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ABSTRACT. We study the second-order asymptotics around the superdiffusive strong law [34] of
a multidimensional driftless diffusion with oblique reflection from the boundary in a generalised
parabolic domain. In the unbounded direction we prove the limit is Gaussian with the usual
diffusive scaling, while in the appropriately scaled cross-sectional slice we establish convergence
to the invariant law of a reflecting diffusion in a unit ball. Using the separation of time scales,
we also show asymptotic independence between these two components. The parameters of the
limit laws are explicit in the growth rate of the boundary and the asymptotic diffusion matrix
and reflection vector field. A phase transition occurs when the domain becomes too narrow, in
which case we prove that the central limit theorem for the unbounded component fails.
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1. INTRODUCTION

This paper quantifies, via distributional limit theorems, fluctuations of driftless multidimen-
sional diffusions with multiplicative noise in domains in R+ with an unbounded direction and
oblique reflections at the boundary. For our class of models, the geometry of the domain and the
structure of the reflection vector field is such that the first-order asymptotics are superdiffusive
(possibly super-ballistic) in the unbounded direction. We now describe their multidimensional
fluctuations on appropriate scales.

More precisely, we consider the unique strong solution (Z,L) to the following stochastic
differential equation with reflection (SDER)

t t t
Zy = zp + / o(Zs)dWs + / o(Zs)dLs, L= / l1z.copdLs, teRy, (1.1)
0 0 0

driven by a standard Brownian motion W on R'*¢, on the generalised parabolic domain
D= {(z,y) € Ry x R : |y|qg < b(x)}. (1.2)

Here | - |4 is the standard Euclidean norm on R%, R, = [0,00) and b : R, — R, a C?-function.
Assume that, as * — oo, the reflection vector field ¢ on the boundary 0D is asymptotically
oblique with an eventually positive component in the z-direction, the diffusion matrix o is
asymptotically constant and b(x) ~ axz” for some 8 € (—1,1) and as > 0. Then, by [34,
Thm 2.2], the superdiffusive strong law X; ~ ¢;t/0+8) holds as t — oo, where Z = (X,Y) and
c1 > 0is an explicit constant. In this paper we prove the following central limit theorem (CLT).

Theorem (joint distributional convergence). Suppose that B € (—%,1). Under suitable
conditions (see Subsection 2.1 below), there exists a distribution p on the unit ball B¢ in RY
such that, for a centred Gaussian distribution N on R, the weak convergence holds:

(Xt — cltﬁ Y; )

; — N ® p. (1.3)
Vit aooc’ft%

t—o00
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The variance of N is given explicitly in Equation (2.3) below. For any d € N, the distribution
p is given as the stationary distribution to SDER (2.5) on the d-dimensional unit ball B¢, The
precise statement of this result is in Theorem 2.1 below.

A key step in the proof of (1.3) consists of understanding the local behaviour of Z in a moving
time window, inside of which we establish the convergence (as a process) of Z, properly rescaled
and recentred, to a process in the infinite cylinder R x B¢ (see Theorem 2.3 below for details).

A new phase transition at 5 = —1/3. Under the asymptotically oblique assumption on the
reflection vector field ¢ with a positive component in the z-direction and stable o as z — oo,
the asymptotic behaviour of the process Z depends on the parameter 5 € R (and not on the
dimension d). Transitions at 8 € {—1,0,1} were previously known. If 5 < —1, the domain
is shrinking so fast that the process Z explodes in finite time [34, Thm 2.2(i) & Ex. 2.4].
As mentioned above, by [34, Thm 2.2(ii)], if 8 € (—1,1) then the first component X of Z
satisfies a superdiffusive strong law. Moreover, the value 8 = 0 corresponds to the transition
between expanding and shrinking domains, making the process X either sub-ballistic or super-
ballistic [34, Thm 2.2(ii)]. For 8 > 1, it is not hard to see that the domain D is expanding
sufficiently fast that the process does not “feel the boundary”, making it diffusive.

This paper identifies a further transition at § = —1/3 (corresponding to the almost sure
behaviour X; ~ ¢1t3/? as t — oo). Beyond the distributional convergence for 8 € (—1/3,1)
in (1.3) above, we prove that the CLT for X; — ¢;t"/+#) does not hold for g € (—1,-1/3),
see Proposition 6.6 below. In this range of £, the proof of Proposition 6.6 suggests that the
process X; — 1t/ (H8) is of order t1/(1+8)~1 » ¢1/2 35t — 0o. Furthermore, we expect that the
fluctuations of X; — ¢1t"/(15) are no longer Gaussian for 8 < —1 /3, but described by almost
sure convergence to a non-Gaussian random variable. Evidence for a non-Gaussian strong limit
in this regime is provided by a toy diffusion model in Subsection 2.3 below. Intuitively, for g €
(—1,—1/3), the second order term in the Taylor expansion overwhelms the ergodic fluctuations
that drive the limit in (1.3) above in the regime 8 € (—1/3,1). We expect that this phase
transition is universal, in that it is typical of any stochastic process with drift asymptotically
proportional to the value of the process to the power —f3 at large times and noise of order one
with tails that are not too heavy.! The fact that we establish this phase transition in the case
of reflected diffusions, where the trajectories of the drift are not even absolutely continuous, can
be viewed as evidence for such universality.

In contrast to the behaviour of the first component of Z discussed in the previous paragraph,
the local convergence of appropriately rescaled and recentred Z in Theorem 2.3 below holds for

all € (—1,1). In particular, this implies that the convergence of Y;/ (aoocf tﬁ) in (1.3) remains
valid for 8 € (=1, —1/3]. Figure 1 summarises various behaviours of the process Z = (X,Y).

The YouTube presentation in [37] describes our main results, including the new phase tran-
sition at § = —1/3, and discusses elements of the proofs.

Literature and motivation. Reflected diffusions have been studied extensively as prototyp-
ical examples of stochastic processes with constrained (or controlled, confined) dynamics. The
literature is large; we mention [5,6,9,13,23,24,26,27,29,30,42] for a selection of classical as well as
more recent papers. Motivation comes from heavy-traffic limits of queueing systems [18,19,40],
communication networks [14], or financial models [17,21], for example. Modern applications in-
clude sampling or optimization algorithms in computational statistics and machine learning [1],
numerical methods for solving Neumann or mixed boundary-value problems [28], or estimation
of an unknown set via observations of a reflected diffusion therein [8].

The most well-studied examples of reflected diffusions in unbounded domains are orthants
or cones [15,20,42,43], where, typically, boundary reflections are infrequent and large-scale
behaviour remains diffusive. Recurrence and transience for normally reflected Brownian motion

1t was pointed out to us by Andrey Pilipenko during the Isaac Newton Institute programme on Stochastic
systems for anomalous diffusion (July-December 2024) that, if the noise is an a-stable Lévy process, we should
expect the transition to occur at § = —1/(1 + «) rather than 8 = —1/3. We are grateful for this observation and
his detailed comments on an earlier version of the paper.
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FiGURE 1. The phase diagram describes the behaviour of the reflected pro-
cess Z following (1.1) at large times. The behaviour of Z is a function of the
growth/decay exponent /5 of the boundary function b in the definition of the
domain D in (1.2). The results of the present paper (Theorem 2.1 and Proposi-
tion 6.6 below) are in blue (the statements in black in the diagram are from [34]).

on generalized parabolic domains of the type specified via (1.2) was first studied in [39]. For
reflection vector fields that are asymptotically normal in an appropriate sense, the case where
the process is stable, with heavy-tailed stationary distributions, is studied in [4]. A discrete
(random walk) relative was studied in [33]. A structurally similar, but much simpler, CLT for
discrete-time process on R, with drift at 2 of order 277, 8 € (0, 1), is given in [32,35]. We note
that 8 < 0 is not considered in these papers.

The direct antecedent work to the present paper is [34], which was motivated to consider
natural families of domains on which obliquely-reflected diffusion occurs sufficiently frequently
to drive anomalous diffusion [3,36,38]. For statistical sampling and learning, processes that
explore space faster than ordinary diffusions, or that adapt their behaviour according to previous
learning, can lead to more efficient algorithms. Part of the motivation behind the present work
is to understand more deeply the anomalous diffusion exhibited in [34].

Several aspects of our problem and approach appear to be related to the ideas in [9,10], where
reflected multidimensional diffusions in domains with one singularity are also studied. In our
setting the singularity is at infinity rather than a cusp at the origin as in [10]. Furthermore,
in our case as in [10], the ergodicity of an embedded process plays a crucial role in the proofs.
Finally we note that [7], for tube-like domains with variable widths, whether a minimal harmonic
function remains a minimal parabolic function depends greatly on the rate of thinning of such
domains (see [7, Thm 1.6]). This behaviour is similar in spirit* to our main result, which shows
that the asymptotic behaviour of a reflected Brownian motion in tube-like domains also depends
greatly on the rate of thinning in such domains.

2. MAIN RESULTS

In this section we present formally the assumptions we use throughout the remainder of
the paper (Subsection 2.1) and state precisely the main results (Subsection 2.2), including a
rigorous statement of the theorem in Section 1. In Subsection 2.3 we discuss a heuristic leading
to a one-dimensional toy model, providing intuition for the key phenomena discussed above.
Subsection 2.4 presents the structure of the proof and the organisation of the paper.

2.1. Assumptions. Recall that |y|; is the norm of y € RY, ie. |y|lg = (v + - + yg)%. We
denote by B the (closed) unit ball B := {y € R? : |y|; < 1}, and by S?! the unit sphere
S?1 = 9B?. Let D C R'*? be the domain defined in (1.2) for a given b : R, — R. In this
domain, (Z, L, W) is (when it uniquely exists) the strong solution to SDER (1.1) above. The
process L, referred to as the local time of Z at the boundary 9D, is continuous, non-decreasing
and starts from Ly = 0. Both L and Z are adapted to the filtration generated by W, and Z
takes values in D started at Zg = 29 € D.

2We thank Chris Burdzy for bringing this analogy to our attention.
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Assume that the function b that specifies D via (1.2) satisfies the following condition, ensuring
that the boundary 9D = {(z,y) € Ry x R? : |y|g = b(x)} of the domain is C? [34, Lem. 4.3].
The conditions at 0 in (D) are equivalent to 9D being C? at the origin.

(D1): The function b : Ry — Ry is continuous with 5(0) = 0 and b(x) > 0 for x > 0. Suppose
b is twice continuously differentiable on (0, 00), such that liminf, o b(x)b'(z) > 0, and
lim, 06" (z) /b (z)? exists in (—oo, 0].

We furthermore assume that the function b satisfies the following at infinity.

(DF): The function b: Ry — R, can be expressed as b(x) = anoz® + f(z), where 8 € (—1,1),

381 38-3 38-5
oo > 0 and, as x — o0, f(z) =o(x" 2z ), f'(z) =o(xz" 2z ) and f"(z) =o(z 2 ).

(The name (D3) indicates that this is a strengthened version of Assumption (Dg) in [34].)

Domains considered in this paper can either expand or shrink: see Figure 2 below.

Next we impose conditions on the diffusion matrix o. From here on, we use the same conven-
tion as in [34], that for an element in R x R, we use the index 0 for the coordinate in R which
plays a distinguished role, and we use the indices 1, . . ., d for the coordinates in R?. For example,
a matrix M in the set of positive symmetric matrices /\/lf+d is expressed as M = (Mi,j)i,je{o,...,d}~
Throughout f(x,y) — 0 denotes limyc0 SUDy. (5 y)ep || f (@, y)|| = 0 if f is defined on D, or

T—00 ?

limy— 00 SUPy,: 5.y cop |1 (2, y)[| = 0 if f is defined on OD (for an appropriate norm || - [|).

(C*): The diffusion matrix o : D — M;:Ld is bounded, globally Lipschitz and uniformly
elliptic.? Furthermore, there exists 2 € M;;d such that ¥ :== 0% : D — Mf—s—d satisfies

T—r00 T—00

d
Y(x,y) =X — 0 and 27 (Z Yii(z,y) — 62> — 0,
i=1

where 72 := Tr(X%°) — ¥3% = S0 | 5.

Finally, we impose conditions on the boundary vector field ¢ : 0D — Rt¢  We write
b = (¢o,...,0q) € R and ¢(@ = (¢1,...,¢q) € R Throughout the paper (-,-) denotes
the standard inner product on a Euclidean space of appropriate dimension. Let n : D — Rt
denote the vector field orthogonal to 9D, inward-pointing with unit norm.

(V*): The vector field ¢ : 9D — R+ is C? and bounded. For all z € 9D, (¢(z),n(z)) > 0.
There exists a constant sqg > 0 and a function gbg,g) : S=1 5 R such that

sup 27 |z, b(x)u) — (50,0 (u)|  —s 0.

ueSd—1 d+1 z—=00

There exists a constant ¢y > 0 such that ¢y = ((b((g) (u), —u) > 0 for all v € ST 1.

Conditions (C) and (V') imply Assumption (A) from [34] (the constant we named &2 is
o2 in [34]). Conditions (D7), (CT), (V1), imply respectively the conditions (Dj), (C), and
(V) from [34], with the same value of 5. The conditions here are stronger, mostly in that they
require control of the rates of convergence of the problem data, not necessary for the first-order
asymptotics in [34]. Under the assumptions (D1), (D), (C*), and (V*), Theorem A.1 and
Theorem 2.2(ii) in [34] ensure that the strong solution (Z, L, W) of the SDER (1.1) exists for
all time, is pathwise unique, and that almost surely,

2.1
2a50Co (2.1)

1
t_th — C1 ‘= <
t—o0
In order to facilitate the C'-convergence of the recentred and rescaled versions of the coeffi-
cients o and ¢ defined in (4.2) below, we will use the following additional assumption.

3Without loss of generality, we assume that o is symmetric. In fact, we could have allowed the driving
Brownian motion W in SDER (1.1) to be of dimension m > 1 + d, with dispersion matrix ¢ mapping R™ onto
R4 without modifying the results or significantly changing the proofs in the paper.
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(S): There exists € > 0 such that for all 4, j,k € {0,...,d},
sup 277005 (z,b(z)u)] — 0 and  sup 27| grad ¢;(x, b(z)u)| — 0,
ueBd T—r00 ueSd—1 T—00
where grad ¢; is the gradient taken along dD.

Assumptions (D3), (CT) and (V') are essential for the CLT for X. Indeed, removing any
of them would in general give rise to additional terms of order smaller than the deterministic
first-order approximation of X (given by et/ (Hﬁ)) but greater than the stochastic second-
order correction (proportional to v/t). As a simple example, if B(w) = asoz? + 219 for
all large = and any ¢ € (0,(1 — 3)/2), then there exists ¢j > 0 such that almost surely,*
Xt — cltﬁ ~ c’ltllfg >/t as t — oo, violating the CLT.

Assumption (S) is of a technical nature. It is used to prove existence and uniqueness of a
strong solution to SDER (2.5) below, and to guarantee certain continuity properties exploited
in our proofs (see Section 4). It is in fact possible to replace this condition with the weaker
condition with ¢ = 0, but assuming ¢ > 0 allows us to choose some explicit control functions
rather than non-explicit ones, simplifying the exposition.

FIGURE 2. Domain D satisfying assumptions (D;) and (D3) can either expand
or shrink: the boundary function b on the left (resp. right) is proportional to
b(x) ~ /2 (resp. b(z) ~ /%) as  — oco. A simulated path of the solution
of the SDER in (1.1) with the identity dispersion matrix and oblique reflection
satisfying assumptions (V') and (S) is also depicted in both graphs.

2.2. Limit theorems. To state our main theorem, we introduce the SDER on B¢ given by
AV, = mao™ AW, + 6@ (V) dL?, (2.2)

where 0™ is a square root of X in (C), the vector field gb((;i) on S is given in (VT), W
is a standard Brownian motion on R™? and 74 : R x R? = R? m4(x,7) = y, is the canonical
projection. Here is the precise version of the informal theorem in Section 1 above.

Theorem 2.1. Suppose that hypotheses (D1), (D3), (CT), (V'), and (S) hold with B € (—3,1).
SDER (2.2) admits a unique strong solution with a unique invariant measure p on B
Let Z = (X,Y) be the solution of the SDER in (1.1) and recall the constant ¢ from (2.1).
In distribution, as t — oo, we have
(Xt _et™ Y,
) 5
Vit aoocftm

>—>N®u,

AThis asymptotic equivalence follows by observing that X ~ Xy +th*€, where X corresponds to the boundary
function b(x) = acez?, 1t6’s formula and the integration-by-parts formula for local time in Subsection 6.2.
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where N is a centred Gaussian law on R with variance Y given by

d d
1+ 50 / s /
T:=7(2w+2—§ ¥ idpy, + — E x5 Yk d ) 2.3
1+ 33 0,0 o =~ 0, B Y5 Aily c% ~ 7,k d YiYk Ay (2.3)

The proof of Theorem 2.1 is the conclusion of Section 6 below. We note in passing that in
the second component of the weak limit in Theorem 2.1, the space is scaled either down or up
depending on the sign of 5, while in the first component it is scaled down in all cases.

Remark 2.2. Reflected Brownian motion is the special case in which ¥ is the identity, in which
case T given by (2.3) simplifies to

T = 1+ —= d .

If furthermore the projection in the y-direction of the reflection vector field ¢ is asymptotically

normal, i.e. qb((;i) (u) = —cou for all u € S, then p is uniform on B? and

1
rd+1 qr d

2 0
dy) = = :
/Bd lylan(dy) et d+2

If we further specify 8 = 0 (corresponding to a half-cylinder), we get T =1+ %#‘l?

It is essential for our proof of Theorem 2.1 to describe the asymptotic dynamics of Z at the
scale where this dynamics is stochastic and non-trivial and can be approximated by a reflected
diffusion in an infinite cylinder. To this end, we introduce a process Z7 which is constructed
from the process Z started at a large time T' via a T-dependent time-change. We centre the
process by subtracting (likely, large) X7, to observe local behaviour. Then, as we want the

boundary of the domain to stay at an approximately constant distance in the y-direction, we
__B
rescale by a multiplicative factor 1/b(X7) ~ T 5. Finally, as we want stochastic fluctuations

28
to be visible on this space scale, we time change by a factor b(X7)? ~ T8 < T. Transforming
Z = (X,Y) in this way, for any 7' € (0, 00), we arrive at the following process:

1
zZl = (Zz)t207 where Zér = m(XTer(XT)?t - XT7YT+b(XT)2t)' (2.4)

Theorem 2.3. Suppose that hypotheses (D1), (D7), (C), (V*'), and (S) hold with 8 € (—1,1).
Let Z = (X,Y) be the strong solution to the SDER (1.1). For every s > 0, the process (2 )se(o.4]

converges weakly (in the uniform topology), as T — oo. The limit is the law of the strongly
unique solution Z = (X,Y) of the SDER on R x B¢,

A2y = o™ AWy + (s0, 0D (Ve)) ALY,  t€0,3], (2.5)

where Xy = 0 and Yy, following the invariant law p of (2.2) on B2, is independent of W (note
that LY, the local time of Z on R x S¥=1, depends only on Y but not on X).

Theorem 2.3 is proved in Section 4; see Proposition 4.6 and Remark 4.7 below.

Remarks 2.4.

(a) Equation (2.5) projects in the y-direction into the autonomous SDER in (2.2). The
component X can then be recovered via a stochastic integral as X does not feature on
the right-hand side of (2.5). Indeed, we have X = moo™W + soL”, where the canonical
projection my : R x R? — R is given by mo(x,y) = z, making X the sum of a scalar
Brownian motion and the local time of ) at 9B scaled by the constant sg.

(b) In the definition of Z7 in (2.4), we may replace b(X7) with aooc[fTﬁ/(HB) ~ b(Xr)
without altering the conclusion of Theorem 2.3. Note also that in the scaling limit of
ZT in the theorem, for 8 > 0 (resp. 3 < 0), we accelerate (resp. decelerate) time and
scale down (resp. up) space.

(c¢) Unlike Theorem 2.1, Theorem 2.3 holds for all 5 € (—1,1).



CLT FOR SUPERDIFFUSIVE REFLECTED BROWNIAN MOTION 7

(d) For § > —1/3, the spatial scale in Theorem 2.3 on which we observe the dynamics
of X around Xy is T8/(+8) This scale is much smaller than the scale of the typical
fluctuations of X7 itself, which are of order v/T by Theorem 2.1. Figure 3 illustrates
the various scales in Theorems 2.1 and 2.3.

Q .
........... <
—1 7 \Z 2B B
\%T_ : T | T+T1+58 T1+/3
\ [
[ ! [
| | ; S
| 1 | |
| 1 TT+6 ! \
= 1 ] u—ﬁ>
0 Xp~ e T+ NVT X e = Xp o TH8 < VT

F1GURE 3. The limit in (2.1) from [34] states that the typical position of X7 is
1
around ¢;TT+5. Theorem 2.1 yields the picture on the left (here 8 > —%): the

typical error X7 — clTﬁ is, at its main order, Gaussian with scale proportional
to T3. Theorem 2.3 describes the behaviour of Z in the magnified picture on
the right (which depicts in red the rescaled process Z7). Note that since T is
finite, the domain in the magnified picture is only approzimately a cylinder.

2.3. A one-dimensional heuristic. Using an estimate (based on a renewal argument in [39,
p.679]) of the effective horizontal drift accumulated via reflection, a heuristic in [34, p.1815]
suggests that the toy model

dX, = /X, P dt + awy, (2.6)
for some constant ¢ > 0 and a Brownian motion W in R, ought to have long-time behaviour
analogous to the first component X of the reflected diffusion Z. SDE (2.6) falls into the class of
one-dimensional diffusions studied in [16] and indeed exhibits a behaviour very similar to that
of X, with the same transitions at § € {1,—1} and the superdiffusive law of large numbers
X, ~ ct/48) as ¢ — oo, where ¢ := (¢(1+ )Y+ > 0 [16, Thm 4.10(i)].

The main results in the present paper, Theorems 2.1 and 2.3, refine the asymptotics of X in
the superdiffusive but non-explosive regime, that is for 8 € (—1,1). We now sketch an analysis
of fluctuations for the toy model (2.6), which exhibits some of the relevant intuition for our
main results, including the significance of the critical value 5 = —1/3. We stress however that
the intuitive reasoning we are about to sketch for the one-dimensional diffusion Xisa long way
from a rigorous proof of our limit theorems, which crucially depend on the analysis of the fast
mixing and ergodicity of the d-dimensional component Y of the reflected process Z = (X,Y).

It6’s formula yields )Z'tHB = )?3+B +d(1+8)t+(B(1+8)/2) At + (1+ 8) My, where the process
A and the quadratic variation [M] of the local martingale M are respectively given by

t t
At:/ Xf1ds  and [M]t:/ X8 ds.
0 0

Since X; ~ ct'/(+5) as t — oo almost surely, for 3 € (0,1) we have —1 < (8—1)/(8+1) < 0 and
2
hence A; ~ ¢t < t, while for § € (—1,0) we get (5 —1)/(8+ 1) < —1 implying a finite limit
+_p5_
A — A < oo ast — oo. Thus A/t = O(tzﬂ 5 1) for all 8 € (—1,1), where 8 = max{3, 0}.

1436
For g € (—-1/3,1) we get [M]; ~ 025%15 I+6 as t — oo almost surely. Since (by the
Dambis—Dubins-Schwarz theorem) M is equal in law to a Brownian motion time-changed by its
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quadratic variation [M], we get weak convergence to a centred Gaussian with variance ¢ %:
_ 1438 9
t 20 My — N(0,¢*(1+ B)/(1+3B)) forall —1/3<B<1. (2.7)

In particular, in this case we have M;/t — 0 in probability as t — oo. For g € (—1,—1/3), the
quadratic variation [M]; converges as ¢ — oo almost surely and hence M; tends almost surely
to a non-degenerate random variable M.

26T —p-1
The inequality —1 < % for 3 € (—1,1) implies t ™1 = o(t" ™#7 ). The semimartingale
+ 1

~ 28t —p-
decomposition of X8 A,/t = O(t~ #5 ) for B € (—1,1) and the calculations above yield

+_45_ _1
X, = ct™F <1 M+ O(tL == 1)) T+

i B 3 28—
=ct™F +t M/’ + O(t 57 as t — 0o.

)
25°—5 _ 1 < 0. Thus (2.7) yields

130 For —1/3 < 8 < 1 we have 5

1 B
Note that b} + m 2(1“’6)

~ +_
=12 (Xt — c’tﬁ) = t_%_%Mt/Cﬂ + O(t%_%) — N(0,(1+8)/(1+38))

in distribution.
If —1 < 8 < —1/3, then the almost sure limits A, and My, play a role: as t — oo we get

s +5)

X1+ B)t = Co,0 +0(1), where Cp o = )~(§+5 + TAOO + (1 + B) M.
v o = Co,00 1—1 —1 = _ 5 Co,00 —1 —1
Hence X; = ct™73 (1 + pFt™ +o(t™)) T = ct™3 (1 + gt + o(t™)) as t — oo,

implying almost sure convergence to a random variable:
B/~ 1
t1+8 (Xt - ct1+5> — Co,mcfﬁ/(l + 0).
t—o0

Since for —1 < 8 < —1/3 we have —1/2 < /(1 + ), the quantity (X; — ctﬁ)/\/f does not
converge weakly to a non-degenerate limit law (as discussed in Section 1, by Proposition 6.6
below, the same holds true for X).

2.4. Skeleton of the proof of Theorem 2.1 and structure of the paper. The component
1
X of the reflected process Z = (X,Y) satisfies a superdiffusive strong law X;/t7#5 — ¢; as
1
t — oco. As indicated in Figure 3, the proof that (X; — c1tT+8)/+/t converges weakly to a
1

centred Gaussian is all about identifying a time window around c1t1+# of appropriate length
smaller than v/¢, during which the domain does not change significantly, while the Y component
mixes so that it is near stationarity. More precisely, the proof consists of the following five steps.

Step 1. Subsection 3.1 of Section 3 constructs the limiting process Z = (X,)) satisfying
SDER (2.5) in the infinite cylinder and establishes the convergence to the unique invariant
measure y for the component ) in the ball BY. Subsection 3.2 constructs the (maximal) coupling
of the process ) started at an arbitrary distribution supported on B? with the process started
at the invariant measure p. This coupling construction is designed to extend the original
probability space (supporting Z and W in (1.1)) and possess certain (conditional) independence
properties, see Proposition 3.9 below. These properties are essential for an effective comparison
(in Step 3 of the proof) of the stationary process in the infinite cylinder with the stochastically
rescaled (both in space and time) and recentered process Z7 in (2.4).

Step 2. The solutions to the SDER (given in (4.4) of Subsection 4.1; see also (4.5)) satisfied by

the rescaled process Z7 in (2.4), started at a fixed point, are proved to converge in distribution
to the distribution of the limiting process Z as T" — oco. The key issue here is that, not only do
the reflected processes Z7 and Z satisfy different SDERs, but moreover they also live in different
domains. This issue is resolved in Subsection 4.2 by reducing the continuity of an SDER with
respect to a parametric family of coefficients to continuity with respect to the starting point of a
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single (d+2)-dimensional SDER, using the parameter as an additional variable (recall that both
ZT and Z live in (d+ 1)-dimensional domains). Modulo localisation, Subsection 4.2 applies the
seminal result from [11] (which does not require ellipticity) to conclude the continuity in the
starting point of the extended system, implying the desired convergence of the rescaled process
ZT to the limiting process Z in the infinite cylinder.

Step 3. The second step enables a comparison of the rescaled process Z7 and the limiting
process Z in the infinite cylinder, provided they start at the same point. In Subsection 4.3,
we remove this restriction and prove that Z7 can be coupled to the limiting process Z in
stationarity. This is achieved by first allowing sufficient time for the Y7 component of Z7 to
mix, so that it is almost in stationarity. This construction, based on Proposition 3.9 discussed in
Step 1 above and carried out in the proof of Proposition 4.6 in Subsection 4.3 below, constitutes
the most technical part of the paper. It enables us to conclude that the second component in
the weak limit in Theorem 2.1 above converges to the invariant measure py. The asymptotic
independence in Theorem 2.1, established in Subsection 4.4, essentially follows from the fact
that the second component mixes much faster than the first component fluctuates.

Step 4. Section 5 establishes a limit theorem for certain additive functionals of the process
Z = (X,Y), which appear naturally in the proof of the CLT (discussed in Step 5) for the first
component in Theorem 2.1. The key challenge is that these additive functionals depend on the
superdiffusive component X as well as on the ergodic process Y/b(X). The strategy of the proof
is as follows: we split the additive functional into a sum of integrals over shorter time periods,
each of which can be can be controlled via the coupling from Step 3 above (cf. Proposition 4.6)
between the rescaled process Z7 and the stationary version of the process Z, together with an
application of the ergodic theorem to the process Z.

Step 5. The second-order behaviour of X7 as T' — oo is analysed in Section 6. We apply the
Lyapunov function from [34] to the process Z and use It6’s formula to find the finite variation
and local martingale parts of the transformed process. The finite variation part, including
the local-time term driven by L, is controlled via the laws of large numbers for X and Ly
in [34]. The martingale part leads to the Gaussian contribution in the central limit theorem.
The growth rate of its quadratic variation, which is one of the functionals analysed in Step 4,
characterises the asymptotic variance of the first component in the limit of Theorem 2.1.

3. THE LIMITING PROCESS IN THE INFINITE CYLINDER

3.1. General properties. In this section we introduce a process Z°°% on the infinite cylinder
R x B?, that will serve as a large-time local approximation to the process Z satisfying (1.1).
For any z € R x B?, consider the process Z°% = (X'°%, Y°¢) satisfying

t t
Zg)o,z = (O,y) +/ o™ dWs +/ (507¢(og)(yso’z)) dng, te R-i—v (31)
0 0

where o™ is a square root of the positive matrix X*° € M1++ 4 in Assumption (C*), qS(oi) is the
vector field in (V*) mapping S¢~! into R? and W is a standard Brownian motion in R'*%. The
process Z°7 is indexed by z = (x,y) € R x BY, but it only depends on z through the initial
condition Z;"° = (0, y); nevertheless, we retain the x (as a component of z) for compatibility
with other notation as it facilitate the comparison in Section 4 with the rescaled and recentred
process Z1 defined in (2.4) above.” Sometimes it is practical to consider a strong solution to
(3.1) driven by a given Brownian motion W, in which case this Brownian motion is written as
an extra superscript (e.g. Z°®W). The process Y>> satisfies the SDER in (2.2), started at
y, and the local time LY of Y°*% at OBY = S?! clearly equals the local time LZ of Z°% at
OR x BY) =R x $%1,

SCursive script x,y,2,X,), Z,... will later be used for the “rescaled” quantities, while Roman letters
z,y,2,X,Y,Z,... will be used for the “original” quantities. By extension, in Section 3 we also use cursive
script for the limits of the rescaled quantities.
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Lemma 3.1. Suppose that (C*) and (V') hold. Then, for any z = (x,y) € RxB?, SDER (3.1)
admits a unique strong solution Z°7% = (X°% Y°9).

Proof. We first consider Y°¥; restriction of SDER (3.1) shows that Y°>¥ ought to satisfy
SDER (2.2) started at y € B¢, and thus we construct ¥ first. Since the domain B? is
compact and all the data (the boundary of the domain, the diffusion matrix, and the reflection
vector field) are C!, we can for example apply Corollary 5.2 (case 2) from [11], the result of
which is indeed strong existence and uniqueness for SDER (2.2).

Let Y% be the unique strong solution to (2.2), and let LY be the associated local time.
Denote by g : R x R? — R the canonical projection on the first coordinate mo(z,y) = 2. Then
2002 W = (oo™ W + so LY, Y% W) is by construction a strong solution to (3.1), associated
with the same local time. This establishes existence of the solution of SDER (3.1).

Furthermore, if Z°°W = (x°:=W °0.aW) ig any solution to (3.1) with local time L, then
V=W ig a strong solution to (2.2) with local time L. Hence (J°>=W L) is almost surely equal
to (YW LY). Moreover, since Z°¢ solves (3.1), we have

X% = mg 2007 = moo ™ Wy + soLy = moo™ Wy + soLY = X7°°  forallt € Ry,
implying X% = X almost surely. This establishes uniqueness. O

Remark 3.2 (Notation). When we want to stress that Z°%7 is a strong solution of SDER (3.1)
associated with specific Brownian motion W (see Lemma 3.1 above), we use the notation
zo0sW — zo%z - Furthermore, recalling that there is no dependence on x in (3.1), we will
often write J°>¥ for Y2, which is itself a strong Markov process on B¢, satisfying SDER (2.2).
We write Z°°% and Y°°* for the process Z°(0:Y0).W and yooYo.W regpectively where Y is
random, distributed according to a probability measure v supported on B¢ and independent
from W. For any t € Ry, y € BY, and Borel set A C BY, let P®(y, A) :== P(),°” € A) be the
Markov kernel associated to )Y

The main result of this subsection is the following minorization condition, which establishes
that B is a small set in the sense of [2, p. 111] for P for all t > 0, i.e., inf, cga Py, A) > £(A)

for every Borel A C B? and some non-trivial measure &.

Proposition 3.3. Suppose that (CT) and (V') hold. For every € > 0, there exists a measure
£ # 0 supported on B such that

inf inf P®(y,A) > £(A), for every Borel A C B (3.2)

t€fe,00) ycBd

Remark 3.4. We expect that in (3.2) one can take £(A) to be a constant multiple of Lebesgue
measure, to show a Doeblin-type mixing condition. However, we only need the (weaker) small
set property, for which the proof is simpler. It is clear from the proof of Proposition 3.3 at the
end of the present subsection that the measure ¢ depends on the choice of ¢ > 0.

Before giving the proof of Proposition 3.3 via Lemmas 3.7 and 3.8 below, we use it to deduce
existence and uniqueness of the stationary measure and show that )% is in fact uniformly
ergodic. Recall the total variation distance dpy (v, v2) = sup{|v1(A) — v2(A)| : A Borel}.

Corollary 3.5. Suppose that (C7) and (V') hold. There exists a unique probability measure
w supported on B, which is invariant for the kernel P> associated to SDER (2.2) and defined
above, i.e. uP° = for allt € Ry. There exist constants X € (0,1), Cy € (0,00), such that for
all probability distributions v supported on B we have

dryv (VPP 1) < Co\t for allt € Ry, where vPX®(dy) == / v(dy") P> (y, dy).
Bd
Remarks 3.6.
(a) In the special case of Remark 2.2 above, when the projection in the y-direction of the

reflection vector field ¢ is asymptotically normal (¢£‘? (u) = —cou for u € S¥1) and o>
is the identity matrix, the uniform ergodicity in Corollary 3.5 (i.e. independence of the
constant Cj on the initial condition v) is well known [5,31].
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(b) In the general case when the vector field ¢ satisfies the assumptions of Corollary 3.5,
the results in [23, Thm 3 & Cor. 4] suggest that a density of the measure p exists and
satisfies the adjoint linear, second-order partial differential equation (PDE) on the ball
B¢ with Neumann boundary conditions. Formalising this is beyond the scope of the
paper, as our primary interest here is the existence and uniqueness of the invariant
probability measure pu. However, we note that this PDE is central for the quantification
of the asymptotic variance Y in (2.3) of our CLT in Theorem 2.1.

Proof of Corollary 3.5. By Proposition 3.3 above, for any t € (0, 00), B? is a small set for P®.
By [2, Thm 8.7], there exists a measure , satisfying p, PS5y = u for all n € N, and a constant
At € (0,1) such that for all probability measures v supported on B¢, we have

dry (VP ue) <2\ for all m € N.

nt »

The measures (1 )¢>0 are in fact all equal (i.e. they do not depend on the parameter t). Indeed,
fix arbitrary times t,#' > 0 and pick any 6 > 0. Let m € N be such that 2A]? < ¢ and let n € N

[e.e]

satisfy nt > mt’. Then, since u PS5y = iy for all n € N and dpy (e PS°, pup P°) < dov (e, pier)

for all s € R, the semigroup property of P> and the definition of py imply

o0

dTV(/"h :ut’) = dTV(/'LtPTC;?a :ut’) = dTV((:U’t ;L)tofmt’)Pmt’? lu’t/) < 2>‘Zl <.
Since § > 0 was arbitrary, we conclude that u; = py. Denote p := u; for any t > 0 and note

that P = p for all t € R4. Since p = p1 and the integer part [¢] of ¢ > 0 satisfies t —1 < |¢],
for any probability measure v supported in B¢ and Cp = 2 /A1 we have

dry (VP ) = drv (VP Py nP ) < dov(vPS ) < 201 < ol O

We now work towards the proof of Proposition 3.3. The following result gives a lower bound
on P®(y, - ), as is required for (3.2), but only for starting points y not too close to the boundary.
An estimate to show that the process exits quickly a neighbourhood of the boundary, Lemma 3.8
below, will provide the other key ingredient in our proof of Proposition 3.3.

Lemma 3.7. Assume (CT) and (V') hold. Picke € (0,00). Let C = rB for a givenr € (0,1).
Then there exists a measure &, # 0 supported on B¢ such that for any Borel measurable A C BY,
: . o
ylgétefi}g,q P(y, A) > &(A).
Proof. Recall g : R x RY — R? m4(x,y) = y. On the event {Vs € [0,t], y+ mq0®°W, € B9},
the processes V¥ and y+ mqo®°W are almost surely equal on [0, ¢], since y+ m40°W exits the
(closed) ball BY immediately after its first hitting time of S*~'. Thus, it suffices to compare }>¥
with the process y + mqo>®W killed at the boundary 0B?. Recall that £ ¢ ML 4 is positive
definite by (C"), implying by Sylvester’s criterion that the principal submatrix wdzoow;{ is also
positive definite. Let 6°° € M} be such that 6>°(6°°)T = m45°°n]. Then the process mgo™W
is equal in distribution to 6°W’, for a d-dimensional standard Brownian motion W’. Let D be
the convex set

D = (6>)"'B%
For ¢t > 0 and all u,v € D, let pP (u,v) be the Dirichlet heat kernel associated with D, that
is the unique function continuous in v such that for all ¢ > 0, all u € D, and all Borel A C B,

P(u+ W/ € Aand Vs € [0,t],u+ W, € D) = / pP (u,v) dv, (3.3)
A

where W' is a standard Brownian motion in R? started from 0. Let also
8y = inf{|ju —v|g: v € dD}, for u e BY, and 6(A) = inf{s, : uc A}. (3.4)

Note §(A) > 0 if the closure of A is contained in the interior of D, e.g. if A = (6°°)71C.
Moreover, for u,v € D we have |u — v[3 = |(6°°)a — (6°°)71b|3 < loo]a — b3 < 4l for some

a,b € B, where £, denotes the largest eigenvalue of the positive definite matrix (6°°)~1.
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Fix arbitrary € > 0. Then the transition density ps(u,v) = (2xt)~%? exp(—'u;%) of a
standard Brownian motion on R? satisfies

pi(u,v) > (2me) "W 2e Mol —. ¢, for all u,v € D and t € [¢/2,€].
It is known (see e.g. [41]) that
PP (u,v) > pe(u,v) f(t, min(8y,,)), for all u,v € D and t € Ry,

where f: Ry x Ry — Ry is a continuous function satisfying f > 0 on (0,00) x (0,00), with
slices § — f(t,0) which are non-decreasing for every ¢ > 0. We thus obtain

pP (u,v) > qaf (t,min(dy,, 8,)), for all u,v € D and t € [¢/2, €. (3.5)
For a Borel set A C BY, t € R, and y € B?, the definition of p” in (3.3) implies
P (y, A) > P(y + 6%°W/ € A and Vs € [0,t],y + 6°W/ € BY)
=P((6°) "y + W/ € (6°) A and Vs € [0,],(6) "'y + W € D)

= [ P
(6°)~14

Recall from the statement of the lemma that r € (0,1), C' = rB? and set 6 := §((6°°)~'C) > 0
The lower bound in (3.5) and the monotonicity of f(¢,-) imply

inf P°(y, A) > qd/ f(t,min(4, d,)) dv
yeC (65)-1A

> qd/ fo(dy)dv  for all t € [¢/2, €],
(6)~1A

where fc(0') := inficie/a,q f(t, min(d,0")) is positive for " > 0 (since f(t, min(d,¢’)) > 0 for all
€ (0,00)). With the change of variable b = 6*°v, we get
. 44
f f P (y, A o) db.
it ylélc (y,A) > act(6 / fo(d(goy-1p)

The measure &, with density m fe(d (60)-1 ) with respect to the Lebesgue measure thus
satisfies the minorization property stated in the lemma. U

The next lemma shows that the process )¢ visits the ball %Bd before any time € > 0 with
positive probability, uniformly bounded from below for all starting points in y € B<.

Lemma 3.8. Suppose that (C7) and (V") hold. For every € € (0,00), there exists g > 0,
depending only on X°° and €, such that

inf P(3t € [0,¢: Y7 € 3BY) 2 o

yeB
Proof. Define f : B¢ — [0,1] by f(y) := 1 — [y|3 and fix arbitrary y € B%. Recall from (CT)
that ¢ | %2 =2 and from Assumption (V) that (u, ¢<(>(<j>)(u)> < 0 for all u € S4~L. Since f
is C2, by Ito’s formula and SDER (2.2) we obtain

t t
F) = fly) -2 /0 (V™ mao™ dWy) — 2 /0 Ve, S () aLy™ tZE

t
> 2/ (YU 140> dAW) — G2t =: My — 57t for all t € Ry,
0

where 74 : R"% — R? is the canonical projection. By the Dambis-Dubins-Schwarz theorem
there exists a Brownian motion B such that the continuous local martingale M is equal to By
with quadratic variation [M] = 4 [; |(m40°°) T V5|3 ds.

Pick any € > 0. Define 7 := inf{t € Ry : ¥,;7¥ € 1B} € [0, 0] (with convention inf §) = o).
On the event {t < 7} we have |V5~?|2 > 1 for all s € [0,#], implying [M]; > £ot, where £ > 0
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is the smallest eigenvalue of the symmetric matrix mg0>° (7rda°°)T = wdzww;{, which is positive

by Sylvester’s criterion applied to the matrix X*° € ML 4 from Assumption (CT). Thus,
{r>e} C{[M]c>eto} N {Vte0,e, F(¥ ) < 3/4}
C {[M]c > eblo} N{Vt € [0,€], By, < 3/4+ 7t}
- {[M]€ > eﬁg} N { Sl[lp By, < 3/4+626} - {Bﬁgo < 3/4—1—626},
te

,€

where the last inclusion uses the continuity of the quadratic variation [M]. P(Bey, < 3/4 + 7€)
is the probability that a standard Gaussian random variable is not more than (3/4+a2¢)/+/elo,
and does not depend on the starting point y € B%. Setting €y := 1 —P(By, < 3/4+72¢) > 0, the
inclusion above implies P(7 < ¢) = 1 —P(7 > ¢) > ¢ for all y € B?, establishing the lemma. O

Equipped with Lemmas 3.7 and 3.8, we can complete the proof of Proposition 3.3.

Proof of Proposition 3.3. Let ¢ > 0. For each t € R, and y € B, define the stopping time

) = inf{s > ¢ : Vet € %Ed} (with convention inf ) = c0), taking values in [t, 00], and let
P;:ty * denote the probability measure on [t,t 4 €/2] x %Ed given by

P =P, Vi) €[ 7 <t+e/2).

Here we used the fact P(7; <t + ¢/2) > 0, which holds by the Markov property at time ¢ and
Lemma 3.8. For every t € Ry and Borel set A C B¢, the strong Markov property of }°¥
(see Theorem A.1 of [34]) applied at the stopping time 7/ yields

P! € A) > P(r) < t+e/2and VT € A)

Gt
P <tee) [ PO, € AR ()
[tit+e/2]x 5B
>P(r! <t+¢€/2) inf P € A)
uE[e/Q,e],y’G%Bd
=P(r! <t+¢/2) inf Py, A) > P(r] <t+€¢/2)&2(A),
u€[e/2,6],y’€%lﬂ3d

where ¢} /5 is the measure in Lemma 3.7 (for 7 = 1/2 and the present ¢). The Markov property

at time ¢ and Lemma 3.8 (applied with ¢/2) imply that there exists ¢g > 0 such that P(7{ <
t+¢/2) > ¢ for all y € BY and t € R,.. Thus setting £(A) := €0€1/2(A) yields (3.2). O

3.2. Coupling the process in the cylinder to its stationary version. Let v be an ar-
bitrary probability measure supported in B?. Recall that  in Corollary 3.5 is the invariant
measure of °>% and, from Remark 3.2 above, that Z°> and Z°>* are solutions of SDER (3.1),
where V™" and Y;~" follow distributions v and p, respectively. In the present subsection we
construct a coupling of the processes Z°>" and Z°>#, i.e. a probability measure on a measurable
space that supports a pair (Z°°%, Z°%#) such that the processes Z°°¥ and Z°* follow the
laws of Z°%% and Z°* respectively. If there is no ambiguity, we abuse the notation slightly by
referring to the coupled processes again as (Z°°7, Z°%#). Recall also from Remark 3.2 above
that Z°%#"' denotes the strong solution of SDER (3.1), driven by a Brownian motion W' with
the Y-component started according to the stationary law p of Corollary 3.5.

Proposition 3.9. Let Yy be a random vector Jollowing a probability law v supported on B
and let W be a Brownian motion independent ono Denote by Z°YW the strong solution of
SDER (3.1) started at the random initial point (0,Yy) and driven by W. Recall that the measure
w, supported on B, is invariant for SDER (2.2) and let the constants X € (0,1) and Cy € (0, 00)
satisfy the conclusion of Corollary 3.5 above.

For arbitrary s € (0,00), there exists a coupling P° of two Brownian motions W, W', which
extends the initial probability space (Qinit, Finit, Pinit) Supporting (YO,W), such that:
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(1) the processes Z°7W started at (0,Yy) and the solution 2 of SDER (3.1) satisfy
Pz € RVt > s, 2000 — 290 = (3 0pa)) > 1 — 20pA°; (3.6)
(2) the increments of W and W' after the time s are equal: P*(W; — Wi)iels,00) = Wi —
Wiiels,o0)) = 1 (making W, — W’)te[s ) and (%, (Wh)iepo,s) independent);
(8) under P, Yy is independent from the couple (W', Z, ’“W );
(4) under P*, given (Yo, W), the couple (W', Z, ’“’Wl) is independent of Finit -

Proof. It suffices to construct a quadruple (YO7 Yb, W, W) on some probability space, such that
W and W' are coupled Brownian motions and YO, YO are random vectors in B¢, distributed re-
spectively as v and p, satisfying properties (1), (2) and (3) in the proposition (Wlth 2z W and
zoovW following SDER. (3.1), started from (0,Yp) and (0,Yp), respectively). Indeed, the fact
that we can then choose this coupling to extend the initial probability space (init, Finit, Pinit) O1
which (Yg, W) is originally defined, in such a way that property (4) also holds, follows directly
by constructing a regular conditional probability of the coupling (with respect to (Yo, W)) [22,
Thm 2.3] and applying the extension lemma [22, Lem. 6.9]. The remainder of the proof is
dedicated to the construction of the coupling (Yo, Yo, W, W) with properties (1), (2) and (3).
By Corollary 3.5 and the triangle inequality, for any two starting points yo, 3, € B¢, we
have drv (0, P>, 0, P) < 2CoA™*, where 6, is the Dirac measure at y. By the existence of

yo-s y
maximal couplings under total variation, there exists a probability measure T' supported

Lo ,_'/(I) )
on B¢ x B?, with marginal distributions 0y P2° and 5y6P5°° and significant mass on the diagonal

of the product space B x B:

Ly ({(y,9) 1y € B?}) > 1 — 20\ ~°. (3.7)

In fact, by [25, Lem. 1], T, W (dy,dy’) is a probability kernel (see [22, p. 106] for definition)
on the product B? x B? with the Borel o-field (i.e., for any event A C B? x B?, the map
(0, 50) — L'y (A) is Borel-measurable). We may thus construct the probability measure T,
supported on the product B? x B¢ x B? x B?, given by the following formula

= /
I':= /del}gd 5yo ® 6y(’) & Fy07y6 I/(dyo)u(dyo)' (38)

Under the probability measure T', the projection (B%)* — B? on the first (resp. second, third,
fourth) component follows the 1aW v (resp. u, VP>, uP>® = pn); see Remark 3.2 for the definition
of the semigroup P*°. Moreover, under I', the joint law of the first and third (resp. second
and fourth) components is equal to the law of (V;°", V™) (resp. (Yo", Y7")), where Yoo
(resp. Y°>*) is the solution of SDER (2.2). We shall see below that, under I, the first component
is independent from the second and fourth one.

Let the standard Brownian motion W be defined as the identity map on the canonical prob-
ability space (€, F,P) with Q = Cy(R,, R'*%). On the product space B? x Q we construct the
unique strong solution of SDER (2.2), started at Y, W
element (Y;° ’V’W, W) is given as the identity map on B? x Q under the product measure v @ P.
Then [22, Thm 6.3], applied on the product space B¢ x Q with measure v ® P, yields a regular
conditional probability

Py =v@PWe - yyg‘“’”’w =y, YW = y,) for almost every (1, y) € B? x BY.

S

and driven by W, where the random

Note that “almost every” in the previous display is with respect to the distribution of the pair
8% ’U’W, Vee ’V’W), which is equivalent for example to the probability measure v ® u. This fact
is not used in the proof of the proposition. In contrast, an important fact in what follows is
that P, ,, is a conditional probability of the measure v ® P, under which Y;° YW oand W are
independent.

Let the standard Brownian motion (Wg)scp, on the time interval [0,s] be defined as the
identity map on the probability space (Q/, F’, '), where ' = Co([0, s], R*?). As in the pre-
vious paragraph, we construct the strong solution of SDER (2.2) using the data given by the
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coordinates (5" W W))iepo,)) on the product space B x €' under the measure p ® P'.
By [22, Thm 6.3], there exists a regular conditional probability on B¢ x €', such that

bl 7W, My /_
Py = QP (W) € - 150 = g, Yo =)

for almost every (i), y!) € B? x BY. As in the previous paragraph, we note again that IP’; bt

is a conditional probability of the measure y ® P’ under which (W§),cjo,) and V=" W are
independent.
On the probability space Qg := B? x B? x Q x ', define the probability measure

Py = ) 0., QP P///Fd,d/,d,d/ 39
‘ /IBdXBdXIde[Bd y0® _1/0® yo’y5® YorYs ( 4o Y Ys ys) ( )

and set the random elements Yy, Yy, W and (W3)sepo,s as the projections onto the first, second,
third and fourth component of Qy = B? x B x Q x €/, respectively. Then, under Py, W is a
Brownian motion, (W;)s¢o,, is @ Brownian motion up to time s, Yy has distribution v and is

independent from W, and Yp has distribution p and is independent from (Wg)seo,4-
We extend (W;)scpo,q) to a Brownian motion defined on Ry by setting Wy := W] + W, — W,
for t € [s,00). We now prove that this coupling satisfies properties (1), (2) and (3) in the

proposition. The property (2) is immediate by construction of W’ after the time s.

The processes (Z;ﬁ’f‘)’w)ueﬁh and (Z;ﬁ’fo’w/)uegh satisfy SDER (3.1) on the infinite cylinder,

driven by the same Brownian motion (Wyys — W)uer, = Wi 1s — W.)uer, . By translation
invariance of SDER (3.1) in the x coordinate (cf. Remark 2.4(a) above), we deduce that, on

v Vo, W' . Y Yo), W/ 0,Y;
the event Y=Y — SO’YO’W, the difference Zfo’(o’ W _ Z:o’(o’ DWW _ (Xsoo’( YOW
20000 00 ) s constant for ¢ € [s,00) (since on this event we have Yoo — qpeeo W

for all ¢ € (s,00)). The coupling Py thus satisfies property (1) in the proposition:

Po(Jz € R : Vit > 5, 20OV _ oo @WW _ ) g ))
=TI'({(a,b,c,c):a,bce IB%d})
> inf Tup({(c,c):ceB}) > 120N,

a,beBd

where the last and penultimate inequalities follow from (3.7) and (3.8), respectively.
We now prove property (3) in the proposition, i.e. that, under the probability measure Py

n (3.9), the random vector Yy and the random element (Yp, W) are independent. For measur-
able A, B,C C B%, by (3.8) we obtain

MAx BB xC) = [ 8, (A (BITy (B % C) v( g ds)
X

:/ (0, P22)(C) v(dyo)p(dyp)
AxB

= (4) [ G4PCOn(dsh)
=v(A)TB? x B x B x C),
implying

(A, dyg, BY, dy)) = v(A)T(BY, dyp, BY, dy)). (3.10)
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Let now A, B be measurable subsets of B and D a measurable subset of €. Then

fold by = / 0y (A)oy (B)P, (D)L (dyo, dyp, dys, dyj)
Bd xBd xBd xBd 0 Yo:Ys

= / PI/ /(D)F(dyﬂv dy(/)7 dy57 dysl)
Ax BxBdxBd Yorks
_ / P, (D)T(A, dg), BY, dy)
BXBd y()7ys
:y(A)/ P, (DT (B, dyj, B, dy) (by (3.10)).
BXBd y()?ys

In particular, for A = B?, we get Po(B? x B x Q x D) = [, za IP”yé,yS,(D)F(IBEd, dyp, B9, dy),
implying

Po(A x B x Q x D) = v(A)Py(B? x B x Q x D). (3.11)
Since A, B C B? and D C € in (3.11) were arbitrary, Yy and (%, W') are indeed independent,
which concludes the proof. O

4. LOCAL CONVERGENCE OF THE RESCALED PROCESS

In this section, we look at the reflected process Z in the time window [T,T + Cb(Xt)?].
Theorem 2.3 asserts that this process, when recentred and appropriately rescaled, converges in
distribution to the limiting process we studied in Section 3 above. The main goal of this section
is to establish this weak convergence. We start by introducing definitions and notation needed
to formulate our approach.

4.1. Definitions and notation. For zy € (0, 00), define the affine function a, : RItd 5 R+,

a2 2.9) = s (@ = 0.0)

The image under az, of the domain D defined at (1.2) is given by

(4.1)

and [y]s < W}_

)
b(wo) b(zo)

Recalling that b(xzg) ~ aoomg as xg — 00, note that Dy, is locally cylinder-like in the following
sense: as g — oo we have b(b(xo)x + xg)/b(xg) ~ (a:g_lx +1)? and hence for fixed B > 0
and large zo we have {(x,y) € Dy, : —B < x < B} =~ [-B, B] x B Define the vector field
buy : ODgy — R4 and the matrix-valued function oy, : Dy, — Ma g as follows:

Dy, = awo(D) = {(7(7.’/) e R x> —

Gao(x,y) =¢oa, (x,y) and  og(x.y) =0 o0ay) (x,y). (4.2)
Set ¥y, =02,

The process ZT =: (X7, Y7T), defined in (2.4) for any 7' > 0, can now be expressed as

ZtT = aXT(ZT+b(XT)2t)7 t>0,

where (Z, L) is the strong solution of the initial SDER in (1.1). This process, which we should
think of as being a scaled and translated (both in time and space) version of Z = (X,Y),
starts from ZI' = (XL, VI) = (0,Y7/b(X7)) and lies inside the domain Dy, given by (4.1).
Furthermore, an elementary computation shows that

{t € R+ . ZtT S ODXT} == {t S R+ . ZT+b(XT)2t S GD}

Thus, the finite variation process L1 = (£{)ier, , given by LI = Ly +b(xp)2¢ — L7, increases
only when Z7 belongs to 0Dx,., via LI = fg lzreopy, dLT. The process WT = (W[ )ier,,

ng = axp (WT+b(XT)2t) - aXT(WT)7 (43)
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is a standard Brownian motion in R'*?, independent from Zp (W is the Brownian motion in
SDER (1.1) satisfied by (Z, L)). Using definitions in (4.2) and changing variables, we obtain

\% T+b(X7)2t AW, T+b(X7)%t
T _ T s
d-(pi)t), @t ez

t t
=ZOT+/ aXT<z?>dw?+/ o, (ZT)dLT.
0 0

Given (z,y) € D\ {Ogi+«} and a standard Brownian motion W, we define the process
(Z@EW @)WY to be the unique strong solution of the SDER in the domain D,,

t t
20— (0.55) + [ oz awr [ 6,20l

t
Lo — /0 1y, ALY, tE Ry,

driven by W, with boundary reflection field ¢, and diffusion coefficient ¥, (see (4.2) above),
and started from (0,y/b(z)) € D,. When it is not relevant to specify which Brownian motion
W is used in (4.4), we drop the corresponding superscript in (£ (@)W E(””’y)’w). In particular,
the process ZT = (X7, Y7T) satisfies the almost sure equality

(27, LT) = (g% L2V, (4.5)

Recall that the process Z°(04):W is the strong solution to SDER (3.1) in the infinite cylinder,
started from (0, y) and driven by the Brownian motion W. For any T > 0, we now define

zooT .= 220Z8WT - where ZT = (0, Yy /b(X1)) € BY. (4.6)

Since the Brownian motion W7 is independent of Zy = (X7, Y7), almost surely the equalities
POWVT € ) =POWT € | Z7) = POVT € -| X7, ZT) and

POWVT € |27) =E(PW" € | X7, 25)|25) =PV € )

hold, implying that W' is also independent of the starting point ZOT and thus making 27
in (4.6) a well defined solution of SDER (3.1). Note also that Z7 and Z°>7T start from the same
point and are driven by the same Brownian motion, but (by (4.6)) Z°>7T satisfies SDER (3.1)
in the infinite cylinder while (by (4.5)) Z7 satisfies SDER (4.4) in the rescaled domain Dx.,.
(which approximates an infinite cylinder on an appropriate scale when 7 is large).

Finally, for any function f : Ry — R* and s > 0, we denote the uniform norm

1fllo,s) = sup [ f ()l
u€(0,s]
(if s = oo, the interval [0, s] is taken to equal [0, 00)).

4.2. Convergence of the scaled process to the limiting process: the case of determin-
istic starting points. The core of the proof of Theorem 2.3 essentially amounts to showing
that Z@@)Y)W (which lives in D, and starts from (0, y) with y € B%) converges as z — oo to
2%0u)W (which satisfies SDER (3.1) on the cylinder R x B?, is driven by the same Brownian
motion W as Z@@))W and starts from (0,%)). This looks quite challenging, since we would
need some kind of continuity property of the SDER with respect to perturbation of the diffusion
matrix, the reflection vector field, and the domain itself. Fortunately, it is only a one-parameter
family of data, indexed by z, that we need to consider for such a continuity property. To pro-
ceed, we embed Z @@V W and 22009 W into a richer space, based on a domain D c Ri+1+d

1
in which the first coordinate h € (0, 00) corresponds to = 7. Throughout 7 is fixed and should
be thought of as being very large: namely, we assume ~y > ﬁ and y > % where € is the one in
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Assumption (S), say for example v := max(2/(1 — 3),2/€). We then compactify smoothly near

h = 0 by defining

D= ((—1,0] x R x IBd) U ( U ({n}x Dh—w)) C R+ (4.7)
he(0,00)

See Figure 4 below for a visualization of the boundary of DC R3, i.e. the case d = 1.

000
4, 1000

1000
200
L 00—0400‘030002
6000 .

FIGURE 4. A visualization of the qualitative features of the “boot” domain D C
R!*1+1 as defined at (4.7); the coloured surface is the boundary of D. The blue
contours illustrate (the boundaries of) sections in the (x,y) plane for fixed h > 0,
which are the domains Dj—~ defined at (4.1), i.e., transformed versions of D
from (1.2) that resemble cylinders in a neighbourhood of = ~ 0. For h < 0 the
corresponding sections are all the cylinder R x B, The red curve is the ridge in
the y = 0 plane that is the locus of maximal h. The exponent ~, by being large
enough, ensures a smooth transition at h = 0 on the (h,y) plane. Here 5 > 0.
When lim, o, b(x) = 0, the h > 0 slices contract as © — oo, rather than expand.

~ 1
In the richer space D, we consider for x > 0 the augmented process (z~ 7, Z(“’b(x)y)’w), the

1
first coordinate of which remains constant at h = 2~ 7 at all times, indicating that Z@t@)y),W

remains in Dj,—y = D,. The problem now reduces to showing that the pair (mf%, Z(@b@)y) W)
converges as £ — oo to (0, ZOO’(O’y)’W). This is achieved by establishing continuity with respect
to the initial condition of the solutions of an SDER on 23, for which we rely on well-known
results in [11]. Applying [11] requires establishing first certain regularity properties of the space
D and the coefficients of the SDER satisfied by the process (x_%,Z(x’b(”)y)’W). This is the
purpose of Lemma 4.1 below. R

We emphasize that the coefficients of the SDERs on D are somewhat degenerate, since the
“artificial” first coordinate of the process remains constant. However this is not an obstacle
for [11], and the main technical challenge in Lemma 4.1 is in terms of the smoothness of the
coefficients near h = 0.

Lemma 4.1. The following statements hold.

(i) Under Assumption (D3), the intersection of the boundary D with the open half-space
(—1,00) x R1F4 45 C1.
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(ii) Let o : D Mo g be the diffusion matrixz given by

(0 0) Fh<o
0 o=

0 0 .
<o oa; L, (a, y>>) yh=0

Under Assumptions (D3) and (S), & is C.

(iii) Let ¢ : D — R pe the vector field defined on 0D by ¢(h,z,y) = (0, s, gb((fé) (y)) for
h <0 and ¢(h,z,y) = (O,QS(a,;_lﬂ,(x,y))) for h > 0. Under Assumptions (D3) and (S),
this vector field is C'.

o(h,z,y) =

The assumptions in Section 2.1 above, specifically (S), have been tuned for the continuity
properties in Lemma 4.1 to hold. The proof of Lemma 4.1, based on elementary calculus, is
contained in Appendix A.

In the remainder of the paper, Assumptions (Dy), (Dy), (C*), (V*'), and (S) are assumed
to hold without mentioning them explicitly. We also assume 3 € (—1,1) and make it explicit
when it is further assumed that g > —1/3.

We can now state the approximation result for deterministic starting points.

Lemma 4.2. For w € 75, let Z2W be the solution to the SDER on the domain D (defined
in (4.7) above) with reflection vector field g/g and diffusion coefficient &, driven by (0,V) and
started from w. This solution is unique in the strong semse. Furthermore, as w — wqy se-
quentzally n D Z“’W converges locally uniformly in probability to Zwo W, That is, for all

€ (0,00), wo € D and € > 0, there exists § = d(s, €,wp) > 0 such that for all w € D satisfying
\w — wola1q < 9, we have

P(||ZW = 2P|, =€) <e (4.8)

Proof. The result essentially follows from Theorem 5.1 and Corollary 5.2 in [11], together with
a localization procedure, as the results in [11] apply for SDERs on compact domains only. We
emphasize again that the degenerate nature of neither & nor the driver (0,V) are obstacles for
the machinery in [11].

We will take a smooth truncation of D chosen large enough so that, with high probability, our
process on D remains in the truncated domain. For C' > 1, there exists A := A(C,~) € (0, 00)
such that DN (Rx[-C,C]IxR?) C Rx[-C,C] x AB?. Let D be a compact set with C'-smooth
boundary which agrees with D on the extended cylinder C¢ := (—3,C] x [ C,0] x ABY. Let
also qﬁc be a C! vector field defined on ODC and which agrees with qﬁ on 9D N Co.

With this regularity, and because DC is now compact, we are in Case 2 from [11], with the
condition (5.2) and the Lipschitz condition on the diffusion coefficient (both also from [11])
are met, according to Lemma 4.1. We can thus apply both [11, Thm 5.1] and [11, Cor. 5.2].
Corollary 5.2 ensures the existence and uniqueness of a strong solution. Denote by wac
and Zwo’w C these strong solutions, with initial conditions w and wo respectlvely These new
processes are defined exactly as wa and Z O’W, except that D and qb are replaced with
DC and gbc. Then applying Theorem 5.1 of [11] (together with Gronwall’s inequality) shows
that the compactified version of (4.8) holds, i.e., with 22” W and 2/,7\;” oW replaced, respectively,
with Z"¢ and Z"*"“. (In fact, [11, Thm 5.1] provides L? convergence, rather than just
convergence in probability, but we retain only the latter when taking the limit C' — o0.)

We denote by 71 : RIT1H4 — R the projection onto the horizontal spatial coordinate, i.e.,
m1(h,x,y) = z. For w € D and C,r € Ry, define the stopping times
¥ =inf{t € Ry : |m ZY) >r}, and Tl = inf{t € Ry : ]wlszC] >}

T
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For every r < C, ZZ‘;TWw € Cc¢ for all t € Ry, and hence (ZAZ’,’\ZX,T;”) solves the same SDER
as does (Z;VYUC,T;“ C). Thus, by strong uniqueness, for every r < C, a.s., (2;“‘/)\;/;,7;”) coin-
cides with (Zw Ww o T C). Since Z¥W is non-explosive by [34, Thm 2.2(ii)], we conclude that

SUPteo,s] |7r12t W1 is a.s. finite for every s.
Fix e € (0,1), s € Ry, and wy € D. Choose C = C(s, €, wy) such that P(rs® < 's) < €/2.
Then for this C' there exists § = (s, €, wp) such that, for all w € D with |w — w0|2+d <4,

P(ugw,w,CH _ ZAwU,W,CHH < 6) < /2.
[0,5]
Hence, by choice of C, it holds that, for all w € D with |w — wolarqg < 6,
1—e< P(HZ/{\M,W7C+1 _ Z\wo,W,C—i—lH > e 700 S)
[0,s] > 1O

w,W,C+1 wo,W,C+1 wo,C4+1 _ _w
SIP’(sup’Z ZOwOC+1|2+d26 T TCO>S>

te0,s] AT,
ZwW,C+1 Zwo,W,C+1 wp,C+1 w,C+1
SIP’(tsup Zt TwWC+1_ i woC+1‘2+d>6 To > 8, Tole >5),
€10,s] Cte

since if the process started from wg has not reached C, then the process started from w has not
reached C + ¢ < C' 4 1. Using strong uniqueness for the stopped processes, as described above,
it follows that

1—€e< IP’( sup ‘Zwvlvu - ZwO’W‘Q 426 Tgo’c+1 > s, Tgﬁ—H > 8)
te[o,s] ke +

= IP’(HZA“”W — ZA“’O’WH[& <€, TgO’CH > s, Tgﬁﬂ > 8)

P(HZAUJ’W - ng’WH[O,s] < €>’

IN

for all w € D with |w — wpla4q < 0, and this completes the proof of (4.8). O

4.3. Convergence of the scaled process to the limiting process in stationarity. The
main result of this subsection, Proposition 4.6 below, will readily imply Theorem 2.3, and plays
a crucial role in the proof of Theorem 2.1 above, the main result of the paper. The proof of
Proposition 4.6 relies on an approximation result in Proposition 4.4 below, which builds on
Lemma 4.2 from the previous subsection, and which we establish first.

For an initial condition 2(7") = (z(T),y(T")) € D with asymptotic behaviour specified by

limp_,o0 2(T) = 00 and limp_, 5 ((T))) y € B?, choosing wy = (0,0, y) in Lemma 4.2 implies

that Z%1)W (defined in (4.4) above) converges in probability to Z°(09):W (see (3.1) and
Remark 3.2 above for definition) on any compact time interval. Proposition 4.4 below extends
this in two ways. First, via a compactness argument exploiting the local uniformity in (4.8),
we extend the result to the case of a random starting point in the y coordinate. However, this
is still some way short of a proof of Proposition 4.6 (and Theorem 2.3) because it does not
establish convergence of the random initial starting point YI = Y7/b(Xr) in B? (recall the
definition of Z7 = (XT,YT) in (2.4)) to the stationary measure p of the process 2OV,
The additional ingredient required for this convergence is the fast mixing of the process Y7 .
Exploiting the fast mixing property in turn requires the strengthening of the convergence
in Lemma 4.2 to a growing time window (as opposed to one of constant size). Specifically,
Proposition 4.4 shows that instead of considering the supremum over [0, s| for a fixed s as in
Lemma 4.2, we permit s = s to be a function of T" that slowly increases to co. The growing-
time-window property will be deduced from a general principle given in the following lemma.

Lemma 4.3. Let AT : R x Q — R¥ be a family of continuous stochastic processes indexed by
€ (0,00). Assume that for any constant s > 0, as T — oo, we have

(proba)

1A 1104 0.
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Then there exists a function sy : Ry — Ry such that, as T — 0o, we have (1) — oo and

(proba)

1A [0y — O

Proof. Define the following non-decreasing function (with convention inf ) := o),

1 1
. ; . T - -
J s+ mf{TO VT > T(), ]P)(HA H[U,S] > S) < 8}7
and its (modified) inverse
s:Trsup{s:T(s) <T -1} € Ry U{oo}.

In the case there exists Ty < oo such that s(Tp) = oo, it is easily seen that A7 = 0 almost
surely for all T > Ty + 1, and then the conclusion of the lemma follows directly. Thus, we
assume that s(7') is finite for all 7.

Let us assume that the function s is bounded, and let s = [[s|(p,0c) < 00. Then it follows
from the definition of s(T") that 7 (s + 1) > T'— 1 for all T, implying 7 (ssc + 1) = co. This
implies that for s = sx + 1, the assumed convergence HATH[O’S] — 0 in probability cannot hold.
This contradicts the assumption of the lemma, implying the function s must be unbounded.

By the definition of s, for all 7" such that s(T") > 1, we have T(s(T) — 1) <T —1 < T. Set
50(T") == max(0, s(T") — 1), and Ty be the first time when s5(7") = s(7") — 1. Then, for all ' > Tj,

T(so(T)) < T.

Note that the —1 in the definition of s ensures this inequality is strict, which is useful because
the infimum defining 7 might not be attained. The —1 in the definition of the function sy above
is there because the supremum defining s might not be attained.
Let € > 0. For Ty > Ty sufficiently large, ﬁ < €. By definition of T, for all T' > T (s),
P14 o > 2) < -
S S
In particular, for all T" > 17, we have

1 1
P(||A7 >e) <P(]]A7 > ) < —50 asT — oco. O
1A o0 =€) SPIIA o,y = @) < 5@ as 00
Proposition 4.4. For the families of processes Z1 and Z°7T, defined respectively in (2.4)
and (4.6) for all T > 0, there exists a function s : Ry — Ry such that the following limits
hold: limp_, 00 51(T) = 00 and
(proba)
—

T G
125 = 2% 0,0 (1)) vd

0. (4.9)

Recall from (4.5) and (4.6) above that, for any given T, the processes Z7 and Z°>T are
driven by the same Brownian motion W’ and are also starting from the same random point
2 =(0,YF) = (0, Y7 /b(Xr)) in {0} x B?, which is independent of WT' (but Z7 and 2°>7T do
not satisfy the same SDER nor do they have the same state space).

Proof of Proposition 4./. By Lemma 4.3 (with AT = 2T — 2°°T)) it suffices to show that

(proba)

0. (4.10)

for all s € (0,00) we have | 2T — z°7T] 0.5]
—00

Fix arbitrary s > 0 and € > 0. Pick arbitrary g € B¢ and Brownian motion W. By
Lemma 4.2, there exists d(s, €, ) > 0 such that for wo == (0,0, 1) and all w = (h,0,y) € D
(with h > 0, y € B% and the domain D given in (4.7)) satisfying |w — wo|a1q < 6(s, €, ), with
probability at least 1 — e we have

| TIDW — g QW g = |20 — 20 W g < e
We fix such a positive function (s, €, 1) — (s, €, 1) with the property in the previous para-

graph. We now show that there exists 0. (s, €) > 0, satisfying d.(s, €) < (s, €, ) for all y € B,
Indeed, by the compactness of BY, there exists a finite set ();cr € (BY)! such that the balls of
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radius 6(s,¢/2,4)/2 and centred at y cover B Define 6,(s, €) := min;es 6(s,€/2, 5)/2. Then,
for every wo = (0,0, ) there is some i € I such that |y — yi|a < d.(s,€); choose one such i for
each wg. Thus, with probability at least 1 — €/2,

| 20 00) W _ Zm’(o’yi)’w||[o,s} < ¢/2. (4.11)
Furthermore, for all w = (h, 0, y) satisfying |w — wo|a1+q < 04(s, €),
[w—=(0,0,%)|24a < [ — wol24d + |0 — ila < 5(s, €/2, ).
Thus, with probability at least 1 — €/2,
| 2B Zoe 0V < e /2. (4.12)

Combining (4.11) and (4.12) with the triangle inequality implies that for 0 < h < d.(s,€) and
all y € B, we have

P([| 20T AT W Zoo0m) W) 0 <€) > 11— (4.13)

By fixing random h = X;lh and y = VI (recall by (2.4) that VI = Yr/b(Xr)), setting
W equal to WT and applying the equality in (4.5), we get 2T = ZXY0)Wr anq zooT —
Zo00Y0)Wr | By (4.13), VI -almost surely it holds

P27 = 2% g = €| V5)
< P77 20005, | Y5) +B(IZT = 270, 2 e and X7'/7 < 8u(s,¢) | )

SP(Xr <6u(s,) 77 [V5)+  sup  P(|ZOTAETIRW _ zoo0sl Wy > )
1 EBE A< (s,€)

<P(X7 < 0u(s,6)77 [ V5 + e
By taking expectations, for T sufficiently large, we get
P(||27 = 27 [jpg = €) SP(Xr < bu(s,€)77) + € < 2.

Since € > 0 was arbitrary, the convergence in probability in (4.10) follows. ([

Although Lemma 4.5 below is in appearance probabilistic, it is in fact deterministic: it follows
directly by applying Lemma A.2 to the random function 6 : T'+ 4b(X7)2. Almost surely, the

28
function 6 satisfies the assumption of Lemma A.2, namely that (7)) ~ CT+5 as T — oo for

some constant C' > 0, by the strong law in (2.1) and the assumption that b(z) ~ asz®. As
Lemma A.2 is deterministic, it is stated and proved in Appendix A.2 below.

Lemma 4.5. Assume that s : (0,00) — (0,00) is such that limp_,~ 51(T) = co. Then, there

exist deterministic functions sy : (0,00) — (0,00) and S : (0,00) — (0,00), such that 4s5 < s1,
28

|S(T) —T| = O(T™5 logT) and s2(T') — oo as T — oo, and such that almost surely, there

exists a finite (random) time Ty such that for all T > T,

(T, + b(Xr)2(T)] C [S(T) + (X)) 22 (S(T)), S(T) + 4b( X5 2a(S(TY)].  (4.14)
The interval inclusion (4.14) is illustrated in Figure 5.

Proposition 4.6. There exist a function s3 : (0,00) — (0,00), with limp_, s3(T) = oo, and a
family of probability measures (PT)<q, each extending the probability space on which (Z, L) and
w satisfy SDER (1.1), such that the following hglds: under PT, therg exists a random vector
YT in B¢ with law g and a Brownian motion WY, independent of YT, such that the strong
solution Z°-0Y)W! of SDER (3.1), driven by WY, satisfies

2Tz 0¥ HWT wrobe) g,

I [0,55(7)] .

To be specific, what is meant here by the convergence in probability is that for all € > 0, for

all T large enough,

T T
PT (|27 — 22oOY O oy =€) < e
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Remark 4.7. For every T > 0, under PT, the process 200,(0.Y 1) WT (see Remark 3.2 above for the
definition of this process) is a copy of the stationary process Z°*. Since limp_, s3(T) = o0,
Proposition 4.6 readily implies Theorem 2.3.

Since by definition (2.4) we have ZI = (0, Y7y /b(Xr)), taking ¢ = 0 in Proposition 4.6 yields
weak convergence of Y7 /b(Xr) to the distribution p. Note that, by the strong law in (2.1) and
Assumption (D] ) on the boundary function b, we have aooc’fTﬁ/(HB)/b(XT) — 1 almost surely
as T' — 0o. Thus the the following corollary holds.

Corollary 4.8. For f € (—1,1), as T — oo, the random vectors YT/(aoochﬁ/(Hﬁ)) and
Y7 /b(XT) converge in distribution to the law p supported on the ball B (see Corollary 3.5
above for the characterisation of ).

We prove Proposition 4.6 in two steps. In the first step, using Proposition 4.4, we find
a positive function s; tending to infinity and a coupling of Z% with Z°9 (respectively given
n (4.5) and (4.6)) such that we can control the distance between the processes up to time s (.5).
We then find, for all T, a corresponding S = S(7'), which is smaller than 7', and s(.S) such
that inclusion (4.14) holds. By Proposition 3.9, there exists a coupling of Z°°% with Zo%H
where Z°#5 is some S-dependent copy of Z°#_ such that we can control the distance between
Z°5 and Z°#S up to time s. Thus we control the distance between Z° and Z°# on the
smaller of the two intervals in inclusion (4.14). In the second step of the proof, we show that
the distance between Z7 and a random time-shift of the process Z°#° which we prove is still
in stationarity (and thus a copy of Z°%), is a small perturbation of the distance between Z°
and Z°#S_ The latter distance is small by the first step of the proof.

Proof of Proposition /.6. By Proposition 4.4 there exists a function s : (0,00) — (0, 00) satis-
fying s (.5) o 00 and such that
—00

(wrobe) ), (4.15)

] S—o00

125 = 2% 10.0(5)

Recall 2% and Z°°°, given in (4.5) and (4.6) respectively, are driven by the same Brownian
motion W9, defined in (4.3) in Subsection 4.1 above.
By Lemma 4.5 applied to the function s, there exist deterministic functions sz, S : (0,00) —
26
(0,00), and a random time Ty satisfying 4s; < s1, |S(T) —T| = O(T 5 logT) and s(T) — oo
as T'— oo and, for all T' > Ty, inclusion (4.14) holds. By definition (4.3), we have

WE =Wy 51 = Wainxeyzs — Wsian(xe)2a(s))/b(Xs)  forall s > 25(9), (4.16)

where W is the Brownian motion driving the initial SDER (1.1) for (Z, L). Note that, condi-
tional on Zg = (Xg, Ys), the law of (WEJFQSQ(S) _WiQ(S))SERJr is (by e.g. Lévy’s characterisation)
that of a standard Brownian motion, making the process independent of Zg = (Xg,Ys). More

enerally, the Brownian motion (W? A sck. is independent of the pair of processes
g Y (S) T "Vasn(5)/sERY

s+2so
((Zu)uzs, W3 s<a0(s))-

By Proposition 3.9 applied at time s = 2s(.S) to the process Z°°° defined in (4.6) (started at
(0,Ys/b(Xg)) and driven by the Brownian motion W defined in (4.3)) and supported on the
probability space on which Z and W were initially defined, there exists an extended probability
space with probability measure Pg := P22(5), supporting

a Brownian motion W and a copy 2000V WE of the process Z°# (4.17)

(with ys following the invariant distribution pu, cf. Remark 3.2 above). Moreover, Pg satis-

fies properties (1)—(4) in Proposition 3.9 at time 2s,(.S), where v is the law of Yg5/b(Xg) and
Zoo,V,Ws — Zoo,S.
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Since 2s(S) — 0o as S — oo, by property (1) in Proposition 3.9, we get

00,S 0, O,?S 7W/S _ 00,8 OO,(O,?S),W/S
Ps(Vs > 25(S), 25 — ZZOYIWE — (apore — xS ,0ga))

1— 2022205 5 1. (4.18)

S—o0
For all sg, s € [252(5), 452(95)], the triangle inequality implies

S 00,(0,Y5),W'S S 00,(0,Y5),W’S
|Zs - Zs ( ) - (Xso - Xso ( ) 70Rd)’1+d

<28 - 2291 a + 18 — xS

VS 1S VS 1S

+ |2505 — zo(OXP) W _ (XSO:’S _ X;OQ(O»Y IV 0ga) 144

<2 sup |27 - 227144
u<4s2(S)
VS /S S /S
+ sup |Z§°S _ Z;@(QY W (XS?,S _ X;)@(QY )W ,0pa)|14d-
u>2s2(9)
For any € > 0, we thus obtain
?S’ 1S i}S 1S
Ps( sup 125 — 220 OYIWE (xS x2OYIWE 00 ) 14a > €)

50,8€[252(S),452(9)]
< Pg(Is < 4sr(S) 1 |25 — 2251404 > €/2)

~ , 1S

+Ps(3s > 2() : 295 — ZROFIWS 4 (yof ;@52((5) DM 05a) o200 (419)
where the first and second summands in (4.19) tend to zero by (4.15) and (4.18), respectively.
Note that (4.19) looks much like the conclusion of the proposition we are proving, with a major
difference nonetheless: here the range in the supremum does not start at s = 0, but rather at
255(S), which tends to infinity as S — co. As we shall see, this issue will be remedied by the
function S = S(T'), obtained from the application of Lemma 4.5.

Define a random time

so = so(T) = (T — S(T))b(Xg(r)) %, (4.20)

which (by the inclusion in Lemma 4.5) satisfies sg € [252(5), 452(5)] for all large T" almost surely.
Claim 1. For sy in (4.20), the random vector

yT = yooys’wls follows the law p supported on B (4.21)

The Brownian motion WT' = (W] )icr, , given by W[ = W3 s — Wi, is independent of YT,

50
making the process Y YW o stationary solution of SDER (2.2) started at yT.
Proof of Claim 1. Since sy is a function of Xg and thus random, the claim in (4.21) does

not follow directly from the stationarity of the process yooysvw’s defined in (4.17). We first
establish the following fact:

Xg and (Y, W'S) are independent. (4.22)
Recall the chain rule [22, Prop. 6.8] for sub-o-fields H, G, Fi, F2 in a probability space:
H JLg U(fl,FQ) — H JLg Fi & H J—o(g,]—'l) fg, (4.23)

where o(Fi, F2) is the o-field generated by the subsets in F; U Fy and ‘H Lg F; denotes the
conditional independence of ‘H and Fi, given G (see e.g. [22, p. 109] for definition). If G is
trivial, then (4.23) states that # L o(F1,F2) if and only if # L Fy and H Lr, Fo.

Recall that Yy = Yg/b(Xg) and the definition of W¥ in (4.3) above. Since W is independent
of Zs = (Xg,Ys), we have W¥ I o(Yy, Xg). Thus Xg Ly WS by (4.23) (with trivial G,
Fi = o(Yo), Fo = 0(Xs) and H = o(W¥)). Furthermore, by property (4) in Proposition 3.9
and definition (4.17) of (Y5, W'S), we have Xg L o (To.WS) o(YS,W'S). Combining the two
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-
YV

zS(T)

FIGURE 5. Diagram of the interval inclusion in (4.14), together with various
times involved in the proof of Proposition 4.6. On the top (resp. bottom), are
marked times corresponding to the original process Z (resp. rescaled process Z°).
The diagram shows the ordering of times on top and bottom, not their scale
(e.g. T is different from so(T) = (T — S(T))b(Xg(ry) 2 in (4.20)). The smaller
(resp. larger) interval in the inclusion in (4.14) is indicated by the dashed (resp.
dotted) line. Proposition 4.4 controls the distance between Z5(T) and 2°°5(T) on
the large interval [0, 452 (S(T"))], which corresponds to the interval [S(T),S(T) +
4b(Xg(1))?52(S(T))] for the original process Z. In the proof of Proposition 4.6
we control the distance between Z7 and Z°* (the process started from the
invariant measure p of SDER (2.2), see Corollary 3.5 above) on the smaller
interval [0, so(T")], which corresponds to the interval [T, T + b(Xr1)%s(T)] (resp.
[s0(T), 50(T)+52(T)b(X1)?/b(Xg(r))?]) for the original process Z (resp. rescaled
process Z%).

conditional independence statements via (4.23) (with G = o(Yp), H = 0(Xs), F1 = c(W?) and
Fo = (Y5, W), we obtain Xg Ly (Y5, WS W¥). In particular, the following holds:

Xs Ly o(Y5,W¥). (4.24)

By property (3) in Proposition 3.9 and definition (4.17) above, we have Yy I (Y5, W'S). This

independence, together with (4.24), yields (4.22) via the chain rule in (4.23) (with trivial G).
By definition (4.17), the process yooys’wls is in stationarity. Since the time sop = so(T") =

(T—S)/b(Xg)? is a deterministic function of Xg, by (4.22), the unique strong solution Yoo wrs

~ VS 1S
of SDER (2.2) is independent of the time so, making the random vector Y7 = Y5> W™ follow
the stationary law p. Lévy’s characterisation implies that W' is a Brownian motion. The

strong uniqueness of solutions of SDER (2.2), together with (4.21), implies the final statement
in Claim 1. &

Define s(t,T') := so(T)+tb(b)(()S((TT)>2)2, where we recall so(T) = (T'—S)/b(Xs)?. Unless otherwise

stated, to simplify the notation, we suppress the dependence on 7' in these functions (e.g.,
S = S(T),s0 = so(T),s(t) = s(t,T)). For T > Ty and t € [0,5(T)], by inclusion (4.14)
in Lemma 4.5 the following inequalities hold: 2s(S) < s(t,T) < 45(S), see Figure 5. In
particular, since by Lemma 4.5, S(T) — oo and s(S) — oo as S — oo, we have so(T) — oo
almost surely as T' — oo.

By definition, the times s(t) and sq satisfy T+b(X7)?t = S+b(Xs)?s(t) and T = S+b(Xg)?s0.
Moreover, by definition (2.4), we get

_ b(Xs
VI =0(X7) " Yriwixry = b(()(T;yf(t)' (4.25)
Similarly, again by (2.4), we have X = b()I(T) (Xrgpxpy2e — Xr) = b(TlT)(XSer(Xs)QS(t) - X7),
Xsit) = ()(TIS)(XS+6(X5)2s(t) — Xg) and XS% = b()l(s) (X7 — Xg), from which we deduce
b(Xs
ﬂ:()m%—ﬁy (4.26)
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Note that SDER (3.1) possesses strong uniqueness, implying that (Y7, W7) in Claim 1
satisfies

ZpoOVIWE _ ZoaOXDWE _ (oo 0V WS ooy forall t € Ry,

where (Y5, W'S) are defined in (4.17). Since s(t) — s = Mt, we deduce

b(Xs)
,?Sywls _ Y WT (O YS) WIS 0 Y W/S B OO,(O,YT),WT
Yo yooXT>2 . A — xo0F9), = Xy , (4.27)
7! b(Xsg)?

We now prove that ||ZT—Z°°’(0’?T)7WT 110,55 (7)] (pig) 0 for some function s3 : (0,00) — (0,00)

satisfying s3(7") — oo as T — oo. By Lemma 4.3, 1t sufﬁces to prove

|27 — 20T DA T8
T—o00

for every fixed s € (0,00). We first consider the y coordinate of the processes in the last display.
By (4.25) and (4.27) we obtain

ST T ,?S,W,S 7}'}T}V{}T ,?S,W/S
| YT — YooYW g < sup (Wt -V la + 195 =V 4)

te0,s]
b( ) 00, Y S W'S
< sup Vig -y ’
te[0,s] b(Xr) s d
0o fo%e) vT \T
+ sup |97V eV
te(0,s] b(XS)2t d
< Ai(T) + A2(T) + As(T),
where the first summands equals A;(T') = |Z§T) 1 supyepo o |V (t) ls|d, the second sum-
mand is given by Ay(T) = ngT% SUDP¢efo,s] D/ :’&)YS W S\d and the third is
0o o) vT \T
A3(T) = sup |Yo7 WV _y o (4.28)
tE[O,S] b(Xg )2t d

Since || Y>> v W/SH 0,00) < 1, we have A;(T) — 0 almost surely as T — oo by the strong law

n (2.1), Lemma 4.5 (whlch implies S(T')/T ~ 1 as T — oo) and the asymptotic behaviour of b
in Assumption (D] ). In addition, by (4.19), for T sufficiently large so that sy(T) > s, we have

1S
0<A(T) <2 sup |Vy, f(i)y W7+ o0l b(Xs5) 5 q (4.29)
t€[0,52(T)] b(X7) =
S Yswrs (proba)
<[ y7 -y | (262(T) 42 (7)) + 001 bEXs§>2 oo U

since b(Xg)/b(Xr) — 1 almost surely as T' — co.

Claim 2. A3(T) (pT—Ob;l) 0, where A3(T") is defined in (4.28) above.

Proof of Claim 2. Recall that, for any § > 0 and m > 0, the modulus of continuity of a
function f : [0,00) — R¥ is given by

we,m (f) =sup{|f(u) = f(v)| : w,v € [0,m], |u —v| <4}

Since Z°%# is almost surely continuous, for any given s > 0 we have ws ;(Z°") m 0 almost
—

surely, hence also in probability. By (4.21) in Claim 1, for every T > 0, the law of 2000 YT WT
equals that of Z°# (cf. Remark 3.2 above). Thus, for every € > 0 and s > 0, there exists 6 > 0

such that
}P’S(w@S(ZOO,(O,Y/T),WT) >€) =P(wss(Z°H) >€) <e forall T >0.



CLT FOR SUPERDIFFUSIVE REFLECTED BROWNIAN MOTION 27

For any constant s > 0 and ¢ € (0,1), on the event that |b(XT§§ — 1]s < 4, it holds

b(X
00,(0,YT),WT 00,(0,YT),WT 00, YT WT
sup Z _Zb(XT) . 1+d _w’b(XT)Qfl‘ser(S(Z )
tE[O S] b(Xg )2 b(XS)2 ’

S w6’8+1(2007(07?T)’WT)'
Since S =S ( ) ~T as T — oo by Lemma 4.5, by decomposing the probability space depending

XT; — 1]s is larger or smaller than 0, we obtain

on whether |3

00,(0, YT WT 00, 0,17T ,WT
hmsup]P’( sup ’Z o ) —Zb(X(T>2 ) |1+d>6>
T—o0 te0,s] b(XS)Qt

) b(Xr)? 00,(0,YT), AT
Sh;njolipp(‘b(Xs)Q —1‘825) +P(w5’5+1(2 ) Ze)

=P(wss(Z°H) > €) <e.

Hence for any s > 0 we get

y Ty WT vy WT b
sup |Ztoo7(0,Y )W _ZE&(ESE/ )W It (proba) 0, (4.30)
tel0,s] b(Xg)2 T—o0
implying that A3(7T), defined in (4.28), converges to zero in probability. &

As for the x coordinate, we proceed similarly. Recall (f/T, WT) introduced in Claim 1 above.
Using the triangle inequality twice and then (4.26) and (4.27)7 we deduce

B P R ey
b(xg)2" b(Xg)?2

b(Xs) 00,(0,¥T) WT b(XS) 500,007 T),WT

= ‘b(XT) a 1‘ ' ‘Xf;g(@ ) ‘Jr ‘XtT B b(XT)XI;E;(gijt ) ‘
g e

b(Xg)2

_ ’b(Xs) B 1‘ . ‘ 00,(0,7T),WT ’ 5, (0 T)AT 100,05 T) W7

o P T
b(Xs)

(0, Y5 w's 00.(0.75) WS
(X5 = x8) — (OO = e @YW (g 31)

b(Xr)
Taking the supremum over ¢ € [0, s] in (4.31), we deduce

&7 — oo OY W < Bi(T) + Bo(T) + Ba(T),

where B1(T'), Bo(T), B3(T) are the suprema over t € [0, s] of the three summands in (4.31).
The term Bs3(T') tends to 0 in probability as T — oo by (4.30). The term By(T) also
tends to 0 in probability by (4.19) since, for all T such that s(T) > s, t € [0,s] implies
s(t) € [252(5(T)),45(S(T))] and the following limits hold by Lemma 4.5: as T — oo we have
S =S8(T) = oo and (T) — oo.
The convergence Bi(T') — 0 is less immediate than that of A;(7") — 0 above: unlike
yoo,(O,?T),WT 0,y Ty, WT

, the process X is not bounded. We conclude the proof of the proposi-

tion by establishing

b(Xs) 00,(0,YT),WT | (proba)
By(T —( —1‘ x> W (proba) 4.32
SR 75 m Rl 05 PR o (4:32)

By Claim 1, the distribution of the process X 00,(0.Y )W qoes not depend on T'. In partic-
ular, ||X oo,(o,?T),WT”[OQS] is an almost-surely finite random variable whose distribution does
not depend on 7. Hence, for every ¢ > 0, there exists Cc. € (0,00) such that the event
E.r = {||&> 00, (0.YT) WT||[0 25) > Ce¢} has small probability uniformly in the parameter T*
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Ps(Eer) < €/2 for all T > 0. By decomposing the probability space according to E.r, we
obtain

b(Xs) (O, T) T b(Xs)
. 00, (U, ) > <
Ps(’ b(X7) | X l(0,25) = 6) <Ps(Eer) + PS(’ b(Xr) /Ce>
b(Xs)
< _
_6/2+Ps(lb( 1‘_ /C)
Since furthermore ]b(XS — 1| converges in probability to 0 as T" — oo, it follows that
b(Xs) vT (proba)
_ 1‘ ] 00, . )
ey U o2 =5 0

As in (4.29) above, since 2g§§ ;z < 2 with probability tending to 1 as T' — oo, we deduce that

the inequality

X7)
te[0s]"  Hixg)2

0T < o 0TI

also holds with probability tending to 1 as T'— oo, implying (4.32). O

4.4. Asymptotic independence. As we have established the convergence of the rescaled ran-
dom vector Y7 /b(X7) in Corollary 4.8, we now consider the joint convergence (after appropriate
centring and scaling) of the vector (X7, Yr), even though we have not yet established the con-
vergence of the first component. (The latter we do in Section 6.) The reason for establishing
Proposition 4.9 in the present subsection, rather than later, is that its proof relies on arguments
and results developed earlier in Section 4 above.

Proposition 4.9. Assume that there exists a probability distribution p on the real line such

1
that, as T — oo, the quotient % converges weakly to p. Then, as T — oo, the couple

(XT — ClTﬁ YT )
VT ased]T8/048)

converges jointly in distribution to the product p @ p (where u is the stationary measure of
SDER (2.2), see Corollary 3.5 above).

We will prove in Subsection 6.4 below that the weak convergence of X , assumed in Propo-
sition 4.9, holds when 8 > —1 with p the centred Gaussian distribution with variance in (2.3)
above. This final step will conclude the proof of Theorem 2.1.

By the strong law in (2.1) and Assumption (D3 ) on the boundary function b, we have
awchﬁ/(Hm/b(XT) — 1 almost surely as T' — oo. It thus suffices to prove that the random
vector
Xr— T Yp

vT T b(X7)
has, as T" — oo, the limit distribution given in Proposition 4.9.

Our proof of Proposition 4.9, which essentially states that Xp and Y7 are asymptotically
independent, relies on the fact that the mixing time of X is much larger than the mixing time
of Y. In the time windows from S to T', where (by Lemma 4.5 above) S = S(T) satisfies

28
|S(T) —T| = O(T™5 logT'), we will show that X hardly fluctuates (see Lemma 4.10 below).
- 23
On the contrary, since the mixing time of Y is of order T'1+# | which is much smaller than T'— S

(recall from Lemma 4.5 that T — S > 2s5(5)b(X)? is lower bounded by a multiple of SQ(S)T%
as T — oo and s(S) — o0), the value of ?T is almost independent from Zg = (Xg,Ys) (cf.
Lemma 4.11 below). In partlcular since Xy is approximately equal to Xg, the asymptotic
independence between XT and YT follows.

(X7,Y7) = ( ) (4.33)
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Throughout the present subsection, we fix s; the function given by Proposition 4.4, and the
functions s, and S produced by Lemma 4.5, when applied to that function s;. When a sequence
(T)nen is given, we define S,, := S(T},).

Lemma 4.10. Let (T),)nen be a deterministic sequence such that T,, — oo. Assume that

n—roo
Xs,,, defined in (4.33), converges in distribution, as n — co. Then, in probability,

n’

XTn —Xsn — 0.

n—oo

Proof. Let T > 0 and S = S(T). Recall that Z2°°, defined in (4.6), solves SDER (3.1) with
initial condition (0,Ys/b(Xs)), and its first component is denoted by X>9. Recall also that
the 2-component of Z;°, defined in (2.4), equals X;° = (Xgqan(xg)2 — Xs5)/b(Xs). Rearranging
the terms in the difference XT — Xs, we obtain

. _ NG - 1,1 1
X —Xg :<ﬁ — 1>X5 + TIT(SHﬁ — TTH3)
b(Xs) b(Xs)

X% s —X%5 )+ x5
VT ( b<TXSS)2 b(TXsS;2) vT b(TXSS;Q
26
Recall that, as T — oo, we have S/T — 1, T — S = O(T+5 log(T)) (this follows from the
1
properties of S given by Lemma 4.5), that X7 ~ Xg ~ ¢;TT+# almost surely by the strong law

__B_
n (2.1). Therefore b(Xg)T +F — aoocf as T' — oo. We now show that the summands in the
last display tend to 0 in probability, along the sequence T' = T,,, as n — oo.

(i) Since we know Xg, converges in distribution, we have

(5w o

(ii) Since T'— S = O(T% log(T)) as T — oo and f € (—1,1), we deduce

1 1 1 1 B
TTE — §TF — —_TT8 YT — S+ o(T — §)) = O(TT log(T)) as T — oo,

143
hence, as 8/(1+ ) < 1/2, we obtain
\/TTL(S" T, ") — 0. (4.34)
(iii) Since, by (4.14), we have T' < T + b(X7)%5(T) < S + 4b(X5)?52(S) < S + b(Xs)%s1(9)
and hence T_g
It follows that (recall s; was chosen so that (4.9) in Proposition 4.4 holds)
b
X5 — Xo%:qs < ||XST75 - Xo%igs ‘|[0751(5)] (pi;l) 0
b(Xg)? b(Xg)2 b(X g)2 5(Xg)2 T—00
Since b(Xg, )/v/T, — 0 (hence is bounded), we deduce
b(Xs,) xS xS, |
VT, b(Xg,, )2 b(Xg, )2 T
(iv) Write
b(X5) -os T-S /1. , T8
X705 :7<7 > ) with §:= .
VT “ixgr VTh(Xs) s b(Xs)?

i
Since almost surely b(Xg)™! = O(T" 8) as T — oo, we get

T-—S _ 28 _1 B _1 (proba)
T bk X)TrO(TTHE 2 10gT) = O(TTH5 2 1log T) "—" 0. 4.35
DXa)/T (Xs)~'O( gT) ( g )T%O (4.35)



30 ALEKSANDAR MIJATOVIC, ISAO SAUZEDDE, AND ANDREW WADE

By the inclusion in (4.14), for T sufficiently large, it holds T — S > 2b(Xs)%s2(S). Thus,
s> 25(S) - oo as T — oo. We now claim that %Xfo S converges in probability to a
deterministic limit as s — oco. This follows from [34, Thm 2.2] and a localisation argu-
ment detailed in the final paragraph of this proof, below. Assuming this convergence,
and using (4.35), we deduce

X
b( Sn)Xo;z,?S (pr_obg) 0
‘/Tn b(}sn;é n—00

Points (i)(iv), together with the first display of the proof, imply that X7, — Xg, converges in
probability to 0 as n — co.

It only remains to deduce the claimed convergence in probability claimed in point (iv). Let Dy
be a domain with smooth boundary lying inside R x B¢ and satisfying DoN (R x RY) = R, x B¢
with intersection Dy N (R_ x R?) being compact. We consider on Dy the SDER with smooth
coefficients which extend those of Z°% on Ry x B?. For ¢ > 0, let Z¢ = (X¢,)°) be a strong
solution, driven by the same Brownian motion as the one driving Z°°, and with starting
point Z§ = (¢,Ys/b(Xs)). Let 7. € Ry U {oo} be the first time when A€ hits 0. Then, for
t<Tey Z;° S = 27 — c. Thanks to the localisation, the process Z¢ is in the family of processes
studied in [34] (with the exponent 8 = 0, as we are working here in an asymptotic cylinder).
By [34, Thm 2.2], there exists ¢ € (0,00) which does not depend on ¢ and such that almost
surely, %XSC — £. Thus, almost surely on the event {7. = oo}, %XSOO’” converges to £ as s — 0.
By [34, Prop. 5.3], the probability of {7, = co} goes to 1 as ¢ — oo. Hence, almost surely,
%XSOO’S converges to £ as s — oo, as claimed. O

Lemma 4.11. Let (T))nen be a deterministic sequence such that T, —2 00 Assume that
n—oo

Xsn, defined in (4.33) above, converges in law to a distribution p, as n — oo. Then the couple

(Xs,,» yz’;’b}s )/b(Xs )2) converges in law to the product distribution p @ p.

Proof. Recall that Y9 is the y-component of Z°9 defined in (4.6). Let p, and v, be the
distributions of Xg, and Zg,, respectively. Let I';, be the joint distribution of the random
vector (Xg,,, y;’;’%s ) /b(Xs )2). Define the following deterministic functions: p,((z,y)) = (z —

1 -
clSﬁ+ﬂ)/V Sns sn((x,y)) = (Tn - Sn)/b(x)2 and yn(x,y) = y/b(m) Then we have: Xg, =
pn(Zs,,), the process Y% starts at y,,(Zs, ) and (T, — S,)/b(Xs,)? = s,(Zs,). Thus,

Pn = /5pn(z) dvp(z) and T, = /(5pn(2) ® (Oy,,(2)Por () dvn(2).

The convergence we seek to establish is equivalent to the convergence of dpox(I'y, p@u) — 0
as n — 00, where dpy is the Prokhorov distance, metrising weak convergence. Recall the
following elementary facts about the Prokhorov distance: for any measures p1, po, p3, it holds

dprok (pi1, pr2) < drv(p1, pr2) and dpyok (p1 ® ps, p2 @ p3) < dprok(p1, p2). In particular,

dProk(Fm P& ,U) < dProk(Fm Pn @ M) + dProk(pn QW p& :u)
< dTV(Fn; Pn & H) + dProk(pna p)

By assumption, dpyok(pn, p) — 0, so it suffices to show that

dry(Tp, pn @ ) — 0 as n — oo.

Let A < 1 and Cp < oo be given by Corollary 3.5. Fix € > 0, and let s be such that CoA® < €/2.
For n large enough, with large probability, (T}, — S,)/b(Xs, )% > 252(S,), and 2s(S,) — oo as
n — 00, so there exists ng € N such that P((T}, — S,,)/b(Xs, )% < s) < €/2 for all n > ng. Then,
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for all n > nyg, it holds
1y (T, pn @ 1) = ey ([ G © Gpur P 0 (2): [ G @) dn(2))
< /dTv(5pn(z) ® (Oy(2) Pon(2)) Opn(z) © 1) dvm(2)
= [ vy Py ) )
= /]lsn(z)<sdTV(5yn(z)P§:(z)7 ) dvp(2) + / L, (2)>sd1v (O, (2) Por 2y 1) v (2)

< /ﬂsn(z)gs dyn(z) + sup dTV(dyn(z)Ps(z)aﬂ)

z:5n(2)>s

<P(T, — Sn)/b(Xs,)? < 5) 4+ CoX* < €/2+¢/2 =,

which concludes the proof of the lemma. O

Proof of Proposition 4.9. Tt is sufficient to show that the weak convergence of the pair (X7, Y7),
defined in (4.33) above, holds along any arbitrary sequence (T},)nen, satisfying T,, — oo as
n — oco. We fix such a sequence (7},)nen.

By the assumption of convergence in Proposition 4.9, it holds that X s, converges in distri-
bution to p as n — oo (recall that S, = S(7},) — 00). By Lemma 4.10, X5, — X7, tends to 0
in probability as n — co. Thus, by Slutsky’s theorem,

- - d
(X1,,Y1,) iGN PRp = (Xsn,YTn) () > P p
n—oo

We now prove that the right-hand side holds, concluding the proof of the proposition.

Let ', be the distribution of (Xg, ,Y7,). By Corollary 4.8, Y7, = Y7, /b(X7,) converges in
distribution to @ as n — oco. As both marginal distributions of I';, converge weakly, it follows
that the family (I',)nen is tight. By Prokhorov’s theorem, it suffices to show that for any
convergent subsequence (I'y, )ren, the limit law T, supported on R x B, equals p® u. We fix
such a subsequence, which for simplicity we call n. To summarise, we are given a sequence
(T,)nen, such that T,, — oo and

(Xs,,Y7,) — T and Xs, — p,
n—oo n—o0
in distribution. It then suffices to prove that T' = p ® .
By the inclusion (4.14), for all n sufficiently large, we have
Tn - Mn
Ty, < S+ 4b(Xs, 252(Sn) < Sn + b(Xs.)251(S,), and thus M‘S;z € [0,51(S)].
Sh,
It follows from Proposition 4.4 that
) Sn Sy, (proba)
VT s pxs e~ Y -swmxs, 2| sz
Furthermore, by the definition in (2.4) of Y, we obtain
~ Y ) (proba)
Sy, B Tn B T.) | @
‘y(Tn—sn)/b(Xsn)2 Yr,| = ‘b b(Xr,) ’ = ‘b(Xs 1 s 0

By triangle inequality, we deduce D)F;’st )/b(Xs )2 Y7 | also converges to 0 in probability.

00,5
Tn—Sn)/b(Xs

in distribution to (N,Y',Y?), with Y! = Y2 and (N, Y") distributed as I. By Lemma 4.11,
the distribution of (N, YQ) is p @ p, implying T' = p @ p. O

Using Slutsky’s theorem again, we deduce that the triple (Xg, , Y7, , )}( ) ,) converges
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5. ERGODICITY

Our goal in this section is to establish asymptotic behaviour of certain additive functionals
of the reflected process Z = (X,Y) following SDER (1.1) in terms of the invariant measure
w, supported on B? and characterised in Corollary 3.5 above. In the proof of the central limit
theorem for X in Section 6 below, integrals such as the one in the following proposition appear
naturally through It6’s formula.

Proposition 5.1. Let P = Py + P + P> be a polynomial in d variables of degree 2, where P,
is homogeneous of degree p € {0,1,2}. Define P == Py + axoP1 + a2 Py (see Assumption (Dy)
for the coefficient ano > 0), assume 3 > —% and recall the constant ¢ from (2.1). Then,

2 (T Y, 1 .
T 1145 / thP(—t)dt (probe) icfﬁ Pdp,
0 Xtﬁ T—oo 14303 Bd

where p is the unique invariant measure of SDER (2.2) (cf. Corollary 3.5 above).

The proof of Proposition 5.1 subdivides the time interval [0, T'] into pieces of adequate length,
so that the process X has little variation over any of these subintervals. To this end, we use a
function s3 : Ry — Ry for which Proposition 4.6 holds, and which we can assume is bounded
below by 1. We then take a function s; < s3, also bounded below by 1, satisfying s4(7") — oo
and s4(T') = O(log(T)), as T — oo, and, in particular, T' ~7p_oc T + T%&;(T). The key step
in the proof, given in Lemma 5.2, consists of estimating the integral in Proposition 5.1 when

26
the interval of integration [0, T is replaced by [T, T + C*T+5 54(T)] for some C > 0.

Lemma 5.2. Let ¢ > 0 be a non-negative real number and let P be a homogeneous polynomial

in d variables of degree p, i.e. P(\y) = NPP(y) for all A >0 and y € R%. Let C = aoocf, where

oo and ¢y are defined in Assumption (DJ) and (2.1), respectively. As T — oo, in probability,
26

1 T+C2T1+B 54(T)
2B+pB+tq / XIP(Y;)ds — aﬁoc‘{ﬂ’ﬁ/ Pdu =: ¢4. (5.1)
C2T 1+5 54(T) T B

28
Proof. As T — oo, we have X1 ~ clTﬁ (by (2.1)) and T + C*T 8 54(T) ~ T. Thus,

sup T 5 |X9— X2 — 0. (5.2)
28 T—o00
SE[T,T+C2T 148 54 (T)]
Furthermore, by (D), (2.1) and (5.2), we have
__B_
sup |7 +6b(Xs) — C| — 0. (5.3)
28 T—o0

SE[T,TH+C2T 148 54 (T)]

Limits (5.2) and (5.3) hold if we replace [T, T + C*T T s4(T)] with [T, T + b(Xr1)%s4(T))].

To prove the convergence in (5.1), we would like to be able to replace the X with Xp, and
we first show that the error so committed goes to 0 as 7' — oo. Since P is homogeneous of
degree p and |Ys|4/b(X5) is bounded by 1, we have

1 T+02T12TBS4(T)
/ X2 — X3 P(Y,)] ds
s4(T)

2B+pB+gq
C2T 145 T

1
< —Fg sup | X{ — XL P*b(Xy)P

T 1+8 28
te[T,T+C2T 148 54 (T)]
—_a_ —pB
— p* sup T 5| X1 — XY sup TT5 b(X,)P
24 28
te[T,T+C2T 148 54 (T)) te[T, T+C2T 148 54 (T))

— 0,

T—o00
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where P* = sup,cga | P(y)| and the last convergence follows from (5.2) and (5.3). It thus suffices

_B_
to prove (5.1) with the factor X replaced with X7. Since X7 ~ ¢;T1+5, it is then easily seen
that the case ¢ = 0 implies the general case. In the remainder of the proof we assume ¢ = 0.

26
Now, we wish to replace the integral bound T + C?*T'1+5 4 (T) with T + b(X7)%s4(T) in the
left-hand side of (5.1). Let us estimate the error:

T+C?T1+8 1+ﬁ s4(T)
\ / P

CQT( 1112B 54 THb(XT)25(T
< W‘b (Xr)? C’QTW‘ w b(X,)P
CT 155 [TT+54(T) max (C2TTH8 b(XT)Q)}
28
~ P*CP—Q‘b(XT)QT‘W —02‘ 0.
T—o00 T—o0
Thus, it suffices to show that in probability,
1 /T+b(XT)2s4(T)
_— P(Ys)ds — Cp/ Pdu.
C2T 5 5y(T) T T T

Recall that by definition (2.4) of 27 = (X7, Y7T), we have Yrio(xr)2e = b(X7)YE. Since P is
homogeneous of degree p, we obtain

1 T+b(XT)254 (T) b(XT)2 s4(T)
(2+p)B / P(YS) ds = (2+p)B / P(YT+b(XT)25) ds
C2T 5 5(T) /T C2T 45 54(T) /0

b(X)P+2 sa(T)
((23;))& / P(yST) ds
CZT 455y (T) 70

sa(T)
Cp) / PYT)ds
0

laY
T—o00 54(T

To conclude, it thus suffices to prove

1 sa(T) (proba)
PYT Pdp. 4
54(T) A (ys )ds T:Zo Bd d'u (5 )

Since s4(T) — oo as T — oo, by Birkhoff ergodic theorem (see e.g. [12, Thm 2.8]) applied
to the stationary solution Y°%* of SDER (2.2), started from its unique invariant measure p
(cf. Corollary 3.5), we obtain

1 s1(T)
/ P(Y>H)ds — Pdu almost surely, (5.5)
54(T) 0 T—o00 Bd

and hence in probability. Thus, (5.4) follows if there exist couplings (PT)7o of Y7 and Y
such that for any ¢ > 0 we have

1 sa(T)
PT( / |P(YT) — P(Y>H)|ds > e) <€ for all sufficiently large 7.
s1(T') Jo

The couplings PT' of the pairs of processes (27, zoo(
this requirement: recall that 2,0YT)WT has the same law as Z°°# and that for any € > 0,
there exists a deterministic time T > 0 such that for all T' > T we have

PT(||2T - ZoOH, >e€) <e.

07“7T’VX}T), T > 0, in Proposition 4.6 satisfy

054

Here and in the remainder of the proof we identify ZOO’(O’YT)’WT and Z°°# and recall that its
y-component J>** is stationary, following SDER (2.2) on B¢ with invariant measure . On the
event || ZT — Z°#||;g o,y < €, we have [V |q < [V = V7™ |a+ 1 < e+ 1 for all t € [0, 54(T))].
Thus, on this event, it also holds |[P(V]) — P(V;°*)| < €K, for all t € [0, 54(T)], where K. > 0
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is a Lipschitz constant of the polynomial P restricted to the ball around the origin in R¢ with
radius (1 4 €). Thus, for an arbitrary e € (0, 1), there exists Ty such that for all T > Ty with
probability greater than 1 — ¢,

Lo P! — PV dt < eK
[ IPer PO < exc,
Thus, in probability,
1 / o - PO 0
S4(T) 0 ¢ ¢ T—o00 ’
which, together with (5.5), implies (5.4) concluding the proof of the lemma. O

Remark 5.3. There is an alternative approach to Lemma 5.2: instead of coupling Y7 with the
stationary process and V" using Proposition 4.6, we could couple it with the process Y7
using Proposition 4.4. This is appealing as the proof of Proposition 4.6 is much more involved
than that of Proposition 4.4. However, the latter approach would require a stronger form of the
ergodic theorem, namely one that is uniform in the starting distribution:

1/5P(y3°vy)du—/ Pd,u’ 26) — 0.
0 Bd

S $—00

Ve > 0, supP(

This could be established via the usual Birkhoff ergodic theorem (i.e. using (5.5)) and the
coupling (Y>T, Y>> provided by Proposition 3.9 (with v the law of Y7/b(X7)), so that with
large probability Vi T = Y2 for all u > ¢, where t = t(s) is chosen such that 1 < t < s
(i.e. t(s) A and t(s)/s = 0). We stress that Proposition 4.6 is nevertheless essential in

the proof of our main result, as it is used to imply the convergence of the second component in
the limit in Theorem 2.1 (see also Corollary 4.8).

Recall C' = aoocf from Lemma 5.2 and define recursively an increasing sequence (7},)nen,

28
Ty =1 and T, =T, + C*T,, " s4(T,) forneN. (5.6)
Note that for T = T, in Lemma 5.2, the upper bound in the integral is exactly Tj,+1. As s4 is
bounded below by 1, T,, — co as n — oo for all § € (—1,1) (or even 5 € R). For > 0 this is
clear. For 8 < 0, if T, < D for all n € N and some constant D € (0,00), then the increments
268
satisfy T41 — 1), > C?D71+8 for all n, making 7T}, in fact unbounded.
The elementary result in Lemma 5.4 is established in Appendix A.3 below. The proof relies
on the fact that s4(7T) grows more slowly than any positive power of T, as T — oc.

Lemma 5.4. Assume > —% and let o = % (then 1+ a > 0). For (Ty)nen in (5.6), as
n — oo, we have

n 1+a

n
T
S (Tt = TITE = T = o) and > (Ter =TT = 7 (14 0(1).
k=1 k=1 e

Proof of Proposition 5.1. By linearity we may assume P = P, for p € {0,1,2}. We let again

a= % By homogeneity, the integral we are trying to estimate can be expressed as

T 28 Yt T (2-p)B
T4 | XPP(—)dt=T"1" [ X PP dt.
t B t
0 X, 0

For R > 0, let Er be the event supys; T_ﬁXT < R. Recall (T),)nen in (5.6) and let

L o [T 28 T2 [T e
I, =—— T+ X PPy dt = —=2—— X7 PP Py de.
n Toi1 — Tn n /n t ( t) 0254(Tn) /n t ( t)

On the event Eg, the sequence (T, sup;eiz, 7, 1] XISQ*p)’BP(Yt))neN is bounded, say by C".
It follows directly that the sequence (I,)nen is also bounded by C’ on Eg. Furthermore, as
noted above, the sequence (T),),en is deterministic and diverges to oo, which allows us to apply
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the limit in (5.1) of Lemma 5.2 (with ¢ = (2 — p)f3), ensuring that I,, converges in probability
to c4. Thus, I, 1E, converges in L? to cslp,. Let € > 0 and ng € N such that for all n > ny,
|(I, — ca)1 g, |12 < e. Using the identities

Tn (2-p)B n—1 1 " 1 n-l T
XPP(Y)dt = Tpv1 — Tp)THT — T = t™* dt
L N N i 3 AL
we get,
I (2-p)B 1
—-p +a
O | B
Jeal o
< LS (O - o [ 0
l48) [
+ 1 Tpo1 =TT —c t>dt
149+ (1+p)p ; It (e =TT e T e
n—1 Tri1
3 ([T = TOTE e = ) o + el Ticrs — TTE — [ 1))
k=ng Ty
n—1 Ti+1
<0()+ 3 (T = )T+ leal| (T~ TTE — [ e2at])
k=ng Ty
n—1 n—1
SOGH%ZNHH—ﬂﬂﬂHwE}ﬂH—HWKrJﬁ
k=ng k=ng
< T1+a T1+a
<y ol o),

where the last inequality follows from Lemma 5.4. Here the O(1) depends on € but not on n.
We deduce

T,
n _ 1
H]lER </1 Xt(2 p)ﬂp(y;) dt — ¢4 o aTg—i-a) ‘ < T1+a + O(Tl—i-a)

- 1+a

Since € is arbitrary, we deduce

Tn
]1ER<Tn1°‘/ XEPPP()dt - ) £ o
1

o/ n—oo

Since T}, ~ T,4+1 and sup{t_aXt(zfp)BP(Yt) 1t > 1} < oo on the event ER, we easily deduce
that the convergence extends to T' € R. Moreover, we can also make the integral start from 0
rather than 1:

B, T a/ xFPPp(y;)dt —> ? gy —

Since R is arbitrary and by the strong law in (2.1) we have P({Uz-o Er) = 1, the claimed

convergence in probability holds (note IJ%O[ = %) U
6. CENTRAL LIMIT THEOREM FOR THE HORIZONTAL PROCESS

We assume that 5 > —% in this entire section. We emphasize again that this is not for

technical reasons. We now introduce the functions which will help us study the asymptotic
behaviour of X. First, we define g : D — R and B : Ry — Ry by

o S0 ‘y’ o v / /
olay) =+ 0 M@~A%@Nw

where by is equal to b on [1,00), supported on [%, o0), and smooth on [0, 00).
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A0

In order to study the second order behaviour of X, we analyse the process £ = B(g(Z)). 1t0’s
formula implies the following semimartingale decomposition for &:

t t
=+ / 1(Ze)ds + / A(Zs)dL, + M, (6.1)

where the quadratic variation of the local martingale M is given by [M]; = fo s)ds. The
exact expressions for the functions p, f : D — R and A : 9D — R are given in Appendlx A4
below, where we also give the proof of the following lemma, which contains all the information
we require about these functions.

Lemma 6.1. The functions g,u, f : D — R and A : 9D — R are continuous and the following
asymptotic equalities hold:

gley) = x+0(@"), (6.2)

(z,y)€D
—2
S0 B—1

w(z,y) o(z 2), (6.3)
G 20

Mz,y) = ol %), (6.4)
(z,y)€0D

flay) = d2a®Q(L) + o), (6.5)
(z,y)€D x

where Q : RY — R is the quadratic polynomial given by

0o 280
Q(y) = X5y + Zzo Y+ Z by

0 4,5=1

Recall from the discussion preceding Assumption (C* ) that the asymptotic statements in
Lemma 6.1 mean

l9(z,y) — x| . [z, y) — Sé’fo
g <>, limsup sup ———F—"2- =0, etc.
X

limsup sup 6
=00  y:(z,y)ED

A crucial point of our strategy is that the function g has been Chosen so that its gradient is
almost orthogonal to the reflection vector field, making the inner product (¢(z), Vg(z)) nearly
zero (when the process is far away from the origin), and consequently the function A very small.
The result of this tuning via the function ¢ is that the contribution to & from the local time
term in (6.1) is itself exceptionally small, when ¢ is large, which allows to bound this term in a
rather imprecise way and still obtain a good estimate for &.

We will now estimate separately the martingale M, the smooth drift [ u(Zs)ds, and the
local time contribution [ A(Z;)dLs, relying on our estimates of the functions f , 4 and A in
Lemma 6.1 and the following elementary result, whose proof is omitted for brevity.

Lemma 6.2. Let § € (—%,1). Then, m
continuous function h : [ty,00) — R, the following implications hold:

—1 and 1+6 > —1. For any tg > 0 and any

W) = o(tam "hs)ds = ottt 6.6

), 5,007 = [ his)as = oA T, (6.6
t

h(t) = olt7) = , s = ot 79). (6.7)

6.1. Estimation of the martingale part. Recall that [M]; = fo

28
Lemma 6.3. Let 5 > —1/3. AsT — oo, T™ " 8 [M]r converges in probability to the constant

d
1+8 o 29 230 sg
§2.= — TP 2 (z + 203y e Ay, + 20§y und )
1+ 33 AxoCq 0,0 Z de] Hy C% j;l 5.k dejyk Hy
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1
Proof. Since almost surely, Xy — oo and s +7 X, is bounded away from 0, (6.5) implies that,
S—00

almost surely,

Y. 28
1(2) = a2 XPQ(5) + ofsT5),
S
By applying (6.7) to the continuous function s — f(Z;) —agonﬁQ(;;? ), we deduce that almost
surely,
T _%([M] —a? TXQBQ(YS)dS) — 0 (6.8)
T &0 0 s )(f T—o0 ' ’

By applying Proposition 5.1 with the quadratic polynomial @), we deduce that for g > —%, in
28 2B

probability, 7' "7+5 [F XPPQ(3:)dt — % as T — oo. By (6.8), it follows that 7'~ 73 [M]y

converges in probability to S?, provided 3 > —%. (]

Lemma 6.4. Let N be a continuous local martingale, and assume that for some positive con-
stants v and V, as t — oo, t=27[N]; converges in probability to V. Then, t=YN; converges in
distribution to a Gaussian distribution with variance V. and mean zero.

Proof. Let € > 0. Let § > 0 be such that, for W a standard one-dimensional Brownian motion,

P( sup |[W,—Wy|>e¢) < <
e[V =8,V +0] 2

Such a § exists by continuity of the Brownian motion. Let T be such that for all T > Ty,

P(|T~*[N]y — V| > 6) <

|

For a given T' > Ty, the process t — T~ 7N, is a continuous local martingale with quadratic
variation equal to V; := T~27[N];. By Dambis-Dubins-Schwarz theorem applied to the local
martingale 777N there exists a Brownian motion W (on a possibly extended probability space)
such that for all ¢, Wy, = T77N;. In particular, T77"Np = Wy, = Wp-2y(n),.- Thus,

BTNy — Wy| > €) = B(IWy-21), — Wy | > ©)

<PIT [Ny = V| >8)+P( sup |[W;—Wy|>e)<e (6.9)
te[V =6,V +4]

Pick arbitrary a € R and € > 0. Since Wy is Gaussian, there exists € € (0, € /2) such that
Pla < Wy <a+e€) <€/2. By (6.9) there exits Ty > 0 such that for all T > T we have
P(Tf'yNT < a) < IP)(WV <a+ 6) + P(|T7’YNT - Wv| > 6)
<PWy <a+e)+e<PWy <a)+e/24+e<PWy <a)+¢.

This inequality (for —Wy, —T~7"Np and —a) also yields P(Wy < a) — € < P(T""Np < a),
implying [P(T""Np < a) — P(Wy < a)| <¢€ for all T > Tj as claimed in the lemma. O

_1_ B
Corollary 6.5. As T — oo, T™ 2 T8 My converges in distribution to a Gaussian distribution
with variance S2.

Proof. This follows from Lemma 6.3 and Lemma 6.4 (with v = 3 + %) O

6.2. The local time part. By [34, Thm 2.2(ii), Eq. (2.11)], there exists a constant ca > 0
1 1

such that Ly ~ cot1+8 almost surely. Let C' > 0 be such that for all ¢t > 1, L, < Ct1+8
— 1

almost surely. Recall (6.4): A(z,y) = 0(1‘362 1) for (z,y) € 0D. Since, by (2.1), Xy ~ ¢it1+5

as t — oo almost surely, for an arbitrary € > 0, there exists 77 such that for all T" > T7,

38—1
1z,con|A(Zr)| < €T20+8). As for any C! function h : [T, T] — R, Fubini’s theorem implies the
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integration-by- parts equahty fT t)dLy = W(T)(Ly — L1,) + L, (W(T) — W(T fT h'(t) Ly dt,

setting h(t) := €t i) we get almost surely

T T _i1438
/ A(Zt) st < O(]_) +/ et 2(1+B) st
0

T

_ _ T _
_O(1) + eTTEH [y 4 e 230 / L
T1

2(1+4p)
—1+38 1— ﬁ 36-1 g4 1
=0(1)+ 6T2<1+B> Lr+e——--C t2<1+6) 8 dt
@ 2(1+8) " Jn

—3p
1+ 383

1438 1+38
=e(co+ ! )T205) 4 o(T20+8) ) as T — oc.

Since € is arbitrary, for all 5 € (—%, 1), almost surely,

T 1438
/ A(Zt) dL; = O(T2<1+6)) as T' — oo. (610)
0

1
6.3. The drift part. Since almost surely X 20 and X; = O(t1+7), by (6.3), almost surely
—00

soa ﬁ—l

Z +h) ).
(Z0) = 5o+ o355
By applying (6.6) to the continuous function ¢ +— p(Z;) — 2c , we deduce that almost surely,
T 800‘ 1438
/ wu(Zy)dt 2 T + o(T20+5)). (6.11)
0

6.4. Conclusion.

Proof of Theorem 2.1. By substituting (6.10) and (6.11) into the semimartingale decomposi-
tion (6.1) of £, we obtain, almost surely,

800 ~ 1438
&= B(g(Zy)) = 2 5097 4 yat 1i8 M, + o(t20+8)), (6.12)
~ 1_ B

where, by Corollary 6.5, My = t 2" 1+8 M, converges in distribution to a centred Gaussian

random variable N with variance S? given in Lemma 6.3. Note also that 21(%% = % + %

1
Since almost surely, X; ~ ¢1t™8 and, by (6.2), g(z,y) = 2(1 + O(2~1)) as z — oo, we get
B=1
9(Z) = X¢(14+0O(t1+5)) almost surely. By substituting this into B(z) = 1+,8 w1t 4o(x 5 ),
r—r
we obtain almost surely

g = 20 X1 L o12055) st — oo, (6.13)

1+
By equating (6.12) with (6.13), we get, almost surely,

B

(0259 B+1 S()O' +ﬁ)

1+87t 150 2¢

1\3\»—-

t+t2 1+ﬁMt+o(

Recall from (2.1) that ¢; = (M)W and denote v := & — 2 > 0. Hence for a process K

20000 2 148
satisfying Ky — 0 almost surely as t — 0, we have
i 1 s
X, = ctT+P (1 + 1:6_ B (Mt + Kt)> e (6.14)
c aoO
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Note that the factor in brackets on the right-hand side of (6.14) is very close to 1 as t — oc.

However care must be taken as M; converges only in distribution and not almost surely. Since

ﬁ —v= %, the Taylor approximation implies

1 ~ ~ 1
Xi = 1t (1 + gt (M + ) + Ot (M + K (1 + Ct)m_2>
¢ Tl

5 .
L3 (M + K,) + C't3 0 (M + Ki)2(1 + ¢) ™52, (6.15)

Uoo

=cit 1'*‘5 ‘i‘

where (; is in the interval between 0 and lﬂgﬂ t~ “(Mt + K;) and C’ is some constant.

Denote for some d € (0,v) the event F; == {|M;| < t°}. Since M; converges in distribution,
we have P(E}) 2 1 (i.e. 1, converges in probability to 1). Since Ky — 0 as ¢ — oo almost
— 00

~ ~ -8B ~ 1
surely and 1g, |M;| < 9=V, the process K; = leToKt + Ot (Mg + Ky)2(1 + Ct)m_2 tends to
zero: 1g,K; — 0 as t — oo almost surely. By (6.15) we obtain

1
Xy — cti+8 75 ~ ~
tT_ﬂEt OOMt—}-]lEtK(t).

Since, as t — 00, M; converges weakly to a centred Gaussian variable N with variance S? given
(p oba)

1g

in Lemma 6.3 above, 1, 1 and 1g, Kt — 0 almost surely, we get

X, — 1t T+ c’

e — H —_

Vit t—00 Qoo

Having established the assumption in Proposition 4.9, Theorem 2.1 follows. O

N.

To conclude the paper, let us show that the condition § > —1/3 in Theorem 2.1 is optimal
in the sense that it cannot be relaxed to 5 > . for any . € (—1,—1/3).

Proposition 6.6. If Assumptzons (D1), (C1), (V') hold and Assumption (D3) holds with

Be(-1,—-3), thent™ 2 (X: — clt1+ﬁ) does mot converge in distribution.

Proof We are going to prove that, for all 4 € (—1,1), on an event of positive probability,

1

£749 (Xy —clt 1+ﬁ) does not converge to 0. If (and only if) f < —z, we have 1+B =1- -3

5 <

implying ¢~ 2 (Xt — et 1+ﬂ) does not converge in distribution as t — oo.
Let Z, Z' be two solutions of the SDER (1.1), coupled in such a way that, in an event E of
positive probability, for all t > 1, Z, = Z, 41- Such a coupling exists since the total variation

1
distance between the distributions of Z; and Zé is strictly smaller than 1. Since Xy ~ ¢it1+8
as t — 00, almost surely on the event E' we have

B 1 B 1
ET55 (X; — et 7)) — (L + 1) 708 (X],, — ea(t +1)T55)

8 =
=t X (1 — (1+t1)TF) + ¢ = cﬂ—i—i—l);ﬁ().
—00 1+p
8
Thus, it cannot hold that both ¢T+5 (X, — cltﬁ) and (t+ 1)W(Xt’Jrl —ci(t+ 1)ﬁ) converge
in probability to 0. U
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APPENDIX A. DETERMINISTIC COMPUTATIONS

A.1. Proof of Lemma 4.1. For the fist point, notice first that the considered set is clearly C*
on any open subset which contains no point (0, z,y).

For h > 0, let 2, be the unique value such that D N ({(h,z)} x R%) consists of a single

point (h,zp,0), ie. xp = —%, and set xj, = —oo for h < 0. For h > 0 and = > xp,
set f(xz,h) = W. For h < 0, set f(h,z) = 1 for all z € R. For 3/ € R with

lv'| < f(h,z), let g(h,z,y") = /f(h,z)? —|y/|?. Then oD equals
0D = {(h,z,y) : & > a, ly]* = f(h,z)}
= {(h7x7y17y/) rx > Th, ’y/’ < f(hvx)7y1 = ig<haxay/)}'

From rotational invariance, it suffices to show that for all > z3, g is C! in a small neighbour-
hood of (0,z,0), which in turn follows from f being C! in a small neighbourhood of (0, z). Let
us prove this. First,

Onf(z, h) =b(h™7)2(=b(b(h™ )z + k™) (=) 71 (W)
+ V(bR )z 4+ L )b(h ") (—y)h T H 1 + 6 (7))
RPN 4 0(1))
— =
+ 0 (h)b(h™) = ¥ (b(h™ )z 4+ h™)b(h ™)
F (R (W)W (b(h )z + h‘”’))).

(b’(h_“’)b(b(h‘”’)x R =W (h)b(RTY)

Using
36—1

=), W) = Bash? P 4 o(h T

2)’

b(h™7) = asch ™7 4+ o(h™Y
as h — 0, we deduce

b(b(h™ )z +h™7) = asch ™ + o(h ™"

38—1

=)+ O(h 27,

and
W (b(h )z +h™7) = Bas ' + o(h 7 5>) + O(h2=295),
Using these four estimations and the fact that v > % > ﬁa we deduce that
WP (W )b(b(h™)a + hY) — B (h)b(h™)) = o(1),
WPV () b(h) = b (b(h™ ")z + h™7)b(h 7)) = o(1),
and
hQnyf'yflb(hffy)b/(h*’Y)b/(b(h*’Y)m 4 hipy) = 0(1),

from which it follows that Oy f(z,h) , W . 0 = limp—0h<0 Onf(z, h) for all x > xp. Beside,
—0,h>

Opf(x,h) =V (b(h Yz +h7)) ~po aseSRTB-D — 0. It follows that f is C! on {(h,x) : h <
—

0 or > xp,}, from which we conclude that oD is CL.
As for o, we have

9,0 (h, ,y) = Diag(Og, b(h™")(9x0)(b(h™" )z + h™7),b(h™7)y)
Using first Assumption (D) and then Assumption (S), as z — oo we have
16(h=7)(0z0) (b(h™ ")z 4+ h™7), b(h™ ")y )|
~ Jlace(b(h™ )z + h ™) (8:0) (b(h ™)z + h™7),b(h™)y)|
< (14 o{1))axe lim sup 1?21 10| = 0.

We deduce
lim 9,0 (h,z,y) = 0.
h—0
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We similarly deduce that
}lllir[l) 0yo(h,z,y) =0,

hl 0 h ( Y 7y)

is proved by also using the fact that v > % It follows that & is C'.

The computations for the reflection vector field gg are analogous as the ones above and are
omitted for brevity. This concludd the proof of Lemma 4.1.

A.2. Construction of the coupling windows. The aim of this section is to prove Lemma A.2.
The proof proceeds by taking a function s; and showing that one can construct a function s < s
which possesses specified growth and smoothness properties, captured by the following condition
on a (deterministic) function s : (0,00) — (0, 00).

(%): The function s is non-decreasing, with limy_,, s(7') = oo, and continuously differentiable,
28
with derivative s’. Furthermore, as T'— oo, s(T') = O(logT) and s'(T) = o(T~ 7).

The next result shows that functions which satisfy () are readily available.

Lemma A.1. Assume that s : (0,00) — (0,00) is such that limr_,o 51(T") = co. Then, there
exists so : (0,00) — (0,00) satisfying (x) and such that s, < s1.

Proof. One can take for example s = I(I(i(s1))), where

1 t
i(f) :t»—>min[log(1+t),igf;f(u) , I(g): t — t/ g(u) du.
uz 0
The desired properties are elementary to check. O

Lemma A.2. Let s : (0,00) — (0,00) is such that limp_, 51 (T) = 00, and 6 : (0,00) — (0, 00)
28
such that 0(T) ~1_0o CT™E for some C > 0 and B € (—1,1). Then, there exists Ty > 0,

28
521 (0,00) = (0,00) and S : (0,00) — (0,00), such that 4so < 51, |S(T) —T| = O(T+5 logT)
and s(T) — o0 as T — oo and, for all T > Ty, we have

[T,T + iq(T)} C [S(T)+ %q(S(T)), S(T)+q(S(T))], where q:=10-s. (A1)

The functions sy and S (but not Ty) can be chosen so that they depend on s; but not on 6.
Remark A.3. By the last sentence, we mean that the correct order between the quantifiers is in
fact
Vs, (s2,S) : VO, 3Ty : VT > Ty, .. ..
Lemma 4.5 is obtained by applying Lemma A.2 to a deterministic function s; and the random
function A(T) = 4b(Xr)2. Thus, we are provided with functions sy, S which are deterministic
but a time Ty which is random.
Proof of Lemma A.2. First let s, be any function obtained by applying Lemma A.1 to the
28
function s;. Set then [ : u — u + %CuWSQ(u). Then f'(¢) o2 1, so that there exists
—00
Sp such that f is increasing on [S1,00). Let T3 = f(S1), and define S to be the inverse of
f:[S1,00) = [T1,00). Since f(t) ~ t,it follows S(t) ~ ¢t.
t—o0 t—o0
Let S5 be such that for all S > S,
8
9
Set Ty == f(S2), Tp == max(1y,T»).

C,%C}, e, 3o(s) <08 <

0(5)S 17 € | -

0(S).
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For T' > Ty,

and

which concludes the proof. O

28
A.3. Proof of Lemma 5.4. Recall Ty = 1, Tyy1 = T}, + C?T, " 54(T,), and recall that

s4(T) > 1 diverges to oo as T — oo more slowly than any positive power of 7. We have set
o= % > —1, and the goal is to prove, as n — o0,
n
Tyt

_ a o — 14+« o o
;(Tlﬁ-l T)|T — T | = o(T,™) & ;(Tk—&-l 1) Ty 1+a(1+0(1))- (A.2)

The first asymptotic equality implies the second, by comparison to the integral: if the first
asymptotic equality holds, for a > 0 we get

n n Tk+1 n
S (T ~TTE <3 [ < 3 - TR
k=1 k=1"Tk k=1

n

= Z(Tk“ —TW)TY 4 o(T1T®), asn — oo,
k=1

where the last equality follows from the first asymptotic equality in (A.2). Thus, as n — oo,

n

Trt1 1+ Tlif‘ T1+a
Tpr1 — T)Ty = t*dt +o(T, ) = "= (1+0(1)) = =2—(1 + o(1)).
> (T 1T = [ (TH4) = 225 (14 (1)) = 12— (1 +0(1)

For a < 0, the same computation but with inequalities all reversed also allows to conclude.
For o = 0, both bounds are trivial.
We now prove the first bound in (A.2). Note that, as k — oo,

Thi1\a Thi1
— 1) ~aTy
T, ) ) ~ aT( T,

Recall for f, gr, > 0, such that f; = o(gx), we have > ;| fr = O(1) or > y_ fe = 0> p_q 9k)-
In the case a > 0, i.e. 8 > 0, since

Tty — T = T (( — 1) = ol (T — Tir) = o(T5).  (A3)

n n
Y T (Tepa = Tr) <Y T3 (T = Toe) = T (Ton = Th) ~ Ty
k=1 k=1
and (T, — T2)(Thr1 — Tk) = o(Ti} (Tq1 — Ty)), we deduce indeed
n
> (T = T (Tirr — Ti) = o(T, ).
k=1

The case a < 0 requires extra work. First, we claim that there exists a constant Cy such that
148 =2
for all k, T, > Cyk1-8. Indeed, set ap = T, k“rﬂ . Then, the recurrence relation defining T
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gives

15 1 1-
“’““_“’“:“k<(1+02ak154(Tk))1+5_1)N021+g4( k)2 C21+g

where the asymptotic equivalence comes from the fact that a,:ls4(T k) — 0as k — oo. It follows

that ap > a1 + C? i +g(k‘ — 1) for all k. Hence there exists a constant C5 > 0 such that for all
148

positive integers k we have ap > Csk, implying T} > C’gk:l 5 for Cy == Cy~
By (A.3), there exists a constant Cy > 0 such that for all k, T =T | < C'4T°‘ YThy1 — To).
Since 8 < 0, it holds 1f—ﬂ(&)z -1)= 55_ 1 < 1. Let € > 0 be such that § == i:g (Ba — 1+ 2¢)

B
remains smaller than —1. Let then Cs be such that for all k, C%s4(T}) < C5Ty, so that

Tir1 — T < C5T’?+E. Then, since 3a + 2¢ — 1 < 0, we get
(Tip1 — Te) (T3 = Tityr) < Ca(Tin — Ty)* T
< C4CS2T§>OH—26—1 < C4C§C§a+26—1k%(3a+26—1) _ C6k9.
Since 6 < —1,
n n
> (Thar = Te) (T — Tiy) < Co Y kP =0(1) = o(Ty ™) as n — oo
k=1 k=1

A.4. Proof of the deterministic limits in Lemma 6.1. From the It6 formula applied to
¢ = B(g9(Z)), and recalling that B’ = by, and that the quadratic variation of Z is given by
d(Z;, Z;j) = % j(Z;) dt, we obtain the following formula for the functions p, A, f:

1
f=(boog)?IS2Vyllz, A= (boog)(¢, V),

d
1 1
= §(b0 0gAxg+by09)|22Vgl3, 1), where Axg:= Z ¥;,;0;059. (A.4)
i,j=0
Note that in the definition of Axg all coordinates of the vector (z,y) € R play the same role
and hence it is more convenient to denote the partial derivatives by 0y = 0, and 0; = 0,, for
ie{l,...,d}.
The asymptotic properties of g follow directly from the fact b(z) ~ asz®. Using then
glz,y) = z(1+0(@ 1)) and b(x) = ax2®+ o(xw%), we have
Tr—r00 T—00

. (A.5)

bo(r.y)) = amt’ + ol

Recall that limits as x — oo are uniform in the y component (as stated above Assumption (C™)).
Moreover,

V(g(z,y)) ~ _asfa’ . (A.6)
Exact and asymptotic expressions for the derivatives of g up to order 2 are given as follows:
S0 |y!2b’( ) 8—-1
x ) =1- =1 5 A.
Oug(.y) ST = 1to® ) (A7)
50 Yi S0 Yi ~1-8
Oy, = — = - A8
5:9(2,9) co b(x) 200 CQlog TP +olz) (A8)
W (@)? () o
0:0:0(09) = g WP (o ~ o) o7 O 5, o™ (4.9
~ sp V(2 B I ~1-p
5i 1
0y, 0y, 9, y) = 22 0 = G P toaTT ). (A1)

Co b(flf) T—00 CoQoo
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From the asymptotic properties in (A.7) and (A.8), and the convergence of ¥(z) as z — oo, we
obtain

I=2Vg(z,y)l|31 = (Vo(a,y), S(z, y)Vg(x y))
250 52 d
- E0 0 +— LL‘B Z E Yi + 2 2 xQﬁ Z Zz ]ylyj + O( ) (A12)

€0loo 3,j=1
= 0(1). (A.13)

Equation (6.5) follows directly from (A.5) and (A.12).
Recall the definition (A.4) of Ay. Using (A.9), (A.10), (A.11), and the fact that ¥ is bounded,

we obtain

P o(z750).

Azgmy Zzzz

Coloo
Using the fast convergence of tr(X) — Zo,o to o2 (Assumption (C1)), we deduce

—1-8

Asg(z,y) = ——a " +o(x™7 ). (A.14)
C0loo
Combining the asymptotic properties (A.5), (A.14), (A.6), and (A.13), we obtain
1 B I Bt
ue,y) = 5 (ase” +ola 7)) (e +o(a™T ) + 07
2 C0loo
72 B
= G ol ™),

as claimed.
We finally estimate A. Using the asymptotic behaviour of the first order derivatives of g, (A.7)
and (A.8), we get Vg(z,y) = (1+o(z?~1), %0 p b(x)) The fact that ¢ is bounded and (¢oo (u),u) =

—cp < 0 for all w € S, and using then the fast convergence of ¢ (Assumption (V7)), for
(z,y) € 9D we obtain

(6(2,1), Vg(,y)) = <<50,¢gz><%>>,v9<x,y>> +o(z7)
— ot o(zB )+ @D Yy Yy
= so+o(a” ) + 2D, i) +ole' D)

B—1
=o(zr 2 ) asx— o0.

The last estimation (6.4) follows from this and (A.5).
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