively, one could deduce Theorem
from the result on the H2? model given in Theorem [1.§]instead of using the restriction
and conditioning property of the -field. Proofs using superspin variables are confined
to Section [ which proves Theorem [I.8] In Appendix [A] we collect relevant results
about the inverse Gaussian distribution. The constants C,, ¢;, and c; keep their meaning
throughout the paper.

2 Representation as a mixture

2.1 Markov jump processes

Notation. Consider a Markov jump process (X,7) on a finite connected graph G =
(A, E) with |[A| > 2, transition rates ¢ = (gij)ijen, and starting point p. Assume in
addition that it is reversible with reversible measure 7 = (7;)sea € (0, 00)", meaning that
miqi; = m;q;; for all 7,7 € A. The corresponding discrete-time process X is a reversible
Markovian random walk on the graph G with edge weights, also called conductances,
given by C;; = C}; = m;q;5. We assume that C;; > 0 whenever {7, j} € E. In this context,
the law of the Markov jump process together with its reversible measure is equivalently
parametrized by the conductance matrix C' = (Cj;); jen and 7 instead of ¢ and 7. In
the following, we realize (X, T') as canonical process and denote its law by Qg;fr\, where p
denotes the starting point. For i € A, we denote the corresponding total transition rate
and total weight, respectively, by

¢ = Z%’k, Cy = Zcik- (2.1)

keA keA

For n € Ny and i € A, given (X})i<n, (11)i<n—1, and X,, = 4, the random variables
X,11 and T, are conditionally independent. In particular, the conditional law of X,,;; is
specified by

b _ C

i;ﬁ\(XnJrl = .j|(Xl>l§n7 (jjl)lgnflu Xn = Z) - q C.



for j € A and the conditional law of T, is exponential with parameter ¢;. Note that even
stronger, the process X and 7;, are conditionally independent under the same condition.

When we deal only with the discrete-time process X, but not with the sequence of
waiting times 7', the reversible measure 7 becomes irrelevant; by abuse of notation we
write QS’A instead of Qg;fr\ in this context.

Next, we deal with the law of the process (X7, T7) with self-loops removed and of
the restriction (X7, 7”) to a vertex subset J introduced in Definition [I.1} The following
definition describes the corresponding parameters.

Definition 2.1 (Removal of self-loops and restriction to a subset: parameters)
We define new transition probabilities, rates, and weights as follows

Dij
= (Pfj' =1 “1{@'#}) 0 = ()= Gl )igens (2.3)
Dii ijEA
CGJ’é = (CZ; = Cijl{z‘yéj})i,jeA; CZE = Z CZ;,Z e A. (24)
keA

For any subset J C A with p € J, |J| > 2, we set [ = A\ J and define

p’ = (p{j)i,jeJ =pag Tt ZpJIpl]]pIJa (2.5)
1=0

which 1s a convergent series with p;]j = QZ-C’A(Xi] = j). Furthermore, we define

C
J J . J J g._Yi g
i ijeJ
The notation p’7, ¢’7, and C’# means that the two operations 7 and 7 have been applied
successively.

The next lemma shows that the just defined quantities indeed parametrize the laws of
the processes (X7, T7), (X7, T7), and (X7, T77).

Lemma 2.2 (Laws of removal of self-loops and restriction to a subset)
Consider a reversible Markov jump process (X,T) on the finite graph G. Assume that
it starts in p € J, has the reversible measure m with m; > 0 for all i € A, and that the
jump rates are given by q; = Cy;/m for i,j € A. Then, the processes (X7,T7) and
(X7, T7) are again reversible Markov jump processes with rates ¢ and q”’, weights C7
and C’, transition probabilities p” and p”’, and reversible measures ™ and 7|, respectively.
Applying both transformations successively, (X’'7,T77) is also a reversible Markov jump
process with rates ¢’7, weights C’7, transition probabilities p’7, and reversible measure
w|;. In particular, the restriction X’7 of X to J with self-loops removed with starting
point Xo = p € J has the same law as a random walk on the complete graph over J
endowed with the weights C'7. In other words, QpC’A(X# €)= QpCJ#’J.
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Proof. Consider the filtration F,, = o((X})i<n, (11)i<n-1), n € Ng. When (X,T) is
replaced by (X7,T7) and (X7, T7), the corresponding filtrations are denoted by (F7),
and (F7),, respectively.

We treat the process (X7, T7) first. Fix m,n € Ny and i € J. Let By, = {X;] =
i,7, = m}. Observe that on By . one has X,,, =i and T) = T,, and that given F,,,
the process X and T/ are conditionally independent. Hence, conditionally on the same,
X, and T} are independent. Moreover, still under the same conditions, 7] = T,, is
exponentially distributed with parameter ¢; = ), ., ¢ and for any j € J, the event that
X,J,1 = j holds with conditional probability p;;. Note that every event A € o(F;/,B,,)
with A C By, fulfills A € F,,, and that B;], € F,, holds. Thus, for ¢ > 0, on the event
B;L],m, one has

CNXI, = 5T 2 1F BL,) =Eges QM = 5T > 1F)|F B, )
=Qp (X0 = I B e (2.7)
Summing over m € Ny and using the o-field B;) := o(B;],,,m € Ny) yields the following
on the event {X;/ =i} = U _o B »:
;c;:’;\(XJH = .jv TnJ Z t|‘F7{7 Br{) = g,’;l['\(X;z]Jrl = ]"/—:1{7 Bi)eitqi' (28>

n

Conditioning this on the smaller o-field F7, we obtain on the event {X;/ =i},
o (X1 =0, T > UF)) =Q 7 (X = IR e™™, (2.9)

and we conclude that X/, ; and T are conditionally independent on the event {X;/ =i}
given F/. Since the graph G = (A, E) is finite and connected and C;; > 0 when-
ever {i,j} € FE, we find that Zkejq;.’,; = %Zker;Jk = g— and hence pijj = g—ql‘g =
45/ > ey G- The weights for the restriction fulfill Gy} = Cip]; = miqj; and the reversibil-
ity condition gy, = Cip; = C;pj; = m;q];, which can be seen by multiplying the definition
(2.5)) of p;]j by C; and using repeatedly the original reversibility condition Cypr = Cipys.
This proves the claim for the process (X7, T7).

Next, we treat the process (X7,77) in a similar way. Let i € A, m € Ny, and set
B? := {X7 = i,0, = m}. For the rest of this proof, the arguments are understood
conditionally on F,, and B7. Observe that X,, =i and ij = S omid T;. Inductively on

l=m

k € N, on the event B7, for any Borel set S C R* and j € A, it follows that

O X = o = X1 = &, Xonit = J, Ty -+ Trugi1) € S| i)
=pi; Py Exp(a:) " (9), (2.10)

where Exp(g;)** is the k-th power of the exponential distribution with parameter ¢;. Note
that only the special case ¢ = j is needed as induction hypothesis in this induction.
Take now j # i. In this case, implies that the waiting time 77 = Z}’jz—l T, con-
sists of a geometrically distributed number of summands with QS (0,41 — 0, = d| ) =
(1— pii)pf{l, d € N, on B7. Conditioning in addition on 0, — 0,,, the summands 7} are
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conditionally i.i.d. exponentially distributed with parameter ¢;. By the thinning property
of the Poisson process, the waiting time 77 is exponentially distributed with parameter
(1 =pii)ti = G — Gii = D _pen qz,i =: qf, where we used (2.2)) for i = j. Summing over k
yields

— . tg?
CMXT =5 2t Fn) = pli ' py Bxp(g) ™ ([t 00)) = pfe ™' ; (2.11)
k=1

here Exp(g;)** denotes the k-fold convolution of Exp(g;). Furthermore, the new transition

probabilities p7é and the new transition rates qu are related for all 7,5 € A by

ij

#
7 iilris iz
q; (1 — pii)ai 1 — pi

Finally, the new reversibility relation C’Z;- = WiqZ; = quﬁ is an immediate consequence of
the original one. m

2.2 Application to vrjp

In the last section, the parameters ¢, 7, and C' were deterministic. In this section, which
deals with vrjp rather than Markov jump processes, they become random because vrjp in
exchangeable time-scale is a mixture of reversible Markov jump processes as was shown
in [ST15, Theorem 2]. The role of the deterministic conductances Cj; is now overtaken by
random conductances Wi;e* % with appropriate random variables u;, i € A, introduced
in Lemma , below. These u-variables are functions of the v}’ -distributed random field
£ introduced in . The following remark reviews some crucial properties of this S-field.

Remark 2.3 (Properties of j3, [SZ19 Sect 5.1, Proposition 1 and Lemma 5])
Let B ~ v)'. Then, (B; — sWii)iea ~ vy ? with W* = (VVZé = Wijlgzjy)ijen- For any
1 € A, one has

(26; = Wii) ' ~IG (WL 1) with Wi= > Wy, (2.13)
JEA{i}
where 1G(u, \) denotes the inverse Gaussian distribution with parameters p, A > 0; see
Appendix. Assume that A = 1UJ is finite with INJ = (), |J| > 2. The conditioning prop-
erty states that conditioned on By, one has B; ~ VWJ(ﬁI), and hence (B; — %Wjﬁ-(ﬁ;))jg ~
LI;V D with the weights W7 and W77 from and . The restriction property
states that 31 is the restriction of Brug,y ~ l/IU{ ) wzth W defined in

The next remark describes how to recover the law of the original process (X,T) with

self-loops from its self-loop removed version (X7, T7) and additional auxiliary indepen-
dent Poisson processes.

12



Remark 2.4 (Decoration of vrjp with self-loops) Vijp with self-loops described by

P;’V’A and vrjp without self-loops described by PpW;&’A are related as follows. If (X, T) is

distributed according to PWA, then (X7 ,T7) is distributed according to PW?ﬁA. Con-
versely, if (X T) 18 distributed according to PW A given any vertex i € A we take a
Poisson process with intensity Wm, visualized as exponential clocks. These Poisson pro-
cesses should be independent of each other and (X, T). Whenever the jumping particle is
at 1 € A, we include a self-loop i — 1 whenever the corresponding exponential clock rings.

In other words, we include self-loops at © with rate %WZZ The resulting augmented process
(X,T) is then distributed according to P)""™.

The next lemma introduces the u-field u = (u;);ca as a function of the p-field. It then
describes how the u-field behaves under restriction of the underlying vertex set A to some
subset J C A with p € J. This restriction property is used to express the effective random
conductances C{., i,j € J, for the restriction of vrjp to J. We abbreviate J_ := J \ {p}

177

and A_ = A\{p}

Lemma 2.5 (Restriction property of the u-field) Let A = IUJ be finite with INJ =

0, pe J, and W € [0,00)"A. For = (Br,B;) € R: such that [HY |x_a_ is positive
P B

definite, let ¢~ = ([HY|x o )"'Wa_, and u,(8) = 0. Let HY ) and H},, "

denote the J x J matrices obtained from HEV defined in (1.1)) with (8, W) replaced by

(B, W(Br)) and (B77,W7#(By)), respectively, with 377 = (3; — %Wj;(ﬁ[))jej, W7 (Br)

from (1.3), and W77 (B;) from (1.4). Then, one has the following restriction property

e O = ([ )W 80) = ()W) (214)

As a consequence, uy_(3) depends only on WY(8;) and By. We write u;(W7(8r), ;) =

u (W77 (Br), B77) instead of u;(B).
As an application of (2.14) for fized By, vrjp on J with parameters W7 (B3;) and
W7#(B;), respectively, are miztures of reversible Markov jump processes with weights

Ch(Br,e™) =Wi(Br)e" ™ and Cﬁ(ﬁl,ew):W;j’f(ﬁ])e“ﬁ“j, i,j€.J, (2.15)

and the same reversible measure w(uy) = (2€2“);c; with uy = uy(W7(B1), ;) in both

T(Br)

cases, where 8y is a v; -distributed random variable. In other words, for any event

A C JNo x Rﬁo, one has

CIT#(Br,end W F BB, g

W#(B1),
P ((X T) < A) Qp 7r(u1 W‘]i(ﬁ]) /BJ))

Jx,T) e AT @E,) (2.16)

and the same formula with “J#7 replaced by “J” at all five occurrences.

Thus, the following two procedures yield the same result:

e Deriving the u-field on A and then restricting it to J_.

13



e Taking random weights W7(8;), depending only on the restriction of 3 to I and
then using these random weights to derive the u-field on J_.

Proof of Lemma The defining relation [H);V]A,A,e“Af =Wa_,of uy =uy (B)
can be rewritten in block diagonal form

(U e ) () = (), o

Multiplying the first equation from the left with W,_;([H}"];r)~", we obtain
ur w -1 uy w —1
WJ7[6 — WJﬁ[([HB ]][) WLLB - = WJf[([HB ]][) W]p. (218)

Using the definitions of HY" and W”7(3;), we calculate
J
[Hy, 61, g e =[HY]y 5 e =Wy (((HY 1) Wiy e~ (2.19)

Here we used that the i-th diagonal element of Hg‘;J(’B 1) equals 25; — W (Br) = 28; —
Wi — W; 1([Hg/] 11) "Wy, The second equation from ([2.17)) yields

[HY ) g €= = Wy_re" + W, (2.20)
Inserting this in (2.19) and then using (2.18)), we obtain

J
[ng (61)]J7J7€UJ7 =W, ,+ W,_e" — WJJ([HEV]H)_IWIJ,GUL
=Wy p+ Wy i([H 11) " Wi, = Wi (Br). (2.21)

Thus, e/~ = ([HZI;J(IBI)]]_J_)_IW:]]_p(B[), which proves the first equality in (2.14). The

second equality is an immediate consequence of the definitions of H;Zf(ﬁ ) and B77, cf.
formula ([1.1)). [ST15, Theorem 2] implies that the vrjp on J starting at p with parameters
W7#(5;) is a mixture of Markov jump processes with weights C7#(3;, et (W’ (8-81)) given
in (2.15) and reversible measure 7(u (W7 (8r), 8;)) with 8; ~ I/EVJWI) with the given f.
Using u;(W7(81), 85) = u;(W'#(Br), 377) and 577 ~ VEV#W, claim follows.
The variant of with “J#" replaced by “J” is then obtained by a decoration with
self-loops as described in Remark 2.4, =

We now prove that restriction of vrjp to a subset J C A containing the starting point
is a mixture of vrjps.

Proof of Theorem Let 3 = B4 denote the canonical process on R* with law v}".
On the event that [H} |y A_ is positive definite, which is a v} -a.s. event, let u, = 0 and
e = (e")iea. = ([HY |]a_a_)"'Wa_, with A_ = A\ {p}. By [STI5, Theorem 2|, the
vrjp in exchangeable time scale on A with initial parameters W is a mixture of Markov

14



jump processes with random transition rates ¢;;(5) := %V[/Z-je“j*”i for any edge {i,7}. In
matrix notation we can write this as

1 . w1 w
(¢i(B))ijer = 56_“We“ with e** = diag(e™);ca. (2.22)

Observe that the defining equation of e“*~ is equivalent to 3; = %Z jen Wige ™" =
> iea @ij(B), i € A_ and consequently, f; plays the random analogue of the total jump
rate ¢;, cf. formula . The random rates are equivalently described by the random
weights Cj;(8) := Wi;e" ™ and the random reversible measure 7;(3) := 2e¢**. The
random transition probabilities p;;(3) can now be described in terms of the random total

weight Ci(8) 1= 37 Cij(B) = 2Bie*" by pi;(B) = Cy(8)/Ci(B) = 4;5(8)/ ;. Combining
this with yields the transition probability matrix

p(ﬁ) = (pij<ﬂ))i,j€/\ = e_“(25)_1We“ with 6 = dlag(ﬂz)le/\ (223)

The assumption that [HZV]A_A_ is positive definite implies M := (261)7%WH(2B])7% < Id.
Since the symmetric matrix M has only non-negative entries, the Frobenius theorem
implies —M < Id as well. It follows that the geometric series

S 1280 Wil =(267) 7+ Y M (260}

1=0 =0
=(26r)"2(Id —M) "1 (261)% = ((HY ]11)"'26: (2.24)

converges. Using the definition (2.5) of p’(f3), its description ([2.23)), and the last identity,
we calculate

P’ (8) =pss(B) + Y psr(B)p1r(B) prs(B)

=e " (28,) 7" [Wys + Z Wirl(280) 7 Wi (28) " Wiy | e
1=0
=e " (28;)"'W(Br)e™ . (2.25)

Combined with diag(C;(8))ics = 267€2“7, this yields the weights C”(3) = diag(Ci())ics -
p?(B) = e WY (Br)e" for the restriction to J. By Lemma , for given 3, the restric-
tion of a Markov jump process with weights C(f) and reversible measure 7(5) to J
with self-loops removed is a reversible Markov jump process with weights C/7 (3, e%/) =
(C’i‘?(ﬁf,e“‘f) = W(B1)e" ™ 145y )ijes and reversible measure m(uy) = (2*);e;. In

other words, for any event A C JYo x Rﬁo,

J# et
QSOA(XT#, T77) e A) = QST ((X,T) e A). (2.26)

pym(ur)
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By Lemma uy = uy;(W(Br), Bs) = uy(W77(B;), 377). For the restriction of vrjp to
J with self-loops removed, it follows

PYA(X77,177) € A) = » QoM (X7, T77) € Ay v (dB)

CT#(Bruy(WI# J#
pr quW§7ﬁ 51)(55};)/6; (X, T) e Ay v (dp).  (2.27)
We apply the restriction and conditioning property of 5 ~ yA c1ted in Remark . The

restriction property states that (; is the restriction of /BIU{p} VIU { ) with T defined

W (Br)

in (1.5). By the conditioning property, given [;, one has [, and therefore

e
Br#* ~ W (1) " Consequently,

CI#(Br,end W F (BB, TEBD) s 15 N W
ths(227) /]RIU{P}  Qontus w2 en,8) (X, T) € A)wy” T AR ity (dBrge).
(2.28)

By Lemma , the inner integral equals P’ e )’J((X ,T) € A). The second equality
in the claim (1.6) follows from the restriction property of the §-field. The statement

for (X7, T7) follows analogously, with “J#" replaced by “J” in (2.27) and (2.28). This
completes the proof of the theorem. m

3 Proofs for subdivided graphs

3.1 Recursion for the weights

In this section, we deal with subdivided graphs, which are obtained by iteratedly intro-
ducing a new vertex in the middle of every edge. Going back from a subdivided graph
to the original graph corresponds then to a restriction. The next lemma shows a kind of
semigroup property for this restriction operation on effective weights: Iterated restriction
on weights gives the same result as restriction in one single step.

Lemma 3.1 (Effective weights for iterated restrictions to subsets) Let A = I U
J with disjoint finite sets I and J, p € J. One has

J
([H5Y0) ™" = [Hplys — War([Hglrr) " Wiy = 2diag(8,) — W (8;) = HY P (3.1)
with the weights W7 (8;) defined in (1.3). For J C J with p € J and I = A\ J, one has

W (B7) = (W (B))” (B 7). (3.2)

Proof. Formula (3.1 is a special case of the formula for the Schur complement combined
with the definitions of W”7(8;) and (L.I) of Hs = HY . Formula (3.2) is a consequence of
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the following calculation, which uses the inversion formula (3.1)) twice, first for HEV and

second for HEVJ(ﬁI).
J

2diag(8;) — W (87) = (HY) 159" = ((HY) o))"

= ([2diag(8,) — W (B)) 170" = ((Hy, )50

= 2diag(8;) — (W’ (61)) (B 7)- (3.3)
||

The next definition introduces subdivisions and some notations associated with it more
formally. In the following, let G = (A, E)) be an undirected graph without self-loops.

Definition 3.2 (Subdivided graphs) For r € Ny, the 2"-subdivision G, = (A,, E,) of
G s obtained by replacing every edge by a series of 2" edges as follows.

o A\, is obtained from A by adding 2" — 1 new vertices veg-—rj, j =1,...,2" =1 for any
edge e € E. We say that these new vertices are located on the edge e. In particular,
A CA,.

o [very edge e € E is replaced by a series of 2" edges ey, ...,ear, as follows. For

bookkeeping purposes only, we endow e with a direction, and call v,y and v, the two
vertices it consists of. Then, e is replaced by the new edges e;, = {Ue,w-(j_l), Vea—ri},
1 < j <27, which we view as being located on the edge e. Thus, E, = {e;, : e €
E1<j<2}.

Note that Ay = A and A, C A, 1. For technical convenience, we introduce also the set of

direct self-loops A, = {{i,i} : i € A, }.

From now on, we fix r € Ng. We endow the graph G, = (A,, E,) with strictly positive
possibly random edge weights W = (W,)ecp,. Given W, let = (B,)ven, have the
conditional distribution I/XI:. Although this probability measure is not only defined for
finite graphs, but also for infinite locally finite ones, let us assume for the moment that

the graph G is finite. For varying [ € {0,...,r}, consider the effective weights

W(Z) = WAl == WAl (/BAT\AL) - (WeAl)EEEZUAl (34)

on G using the notation of ([1.3)). We abbreviate

BO* = BNF = B, — W

vV

v E N, (35)

cf. Lemma . In particular, W) = W and g"# = g.

Lemma 3.3 (Recursion for the random weights)
Let the graph G be finite and | € {0,...,r}.
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1. Given (We(l))eeEl, the random vector % has the conditional distribution XV( 7,

2. Assuming | > 1, take an arbitrary edge € = e;;—1 € Ej_; withe € E and 1 < j <
2!=1 - see Figure @ Call v = Ve 9-12j—1) € N\ Ai=1 € Ay \ Ag its midpoint. It splits
e into the two edges €' = eyj_1; and €" = ey;; in E;. Then, one has

(OFy V40
(-1 _ e/ e’
Wi _—”2555)‘ < (3.6)

3. Assume | > 2, which implies that Aj_1 \ Ay # 0. Take an arbitrary verter v =
Veo—-1; € Ny \ Ao withe € E and 1< j < 2!=1 — 1. In particular, v belongs also
to A; \ Ao; see Figure @ Call €' = ey, € E; and € = eqj41, € E; the two edges
adjacent to U in Gy. Call v' = Ve g-1(9j_1), V> = Vea-1(2541) € At \ N1 € A\ Ao the
two neighboring vertices of v in G;. Then, one has

W) (wh)?
5(1)7'é ﬁ(l)?é )

vl v2

287 = 2807 — (3.7)

4. Assume l > 1 again. Given (We(l))eeEl, the random variables Bél#, U= Ugo-t(2j—1) €
M\, are conditionally independent with conditional law (261(,1)7'5)_1 ~ IG((WE(,I) +
W )) 1.1), where we use the notation ¢’ = ey;_1; and " = ey, from item .

e//

5. If the family of weights (We)eer is independent or even i.i.d., then so is the family
of weights (We(l))eeEl.

Proof. Claim [I]is a consequence of the conditioning property cited in Remark [2.3]

We prove now items [2 and Locally for this proof, we abbreviate J = A;_; and
I = A\ Aj—;. We observe that any edge e € E; connects a vertex in J to a vertex in
I; see Figure 2] In particular, there are neither edges in £ between two Vertlces in J
nor between two vertices in /. As a consequenee WJ y = dlag(W )ve ;s and [HYV A ] =

diag(26, — ml,))ve] = d1ag(2ﬁv )vel 2ﬁ1 7 Using first (| and then formula
it follows

w? = w7 = +W§1([HX[Z/%)]H)_1W;9

= diag(W,))oes + W7 (281"7) "' W), (3.8)

This implies formula when reading it for off-diagonal entries and
(W) (W)
20 200

wi=h — (3.9)
when reading it on the diagonal. Formula (3.7)) follows.
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Figure 2: Illustration of the recursion [ ~ [ — 1 for [ = 4 in the cases € = e33, € = €54,

e =egu V=0, 2,0 =0,5,0 =uv, s, e = ey, e =e34, v =v, 1,0 =100, and
’ '8 ’16 '8 ’ ’ ’16 '8

2

VT =10, 13.
E,E

We prove now item . There is no edge in F; connecting two vertices in A; \ A;_;. The
following arguments are understood conditionally on (I/Ve(l))ee g,- The one-dependence of
BOF ~ VXIZ/(Z# implies that the entries @S” 7£, v € A;\ A;_; are independent. Furthermore,
the inverse Gaussian law of ( f,l#)*l follows from ([2.13)).

Finally, we prove claim . Assume that (W,).cg are independent or i.i.d., respectively.
We prove that We(l), e € Ej, are unconditionally independent or i.i.d., respectively, by
induction over [ = r,r — 1,...,0. The initial case [ = r holds by assumption. For the
induction step [ — [—1 we use the recursion relation . Given (We(l))eeEl, the reciprocal
denominators (2807)~1 with v = Veg-i(gj—1) for 1 < j < 27" and e € E are conditionally
independent with conditional law IG((WE(Q;U + We(é;l)_l, 1). The parameter (We@fl,l +

e(iﬂ,l)*l and the numerator WQ(QFLZW@(Q,Z both are functions of the pair ( e(gfl,u We(gl)
As j runs from 1 to 2°~! and e runs through E, these pairs are independent or i.i.d.,
respectively, by induction hypothesis. In view of this concludes the induction step.
]

This lemma is an important ingredient in the proof of the induction step for the mo-
ments of We(l).

Proof of Lemma Take e € E;_1. Let v be the midpoint of e. It splits it into
two edges, which we may call ¢,¢” € Ej; cf. item |2/ in Lemma (3.3, Using the recursion

equation (3.6)), one has

- wOwO\" Ay
E[(W:™")"] =E S = E[(WS WS E[2807) W], (3.10)
E[log W] =Ellog W + 1og W + Elog((2807)~1) w7, (3.11)

By item |4/ in Lemma , given W® | the random variable (251()1)7&)71 has an inverse Gaus-
sian distribution IG((We(,l )+ We(,l/))_l, 1), hence its conditional expectation equals the first
parameter (We(,l ) 4 We(,l,))_l. In combination with Lemma and (A.11)) in the appendix,
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we obtain

E[(280#) WO < (WP + W= for a € [0, 1], (3.12)
E[(2807) W] < C, for a € [0,1), (3.13)
Ellog((2807)~1)[W ] < min{—log(W} + W), ca}. (3.14)

The next step uses the inequality between arithmetic and geometric mean of two numbers
x,y > 0 in the following form

xy 1 Jxy

r+y 21 3T +y)

Next, we insert these inequalities in and . Using Cauchy Schwarz in ([3.16)
and independence and identical dlStrlbuthIl of W/ and W(,, in (3.17), we conclude

W(,Z)W(,l,) @ 1 a
(e ) | <= [ (i)
Wy + W, 2

L < SV (3.15)

E[(W:' V)] <E

<2 *E[(W ) 2E[(W D)) = 27 °B[(W )] for e €[0,1],  (3.16)
E[(We')%] <CLE[(WSWS)°]
<C.E[(WS)IE(WS)*) = CE[(WS)] for a € [0, ), (3.17)
OR0) 1
Ellog W] <E |log W(,l§,+ Vi;(,l,) E(E[log W l)] + Ellog W ") —log2
=E[log We, ] —log2, (3.18)
E[log W] <Ellog W] + Ellog W] + ¢5 = 2E[log W] + c,. (3.19)

u

One could alternatively obtain E[log Wé(l_l)] < Ellog We(,l)] — log 2 from ([1.12)) using
limgo(z® — 1)/a = log z and interchanging the limit « | 0 with the expectation.

The following proof is based on iteration of the bounds in Lemma [I.7]

Proof of Theorem . Iterating (1.12) » — I times, we obtain (1.9). For a € [0, 3),
the idea of the proof is to iterate (1.12)), starting with [ = r, as long as it gives a better

bound than (1.13)), and then switching over to the other bound (1.13)). Let m € {i,...,r}.
Iterating (1.13]) m — [ times yields

CLE[(W)] < (CLE[(WE™)e))> (3.20)

for ¢ € E,,. Applying (1.9) with [ replaced by m, i.e., E[(Wé(m))o‘] < (2*“)T*mE[(We(,T))°‘]
gives

2m—l

CEIWD)] < (CalzyE[(WE)?) (3.21)
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and (|1.10]) follows using We(,r) = W . Toidentify a minimizer, let X,, := C,(27%)" "E[WJ].
Note that the argument of the minimum in (|1.10]) is given by Xﬁlmfl. We observe the fol-
lowing equivalences

om—1-1

X2 e X2 e (X2 < (270X,) s X, <27 &
m<r—1—a tlog,(C,EWS]) & m<r—2— |alog,(C,EWS])] (3.22)

The claim about the minimizer mg in ((1.10)) follows.
Let 0 <1 < m <r. Iterating r — m times the inequality E[log Wé(l_l)] < E[log We(,l)] —

log 2 from (|1.14) yields
Ellog W™] < Ellog W] — (r — m) log 2. (3.23)

Iterating m — [ times the estimate E[log Wé(l/_l)] + o < 2(Ellog We(,l/)] + ¢3) from (1.14)),
we obtain

Eflog W] + ¢, < 27 {(E[log W™] + ¢5). (3.24)

Inserting (3.23)), the claim (|1.11)) follows. To identify a minimizer, set Y,, := E[log W] —
(r —m)log2+ ¢y = Y,—1 +log2. Then, the argument of the minimum in (1.11)) equals
2m=ly, . The following are equivalent.

oy, <2y L e Y, < —log2 < (3.25)
m<r—1— (log2) ' (E[log We(f)] +e) & m<r—2—|(log2) (E[log W(,r)] + ¢co) ]

€

The claim for the minimizer m; in (1.11)) follows. m

3.2 Application to vrjp and errw

In this section, we apply the recursive construction of effective random weights from the
last section to restrictions of vrjp and errw on subdivided graphs. In the following, we
use the terms “discrete-time process associated with vrjp” and its abbreviation “discrete
vrjp” as synonyms.

Since errw is a mixture of discrete vrjps with Gamma distributed i.i.d. weights, it makes
sense not to start only with deterministic weights but more generally with i.i.d. weights,
deterministic weights being a special case.

The next proof deals with an approximation of a possibly infinite graph by an increasing
sequence of finite subgraphs.

Proof of Theorem [1.4. Consider an increasing sequence AN 1 A, N € Ny, of finite
connected vertex sets in G with p € Ag. Let GV be the subgraph of G with vertex set
AN and edge set BN = {e € E: ¢ C AN}, and GY = (AN, EY) be the corresponding
subdivided graph, where every edge in EV has been replaced by a series of 2" edges.
Consider the discrete vrjp X on GY with random weights W,, e € EY. By Theorem

, its restriction (X% )AlN 7 to GY is a mixture of discrete vrjps with random weights Wé(l),
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e € EJN, fulfilling the properties in Lemma We emphasize that the finite-dimensional
marginals (I/V-(l))éE r, ' C E finite, do not depend on the size N of the graph, whenever

N is large enough so that FF C E¥. This allows us to take the same random variables

Wé(l) for all N. Moreover, by part |5 of Lemma the family of weights (We(l))eeEl is
independent or i.i.d., respectively, if (W, ).cg has this property.

Given m € N, consider only the first m steps of the restrictions X% and (XN)A'#, If
N is large enough, these two restrictions have the same law because they have no chance
to enter A; \ AY. Tt follows that X7 is a mixture of discrete vrjp with random weights

Wé(l), € € E) because this is true for its restriction to any given number m of steps. Using
the estimate (1.9) from Theorem [1.6) and the assumption on E[W¢] for some a € (0, 1],
we obtain for all € € E; and e € E,,

E[(W)] < (27 E[(W.)] < e (3.26)

The claim follows from Fact [[3l m
Finally, the result for errw is obtained by specializing the i.i.d. weights to i.i.d. Gamma
distributed weights as follows.

Proof of Theorem [1.5/ By [ST15, Theorem 1], the edge-reinforced random walk on G,
is a mixture of the discrete vrjp with i.i.d. Gamma(a,1)-distributed weights W,, e € E,.
We observe that for all @ > 0 one has E[W®] =T'(a 4+ «)/T'(a). Consequently, the claim
follows from Theorem L4 =

4 Proofs for the non-linear hyperbolic sigma model

Recall the setup of Section H Set Hip = {o = (z,y,2,&,n) € A} x A} : (0,0) <
0,body z > 0}. For o € H>?, let |jo| := \/— (0,0). The following lemma describes
the super-Laplace transform of the canonical superintegration form Do on H??. Recall
from Section that the graph (A, E}) with edge set By = {{i,j} C A : W;; > 0} is

connected, which implies that at least one Wy; is strictly positive for every vertex 1 € A.

Lemma 4.1 (Integration of one variable) Let 1 € A and set 1° = A\ {1}. One has

Doy eicre Wiilon.0i) — o=l 2icre Wiioil (4.1)
H2I2 ’
and consequently,

Doy e2 Zigea Wii(1H01:03) —p3 Tijere Wi (1400.0,)+ Eicre Wii—ll Ziere Whioil (4.2)
H2I2

Proof. By the convexity of Hi'z, one has 27;616 Wi0; € Hip and hence [DMR22] Lemma
3.2, second equality in (3.1)] is applicable and yields

Doy e2uicie Wiilon,0i) Doy e(Uleielc Wiios) _ eI Zicre Wil (4.3)
H2\2 H2\2
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The second claim (4.2]) follows from (4.1) using (oy,01) = —1 and decomposing the
exponent as follows

—Zlel—l— 0i,0;)) = ZT/le—{— gi,0;) +ZW“+ZW“ o1,04) . (4.4)

i,JEA NI i€1¢ i€1¢

|
This lemma is the key ingredient for analyzing the restriction of the H?? model.

Proof of Theorem . The second equation in follows from the restriction
property of the betas; see Remark . The proof of the first equation in is by
induction with respect to the cardinality of ] For I = (), there is nothing to prove. As
induction hypothesis, assume that formula (1.19) holds for given I C A\{p} and J = A\I.
For the induction step, take i € J, i # p, and Set IT=10{i}, J=A\I=J)\{i}. For
any superfunction f on (H??)’ being compactly supported or at least sufficiently fast
decaying so that the integral on the left-hand side of is well-defined, the induction
hypothesis yields

g S WIED (6 ) (o). _
/(sz>A FiA (UA)f(UJ)_/RA A (dB) /(sz> g o) flog) (4.5)

We fix 3 € R*, abbreviate W7/ = WY(3;) when there is no risk of confusion, and set
g(oj) = e%ijkeiWﬁ(lﬂ"j’”k»f(aj). We split the integrand into a part which does not
involve o; and the remaining part involving (o;, 0;), j € J:

/ M?,J(ﬁl)(aj)f(aj) _ / Do e% ke W{§(1+<Uj,ak>)f(0j)
( (H212)J

:/ Dojg(oj) DamzjeiWé(H(@pﬁ), (4.6)
(H212)J H2I2

Note that the term W,/ (1+(0;, 0;)) = 0 has been dropped. By formula (4.1)) in Lemma
and using the abbreviation W := 3", ;Wi = 3. A} W, the single-spin integral in
the last expression equals

wi
J o W.J -3 5o
Doerics Wi (o) — W = ||Zses Wijos|| — (=12 5es wy JH).

H2I2

(4.7)

Using auxiliary random variables X ~ IG (V‘;ﬂ, (WQJ ) nd Y = (WJ ~1G (W)711)
with inverse Gaussian distributions, ¢f. Appendix [A] on some auxiliary probability space
with expectation operator denoted by E, Lemma allows us to rewrite the last expres-
sion in the form

wlo
?

X(A=132,¢e7 VTf”jH )
1

ED)=E|c

= E |:€m/}§)2((WZJ)2+EJJCGJWziwz‘i(a-]ﬁo—k))
=F |:€% j.keJ WzJWz{c(1+<Uj’Uk>):| . (48)
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Using the notation (L.1]), we take the specific choice (R7, B(R”), v’ (dB)) and Y = (23, —
W=t = ([H %J],-,-)*l for the auxiliary probability space and the auxiliary random variable
Y, respectively. Indeed, Y ~ IG((W;)~' 1) for this choice is a consequence (2.13).
Summarizing, this shows

Jyd

WijW'

Do eSoei Wh+oia3)) _ / VW (d)e? Zoked 53,y (o). (4.9)
R

H2I2
We substitute this in (4.6 to obtain

wdw
32 ik (14 (0j,0%))

’ rr k€T 25w
/(ng)juzv () flog) = /(H2l2)j1>ajg(aj) /R Y (gt B ]

1y j{wJ,ﬁ Vi (14 o 00)
3 2 245, ikt o5 —wd R
:/ VEVJ(dB)/ DUjf(Uj)e FLE Bi—Wg
RJ (H212)J
~ j 2.
[ @ [ a6 1) (4.10)
RY (H212)J
because
WIW ~1
J itk _ird J w J
(Wfk+m> —WJJ+WJ¢[<HJ,5>%] W
! W/ jked
=W (8:) = W’ (Br, B), (4.11)

where we used W*/ = W7(8;) and (3.2) with J\ J = {i}. Taking now § random, we
insert the result in (4.5)) and obtain

/(HW it (o2)f(o5) = / vy (dB) / Wy ap) /(H) WO (05) fo). (412)

By the conditioning property cited in Remark [2.3] the conditional law of 3, given [ with

respect to v} equals VyJ(ﬁ D Tn other words, for any integrable function h(f;, 5;), one
has
V(d WO By h(Br, B) = | v (dB)h 4.13
vy (dB) [ vy TU(dB)h(Br,B) = | vy (dB)h(Br,By)- (4.13)
RA R RA
Recall i € J. Applying the last identity with
J .
Won o) = [ W () fa), (414
(H2\2)J

and observing (8r, (8):;) = Bj, we conclude the induction step with the calculation

i) = v VYJ(BI") o) flos
/(HM)AMKV(UA)J”(JJ)—/RA N (dB) /(H”)juj (07)f(o5). (4.15)
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A Facts about inverse Gaussians

The density of an inverse Gaussian distribution IG(p, A) with parameters g, A > 0 is given
by

flz) = A exp (—M> , x>0. (A.1)

273 2ulx
For X ~ IG(u, ), one has E[X] = u and the Laplace transform is given by

Ele™] = e%<17 172“7%) t < i (A.2)

Qb(t) = ) 2;“

The following special case of the Laplace transform is used in the proof of Theorem [L.§|
Lemma A.1 (Laplace transform) If X ~ IG(3, %) for some a > 0, then
Ele1=9X] = a1=v3) 5 > . (A.3)

Proof. Setting = 5 and A\ = a—;, this follows from (A.2)) using 2 = a and % =1 =
“w
Our estimates for the effective weights in Theorem [1.6] require the estimates in the
following Lemmas [A.2] and [A.3]

Lemma A.2 (Estimates for some moments) For W > 0 and Xy ~ IG(W™1 1),
with the constant C, from Theorem (1.6, one has

E[Xy]) <w—« for a € [0, 1], (A.4)
EBIXy] <Co  fora€0,3), %1] E[X5] = C,. (A.5)

Proof. Using Jensen’s inequality for the concave function z®, we obtain EF[X{]| <
EXwyl*=W"for0<a <Ll
We prove now the second bound. By (A.1]), one has

3 (Wa—1)2

T2¢7 2= do (A.6)

foc(W> E[XW \/%/

for all « € |0, %) Taking the derivative with respect to W and substituting first y = Wa
and then z = 1/y it follows

W
f/ 1 _ Wx)e 5 (Wa+(Wa)~1— 2 dr
al \/27r
Wf_a 3 w -1
Tyl - e oD gy

V2T

Wéf& o 4% —1
=— z_o‘_’(l —2)e 2T gy, (A.7)

V2T /
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Taking the average of the last two expressions and using (y* —y~*)(1 —y) < 0 for y > 0
and o > 0 yields

W%_a /oo 3 w 1
2 (g — (1 — y)e” 2 WD) gy < 0. A8
s )Y (Y =y )1 —y) y < (A.8)

foa(W) =

Hence, the function f, is decreasing, which implies f,(W) < lim,, o fo(w) for all W > 0.
For 0 < a < %, we evaluate this limit as follows. Using dominated convergence with the
integrable upper bound z® 2e!~2 for the integrand in with 0 < W < 1 and then
substituting y = (22)~! , we conclude

1 & 3 1 1 *° 1
«W) <lim fy(w) = — “T2e 2w dr = YT2eVdy =0, (A9
foW) <lim fofw) = —= [ et E e - o [T yievay - (a9)

Lemma A.3 (Estimate for the logarithmic moment)
For W > 0 and Xy ~IG(W ™1 1), one has

00 —u 2w
Ellog Xw] = —logW — / ‘ du = 2"V / (logt +7)e " dt + cy (A.10)
0 u + 2 0

with co and 7y specified in Theorem[1.6. Furthermore, the following bounds hold

—log(W + %) < Eflog Xw] < min{—log W, c,}  for W >0, (A.11)

co +4W(logW + ¢ — 1) < Ellog Xw] < ¢o  for 0 < W < 2e77, (A.12)
lim Fllog Xw| = co. (A.13)
W—0

Proof. By (A.1)), the density of Xy is given by

1 _ (Wa—1)2
[@) =\ e M E (A.14)
x > 0. Hence, log Xy has the density
1 u —Uu u
g(u) = f(e")e" = ——=e 2 Ve =D s, (A.15)

u € R, with respect to the Lebesgue measure on R. Rewriting the exponent of the first
exponential as

1 1
§(We“ — 1)k = §W(We“ + (We*)™t —2) = Wcosh(u + log W) — 1] (A.16)

yields the density

1 u
g(u) _ 27T€—W[cosh(u+logW)—1]—§’ u € R. (Al?)



Using the substitution v = u + log W, we obtain

E[lOgXW ue —W/{cosh(u+log W)—1]— ;du
.

—log W + 4/ —eW/ “Weoshv=3 gy, (A.18)
2m R

Recall the modified Bessel function of second kind K, p € R. By [AS64], 9.6.24], for
w > 0, one has

o 1
Kp(w) — /(; efwcoshv COSh(pU) dv = 5 /R e*wcoshvepv dv. (A19>

Taking the derivative with respect to p yields

1
0, K,(w) = é/Rve_wCOSh”ep” dv. (A.20)

Combining this with (A.18)), we obtain
2W
E[log Xw] = — IOg W + T@ 8pr(W)|p:7%. (AQl)
By [Rya2l], Page 1],

OpKp(w)] =y =K

(w) /Ooo " (A.22)

u + 2w

ol

p=3%

Combining this with K,(w) = K_,(w), cf. [AS64 9.6.6], and K%(w) = /7/(2w)e ", cf.
[AS64, 10.2.17], vields

0y Ky (W) (1) = — 0,y () \/; v [ )

This proves the first equality in the claim (A.10). In particular, E[log Xy] < —log W.
To prove the second equality in (A.10]), we observe that

/ (logt+~)e tdt =0 (A.24)
0

by the expression ([1.8]) for the Euler Mascheroni constant; note that the integrand is
integrable both at ¢ = 0 and t = oo. Thus, using integration by parts, we conclude

2W o0
W / (logt +y)e tdt = —*W / (logt +~y)e " dt
0 oW

—Uu

[e's) €2W_t e

u+2W

= — (log(2W) +~) — / dt = —logW —log2 — v — / du. (A.25)
2 0

w
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Next, we show f(W fo (logt +~v)e~*dt < 0. Note that the integrand (logt¢ + v)e™
is negative for 0 < t < e~ 7 and positive for t > 7. Hence, the function f is decreasmg
on the interval [0,e77] and increasing on [e™,00]. Since f(0) = 0 = f(co) by (A.24),
the claim f < 0 and hence E[log Xy] < ¢ follow. We conclude that the upper bound in
(A.11]) is valid.

We proceed with the lower bound in . We have

o0 —u 1
/0 " i ST du = W E (2W) < log (1 + W) (A.26)

OOe

with the exponential integral F(z) = [ <= du using the known bound e"Ey(z) <

log(1+ 1/z) for all x > 0, cf. [AS64] 5.1.20]. Substltutmg this in , we conclude

1
Ellog Xw| > —logW —log <1 + W) = —log(W + 3). (A.27)
Assume now 0 < W < e77. The upper bound in ([A.12)) is already contained in (A.11));
it remains to show the lower bound. We estimate the last integral in (A.10f), using that
e <exp(e™) =1.753... < 2 and logt +v < 0 hold for 0 < ¢t < e™7, to obtain

2w 2
Ellog Xw| — o :e2W/ (logt +y)e " dt > 2/ (logt + ) dt
0 0
=4W (logW + ¢ — 1). (A.28)

This proves (A.12)) and (A.13). =
We remark that the upper bound E[log X,,| < ¢5 in (A.12)) can also be obtained from

(A.5)) in the form E[(XG — 1)/a] < (C, —1)/a, taking the limit as « | 0, interchanging
limit and expectation, and using 0,Cj|a=0 = Ca.
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