TIME-CHANGED MARKOV PROCESSES AND COUPLED NON-LOCAL EQUATIONS
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ABSTRACT. Motivated by a financial valuation problem on an asset-pricing model with dependent trade
duration and returns, in this paper we study coupled fully non-local equations, where a linear non-local
operator jointly acts on the time and space variables. We prove existence and uniqueness of the solution.
Existence is established by providing a stochastic representation based on anomalous processes constructed
as a time change via the undershooting of an independent subordinator. This leads to general non-stepped
processes with intervals of constancy representing a sticky or trapping effect (i.e., constant price in financial
applications). Our theory allows these intervals to be dependent on the immediately subsequent jump.
A maximum principle is then proved and used to derive uniqueness. Based on these general results, we
consider a particular case: a non-local analog of the Black and Scholes equation, addressing the problem of
determining the seasoned price of a derivative security.

CONTENTS

1. Introduction 2
Structure of the article and summary of the results 4
2. Preliminaries 5
2.1.  Uniqueness classes and semigroup actions )
2.2. Bernstein functions 7
3. The non-local operator 8

1

4. The undershooting of a subordinator and related time-changed processes 1

5. A coupled fully non-local equation for time-changed Feller processes 15
5.1. Regularity of ¢ 16
5.2.  Proof of Theorem 5.2 22
5.3.  Another uniqueness criterion 29
6. Option pricing with the undershooting of the a-stable subordinator 31
6.1. The price process 32
6.2. The coupled non-local Black-Scholes equation 38
6.3. Proof of Theorem 6.10 62
Acknowledgements 63

Date: December 20, 2024.

2020 Mathematics Subject Classification. 60G53, 60K50, 60K15.

Key words and phrases. Time-changed processes, Black-Scholes, undershooting, semi-Markov processes, subordinators.

The authors E. Scalas and B. Toaldo acknowledge financial support under the National Recovery and Resilience Plan (NRRP),
Mission 4, Component 2, Investment 1.1, Call for tender No. 104 published on 2.2.2022 by the Italian Ministry of University and
Research (MUR), funded by the European Union — NextGenerationEU— Project Title “Non—Markovian Dynamics and Non-local
Equations” — 202277N5H9 - CUP: D53D23005670006 - Grant Assignment Decree No. 973 adopted on June 30, 2023, by the
Italian Ministry of Ministry of University and Research (MUR).

The author Bruno Toaldo would like to thank the Isaac Newton Institute for Mathematical Sciences, Cambridge, for support
and hospitality during the programme Stochastic Systems for Anomalous Diffusion, where work on this paper was undertaken.
This work was supported by EPSRC grant EP/Z000580/1.



Appendix A. A simple property of conditional expectations 63

Appendix B. Proof of Lemma 6.7 64
Appendix C. Proof of Lemma 6.8 64
Appendix D. Proof of Proposition 6.28 69
References 71

1. INTRODUCTION

A popular paradigm connecting fluid-dynamics and financial economics is the observation that financial-
asset-price moves resemble those of the particles in a fluid. This observation has been key to the discipline of
financial mathematics since its infancy over a century ago ([8]), and has been instrumental to the introduc-
tion of the geometric Brownian motion first [56], and of more general continuous or discontinuous Markov
processes later ([26; 43; 20]). In terms of valuation of derivative securities, already with the emergence of
the martingale pricing theory ([37; 25]) the central role of backward Kolmogorov terminal value problems
was clear. Stochastic solutions of these problems precisely determine option values after the contract’s in-
ception. Such solutions can be written as conditional expectations corresponding to some Markov generator
characterizing the underlying dynamics.

A distinct line of research, focused on market statistical analyses rather than valuation, instead considered
tick-by-tick continuous time random walks (CTRWSs) and the corresponding fluid-dynamic limits in order to
gain insight on economic measures such as the return distributions, see e.g. [60; 59; 45] and recently [64].
Such limits typically produce stable-like processes (and thus discontinuous continuous-time trajectories) and
variations thereof. A particularly consequential aspect of CTRWs modelling of financial markets prices is
that it paved the way for the introduction of non-local operators in both space and time as determining the
governing equations of their scaling limits. As it turns out, the presence of a fractional derivative in the time
variable is of particular importance, which is reflected in a stochastic time change in the stochastic solution
of the equation associated with the Markov generator in the space variable. The process thus obtained is
non-Markovian and exhibits periods of constant prices, whose duration is independent of the price moves.
However, Markovianity can be often recovered by augmenting the state space with the time variable keeping
count of the time elapsed since the particle last move (the “sojourn time” or “age”), which is one of the
possible definitions of semi-Markovianity, and the one which is most relevant here. In general, being able to
establish some form of higher-dimensional Markovianity is especially useful in the mathematical modeling of
random phenomena; concretely, in a financial valuation context, it can be interpreted as the possibility to
establish the theoretical fair value of a contract based only on a finite set of market-observable data.

Two recent papers have tried to bring together some of these aspects. In [61] the authors chose a semi-
Markov multiplicative CTRW model based on a sequence of independent and identically distributed log-
normal random variables and an independent renewal counting process. The limit process turns out to be
semi-Markov with continuous trajectories. Although the governing equation of the limit process is studied, the
independence between the spatial lognormal innovations and the renewal process, implies that the magnitude
of the price moves remain independent from the trade duration, that is, the sojourn time of the price process.
A similar, but more general, model with independence is presented in [39], generalizing the earlier suggestion
[44] and [21]. Crucially, in such work a time-changed model with dependence between temporal and spatial
variables is also introduced. The authors use spectral methods to derive the option price for such models,
and comment on a weak form of semi-Markov property (Markov embedding) of the process as a whole, but
do not study the corresponding governing Black and Scholes type equation.



Beside the purely theoretical interest, this paper essentially finds motivation as it unifies the contribution
of [61] and [39], by answering the problem of pricing for, and determining the seasoned value of, an intraday
call option written on an asset with dependent duration and returns as in [39], using the techniques inspired
from the semi-Markov analysis of the limiting process in [61].

As epitomized by the mentioned applications in financial mathematics, the interplay between time-changed
Markov processes (ofter arising as scaling limit of CTRWSs) and non-local operators is a very active area in
probability theory that gained considerable popularity in the last decades. This is certainly connected
to its applicability in several contexts, even beyond financial mathematics, especially: Hamiltonian chaos
[67; 68; 69], Hamiltonian systems describing cellular flows [34; 35], trapping models [2; 58], anomalous heat
conduction [28; 52] neuronal modeling [4], and many others, see e.g. [10; 11; 29; 30; 31; 33; 47; 48; 49|, and
references therein for several possible applications and modeling aspects of the theory.

The foundation of such theory lies in the connection between Markov processes and the parabolic Kol-
mogorov equations that are related to their semigroups. More specifically, Markov processes with jumps are
generated by linear operators that are non-local. Bochner subordination is a crucial tool in this context.
Given some Markov process and a subordinator, i.e., a non-decreasing Lévy process, the bedrock of the
classic subordination theory is a result due to Phillips, see [63, Theorem 13.6] and [62]), which completely
characterizes the generator of the time-changed (subordinate) process in terms of that of the generator of
the original Markov process and the Lévy triplet of the subordination: if G generates the semigroup of
the Markov processes M then the subordinate semigroup is generated by —¢(—G), where ¢ is the Laplace
exponent of the subordinator involved.

When non-local time operators appear in Kolmogorov’s evolution equations, the interplay with random
processes is more subtle, and as it appears, not yet fully understood. Recent results inspired by time-change
techniques suggest the following picture. Consider a Markov process M (t) generated by G, an independent
subordinator S with Laplace exponent ¢, define L(¢) = inf {s > 0: S(s) > t} the first exit time of S from a
level ¢, and choose an initial condition u. Then the x,¢ conditional expectation ¢(x,t) of u(M (L(t)) satisfies,
in a suitable sense, the following non-local equation

((b(at) - G) Q($7t> = D(t)Q(x7O>7 q(x70) = u(x), u(w) € Dom(G), (1'1>

where the non-local operator ¢(9;) can be defined in different ways, a typical one being as in [22]

6(0)q(x, 1) — bdig(z,t) + Oy /O o(z,9) 7t — 5) ds (1.2)

where 7(t) :— a + v(t,4o00) and b > 0 and v() are, respectively, the drift and the Lévy measure of the
process S, associated with ¢. Several other representations of ¢(9;) can be given, see, e.g., [19; 38; 41; 42].
Hence, the time-change with independent inverse subordinators has been understood and, also, regularity of
the involved probabilities is quite clear (see [5]). It turns out, however, that more general families of time
changes can be considered and associated with non-local operators. For example one can assume that (M, S)
is a Markov additive process (see [58]), or that S is an independent self-similar Markov process [51], and even
different ones (see, for example [9; 38; 54]).

In this paper, we consider coupled fully non-local operators. More precisely, given a Bernstein function ¢,
we consider the equation

(0 — G) q(z,t) = v(t)q(x,0), q(z,0) = u(z), u(z) € Dom(G); (1.3)

we provide a rigorous definition for the operator ¢(9; — G) appearing on the left-hand side and then we
study the well-posedness of the problem. The expressions fully non-local or fully fractional are often used
for non-local (or just fractional) equations in both time and space variables, but usually with uncoupled
operators, acting separately on time and space variables. It turns out that the stochastic solution ¢(z,t) for



(1.3) is given by the z,t conditional expectation of u (M (S (L(t)—))) i.e., the process governed by (1.3) is
the time-change of the Markov process M, generated by G, by means of the process H(t) = S (L(t)—), a.k.a.
the undershooting of the subordinator (see [13, chapter 1.4]). It turns out that this process M (S (L(t)—))
has also a kind of (weak) semi-Markov property, i.e., it can be embedded in a higher dimensional Markov
process.

From the purely analytical point of view, equations like (1.3) have been considered in some specific cases,
for instance when ¢(A\) = A\*, G = A (see [7; 32]). In contrast we develop our theory in a quite general
context, more general than what is required to deal with time-changed Markov processes via semigroup
theory. In order to pursue our motivating financial problem, we need to include the following equation within
our theory

<8t — g@i) q(z,t) = F(%_aa)u(x), u(z) = (v — K)4. (1.4)

Such equation is the call-option valuation formula, under zero-interest rates (an innocuous simplifying as-
sumption when observing intraday prices, which is reflected in the absence of a forcing term in (1.4)), of
an underlying whose logarithm under a pricing measure is described by the process M (S(L(t)—)). Upon
time-reversal, (1.4) looks like a particular case of (1.3), but it really is not, because the final condition, i.e.
the pay-off of a European call option, is not in the domain of the operator G = %z28§. For this reason, we
approach the problem of well-posedness using uniqueness classes for PDEs and semigroup actions on it. The
theory of Markov (and Feller) semigroups of operators and Markov processes is a particular case of this more
general theory.

The process with dependent returns and trade duration considered in [39] can be now inserted in our
abstract theory, at least when M is a Brownian motion, and for some parameters of the (stable) subordinator.
For financial applications, the valuation equation (1.4) is a first step, ideally to be extended in further work to
one corresponding to more realistic models, entailing distributionally-asymmetric Feller processes for returns,
as well as undershooting processes of subordinators other than the stable one (e.g. with finite moments).

Structure of the article and summary of the results. Following is a summary of the main results and
topics that are dealt with in each section.

e In Section 2 we introduce basic notions on uniqueness classes, semigroup actions and Bernstein
functions. All that will be relevant in the subsequent sections;

e In Section 3 we define the coupled non-local operator ¢(9; — G), we study its domain and regularity
properties. Moreover, we provide a notion for the solution of the related Cauchy problem.

e In Section 4 we review the theory of time change according to subordinators and their inverses,
introduce the time-changed Feller process related to the Cauchy problem of Section 3, and establish
the Markov-additivity of the pair process-subordinator;

e In Section 5 the first main Theorem 5.2, is presented and proved. This states that the conditional
expectation of the process defined in Section 4 is the stochastic solution, in the sense of Definition 3.6,
of the Cauchy problem, subject to a further local uniform boundary condition. To prove the theorem,
firstly we focus on regularity properties for the conditional expectation, described in Subsection 5.1.
Furthermore, in Subsection 5.2 we give the details of the proof.

e In Section 6 we move to the applications in finance of the theory discussed in the previous sections.
We define a process for pricing an intraday call option written on an asset with dependent duration
and returns, whose log-price follows a time-changed Feller process as the one of Section 4. This
leads to the second main result, Theorem 6.10, which is the applied counterpart of Theorem 5.2. A
second result, proved separately is necessary because the call option initial (terminal) datum does
not satisfy the regularity required in Theorem 5.2. The proof of this theorem is split into several
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auxiliary results, firstly proving regularity of the solution, then establishing existence, uniqueness
and, finally, the renewal equation in separate subsections.
e In the appendices some auxiliary results are proved.

2. PRELIMINARIES

We let E be a locally compact separable Hausdorff space and we set £ = B(E), the Borel o-algebra on
E. We equip any interval [0,7] C Ry =: [0, +00) and the half-axis Rf with the Borel o-algebra. We also
denote R := (0, +00). With an abuse of language, we say that a function f : E — R belongs to & if it
is Borel-measurable, so that £ will denote the linear space of Borel-measurable real valued functions on F.
Furthermore, we denote by C(F) the space of continuous functions f : E — R and by Cy(FE) the space of
bounded continuous functions f : E — R. The space Cy(FE) is a Banach space once it is equipped with the
uniform norm

||f||C(E) = sup [f(z)|.
z€E

Furthermore, we denote by Co(F) the space of continuous functions f : E — R vanishing at infinity, i.e. such
that for all € > 0 there exists a compact K C F such that

sup | f(z)] <e,
g K
which is still a Banach space when equipped with the uniform norm.

2.1. Uniqueness classes and semigroup actions. Consider a linear operator G : C C £ — &, where C is
a suitable subspace of £. For such an operator, we consider the following differential equation
Oq(t,x) = Gq(t,z), t>0,xz€FE, (2.1)
q(0,z) = u(z), reE, '
where u € & is suitable initial data. To introduce a notion of solution, we take inspiration from the theory of
ordinary differential equations (see [24, Chapter 2]).

Definition 2.1. We say that a function q : [0,T] x E — R is a local Carathéodory solution of (2.1) if and
only if
(1) g€ B([0,T] x E), q(-,x) € C[0,T] for any x € E and q(t,-) € C for any t € (0,T);

(i) ( x) = u(x) for any x € E;
(1) G ( x) € LY(0,T) for any x € E;
(tv) Foranyx € E andt >0

q(t, ) / Gq(s,x)ds. (2.2)

We say that q : Rf xE — R is a global Carathéodory solution of (2.1) if its restriction to [0,T)] is a local
Carathéodory solution for any T > 0.

Remark 2.2. This definition is related to the so-called mild solution of an abstract Cauchy problem (see [1,
Definition 3.1.1]). For instance, suppose that G is a closed linear operator on C C Co (E). Assume that q is a
global Carathéodory solution of (2.1) such that Gq(t,-) € Co(E) and t € [0,T] — [|Gq(t, )|y (m) € R belongs

to L]0, T] for all T > 0. Notice also that, by definition of Carathéodory solution, q(t,-) € C. Hence with an
abuse of notation, we can set q(t) = q(t,-) so that ¢ : R§ — Co(E). Then, in particular, by [1, Proposition

1.1.7], we have
¢ ¢
/ Gq(s)ds = G/ q(s)ds
0 0
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If also u € Cy(E), we can rewrite (2.2) in terms of Bochner integrals as

t
) =u+G [ als)is

0
i.e., q 18 a mild solution of the abstract Cauchy problem in Cy(E)
6tQ(t) = Gq(t)v t> 07

q(0) = u.

Now we want to consider some classes of functions Cqg C £ and Cg) C B (Rg x E) that will play the following
role: Co will be the set of initial data so that the problem (2.1) admits a unique solution belonging the class
Csol- Let us formalize this (see, for instance, [50, page 204] in the case of the heat equation).

Definition 2.3. We say that the couple (Co,Csol), where Co C € and Cyo1 € B(RY X E) is a uniqueness class
for G if and only if
(i) For any q € Cso1 and any t > 0 it holds q(t,-) € CoNC;
(i1) For any u € Cq there exists a unique global Carathéodory solution q € Cso) to (2.1).
Let us give some examples.
Example 2.4. Consider E =R, C = C?(R) and G = §%. If we set Co = Co(R) and
Cool = {g € C(RF xR)NCH(RY xR) : ¢(t,-) € CZ(R), Vt >0, and ¢(0,-) € Co(R)},
then (Co,Cso1) is a uniqueness class for G, as it is well-known that the heat equation
atq(tvl.) = 8§Q(t7x)v t> va € Rv (2 3)
q(0,z) = u(x), z €R, '

admits a unique solution in CZ(R) if u € Co(R). It is important to notice that such a solution is not unique
among all the measurable functions on R, as we could find other unbounded solutions of the same equation,
that are usually called non-physical solutions (see [18, Theorem 2.3.1]).

Example 2.5. Again, consider E =R, C = C%(R) and G = d2. Now set
Co={u€C(R): Je1,c2 >0, Iy €[0,2), |u(x)| < cre2l") va € R}
and
Cool = {g € O(R§ xR)NCHRT xR) : ¢(t,-) € C*(R), Vt >0,
and YT > 0,3¢1,co > 0,3y €[0,2), |q(t,z)| < cre=l®”,
Ve eR, Vte[0,T]}.

Then (Co,Csol) is a uniqueness class for G as (2.3) admits a unique solution q € Cso) whenever u € Co (see
[18, Theorem 3.6.1]). Let us stress that we could also consider G as the generator of the Brownian motion.
In such a case, however, since Co ¢ Co(R), the usual theory of Feller semigroups (see [55, Definition II1.6.5])
does not apply.

Example 2.6. Now let E = [a,b] C R for some a < b. As before, set G = 8% with C = C*(a,b). Set
Co ={u € Cla,b] : u(a) =u(b) =0}
Csol = {q € O(R{ x[a,b]) N C*(RY x(a,b)) : q(t,a) = q(t,b) =0, Vt > 0}.
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Then (Co,Cso1) is a uniqueness class for G. Indeed, in such a case, q € Cso1 18 a solution of (2.1) if and only
if it solves

Oeq(t, ) = 92q(t,x), t>0, z € (a,b)

q(0,x) = u(x) x € [a,b]

q(t,a) =q(t,b) =0 ¢t >0,

that is a Dirichlet-Cauchy problem and then admits a unique solution.

Example 2.7. Let now (P,);>0 be a Feller semigroup on Cy(E) with generator (G,Dom(G)). Then we can
set Co = Co(E) and Ceo = C(RT;Co (E)). By standard Feller semigroups theory (see [1, Chapter 3]), we
know that (Co, Cso1) is a uniqueness class for G. This implies that the abstract setting we are considering can
be applied in general to Feller semigroups and their generators. We can also consider strong solutions in this
framework by setting Co = Dom(G) and Cso1 = C* (Rf; Dom(G)).
Definition 2.8. For a linear operator G : C C & — £ and a uniqueness class (Co,Cso1) for G, we define the
family of linear operators (Py)i>o acting on Co as follows:

(i) Py =1I, where I is the identity on Co;

(ii) For anyt >0, f € Co and x € &, Puu(x) = q(t,z), where q is the unique Carathéodory solution of

(21) m Csol-

We call the family (P,)i>0 the semigroup action induced by G on (Co,Csol).

) on the linear space

As the name suggests, (P;);>0 is indeed an action of the additive semigroup (Rar, +
= Psq(t,-) and observe that

Co. Indeed, fix any u € Cy and ¢, s > 0 and consider ¢(t, ) = Pu. Now let ¢(s,-) = P.
G is the unique function in Cg, such that for any s > 0 and any z € E

q(s,z) = q(t,x) + /OS Gq(r,z)dr. (2.4)

However, by definition,

t+s
q(t + s,2) = u(z) + /0 Gq(r,x)dr

t+s

—qte)+ [ Ga(r.a)dr = q(t.x) + / Galt + 7.2)dr,
t 0

that is to say that the function q(t + -,-) € Cgso satisfies (2.4) and then
Piisu(x) = q(t+ s,z) = @(s,x) = Psq(t, z) = PsPou(x)
for any s > 0 and any = € E. We use the name semigroup action in place of semigroup to avoid any possible

confusion with Feller semigroups on Banach spaces, that are a particular case in this theory.

2.2. Bernstein functions. We here recall some basic definitions and properties concerning Bernstein func-
tions that will be used throughout the paper. We mainly refer to [63] where proofs of the theorems stated
below can be found.

Definition 2.9. A function ¢ : RT — R{ is said to be a Bernstein function if, ¢(\) >0, ¢ € C®°(RT) and
for anyn e N
(~)" ™M) >0 YAeRT.

We denote by B the convex cone of Bernstein functions.

Any function ¢ € B admits a special representation.
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Theorem 2.10. For any ¢ € B there exists a unique triplet (as,by,vs), where ag, by € RY and vy is a
Borel measure on (0,400) with the property

/ (1 A 8) wy(dt) < o0, (2.5)
(0,00)
such that
d(A) = ap + bgA + / (1- e’)‘t)uqb(dt). (2.6)
(0,00)

Vice versa, any triplet (ag, by, vy) with ag,by > 0 and vy a Borel measure on (0,400) satisfying (2.5) defines
a Bernstein function ¢ by means of (2.6).

Definition 2.11. The triplet (ag,bgs,ve) is called the Lévy triplet of ¢ and, in particular, vy is called the
Lévy measure of ¢. We denote by By the subset of B composed of Bernstein functions with triplet (0,0, vy)
and such that v4(0, 00) = oco.

Any Bernstein function defines the law of a subordinator in a unique way. Namely, for any ¢ € B
there exists a (canonical) probability space and a (possibly killed) subordinator o := {o(t), t > 0}, i.e. an
increasing Lévy process, such that

E[ef)\a(t)] _ 64¢(A)7 Vvt >0, VA >0,

where IE is the expected value on the aforementioned probability space. Vice versa, if o is a subordinator on
a suitable probability space, then the function

$(A) = —log(E[e "))

belongs to B. For further details we refer to [63, Chapter 5], [12, Chapter IIT] and [13]. For the ease of the
reader, for any 0 < t; < to < 0o and any Borel-measurable f : R — R, we shall denote

/fﬂswds) - /(tm]f(s)%(ds) and /:Of<s>u¢<ds> - /al,oo)f(s)’“(ds)'

In the next sections we shall use the following notation

t

t
TUgp(t) = vy(t,00), Iy(t):= /0 TUp(s)ds, JTp(t) = /0 svg(ds).
A simple integration by parts argument leads to the relation

To(t) = trg(t) — Ty(t). (2.7)
A Bernstein function ¢ € B is said to be special if the function
A
o(N)
still belongs to 9. We call 6B the set B := &SBNB,, where GB is the set of special Bernstein functions.

¢"(A) =

3. THE NON-LOCAL OPERATOR

We here define the coupled non-local operator that will be used in the next sections.
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Definition 3.1. Consider a linear operator G : C C € — &, a uniqueness class (Co,Cso1) for G and its induced
semigroup action (P;)¢>o on Co. Let ¢ € By and f € B(RF xE) such that, for any t >0, f(t,-) € Cy. For
t >0 and x € E we define

“+o0o
7¢ (at - G) f(t,f) = / (Psf(t - S, ‘T)]l[O,t](s) - f(tv x))u¢(ds),
0
where, for any t <0, we set f(t,x) =0, provided the integral is well-defined.

Now we would like to find some conditions on f so that —¢ (9 — G) f(t, z) is well-defined at least for some
(t,r) € R xE. This is true as a consequence of the following theorem.

Theorem 3.2. Let G : C C & — & be a linear operator, (Co,Csol) be a uniqueness class for G and (P;);>0
be the semigroup action induced by G on Cy. Let also ¢ € By. Consider a function f € B(R$ xE) such that
f(t,-) €Co. Fiz (t,x) € Rf xE and assume further that:

(i) It holds
/t [Psf(t —s,2) — Ps f(t,2)|vg(ds) < oo;
(#3) It holds ’
[ 1Puftt0) = 10 vt < o
Then —p(0y — G) f(t, z) is well-defined.
Proof. Tt is sufficient to split the integral defining —¢(9; — G) f (¢, x) as follows:

60 — Q) f(t,z) = / (Puf(t - 5,2) — Puf(t,2))vo(ds)

+ / (Puf(t,) — F(t,2))ve(ds) — To(t)f (1, ),
0

where the two integrals are absolutely convergent by (i) and (ii). O

In the following, we shall make explicit use of the Laplace transform. The following theorem provides
sufficient conditions to guarantee that —¢(9; — G)f(-,z) is Laplace transformable for fixed x € E. The
proof of this theorem is an immediate consequence of the existence conditions for Laplace transforms (see [1,
Section 1.4]).

Theorem 3.3. Let G : C C & — & be a linear operator, (Co,Cso1) be a uniqueness class for G and (P;)i>0
be the semigroup action induced by G on Cy. Let also ¢ € By. Consider a function f € B(R§ xE) such that
f(t,-) € Co. Fizrx € E and suppose that the assumptions of Theorem 5.2 hold on (t,x) for a.a. t € R{.
Assume further that

(i) There exists Ao > 0 such that for all A > Ao
[eS) t
/ e_’\t/ |Psf(t —s,2) — Psf(t,x)| vy(ds) dt < oo;
0 0
(13) There exists Ay > 0 such that for all A > Ay

/OO e~ M /t |Ps f(t,x) — f(t,x)| ve(ds) dt < oo;
0 0
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(#7i) There exists Ay > 0 such that for all A > Xg

/oo Mz, (1) ()| dt < oc.
0

Then, setting A, := max{Ao, A1, A2}, for all A > A\, it holds

/ T e N0, — C)f (¢ )t < oo (3.1)

and

/OO e’\t(—qﬁ(ﬁt—G)f(t,x))dt:/ooo /Ooo e M(Pof(t = s,2)Lo(s) — f(t,2))dtvg(ds).  (3.2)

0

The assumptions of both Theorems 3.2 and 3.3 are quite general and must be verified separately depending
on the properties of the operator G and the semigroup action (P;);>o.

Furthermore, if we equip the state space E with a measure pug, then we could ask for some sufficient
conditions on f so that —¢(9; — G) f(t, x) is well-defined for a.a. ¢ > 0 and pg-a.a. x € E. This can be done
by developing, for instance, a Llloc—theory. Since, however, in our cases of interest it will be not necessary, we
do not report these details.

On the other hand, we shall make use of a maximum principle, that holds under some additional assump-
tions on the semigroup action (P;)¢>o. We recall here some specific properties.

Definition 3.4. We say that the semigroup action (Py)i>o is positivity preserving if for all f € Co with
f(x) >0 for all x € E it holds Pif(x) >0 for allxz € E and t > 0.

We say that the semigroup action (Py);>o is sub-Markov if there exists a one-parameter semigroup of
operators (PP);>o acting on Cy,(E) and coinciding with (P;)i>0 on Co NCy(E) such that PP1 < 1.

Throughout the paper we shall omit the superscript b on the additional semigroup (Ptb)t20~ With these
definitions, we are ready to prove the following Positive Maximum Principle (PMP).

Proposition 3.5. Assume that the semigroup action (Py)i>o is positivity preserving and sub-Markov.

(i) Assume there exists (t,,x,) € RT xE such that f(t.,z,) > f(t,z) for all (t,z) € (0,t,] x E and
fte, ) > f(0,2), for all x € E and —p(0; — G) f(t+, x4) is well-defined. Then

_¢<at - G)f(t*; $*> + P¢(t*)f(07x*) < 0.

(i) Assume there exists (ty,x.) € RT xE such that f(t.,x,) < f(t,z) for all (t,x) € (0,t,] x E,
flte, ) < f(0,2) for all x € E and —¢(0y — G) f(t+, x4) is well-defined. Then

—¢(0r — G) fts, 24) + Uy (t) f(0,24) > 0.

Proof. We just prove (i), since the proof of (i) is analogous. For t € [0,t,] and z € E define f(t,z) =
f(te,x,) — f(t,z) > 0. Since P; is positivity preserving, we have P, f(t, — s,2) > 0 for all s € [0,t,] and
x € E, that in turn implies Ps f(t, — s,2) < (Psf(ts, 2x))(x) for all s € [0,¢,] and « € E. Furthermore, since
P, is sub-Markov and linear, we have

Pof(te —s,2) < f(te,24), Vs € [0,t,] Vx € E.
Hence, it is sufficient to observe that

—9(0r — G) f(ts, 74) + Vo () £(0, 74)

- / C(Puf (b — 5,200) — [t ) v(ds)
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+7o(t)(F(0,2) = f(ta,2)) < 0.

O
In the next section, we shall focus on the following equation:
¢(8t - G)q(t,l‘) = vtﬁ(t)Q(Oax) t>0,z€eF (3 3)
q(0,x) = u(x) x€eE, '

where v is suitable initial data. Let us give the definition of solution.

Definition 3.6. We say that ¢ : R§ xE — R is a solution of (3.3) if q is continuous, ¢(0; — G)q(t,x) is
well-defined for all (t,z) € RT xE and the equality in (3.3) hold.

We remark that operators in the form of ¢ (9; — G) have already been considered in the literature. In
[32] the authors considered the equation (9; —A)%q = ¢?, a € (0,1), p > 0, for € R% ¢ € (0,7T), and
studied the existence and behaviour of blow-up. In [7] the authors considered the equation (9; — A)® ¢ = 0,
a € (0,1), in connection with the obstacle problem for the fractional Laplacian. Furthermore, in [17] the
authors considered coupled operators of this kind: ¢ (9; — G), under suitable assumptions, and they provided
Holder estimates for integro-differential equations involving those operators.

In this paper, we are interested in proving the existence and uniqueness of the solutions to (3.3) and
relating them to some appropriate non-Markov processes. We shall consider two specific cases of interest:

e In the first case, we shall assume that G is the generator of a Feller semigroup on Cy(E). In such a
case (3.3) is shown to be the governing equation of a large family of time-changed Feller processes.
e In the second case, we shall focus on a sub-diffusive Black-Scholes equation in the context of a
sub-diffusive market. Notice that, in such a situation, we could consider G to be the generator of
a geometric Brownian motion, however the initial (or final) data we consider does not belong to
Co (R+). For such a reason, a deep investigation of the uniqueness classes related to the problem is
needed. Even in this case, however, the solution can be related to a suitably time-changed geometric
Brownian motion.
In both cases, the existence of the solution can be proved using a stochastic representation, namely a suitable
time-change of a Markov process generated by G. This idea will be described in the next section.

4. THE UNDERSHOOTING OF A SUBORDINATOR AND RELATED TIME-CHANGED PROCESSES

Fix a filtered probability space (€, Foo, {F: }1>0, P). Throughout the paper, we will denote filtrations with
a calligraphic letter without subscript, as, for instance, F := {F¢}i>0. Let S = {S(t), t > 0} be a real-valued,
strictly increasing cadlag process with independent and stationary increments. In particular, we have that
So = {So(t), t > 0} defined as Sp(t) = S(t) — S(0) is a subordinator. We define the first-passage processes

L(t) :=inf{u>0: S(u) >t}
Lo(t) :=inf{u >0: So(u) > t},
where for all t > 0 it holds L(t) = Lo(t — S(0)). Since S is assumed to be strictly increasing, L is continuous
and increasing. Denote by D(R{) the space of real-valued cadlag functions and for any f € D(RJ) and ¢ > 0
let f(t—) = limgyo f(t + 0), while we set f(0—) := f(0). We define
H(t) = So(L(t)—) Ho(t) = SO(LO(t>_). (41)
In particular, Hy is called the undershooting of the subordinator Sy, see [13, Section 1.4]. Concerning H, we
have, for all t > 0
H(t) = S(L(H)-) — S(0) = Ho(t - S(0).
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Throughout the paper, we assume that E[e"\SO(t)] = e 9N where ¢ € By. The potential measure of the
subordinator Sy is defined as

U°(t) = E[Lo(t)].
It is well-known (see [63, Theorem 10.3 and Equation (10.9)]) that if ¢ € &%, then there exists a non-
increasing function u® : R* — R™ (called the potential density) such that fol u®(t)dt < oo and

U?(dt) = u®(t)dt.

Since u? is non-increasing and non-negative, U? is concave. We recall (see [63, Theorem 10.9]) that (u?,7,)
constitute a Sonine pair, meaning that

/ u¢(7)9¢(t —T1)dr = 1.
0

Such a condition, called Sonine condition, has been first introduced in [65]. In general, for all Borel sets
A C[0,t] (see [13, Lemma 1.10]),

M%@EMZA%UﬂMW@)

Furthermore, if ¢ € 6%, it holds

M%@GMZA%WﬂW@@~ (4.2)

Since it is a suitable time translation of the undershooting Hy of Sy, we refer to H as the undershooting of
S. Since it is the composition of the caglad function Sy(-—) with the continuous function L(-), it is true that
also H is caglad. Now, we want to use H as a time-change. The fact that it is not right-continuous implies
that this is not a time-change in the usual sense, e.g. [53, Definition V.1.2]. However, a suitable theory of
left-continuous time-changes has been developed in the context of subordinators and their inverses (see [46]).

To define our time-changed process, let M = {M(¢),t > 0} be a Feller process independent of S. We
define M?(t) = M(Sop(t)) and 7(t) = t + S(0) for all ¢ > 0. Since (M, ) is a Feller process, by Phillips’
Theorem (see [57, Theorem 32.1]) we know that (M?,S), that is obtained by subordination via Sy, is still
a Feller process with respect to its natural filtration. In the following, it will be useful to consider the
canonical construction of (M, S), as in [53, Chapter III.1], with the only exception that we are using the
most general form of the Kolmogorov extension theorem, as in [66, Theorem 2.4.3], so that we do not
need E to be a Polish space. We recall here the canonical construction. We have Q = D(R{; E x R),
i.e., the space of cadlag functions with values in E x R, and we set for any w € €, denoting w(t) =
(wi(t),w2(t)) € Ex R for t >0, (M(t)(w),S(t)(w)) = w(t). Fort >0, we let FY = o((M(s),S(s)), s <t)
and F) = o (Ut>0 ]-'to). Then, for any (z,v) € E x R, we construct, by using Kolmogorov extension

theorem, the unique probability measure P(%) on (Q, F2) such that (M, S) admits the desired transition
probability function and P (M(0) = z,S(0) = v) = 1. Once this is done, we consider the completion
Fo and Fy, for t > 0, of .7-'20 and .7-'?, for t > 0, with respect to the measure P(®*?) and we use as (family
of) filtered probability spaces (€, Foo, {ft}tzo,IP("”f”)). In such a case, (M,S) is called a canonical Feller

process. Now denote G? = a((M?(s),S(s)),s <t), G2 =0 (UtZO g?) and with G; and G, their completion

with respect to P(**). Since the composition is a measurable operator (see [14]), we know that Go, C Fuo.
Furthermore, by Phillip’s theorem, (M?,S) is a Feller process with respect to the filtration G := {G;};>0.
Before proceeding, let us recall the following definition, as in [23, Definition 1.4].
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Definition 4.1. Consider a probability space (Q, F,P) and a filtration F := {Fy}1>0 on it. An E x R™-
valued stochastic process (X,Y) is said to be Markov additive with respect to F if it is F-Markov and for all
Ae&, BeBR™) and0<s<t

Ps,tﬂAXB(xay) = Ps,t]]-AX(B—y)(xa 0),

where B—y = {2 € R": z+y € B} and P, is the two-parameters transition semigroup of (X,Y). Notice
that the latter is equivalent to
P((X(),Y(t)—Y(s) € Ax B|X(s),Y(s))
_ P((X(1),Y(t) = Y(s) € A x B | X(s)). (43)
We can prove the following result.
Lemma 4.2. The process (M?,S) is Markov additive with respect to its augmented natural filtration G.

Proof. We already know that (M?, S) is a Feller process with respect to G, hence we just need to show (4.3).
Let s <t, A€ & and B € B(R), let M?(t) play the role of X (¢) and S(t) play the role of Y (¢) and observe
that, setting AS = S(t) — S(s),

P (M?(t),AS) € Ax B | M?(s),S(s))
=B [EC [14 (MA(0) 15 (AS) | M?(s5), S(5), AS] | M(s), S(s)]
=ECY [113 (AS)E@Y) [14 (M?(t)) | M?(s),S(s), AS] | M‘b(s),S(s)}
Now recall that M?(t) = M(S(t) —v) = M(AS + S(s) — v) and M?(s) = M(S(s) — v), where S(s) < S(t).
Now consider three Borel sets B; € £, By, B3 C R and the event
B* = {M?(s) € Bi} N {S(s) € Bo} N {AS € B3} € o(M?(s),S(s), AS).
It holds
EC) [Lp 14 (M?(1))]
= B g, (M?(5))15,(S(5) 15, (AS)La(M(AS + S(s) — v))]
=EC) 115, (AS) BEY) [1p,(M?(s))15,(S(s)1a(M(AS + S(s) — v)) | AS” :
Once we notice that {M(t), t > 0} and S(s) are independent of AS, if we set
Fi(y) = B [1p, (M?())1s,(S()1a(M(y + S(s) —v))] ,
e EC (15 14(M(2))] = ECV [15,(AS)F1(AS)].
However, we can also write
Fi(y) = B@) (15, (M ()15, (S(s) B [La(M(y + S(5) —0)) | MP(s), 5()]] . (44)
Let us focus on the inner conditional expectation. Consider again two sets By € £ and B5 € £ and the event
B, = {M?(s) € B4} N {S(s) € Bs}.
Then
ECY) g, 1a(M(y + S(s) = v)] = B [15,(M?(s) 15, (S(5))La(M(y + S(s) —v)]

=B [15,(S(s) ECY [1p,(M?(s))La(M(y + S(5) — v) | S(5)]] -
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Since M and S are independent, if we set, for z > v,
Fy(z) = B (g, (M(z — 0)La(M(y + 2 —v)],

it holds
E@Y [Lp, La(M(y + S(s) —v)] = E®Y [15,(S(s)) F2(S(5))] -
However, since {M(z —v) € B4} € o(M(z — v)), we have

Fy(2) = B [15,(M(z = 0) B [La(M{y + 2 = v) | M(z - v)]]
— El@) {]134 (M(z —v)) EM(E=v)v) []lA(M(y))]} .
Hence
ECY) (g, 1a(M(y + S(s) — )]
_ g []135 (S(5))Lp, (M (s)) EM ©)0) [llA(M(y))]}

= B0 15, EOCO0 1,01 ()]

Since the events of the form B,, constitute a 7-system generating o(M®(s), S(s)), this shows that

EC) [1a(M(y + S(s) —v)) | M?(s), 8(s)] = BM* ) [14(M(y))].

Define
Fy(x,y) = B@Y [La(M(y))]

so that going back to (4.4) we get
Fi(y) = E@Y) [1p, (M?(s))1p,(S(s)) F5s(M?(s), AS)]

and then
E@[15.14(M?(1))] = E@Y) [1p. F3(M?%(s), AS)]

i.e., since the events of the form B* constitute a m-system generating o(M?(s), S(s), AS),
B 14 (M2(1)) | M?(5),S(s), AS] = F5(M?(s), AS),
Since AS is independent of both M?(s) and S(s), we get (see Lemma A.1)

PER(M?(1), AS) € Ax B | M?(s),S(s)) = B [1p(AS)F5(M?(s), AS) | M?(s)] .

Use now (4.5) to see that
P& ((M?(t),AS) € A x B | M?(s))

=B [1p(AS)La(M (1)) | M (s)]
= BE [BED) [15(AS) LM (1)) | MO(s),5(5)] | MO(s)]
=B [P0 (MP(t), AS) € Ax B | M%(s),5(s)) | M(s)]
=) (B [15(AS)Fy(M%(5), AS) | M9(s)] | M%(s)]
=E") [15(AS)F3(M?(s), AS) | M?(s)]
= PO (M?(t), AS) € Ax B | M(s),5(s)).

(4.5)
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Now we can define the process X = {X(t),t > 0} where X(t) = M?(L(t)—) that is, if we remember
that H(t) = So (L(t)—), we have that X (¢) = M(H(t)). Notice, in particular, that X is a caglad process.
We can highlight quite a special case. Indeed, if E = R? and M is a jump-diffusion (as in [46]), then
also M? is a jump-diffusion by [57, Theorem 32.1]. Hence, by combining Lemma 4.2 and [46, Theorem
4.1], we know that the process {(X(t),~v(¢)), t > 0} is a time-homogeneous simple Markov process, where
~(t) = max{t — S(0) — H(t),0}. The process ~ is usually referred to as the age process, while its right-limits,
under v = 0, coincide with the sojourn time of X in the current position, i.e., the r.v. Jx(¢) :=t—(0Vsup{s <
t: X(s) # X(t)}), whenever M (and thus M?) does not admit holding points (i.e., points on which M is
stuck for an exponentially distributed random time). Such processes are related, as observed in [46], on the
one hand, to the limits of continuous time random walks and, on the other hand, to the theory of semi-Markov
processes (see [36]). It is, however, worth noticing that the fact that the semi-Markov property holds for X
has not been shown even for E = Rd, but the simple Markov property of (X,+) is already enough to provide
interesting stochastic models. We conjecture that the process X is actually semi-Markov even in the general
case in which E is a locally compact separable Hausdorff space: this problem is deferred to future research.

5. A COUPLED FULLY NON-LOCAL EQUATION FOR TIME-CHANGED FELLER PROCESSES

In this section, we want to determine the governing evolution equation of the process X(¢) under the
condition S(0) = 0, relating it with (3.3). To do this, we shall consider the case in which G is a generator of
a Feller semigroup. Let us now dive into the details.

Let M be defined as in the previous section and consider its Feller semigroup {P,};>0 on Co(E). Denote
by G its generator, with domain Dom(G). As in Example 2.7, (Co(E),C(RF; Co(E))) is a uniqueness class
for G. To get uniqueness for our non-local equation (3.3), the condition ¢(t,-) € Co(F) will not be sufficient:
we need this to hold locally uniformly in time.

Definition 5.1. Let u:Rj xE — R and T > 0. We say that
lim u(t,z) =0  uniformly with respect to t € [0,T)

Tr—r0o0
if for all € > 0 there exists a compact set K C E such that
sup |u(t,z)| <e, Vtel0,T].
¢ K
We say that
lim u(t,z) =0  locally uniformly with respect to t > 0

r—00

if the same property holds uniformly with respect to t € [0,T] for all T > 0.

Theorem 5.2. Let ¢ € &B, such that Hlog(-)u¢(-)HL1[0 g <™ and M be a E-valued Feller process with

semigroup {P,}i1>0 and generator (G,Dom(G)). Let also S be a real-valued, strictly increasing cadlag pro-
cess with independent and stationary increments. Assume further that S is independent of M and that the
subordinator So(t) = S(t) — S(0) is such that ¢(\) = log B@D [e=*S0MW)] Let H be the undershooting of
S and X(t) = M(H(t)). Finally, suppose that So(t) admits a density gs,(-;t) under P(®0) . Then, for all
u € Dom(G), the function

g(t,w) = ECO[u(X (1))
1s the unique solution of
o0y — G)q(t,x) =Ty(t)q(0,z), t>0, x € E,
q(0,z) = u(z), rek (5.1)
lim, 00 q(t,2) =0 locally uniformly with respect to t > 0,
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i.e., it is the unique function q : Ry x E +— R that satisfies Definition 3.6 and the limit condition lim,_, , o q(t, ) =
0 locally uniformly with respect to t > 0.

Remark 5.3. Notice that if E C R? is a bounded open set with a suitably reqular boundary, f € Co(E) if
and only if f € C(E) with f(x) =0 on OE. Furthermore,

ILm q(t,x) =0 locally uniformly with respect tot > 0
if and only if ¢ € C(Ry xE) with q(t,x) = 0 for all x € OF. In particular (5.1) becomes

?(0r — Gq(t, ) =v4(t)q(0,2), t>0, z€E,
q(0,z) = u(x), rekE, (5.2)
q(t,z) =0 x € 0F,
i.e., it is a non-local Cauchy-Dirichlet problem. From a purely analytical point of view and in the special case
d(A) = A* and G = A these problems have been studied in [7] in connection with the obstacle problem for the

fractional Laplacian and in [32] with a non-linear term. Also in [17], equations of these forms are considered
and Holder estimates are provided.

In order to prove Theorem 5.2, we need some preliminary regularity estimates on the function ¢ to verify
the hypotheses of Theorems 3.2 and 3.3.

5.1. Regularity of ¢. First of all, in order to guarantee that we can apply Theorems 3.2 and 3.3 to the
function ¢, we show that it satisfies the assumptions of both theorems. This requires some smoothness
properties. We start by proving that, for fixed = € E, ¢(-, z) is absolutely continuous.

Proposition 5.4. Under the hypotheses of Theorem 5.2, for all x € E the function q(-,x) belongs to AC(R{)
with a.e. derivative Owq(-,x) satisfying, for almost all t € [0,T],

0rq(t,2)] < C(IGull o) + Ilullogm)u’ (¢) (5-3)

for a suitable constant C' > 0 (which is independent on x € E). Remember that u®(t) denotes the potential
density.

Proof. Consider the Feller semigroup (ﬁt)tzo acting on any function w € Cy(E x R) as
Bao(e, s) = ECO[uw(M(1), ¢ + 5)].

Let A be the generator of (ﬁt)tZO- By Phillips theorem (see [63, Theorem 12.6]), we obtain that the generator
of (M?,S) (which is obtained by subordinating P by means of the subordinator Sp) is given, on functions

w € Dom(A), by
A%y = / (Pyw — w)vg(ds);
0

The reader should keep in mind that the integral in the above equation is in the sense of Bochner. Now let
u € Dom(G) and consider, for any N € N, a cut-off function of [N, N], i.e. nx € C°(R) such that ny(t) =1
fort € [-N,N], nn(t) =0 fort € [-N —1, N +1] and nx(t) € [0, 1] for all ¢ € R. Without loss of generality,
we can assume that ||%nN||L°°(]R) < C,,, where C,, is independent of N. We define un(z,t) = u(z)nn(t). Let

us show that uy € Dom(A). Indeed,

lim IghuN(x,t) —un(z,t)
h—0 h
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ESO [u(M(h)) | M(0) = z]nn(t + h) — u(z)ny (t)

= lim
h—0 h
@0y =z —u(x _
i BN | MO =] 0],y g IR )

= Gulayn (1) + ule) o (1),

Since the pointwise generator coincides with the classical one (see [15, Theorem 1.33]), then this proves that

uy € Dom(A) and
Auy (z,t) = Gu(z)nn (t) + u(x)%mv(t) Ve e E, VteR. (5.4)

By Phillips theorem, we know that uy € Dom(gd’) and in particular
Abuy = / (Pouy — un )y (ds)

0
1 s oo
= / PTAuNdTV¢(dS)+/ (Psun — un )vg(ds).
o Jo 1

By Bochner theorem, see [1, Theorem 1.1.4], we have

1 s
30y = ) ]
C(ExR) 0o Jo
o0
w0
1

= HAUNHC(EXR) Jd)(l) +2 HuNHC(Ex]R) Eb(l)a

(ds)

ﬁTAVuNH dr vy
C(EXR)

Py — H d
UN UN C(EXR) V¢( S)

where J,(1) = fol svg(ds). Using (5.4) and recalling that ||nx|| e @) = 1, we have

|20y < NGy + oy CodTo(1) +2 ey P (1)
< CIGullggy + lulleig))
for some suitable constant C' that is independent of N. Now let

an(t,,8) = ECDun (X (1), S(L()-))] = E@Iun (M (L(t) =), S(L(t) )], (5:5)

C(EXxXR

observe that L(t) is a stopping time with respect to the natural filtration of (M?(-—), S(-—)) and use Dynkin’s
formula [15, Equation (1.55)] to write

L(t) _
an(t, 2, 8) = uy (z, s) + B®®) / APun(M®(7), S(7))dr| ,
0

where we also used the fact that S is stochastically continuous. Now fix 7' > 0 and consider t € [O, %T] We

extend gy (t,x,5) tot € [—L,0] by setting qn (¢, z,s) = un(x,s). Let h € R with 0 < |h| < L and define for
2 2
any ¢ : [— %, %T] — R the quantity
t+h)—p(t
Dop(t) == plt+h) = olt) })L o )
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We argue first for h > 0. Observe that, by (5.5), for almost all ¢ € [0,T].

|D"qn(t,2,0)] < A T EEO
(t)

< || A%un| R E@O[L(E + h) — L(D)]
C(EXR)

< C(IGullo(gy + lullom)h™ (U (t + h) = U?(t))
< CllIGulle g + lull ozy)u? (t).

L(t+h)
/L |A¢uN<M¢<T>,S<T>>|dT]

If h < 0 instead, let us distinguish among two cases. If |h| < L then we have

Ue(t)—U?t+h t
1D v t,2,0)| < CIGU oy + ) O < Gl + uleqenu® (5)
If, instead, |h| € [£,t), then
U(t) —U®(t+h) U? (t)

|D"qn (t,2,0)| < C(IGullo(py + lullesy) < 20(1Gull oy + lullomy) ——

t
Finally, if |h| > ¢, we get
U°(t) Ue(t)
|DhQN(t»$>0)| < C([|Gull g gy + HUHC(E))|T| < C([|Gull g gy + HUHC(E))T'
Hence, we have in general (for any h € R)
t U®(t)
D v t,2,0)| < CUIGUl ey + o) (w20 40 (5) + 2.

Now, since u € Co(E) and ||y gy = 1, We can use the dominated convergence theorem to take the limit
as N — oo and get

¢
D 4(t,0)] < CIGuleqey + Do) (w0 +u (5 ) + 2. 5.6

We now use a suitable modification of [27, Theorem 5.8.3] in the case of L' functions. For completeness
we give here all the details of the proof. Consider any sequence h,, — 0, fix z € E and set, for simplicity,
gn(t) = D' q(t,z) for t € [0, T]. Before proceeding, notice that for any 7' > 0 it holds

/OT @ dt = /OT /Ot “d)fs) ds dt = /OT /ST “d)t(s) dt ds = log(T\U*(T) — /OT log(s)u®(s) ds < oo,

U?(t)
t

where the last inequality follows by assumption. Set then g®(t) = u®(t) + u? (%) + and notice that

g% € LL (R{) and g, (t) < CllGullcg) + ||u||C(E))g¢(t) for all t > 0. We have then

loc
||gn||L1[o,T] < C(”GUHC(E) + HUHC(E)) Hg¢||L1[07T] ; Vn e N.

Furthermore, since g¢ € L'[0, T], we know that for any ¢ > 0 there exists § > 0 such that for all measurable
A C [0,T] such that |A| < ¢ it holds

/A gn(t)dt < C(IGull o + o) /A () di < e, neN,
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that implies that the sequence {g, }nen is uniformly integrable in [0, T]. Hence, by Dunford-Pettis theorem
[16, Theorem 4.30] we know that there exists a function ¢ € L*(0,T) such that g,, | g. Next, let p € C2°(0,7)
and observe that

3
2

T T %T
/ Dhq(t,x)p(t)dt = [ DPg(t, x)p(t)dt = — / a(t2)D " p(t)dt
0 0 0

and, in particular,
T 3T
| et =— [* qt.a)p o
0 0
Taking the limit as n — 400 we have
T

| swetar = [ award i = - [ awog o

It follows that g(-,z) € W11[0,7T], where W11[0,T] is the usual Sobolev space, with weak derivative
9¢q(t, ) = g(t). In particular, we recall that any function W11[0, T] admits an absolutely continuous version.
Since ¢(+, z) is continuous, then it is absolutely continuous with a.e. derivative dyq(-,x). Finally, notice that
for h > 0 we actually have

[D"q(t,2)| < C(IGullo(gy + lullomy)u® ()
and taking the limit as h — 0% we get the statement. g

Thanks to the previous result, now we can prove that ¢ satisfies Items (i) of Theorem 3.2 and (i) of
Theorem 3.3.

Corollary 5.5. Under the assumptions of Theorem 5.2 we have that for all (t,z) € RS xE,

¢
/o [Psq(t —s,) = Psq(t, )l oy volds) < C|Gullcig) + llulle))

and

> CllGullopy + lullery)
| [ 1Pt = 5. = Pt ey vatds e < (e T o)

forallx € E and A > 0.

Proof. Let us fix ¢ € E and observe that by (5.3) we have
alt = s,2) ~at.o)| < [ |ouate o) dr
0
<ClIGul oy + lulloqey) [ (e = rhar (1)

Since P, is non-expansive, positive preserving and sub-Markov we have for all z € E
[Psq(t — s,2) — Psq(t, x)| < Pslq(t —s,-) —q(t, )| (z)

< C(IGullogs + lullogs) / ub(t — r)dr

hence, taking the supremum, then integrating and using Fubini,

(5.8)

t
/0 1Paalt = 5,) = Paalts Moz volds)
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t s

< CIGulloey + Ieleqy) [ [ ut(e=r)drvyas
t t

= C(IGul o + Iell o) / ub(t 1) / v (ds) dr

t
< C(Gul o + i) / w9 (t — 7)Py(r) dr
= ClGulleg) + llullcs)),

where the first equality is due to the fact that (7,s) € [0,s] x [0,t] is equivalent to (7,s) € [0,t] x [r,¢].
Furthermore, we have

oo ¢ ClGullemy + lulles))
/0 € At/o [1Psq(t = s,-) = Psq(t, )l oy volds)dt < ( ;\ -

for all A > 0.

Next, we show that g(t,-) belongs to Dom(G) and we control its uniform norm.

Proposition 5.6. Under the hypotheses of Theorem 5.2, for all t > 0 the function q(t,-) belongs to Dom(G)
and

1Ga(t, )l < 1Gullo) - (5.9)

Furthermore lim, o q(t, ) = 0 locally uniformly with respect to t > 0.
Proof. Observe that, since H (t) defined in equation (4.1) is independent of M, we have
q(t,z) = ECO[u(X (1)) = ECOECO u(X (1) | H(#)]] = BV [Pygyu(e)]

_ /0 Pru(a)(t — 7)u®(7)dr, (5.10)

where we used the fact that H(t) admits density 74(t — 7)u®(r) for 7 € (0,t), see [13, Lemma 1.10]. Let us
stress that

t
/O 1Pl s 7ot — Tul (F)dr < lull o) -

hence, a simple application of the dominated convergence theorem shows that ¢(t,-) € C(F). Next, we prove
that

lim ¢(t,2) =0 locally uniformly with respect to ¢t > 0, (5.11)
T—r 00

which in turn implies that ¢(¢,-) € Co(E). To do this, fix T' > 0 and observe that Pou € Cy(E) for all t > 0
and (P;)>0 is strongly continuous. Let us extend the semigroup by setting P; = I for all ¢ < 0, in such a way
that (P;)ier is still a strongly continuous family of operators such that Pou € Cy(FE) for all t € R. Fix e > 0.
For all t € [0,T] let K(t) be a compact set such that sup, g [Pru(z)| < §. Since Py pu uniformly converges
towards Pyu as h — 0, we know that there exists §(¢) > 0 such that for any s € (t — 0(¢),t + d(¢)) =: I(t) it
holds sup, g x4 [Psu(z) — Pru(z)| < 5. As a consequence, in particular, sup, g ;) |Psu(z)| < . Now notice
that Ui,y I(t) D [0, T], where the latter is a compact subset of R, thus {I(¢)};e[,77 is an open covering of

[0,T]. Hence, we can extract a finite number of such open sets I(t1),...,I(ty) such that [0,T] C vazl I(t;).



21

Let K = vazl K (t;), which is a compact set since it is a finite union of compact sets. Let s € [0,7]. Then
there exists ¢ = 1,..., N such that s € I(¢;) and then

sup |Psu(z)| < sup |Psu(z)| <e.
We have shown that, for all s € [0, T,

sup |Psu(z)| < e.
Tz K

Hence, by (5.20) we get

¢ ¢
sup |q(t,z)| < / Ty(t — s)u®(s) sup |Psu(x)| ds < 5/ Tyt — s)u®(s)ds = e.
g K 0 ¢ K 0

Since € > 0 and T > 0 are arbitrary, we proved that lim, ., ¢(¢,z) = 0 locally uniformly with respect to
t > 0. Now we need to prove that ¢(¢,-) € Dom(G) and that (5.9) holds. Define

Ps —1I
s 3
where I is the identity operator on Co(E). Setting Q : Rf — Co(E) as Q(t) = q(t,-) for t € RT, we have

Q) = /0 Prusg(t — )u® (7)dr.

G, = s> 0,

Thus,
t ¢
GsQ(t) = Gs/ Pruvg(t — m)u®(t)dr = / Gy Pruvg(t — )u?(1)dr
0 0

¢
:/ P,Guvy(t — m)u®(r)dr, (5.12)
0

where we used [1, Proposition 1.1.6] and the fact that G5 and P, commute on Dom(G). Now, since u €
Dom(G), we have (see definition 2.8)

1 S

Gou = f/ P,Gudw

s Jo

and in particular [|Gsullc(p) < [|Gullo(p)- Furthermore, since Py is contractive, we have
| P-Gsu g (t — T)’ZJ,¢(T)||C(E) < Dy(t — T)u’(7) 1Gullc(m)

where the right-hand side is integrable in [0,¢] and independent of s. Hence, taking the limit as s — 0 in
(5.12), using the dominated convergence theorem for Bochner integrals [1, Theorem 1.1.8] and the fact that
P, is continuous, we get

t
lim G,Q(t) = / P.Guug(t — m)u®(r)dr,
s—0 0
i.e. q(t,-) € Dom(G) for all t > 0 and
t
Galt, ) = / PLGu(-) g (t — 7)u (7)dr.
0

Finally, again by Bochner theorem, the contractivity of P, and the fact that (7s,u®) is a Sonine pair, we
have

1Ga(t: Mo < 1Gullem -
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Since ¢(t,-) € Dom(G), one has Gq(t,-) € Cy (E). Hence, we get the following corollary, which guarantees

that Ttems (ii) of Theorem 3.2 and (ii) of Theorem 3.3 hold.

Corollary 5.7. Under the assumptions of Theorem 5.2 we have, for all (t,2) € RT xE

t
/0 1Psat, ) — alt, Yoy vo(ds) < I Gullom Tt

where Jy(t) = fot svg(ds) and, for all X >0 and z € E,

—+oo t
[ e [Pt = ot e, votds) it < .
Proof. Since q(t,-) € Dom(G) C Cy(E), we have

Pyq(t,x) — q(t,x) = / GPrq(t,z)dr = / P,Gq(t,z)dr.
0 0

Taking the absolute value, using again the fact that P, is non-expansive, positivity preserving and sub-
Markov,

|Paq(t, z) — q(t, )| < / |P-Gy(t,x)|dr < / Pr|Gq(t, x)ldr < [|Ga(t, lom) s < 1Gullo s (5:13)
0 0

Hence, taking the supremum and then integrating,
t
1Pt = att ey volds) < 1Guloqey To(0)

and it follows by (2.7), that f0+oo e MTy(t) dt < oo for all A > 0. O

Next, we need to show that Item (iii) of Theorem 3.3 holds. Next proposition follows once we observe
that |q(t,2)| < ||lullo(p) for allt > 0 and z € E.

Proposition 5.8. Under the hypotheses of Theorem 5.2 the following inequality holds, for all X > 0 and

rekl N
(oo}
v P(A
/0 e Moy (t)q(t, x)dt < ¥ lullomy -

5.2. Proof of Theorem 5.2.

Proof. First, notice that, by the discussion in Subsection 5.1, we know that we are under the hypotheses of
Theorems 3.2 and 3.3. Hence, observe that by Theorem 3.2, ¢(0; — G)q(t,x) is well-defined for all € F
and ¢t > 0. Furthermore, by Theorem 3.3, we know that for all z € E the function ¢(9; — G)q(-, z) is Laplace
transformable for any A > 0. Consider that ¢(0,z) = u(z) by definition. Next, observe that, for A > 0

/ e "Uy(t)q(0,2)dt = Tq(&x).

0
We want to prove that for all x € F

/OO e Mp(0y — G)q(t, x)dt = @q(o, x).

0
For this, first observe that by Theorem 3.3 we have

/ e*)‘tgb(at — G)q(t,z)dt = 7/0 /0 e*M(Psq(t —s5,2) 1o (s) — q(t,x))dt vy(ds).

0



Set @ as in the proof of Proposition 5.6. Then we have
/ e MP,Q(t — $) Lo, (s)dt = Ps / e MQ(t — 8) 1[5 400 (t)dt
0 0

=P, /OO e MQ(t — s)dt

_ e*’\SPs eff\tQ(t)dt = 67,\51336()\)7

0
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where the first equality is due to the fact that Ps does not depend on t and that s € [0,¢] is equivalent to
t € [s,00) and where all the integrals are Bochner integrals on Cy(E). Hence, in particular, the equality

holds for all € E and then we get
/ e MPyq(t — s, x) 4 (s)dt = e M P\, ),
0

where (A, z) = [;° e *q(t, x)dt. This implies

0
Now we need to evaluate (A, z). First, we use Fubini’s theorem to write

—+o0

i\ z) = BE@O) [ /O e Mu(X (1)) dt| .

/ T M0, - Galta)dt = - /OOO (7" PG(x @) = 4\, @) vo(ds).

(5.14)

Then, we recall that S performs at most countably many jumps that are a.s. dense in [0,400) and it
increases continuously on a set with Lebesgue measure zero (see [57, Chapter 4, Section 21]) and also that

H(t) = S(y—) for any t € (S(y—), S(y)], so that

S(y)
da) =B |30 [ Mty
y>075=)
= [ e_ks(y_) — e_)‘S(y)
= B0 [ e u(M(S(y-))

y>0

— %E(LO) Ze—ks(y—)(l — e AEW=SWDYy(M(S(y—)))

y=>0

Now observe that all the previous argument can be applied to uy(x) = max{0, fu(x)}, so that

1

X E®0 Z e MW (1 — e EW=SW) Yy (M (S(y-)))

y=>0

_ /W M E* [ug (X (£)))dt < oo.
0

Consider the Cy,(R{)-valued stochastic processes: Zy := {Z+(y),y > 0} defined, for all y,z > 0, as

Zy(y)(2) = ug (M(S(y—)))e MU)(1 — e=>%).

(5.15)
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Notice that Z4 is left-continuous, i.e. for all y > 0 and y,, Ty it holds

1Z+(yn) = Z+ Wl o(p)
< Jug (M(S(y—)))e ) —uy (M(S(y,—)))e @] =0

as n — oo, hence it is a predictable process Furthermore, observe that p = {p(y), y > 0} with p(y) =
S(y) — S(y—) is a Poisson point process of intensity v4. Hence, by the compensation formula (see [12, Page
7]), we get

1 E®0 {Z e MW7 — EA(S(y)S(y)))ui(M(S(y_)))]

y=>0

=100 [ ([ e tan) ) ua (st 50

+o0
¢()\)\) E(:0) [/O ui(M(S(y—)))e_’\S(y_)dy}

+oo
- | [usauesme 50 ay

A) oo

=2 [T B0 [w(u(s@)e ) ay
0

where in the last equality we used the fact that S is stochastically continuous and independent of M. Since

the left-hand side of the previous equality is finite, so it is the right-hand side. Hence, subtracting term to

term and recalling that u(z) = uq () — u_(x), we get

GO0 0) = 3 B0 | S0 e (1 NS00 (1 (5(y-))
y>0

_ ‘ZS()‘)/+ E(@0) [ (M(S(y)))e —AS(y)} dy

+o0 +oo
/ / e B [u(M (1)) gs (7 y)dr dy,

where gs(7;y)dr is the law of S(y) under P(*9 and we used the independence of M and S. Substituting
this equality into (5.14) we get

/0 T M0, — Gt 2)dt
s { “xap, ( / o / T e [y <M<T>>]gS<T;y>dey) (2)

/+°O /:oo TR [u(M(r ))]gs(f;y)dey} vo(ds).

+oo +oo
/ / ef/\T
0 0

Now observe that

ECO M), 95(riv)dr dy
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+oo +oo
< lullogr / / e gs(riy)dr dy

oo lulloe
= ||u e YNy = B - 0,

hence, by [1, Proposition 1.1.6] and recalling that Bochner integrability in Cy(E) implies Lebesgue integra-
bility for fixed « € E, we have

/OO e Mo (0, — G)q(t,x)dt
0

- _@ /O°° /0+°° /0+<>° (6_”“7% ECY [u(M ()] (x)

) [u(M(7)]) g5 (73 y)dr dyvs(ds). (5.16)

Next, we want to use Fubini theorem. To do this, we first observe that B [u(M(7))] € Dom(G). Fur-

thermore, the semigroup {ﬁs}sZO where P, = e~ P, admits G — M\ as generator, with domain Dom(G).
Hence,

/OOO /O+°° /;OO ‘e_A(SJrT)Ps ECO [u(M(7))] (z) — e B@O [u(M(7))] ’ 9s(T;y)dr dyvy(ds)
/om /om /o+oo Sﬁw@ —ADEC [u(M ()] (2)dw
e

L e
Ooo /O+oo O+°° = |l(G = A1) ECY [U(M(T))]HC(E) (/0 Awdw) gs(r:y)dr dy ve(ds)

Gu +)\ u oo oo e
 NGullow) + A lullo) / / / e (1= ™) g (r3y)dr dy vy(ds)

1Gullom) + A lull o)
B A
Hence, by Fubini theorem, changing the order of the integrals in (5.16), we have

/0 T e N, — Gqlt, )t
S [T (e B )] )
oA R 0)[ (M(T))]) </+Oog (t5y)dy ) drvg(ds)
_ fi/ /“’" e B ECO) [u(M (1) (2)

RO [u(M(r)]) u? (7) drvg (ds),

gs(T;y)dr dyvg(ds)

IN

PG = M) E™O [u(M(7))] <m>\ duw gs (s y)dr dy vs(ds)

IN

o (G — M) ECO [y dwgSTydeyl/ ds
[

IN
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where we used the relation u?(7) = f0+oo gs(T;y)dy. Again, since B9 [u(M(7))] € Dom(G), we can write

/OOO ei)\tqb(at — G)q(t,z)dt
= —@ Y R A (T4w) (v _ (+,0) v
= 5 /O /0 /0 e~ AT+ (G-MNP,E 0 [u(M(T))] (x)U¢(T)dw dr ¢(d8).

Next, we use again Fubini theorem and we get, by observing that s > w,

/000 e_’\tqb(at — G)q(t,x)dt
_ _@ / ~ / I / M0 (G ) Py B [u(M(7))] (2)u? (7 (ds) dw dr
/ / e MG = NPy B [u(M (7)) (2)u? (1)74 (w) dw dr

+oo
L / / NG = N) Py ru(e) u (7)74 (w) duw dr. (5.17)

Now we set w + 7 = v in the inner integral so that (5.17) gives us (again, remember that 7 € [0, v])

/OOO e Mp(0, — Q)q(t, x)dt
+o0o
/ / e (G — N Pyu(x) u® (1)4(v — 7) dv dr

:_T/o e=(G — A)Pyu(z) (/O wl(r )%(U—T)df) dv

- _@ /OOO e (G — N\ Pyu(z)dv
= d)(;\)/o e NP, (A — G)u(z)dv
- @u(x), (5.18)

where we used the fact that u? and ¥, constitute a Sonine pair, P, and G commute on Dom(G) and
(o)
/ e MPydv = (N —G)7!
0

Taking the inverse Laplace transform we get that, for all # € F, there exists I, C R", with Lebesgue measure
zero, such that for ¢ € I, it holds

P(0r — G)q(t, ) = vy (t)u(x).
Now we need to show that I, = @ for all z € E. To this purpose, first denote by R = {S(t), t > 0} the
topological closure of the range of S. Since H can only jump when ¢ € R and it is isolated on the left,

PEO(H(t) # H(t+)) <PEY(t e R)=0 (5.19)

by [13, Proposition 1.9], since ¢ € &B(. Once this has been established, notice that one can rewrite, given
that H and M are independent,
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a(t, @) = B0 [w(M(H(®)] = B [BCO [u(M(H() | H(0)]

= E®0 [Pryu(z)] = /Ot Pou(2)Tg(t — s)u®(s) ds.
Notice, however, that for any two fixed xg,z € E it holds
q(t,z) = /Ot Pou(z)Ty(t — s)u®(s) ds = B0 [Pryu(z)] . (5.20)
Fix t € R§ and let ¢, — t. Then it holds

la(tn, ) = a(t, o < B [HPH(tn)“ - PHU)“HC(E)} .

Notice that lim,, HPH(tn)u — PH(t)uHC(E) = 0 almost surely by (5.19) and the strong continuity of (P;);>o.

Furthermore, HPH(tn)u - PH(t)uHc(E) <2 ||u||C(E). Hence, by the dominated convergence theorem,

n—oQ

In particular, this shows that ¢ is continuous in both variables. Next, fix ¢ € RT and consider a sequence
tn 4 t. Then we have for all x € F

‘(b(at - G)q(tna$> - (b(at - G)q(t7.'17)|

< / Pug(t — 5,2) — q(t,2) — Pag(tn — 5,2)) + q{tn, 2)|1s(ds)
0

tn
+ / Pty — 5,2) — q(tn, 7)|ve(ds)
t

+q(t, 2) (7 (t) = (tn)) + la(t, ) — q(tn, )74 (tn)-

Taking the supremum over x € E, this leads to

[6(0 — Galtn,-) = ¢(0r — Ga(t, )l o)

< /0 1Psq(t = s,-) = qlts-) = Psq(tn = 5,-)) + 4(tn, )l o) Vo (ds)

tn
[ 1Pt = 5. = att e volds)
t
+ gt o Ts(t) = To(tn) + gt ) = a(tn; )lom) Vo ltn)
= In+ Jn+ lla(t; ey Ts(t) =V (tn)) + lla(t, ) = a(tn, )l om) Vo (tn)-
Concerning I, first notice that
1Psq(t —s,-) —q(t;) = Paqltn = 5,-) + q(tn; )l o)
< ”PS(Q(t -5, ) - q(tn -5 ))HC(E) + ||Q(t, ) - Q(tna )HC(E)
<llg(t =s,) = altn = s, )l + lat, ) = altn, )l o) »
since Py is non-expansive. Hence, taking the limit as n — oo and using (5.21) we have
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Furthermore,
||PSQ(t - S, ) - q(tv ) - PSq(t’ﬂ -5, ) + q(tna )HC(E)
SN Psq(t = s,-) = Poq(t, Mooy + I1Psa(t, ) —a(t, )l
+ ||Psq(tn - S, ) - PsQ(tm ')”C(E) + HPSQ(tna ) - Q(tm ')HC(E)
<2C (HGUHC(E) + ||UHC(E)> /o u®(t = 7)dr + 2 ||Gull oy 55

where we used (5.8), (5.13) and the fact that u®(t, — 7) < u®(t — 7) since u® is non-increasing. The right-
hand side of the previous inequality is integrable against v4(ds), hence we can use the dominated convergence
theorem to achieve

lim I, = 0.

n—oo

Concerning J,, instead, we have

< 1Psq(tn — s,7) — Psq(tn, ')HC(E) + 1 Psq(tn, ) — q(tn, ')HC(E)

<C (||GUHC(E) + ||U||c(E)) /0 u?(t" = 7)dr + ||Gull o 8
where we used again (5.8) and (5.13). Hence
tn s tn
3o < 0 (1Guleq +lulleqs) [ [ e = r)irwatds) + 1Guleqs [ swats
¢ ¢

= C (IGullees + lullow) Tt + 1Gullom) (Ts(t) = To(0).

By (2.7), it turns out that J; is right-continuous. Furthermore

/ / Vdrve(ds) / / )drvg(ds)
(t, — 1))

(T (t) = T (tn)) (U (tn) — U(
+ [ = Eetr) = p(t)) dr
= (Tg(t) = Vo(tn)) (U (tn) — U%(tn — 1))
+ /t DUt — VT (r) dr — Ty (£ U (0 — 1)
< (Wg(t) = Tg(tn)) (U (tn) = U (t, — 1))
+ Tyt )Ud)( n—t)— p(b(tn)Ud)(tn —t)
= (Ts(t) = Ty (ta)) U (tn),
hence, since Uy is also right-continuous, lim, Jﬁ = 0, thus lim,, ,~ J, = 0. This proves that
T[98 — Caltn. ) — 60— Calt, ey = 0. (5.22)

Now fix ¢ € F and assume, by contradiction, that I, # &. Let t € I, and consider any interval of the form
[t,t 48] for some & > 0. Let IS = I, N[t,t+ 6] and observe that |I%| = 0, hence |[t,t + 6]\ 13| = § = |[t,t +7]|.
Since the Lebesgue measure has full topological support (i.e., any non-empty open set has positive measure),
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then [t,t + 8] \ I9 is dense in [t,t + ] and there exists a sequence t,, | t such that t,, ¢ I, for all n € N. For
such a sequence

#(0r — G)q(tn, ) = P¢(tn)q(tn,x).

However, taking the limit as n — oo, using (5.21), (5.22) and the fact that 74 is right-continuous, we get
P(0r — G)a(t, x) = vy (t)q(t, @),
that is absurd since t € I,. Hence I, = @ and, since € E is arbitrary, this shows that
¢(0r — G)q(t,x) = D4(t)q(t,z), Y(t,x) € RT xE. (5.23)
Combining the latter with the fact that lll)n;o q(t,x) = 0 locally uniformly with respect to ¢ > 0 as shown in

Proposition 5.6, we finally have that ¢ is solution of (5.1).

It remains to show that this is the unique solution. Indeed, let ¢; be another solution of (5.1). Then w = ¢—
q1 solves (5.1) with u = 0. Now let 7' > 0 and assume, by contradiction, that € = sup; ;e 71x £ [w(t, )| > 0.
Let K C E be such that

sup |w(t,x)| <e, Vte€[0,T].
¢ K

Then, since w is continuous,

€= max  |w(t,z)|.
(t,z)€[0,T|x K

Let (ts,z4) € [0,T] x K be such that |w(t,,xz.)| = . If w(ts,zs) = €, then w(ty,z.) > w(t,z) for all
(t,x) € (0,t,] x E and w(ts,z4) =€ > 0=w(0,x) for all x € E. Hence, by Proposition 3.5 we have

0=—¢(0 — G)w(ts,z4) <0,
which is a contradiction. The same holds if w(t,, x.) = —¢. Hence w = 0 and this ends the proof. O

5.3. Another uniqueness criterion. Before moving to option pricing, we give a further result concerning
the uniqueness of the solution to our non-local problem.

Proposition 5.9. Let ¢ : Rf xE — R be a function such that q(t,-) € Dom(G) for allt > 0 and t € R}
q(t,-) € Co(E) is measurable. Assume further that there exists Ay > 0 such that:

e The function
i) = [ e Natt o
0
is well-defined for all x € E and X\ > A\,

e It holds
mmmsA M g(t, Yo dt < oo.
e For all x € E there exists T, C Ry such that |I,| = 0 and ¢(8; — G)q(t,x) is well-defined for all
t € RY\Z,.
o Forallx € B and A > A\, it holds
/ ef/\tqﬁ(é‘t —G)q(t,x)dt = —/ / e*)‘t(Psq(t — s,x)]l(o,t](s) —q(t,z))dt vy(ds) (5.24)
0 o Jo
e Forallx € E and t € R \Z, it holds

#(0r — G)q(t,x) =Ty(t)q(0,z),  for almost all t > 0. (5.25)
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Then, for almost all t € R{ it holds

Jatt.) ~ O ta0.x 01|, =0

Proof. Since ¢(0,-) € Dom(G), arguing as in the proof of Theorem 5.2, we know that the function ¢, (¢, x) =
E®[¢(0, X (t))] satisfies all the assumptions in the statement. As a consequence, also the function ¢ — g,
satisfies all the assumptions in the statement. Hence, without loss of generality, we can assume that ¢(0,-) = 0.
Integrating (5.25) against e=** for A > ), and using (5.24) we get

/Ooo /0°° 6_/\t(PsCI(t —5,2,)L(0,4(s) — q(t, x))dt vg(ds) = 0. (5.26)

Next, notice that

/ e N Pog(t — s,2) Lo (s)dt = e / Py <€7’\(t75)Q(t -5, ‘)ﬂ(o,t](s)) (z)dt. (5.27)
0 0

Now observe that
dt — /
c(E) 0

[ m
-/

= [ e et g dr < o

Observing that, for fixed s > 0, also t € Ry + e A =%)q(t — s, 10,4 (s) € Co(F) is measurable, we know by
(5.28) and Bochner’s theorem (see [1, Theorem 1.1.4]) that the latter is Bochner-integrable and then, by [1,
Proposition 1.1.6] and (5.27), we have

dt
C(E)

e M 9g(t - 5,) 1o 4(5)

eiA(tfs)q(t — s, ')]IR(T (t—s)

e q(r, Vg (1) HC(E) dr (5.28)

/ Pl — 5,2)1 (0, (s)dt
0

— e P, (/OOO e Mg (t — s, ')ﬂ(o,t](é’)(ﬂc)dt> = e M Pg(w) (5.29)
and then (5.26) becomes
/0 (e Py(z) — §(x)) v(ds) = 0. (5.30)

Now let ﬁs = e " P, and notice that this is still a Feller semigroup with generator G — \I, where I is the
identity operator. In particular, by [1, Proposition 1.1.7], ¢ € Dom(G) C Dom(G — AI). In particular, this
implies that

e M Pg(x) — glx) = /O ’ P.(G — \)§(z) dr.

Taking the norm we get

||€*>\5Psa_§||c(E) SA ‘

G — A )q]
SCELYr EEY,

P.(G— /\I)ZIHC(E) dr
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Integrating the right-hand side against vy (ds) we get

o G — \)q|
1P g vtas) < 1N

Thus, we can rewrite (5.30) in terms of Bochner integrals as

/OOO (e7** Py — q) vy(ds) = 0. (5.31)

Now consider the Feller semigroup (P?)s>¢ acting on f € Co(E) as

S
N oo _
Pl = P:fgs(r;s)dr
0

and denote by (—¢(—(G — AI)), Dom(é(—(G — AI)))) its generator. By Phillips formula (see [63, Theorem
12.6]) we know that Dom(G — M) C Dom(¢(—(G — AI))) and on f € Dom(G — AI) it holds

O(—(G A == [ (RS = ) valds)
0
Since ¢ € Dom(G — A\I), we get by (5.31)
—¢(—(G = AI))g=0. (5.32)
Finally, notice that for all f € Dom(G — AI) it holds

=6 too
P = [
’ / C(E) 0

where ¢(A\) > 0. Hence, by the Hille-Yosida Theorem (see [1, Theorems 3.3.2 and 3.3.4]) we know that 0
belongs to the resolvent set of —¢(AI — G) and thus the operator is invertible. As a consequence, (5.32)
implies

P.f

. —sd(A
‘C(E) gs(7;8)dr < e )||ch(E)7

i) =0.
By injectivity of the Laplace transform (see [1, Theorem 1.7.3]), this ends the proof. O

Remark 5.10. Notice that the function q in Proposition 5.9 is not a solution of (3.3) in the sense of
Definition 3.6. Indeed, on the one hand we are not requiring that q is a continuous function of (t,z), on
the other hand q solves (3.3) not for all (t,z) € RT xE but only on a subset E C RE xE such that for all
x € E the set I, = {t € R : (t,x) & E} satisfies |I,| = 0. With an abuse of notation, we could refer to
such a function q as an almost-everywhere (a.e.) solution of (3.3). From this point of view, Proposition 5.9
tells us that the solution provided in Theorem 5.2 is also the unique a.e. solution satisfying some additional
conditions on the Laplace transform. Finally, notice that we are not requiring that lim,_, . q(t,x) = 0 locally
uniformly with respect to t > 0.

6. OPTION PRICING WITH THE UNDERSHOOTING OF THE -STABLE SUBORDINATOR

In this section we deal with the model with dependent returns and trade durations (DRD) introduced in
[39]. In [39, Theorem 6.2], an option pricing formula is obtained for such a model using Fourier methods.
Here, we shall instead use the results of the previous sections, in particular Theorem 5.2, to derive a suitable
final problem for a non-local pseudo-differential equation, in the same spirit as for the local Black and Scholes
differential equation.
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6.1. The price process. To describe the price process underlying our option-pricing method, we shall make
use of the time-changed processes introduced in Section 4. Let B be a 1-dimensional Brownian motion and
consider the process M(t) = e2®). Consider S as in Section 4 and assume (B, S) is a canonical Feller process,
on the canonical filtered probability space (Q, Fuo, {Ft}i>0, P@¥)). By Lemma 4.2 we know that (B?,S5)
is a Markov additive Feller process with respect to its augmented natural filtration G := {G;}+>0. Now let
X.(t) = B®(L(t)—) = B(H(t)) and consider the age process

~y(t) ==t — S(0) — H(t). (6.1)

Then, (X.,~) is a caglad process. Furthermore, notice that by Phillip’s theorem, since C3°(R) is contained
in the domain of the generator of (B, S), we know that CS°(R) is a subset of the domain of the generator
of (B?,S). Hence, we can use the Courrége-Waldenfels theorem (see [15, Theorem 2.21]) to establish the
jump-diffusion form of the generator of (B?,S). Thus, we have the following result.

Theorem 6.1. Fort >0 set Hy = Gr)—. Then the process (Xe,7) is a time-homogeneous Markov process
with respect to the filtration H := {H}i>0-

Proof. The proof is exactly the same of the ones of [46, Theorems 3.2 and 4.1], with the only exception that
since (B?,S) is not a canonical Feller process in our setting, one has to modify the translation operator
accordingly. Precisely, in our case we just need to set 6iw(s) = (w1(s),wa(s +t)) for all t,s > 0. Indeed, for
s,t > 0and w e N

(B? (0w, 5), S(6sw, 5)) = ((B(Bsw), S(Bsw, 5)), S(6sw, s))
= (w1 (wa(t + 8)),wa(t + 5)) = (B®(w,t + ), S(w,t + 5)).
0

Now we set

X(t) = XU = M(H(t)) = M?(L(t)-). (6.2)
(X, ) is still a time-homogeneous Markov process with respect to H. Now define N? = o((X.(s),7(s)), s < t)
and N, its completion with respect to P(#:*), A := {N?}tzo is the natural filtration of (X, ), as the latter is
related to (X, y) by means of a homeomorphism. Furthermore, since (X,~) is H-Markov, then Ny C H; for
all t > 0 and both (X,,v) and (X, ) are N-Markov and time-homogeneous. Since we are going to work with
caglad processes, let us introduce now, for any T > 0, the space D_[0,T] of caglad functions f : [0,7] — R
and A_[0,T] its subspace of non-decreasing and non-negative functions. As usual in this context, we need
to introduce a new (family of) probability measures under which the process X is actually a A/-martingale.
From now on, whenever it is not ambiguous, we shall denote by X|[07T] ’Xe’[O,T] o1 and N|[07T} the

restriction of the considered quantities on the interval [0,7]. We need the following lemma.

Lemma 6.2. For any m € R and z,v € R, the process
m2 H(t)
Zm(t) i= emXeW ="
is a N -martingale under P®v)
Proof. Z™ is N-adapted by definition. To show that Z™(t) € L' (€;P(®?)) for all t > 0, just notice that
B (27 (1)) = B¢ [BC) [E(mB)(H () | H(1))].

where

m2r

E(mB)(7) = eMmB(T)— 5T
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is the Doleans-Dade exponential of mB. Since B and H are independent, we have
B E(mB)(H(t)) | H(t)] = Fi(H(t),
where
Fi(1) == E@Y [EmB)(1)] = E®O [£(mB)(1)] = e”.
Hence

t—v
E@ [ 2™ (1)] = ew/ Tyt —v —s)u®(s)ds = ¥ < .
0

To show the martingale property, fix 0 < s < ¢t and consider two Borel sets Ay, A2 C D_[0, s]. Consider the
event

A= {Xe| g € A} N {7, € A2}
Since B and H are independent and v(t) = ¢ —v — H(t) for all £ > 0, it holds
EC9 (27 (1)1a,] = B¢ 1L, (1 FalH] g ) (63)

where, for all g € A_[0, ], we set

Fy(g) = BV [14,(B(g()] .,) EmB)(g(t))| and ,

and we notice that
Fy(H|, ) = E@[Z™ ()14, (Xe) | H(7), 7> 0].

Notice in particular that £(mB) is the Doleans-Dade exponential of mB. Since A; C D_|0,s], the event
{B(g(-))|[0 g€ A1} belongs to o(B(w), w < g(s)). Furthermore, once we recall that £(mB) is a martingale

and g(s) < ¢g(t), we have
Fy(g) = BV [14,(B(g(-))) E(mB)(9(s))] =: Flg], ,,)-
However, we have that, still by independence between B and H
Fy(H], ) = B&V (27 ()14, (Xe) | H(7), 720,
Substituting it back into (6.3), we get

E@v) [Z™(t)14.] = E(m,v)[]lA2 (V)ﬁQ(HhO,S])] — @) (Z™(s)14.]. (6.4)
Since the events of the form A, constitute a m-system generating N, this ends the proof. O
From now on we set m = —1/2 and we write Z := Z~2. Therefore we have

Xe(t) _ H(t)
2

Z(t)=e
For any T > 0 define the probability measure
N1 3 A PEV(A) =5 B@) [Z2(T)1 4],
i.e., in terms of the Radon-Nykodim derivative:
Py
d]P(ac,v) N

T

= Z(T).

Since Z(T) is an N-martingale, we have that P{"*) = P{)

N for all T > 0 and ¢ € [0,T]. This guarantees
t

that we can use the Kolmogorov extension theorem to construct a probability measure P@») on (U N ),
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where N 1= o (Utzo Nt) such that P@v) N I~PE$’U) for all ¢ > 0. The method of construction of such

t
a measure is classical and we refer to [40, Page 192]. Furthermore, notice that since the Radon-Nykodim
derivative is strictly positive, the measure P(®?) is equivalent to P(**) when restricted on N for any ¢ > 0.
Now let us show that X defined in (6.2) is an A/-martingale under such a measure.

Proposition 6.3. For any (z,v) € R?, the process X is an N -martingale under IRCION

Proof. By definition X is A-adapted. Now we show that for all ¢ € [0,T] it is true that X (£) € L' (€; P®)),
To do this, first notice that

~($,’U)

BUX(1)] = eF B [ X075
=) [B) [e+50- 25555 gy, (r)] .

Since H(t) < H(T) are independent of the Brownian motion B, if we set, for s; < sg,

B(s2) | =

Fi(s1,82) = E®v) [eB(sl)_T 5_%2:|
we get

~( R ) !

BV X (0] = B@Y) [Fy (H (1), H(T))].

However, by Girsanov’s theorem (see [40, Theorem 5.1}), we know that {B(s) + 3, s € [0, s3]} is a Brownian
motion under the measure

A€ Fomr BOD [1gem 5042

2 s

hence in particular e?(*) = ¢B(9)*5-% is the Doleans-Dade exponential of B(s) + 5 and thus a martingale
under the same measure. As a consequence, we have that

Fi(s1,82) = E@v) [63(31)7@ %7%2} _
and then
E"VX(#)] =E@Y [Fy(H(), H(T))] = * < oco.

Now we need to prove the martingale property. To do this, fix s and ¢ such that 0 < s < t and let
Ay, Ay € D_[0, s] be Borel sets. Define the event

A= Xl € A} N {0 € 42}
Then we have, for any T > t,

E(r,v)

8

[X(t)]lA*] = E(%U) |:]1A1 (Xe’[o,s])]lAz (7‘[0)5])e%+xe(t)_

— g []1,42 (7|[O731)F2(H|[07T])} , (6.5)
where for any g € A_[0,T] we set
x,v z _BW(T) _9(T)
Fy(g) := E®Y) []lAl(B(g(.))‘[078])62+B(g(t)) 1 : }

Xe(T) H(T)}
2

and we notice that

Fy(H|, ) = E@) {]lAl(Xe|[o7s])€%+X"(t)—

Xe(T) _ H(T)
[0,T7] ’ : |H|[0,T]]
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Since A; C D_][0, s], the event {B(g(-))h0 g € A1} belongs to o(B(w), w < g(s)). Therefore we use again

Girsanov’s theorem and use the martingale property of Brownian (conditionally on the independent H|o 7)
to get now

o B(g(T) _ g(T)
Falg) = B [La, (Blg() | o5 +P0) =242

In particular, we have that

Xe(T) H(T)
2

Fa(H| g ) = B [, (Xeyg e 5700 | Hl ]

When we replace the latter equality back into (6.5), we obtain

~(z,v) v . e
B X (01, = B []lAl (X°|[o,s])]l‘42(7|[0,s])62+X ®)

Xe(T)fH(T)}
2 8
z §)_ Xe(T) _ H(T) ~(z,v)
=B (1, (Xl ) Laa (7] e F X075 52 B (X (914, (6.6)

Given that events of the form of A, are a m-system generating N, this completes the proof. O

We need, however, to guarantee that the change of measure does not affect the Markov property and the
time-homogeneity of the process (X, v). As for the Markov property, this is considered in the following result,
while the preservation of the time-homogeneity will be proved later.

Proposition 6.4. The process (X,v) is N-Markov under P,

Proof. Consider any function f € L‘X’(R2) and let 0 < s <t. We have, for any T > t,

. EC) [f(X(0),7(0)e 57 | ]
EY [f(X(t)fY(t)) ‘NG} Xe(D) _H@)
B [ |N}
E(a: v){ (X (1), 7(t))e _1o8(X(T)  T=v_n(T) ‘Ns:|
- E(m v) [6 10g(X(T)) T— v;w(T) |N5}
BR[O @)e T | X (900
E(I v) [e 1og(X(T)) T— vgw(T) |X<S>,’7<S>]

= E@) [F(X(1),7(t)) | X(s),7(s)],

where we used the fact that H(T) =T — v — 4(T) and Xo(T) = log(X (T)) under E®*) and the A-Markov
property of (X,v) with respect to P(®?*). O

Before proving that (X,~) is also time-homogeneous, we need to investigate another property. Indeed,
notice that both X and + depend on B and S and in particular X (0) and (0) are constrained by the values
(x,v). Observe that under P(**) one has that if 0(0) = v and thus L(t) is defined for ¢t > v, as well as
y(t). In practice, under P(*%) ¢ < 0, the position of process (X,7) = (X (w),y(w)), w > 0, at time ¢,
conditionally to X (s),~(s), does note see the choice of  and v. Hence, as a first step, we need to show that,
under IE(:M), the distribution of (X (¢),~v(t)) given (X (s),~v(s)) is independent of the choice of (B(0), S(0)),
given that S(0) < s at least. This is done in the next proposition, in which we also prove that the process
(X, ) is time-homogeneous with respect to the measure P@),
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Proposition 6.5. Let 0 < s <t. Then, for all z,2’ € R and v,v" < s it holds

B X 0,7 (1) | X (), v(s)] = B [FX (), 4(0) | X (), 1(s)]. (6.7)

In particular, one can define, for 0 < s < t, the transition semigroup @S,t of (X,7) under p@v) acting on
bounded measurable functions f : RT x Ra‘ — R in such a way that

~ ~(1av)

Qs f(X(s),7(s)) =E " [F(X(£),7()) | X(s),7(s)], (6.8)
for any x € R and v < s. Furthermore, @S,t only depends on t — s and then (X,7) is time-homogeneous.

Proof. Let (Qt)¢>0 be the transition semigroup under P(**) of the time-homogeneous process (X, ), i.e. for
all bounded measurable functions f : Rt x ]Rg — R and for all t > 0, Q.f : RT x Rar — R is the bounded
measurable function such that for any s > 0, x € R and v € [0, ]

Quf (X (5),7(s)) = ECV[F(X(t+ 8),7(t +9)) | X(5),7(s)]. (6.9)

The independence on (z,v) is justified by observing that the transition semigroup of (X,,7) is already
independent of (x,v) by [46, Theorems 3.2 and 4.1].
Notice that (6.9) holds whenever f : RT x Rf — R is a measurable function such that

B [|F(X(8),7(8)]] < oo

forallt > 0 and z,v € R. Now fix 0 < s < ¢, z,2’ € R" and v,v’ < s. Then, as a consequence of Proposition
6.4, for any T > t, we have

_log(X(T)) _ T—v (1) }

B¢ [FX(0).A()e “ X (),7(9)
[f(X(t)v'Y(t)) | X(S)77(S)] = (z,0) | &(X(T) _T—v—(T)
EY [e 2 8 | X(5)>7(3)]

E(x,'n)

(6.10)

To deal with the numerator note that, by Lemma 6.2, we can use the martingale property to get, for any y,
w and T > t, that for the Markov semigroup @, t > 0, it is true that

QTftf(ya 'U}) = f(va) (611)

Hence, for the numerator in (6.10), we have

B0 [ F(X(1),v(8)e™ 3T X(9),7(5) | = O [F(X (1), 1(0)Qr—g(X (£),7(1) | X(5),7(5)],
(6.12)
where
gly,w) = e~ HL -
Next, let

h<yv U)) = f(y> w)QTftg(yv w)
Given that f is bounded, we can write

w“mmxmm@m$< sup |ﬂ%m0E@”MXamwnﬂ

+
(y,w)eRT X Ry

:&Q sup umw0<w

y,w)ERT x RF
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Hence (6.12) can be rewritten as

B | F(X(1)A(1)e

For the denominator of (6.10), we have

_ log(X(T)) _ T—v—~(T)
2 8

| X(5),7(5)] = Qe (X (5),(5). (6.13)

_ log(X(T)) _ T—v—~(T)
pl 8

B fe | X(5),7(5)] = Qrosg(X(5),7(5)).

Hence, (6.10) can be rewritten as

]'E(xvv)

=

The right-hand side is independent of the choice of (x, v), therefore we get (6.7). Now, let us select T =t +1,
so that h(y,w) = f(y,w)Q19(t, w), and let us set
_ Qt—s (f(7 )ng(a )) (ya w)
Qt—s+1g(y; w)
Then we see that CNQS,t only depends on ¢ — s and (6.8) holds by virtue of (6.14). O

(6.14)

és,tf(ya w)

With the previous proposition in mind, we can directly define @t,s = @S,t. Finally, we show the equivalent
of the Cameron-Martin formula in this context.

Proposition 6.6 (Cameron-Martin formula). For any (z,v) € R? and any T > 0, the distribution of
(Xe + g,'y) ’[0 7] under P&) coincides with the one of (Xe,7) ‘[o 7] under P*%) . As a consequence, the

distribution of (X,v) under P@) coincides with the one of (Xe’%,'y) under P&,

Proof. Fix T > 0 and consider a bounded and measurable function f : D_[0,7] x A_[0,7] — R. Then we

have
H
[0,T7]
H _ Xe(T) _ H(T)
f((x;+2>‘ /ﬂmﬂ>e CR
[0,T]

=B [F(H], 1) (6.16)

f ((B<g<~>> +4) -

H _ Xe(T) H(T)
f<<xk+_2)‘mﬂKHMH>e 2 8 |IHWIJ.

By Girsanov theorem, however, we know that under the measure

~(w,v)

E

— ]E(m771)

—_

where we set, for any g € A_[0,T7,

F(g)(t) =t —v—g(t) and F(g) = E@

_B(™) _ g9(T) ]
2 8

,iwﬂmﬂ>e

and we notice that

F(H] ) = B

0,T

Ae Fory = EE) {]1,46_ Bl _g}
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the process t € [0, g(T)] — B(t) + % is a Brownian motion. Hence, the distribution of (B(g()) + %) }
| under P(®*) and then

[0,7]
under the aforementioned measure coincides with the distribution of B(g(-))|

Flg) = E@v) [f(B(g(~))|[07T]75(9)|[0,T])} :

In particular, we notice that, by independence of B and H,

F(H|[0,T]) =E®Y {f(Xe|[o7T]77’[o,T]) | H|[0,T]} :

Substituting this into (6.16) we have
=l [O,T]>
(0,7]

f((xe+;f>

Since f is arbitrary, we have the equality in distribution.

Next, notice that with the same argument as in Proposition 6.4, one can prove that (Xe + %,'y) is a
N -Markov process under P, Recalling also that (X,,) is A'-Markov with respect to the measure E(’”’U),
we have that since the distribution of (X, + Z,7) ’[O,T] under P(*) and (XE’V)’[O,T] under P®*) coincide
for all T > 0, then the distribution of the whole trajectories must coincide. Finally, the distribution of

(X,~) under P@?) coincides with the one of (Xe_%,’y) under P& since both of them are expressed as
deterministic functions of (Xe + £,v) and (X, 7). O

[0,T

=(z,v)

E = E@) [f(Xe|[ (6.17)

O,T]77|[O,T])} :

6.2. The coupled non-local Black-Scholes equation. We can now introduce the option price process.
Fix a maturity 7" > 0 and a strike price K > 0. We want to focus on the case of a call option, hence we
define the option price process by

x(t) =B (X)) - K)y [Ni]. te[.T]
where (z)4 = max(z,0). By Proposition 6.4, X(t) is given by
[(X(T) = K)+ | X(8), v(1)] = Qr—pu(X (1), (1)),

=(z,v)

X(t)=E
where
u(y, w) = (y — K)4.
Hence, let us set N
g (t, y, w) = Qr_ru(y, w).
For a call option with maturity 7' > 0, strike price K > 0, when the interest rate is 0, the classical Black and
Scholes equation is

Owqps(T — t,x) = —%xQ(?iqu(T —t,x), te0,7T), x € R, (6.18)
under the (final) condition gps(T — t,2) |t=7= (x — K)+. In practice, denoting
q(t,2) = (T — t,2,0) = Quu(z,0) (6.19)
and, for w > 0,
qt,z,w) = ¢ (T — t, 2, w) = Quu(z, w), (6.20)

in this section we show that the function (6.19) is the solution of a Black-and-Scholes type (non-local) equation
containing the coupled operator introduced in Section 3; moreover, we provide a renewal-type equation that
gives the price (for any w > 0) in (6.20). However, we do this only in the special case ¢(\) = A* for a > 1.
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Let us begin with some preliminary considerations. Denote the density of the undershooting Hy by

At — 5) "N (0,4)(5)
I(a)(1 - «)

Now we recall that, since when v = 0 it must hold X,(0) = B(0),
~ (log(x),0)
a(tx) = [(X() - K).).

By the time-changed Cameron-Martin formula given in Proposition 6.6, recalling that, under v = 0, H and
Hy coincide, we do have

(6.21)

gHo(S; t) =

H(t +oo
alt, @) = BOEDO [(x (e~ K)y | = / ans (5, 2)gu (53 t)ds, (6.22)
where
ges(s, z) = Blos@).0) [(B(s)e*% - K)+]
- 2log(z) —2log(K) +sY 2log(x) —2log(K) — s
oo (BT ) e (B TR )
and

O(z) := \/%/ e~ % da.

The function ¢gs is the solution of the classical Black and Scholes equation (6.18) with respect to the variable
s =T —t, i.e., the quantity ggs(s, z), for fixed (s, z), represents the price, at time zero, of a plain-vanilla call
option with maturity s > 0 and the corresponding function satisfies the Black and Scholes equation with the
operator 2712292 (with positive sign). The positive sign in front of the space operator is due to the fact that
we are taking the derivative with respect to variable s > 0 that, in this context, is the maturity. Precisely,
let, for any 5 >0
Co(B) :=={ue CRT): 3C >0, |u(z)| < Cellls@

and define

Co= [ Co(B).

B8=>0
Furthermore, we say that a function f € Cy if and only if
(i) f € C(R xRT)NCHRT x RT)
(ii) f(t,-) € C*(RY) for all t > 0
(i4i) For all T > 0 there exist A7, Cp > 0 such that |f(t,z)| < CpelrIo8@) for all t € [0,T] and = € RT.
For u € Co(fB), we define the quantity

fuls i= sup fu()]e 1105,
z€ERT
Finally, let us introduce Co, 1oc(RJ) as the set of functions f € C(R{ x RY) such that for all T > 0 there
exist Br,Cr > 0 with the property that |f(¢,2)| < Crefrl8@) for all ¢ € [0,T] and = € RT. Notice that
Csol - CO7 lOC(R[-;r)'
Before proceeding to introduce the Black-Scholes equation, let us give a simple lemma, which will be useful
in the following.
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Lemma 6.7. It holds
E@) [ A1 BOI+XBO] — e()\1+)\2)g;+%tq) (_ (M +\/\/2i)t + x>

T e e (_(Al—wt—x)
Vit

The proof of such a lemma is given in Appendix B. Now we can introduce the operator G := %33 and
provide some well-known properties of such an operator.

Lemma 6.8. For all f € Cq there exists a unique classical solution uy € Cso1 of

{atu(t,x) = Gu(tm), > O’ x € R+ (623)

u(0,x) = f(z), x>0,
i.e., (Co,Cso1) s a uniqueness class for G. If we denote by (P;)i>0 the associated semigroup action, then the

following properties hold true.
(1) For all f € Co we have that

+oo
Pf@) = [ f@pcan(tyindy (6.24)
0
where GBM stands for geometric Brownian motion and
: p(t, 1 — 1 1 w?
peeMm(t, y; ) == x%e_gp( ,log(y) — log(z)) and p(t,w) = e 2t . (6.25)

ys V2t

As a consequence, the semigroup (Py)i>o is Markovian and positivity preserving.
(2) Let 8> 0 and assume f € Co(B). Then 0, P.f € Co(B8+ 1) and

242
0. @ < alflsesp (5 + 2 ).

(3) For all f € CoNC such that O, f € Co and Gf € Cy it holds
Pth - GPtf
(4) Fiz B1,B2 € R and let f5, g,(x) = efrlloe@)+8z108(@) = Thep

1 1 — 1 1
P s (1) = ePrto loste)+ B ( (51 + 62— 2) Vi- 03(;) >

(5) If f € Co(B), then P.f € Co(B) with

[P flp < 2[f]ge

We give, for completeness, the proof of the previous lemma in Appendix C.
Concerning the function ggg, we recall the following properties, that can be verified by direct evaluation.

B(B+1)
2 t.

Lemma 6.9. For all t,x > 0 it holds

Ozqps(t,z) = @ (210g(x/K)+t) , (6.26)

2Vt
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K 41og? (z/K) + 12
2 _= —_— j—
Ozaps(t,2) = || 5——5 exp ( n : (6.27)

Kz 4log? (z/K) + t2
Oraps(t,2) = Gaps(t,x) = |/ o— exp (— g (S/t ) > (6.28)
In particular,
lqps(t, z)| < el'&(®)] (6.29)
0zqps(t, )| < 1, (6.30)
Kz
|aths(t,’I)‘ = ‘Gqu(t,IL‘” § \/; (631)

Furthermore, for all a > 0 and x > a we have

| K
2 < . .32
|8quS(t,l‘)‘ = 87ra3t (6 3 )

In particular qgs is the unique solution of

Owqps(t,r) = Ggps(t,x), t>0, z € RT
ges(0,2) = (x — K)4, x>0, (6.33)
qBs € Coloc(RY).

The remainder of this section is devoted to the proof of the following theorem, i.e., the main result of this
part. Notice that we focus on the case ®(\) = A\* with o > % While it will be clear that some arguments
apply to a generic ®, most of the proof relies on the specific form of ®, in particular on the self-similarity of
Hjy under this choice. Furthermore, as it will be clear in the following, the condition a > % is dictated by

regularity issues.

Theorem 6.10. Let ¢(\) =\ for a € (3,1). Let also, for any h € R, A € B(R) and w >0

. o0 —a—1 .
K(A,h) = / La(s)p(s, h)—=—ds  K(dr,dh) = K(dr, h)dh (6.34)
0 I'(l-a)
and
K(AN (R x[w, +00)))
w >0
Kw(A) = KR x[w, +00))
(5(0 0) (A) w=~0
Then
gx(t,2,0) = q(T — t,x)
and, for w >0 and any v <t — w,
a.(ta,w) = (ve 5 — ) Ky(@iRx[w+ T —t,00))
+
+ / qT —t+w—rmlog(x)+y+t—w—+7—0)(dr,dy), (6.35)
R X [w,w+T—t)
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where q is the unique solution of

(at )aq t7x) = F(tl QQ)Q(O .’IJ)
q(0,z) = (z — K)4 (6.36)
q S CO lOC(Ra_)

This will be proved using several preliminary results:

(1) First we study the regularity of the function ¢ in (6.22);

(2) next, we prove that ¢ is solution of (6.36);

(3) we then prove that the solution to (6.36) is unique for initial data in a suitable class (to which
(x — K) 4+ belongs);

(4) finally, we prove Theorem 6.10.

Remark 6.11. Notice that (6.35) is a formula that determines the value of g, uniquely for positive sojourn
time. Indeed, the only quantity that is involved is the function q which is related to the value of q, on renewal
states, i.e. for zero sojourn time, which is the unique solution with at most power growth at 0 and oo of the
fully nonlocal Black-Scholes equation (6.36). This is also underlined by the fact that (6.35) can be rewritten
as

q*(t,x,w):(xe_ z —K) Ko (z; R x[w + T — t,00))
+
+/ @Gt —w+Trlog(x) +y+t—w+7—v,0K,(dr,dy), (6.37)
R X [w,w+T—t)

that only involves the function q.(t,x,0), which is given by the solution of (6.36). We remark that (x — K)
appears as an initial condition in (6.36) but, given that the fair price of our call option at time t > 0 is
g« (t, z,w), then

(= K)+ =q(0,2) = g.(T,2,0) (6.38)

and thus (x — K)4 is the usual final condition for q.(-,-,0). It follows that, according to our model, the fair
price at time t > 0 of a(n) (intraday) plain vanilla call option (with zero interest rate, strike price K and
maturity T > t) can be determined by solving the initial value problem (6.36) then changing the variable
t~ T —t and finally using (6.37).

6.2.1. Regularity of q. In this section, we provide some regularity results on the function ¢ that will be needed
to apply Theorems 3.2 and 3.3. Before proceeding7 let us recall that for any f € L>°(R), by (6.21), it holds

t_ Ot —aga— 1
E@O[f / y / Fits) ) o = ECOUUHD)L (639
e
ie., H(t) LiH (1). We shall use this self-similarity property throughout the proof.
Now, we prove that for all 2 > 0 the function ¢(-, z) belongs to AC(R(}L ) and we provide a suitable upper
bound on its a.e. derivative.

Proposition 6.12. Under the hypotheses of Theorem 6.10, for all x > 0 the function q(-,x) € AC(R]) and
its a.e. derivative 0vq(-,x) satisfies, for a.a. t > 0,

F(a—i—%) Kx

|atQ(t’m)| S WF(O[) T

(6.40)
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Proof. For any t > 0, let h € ( 55 ) and consider D"q(t,z) = ‘I(Hh’gﬂi}w. Then we have, by (6.39),

! gps(ts + hs,x) — qps(ts,z)| s*(1—s)~@
|D"q(t,z)| < /0 hs L(a)[(1—a)

By Lagrange theorem, we know that there exists £ € [min{ts,ts + hs}, max{ts,ts + hs}] such that

| Kx | Kx
= <,/ —< —_—
|atQBS($7£)| >~ 87'('5 = 47Tt87
where we also used (6.31). Hence
|K 5473 1 —5)7 r 3) [K
|D"q(t, )| < x/ ) s — o+ 3) =
I'(l-a«) T () t

The right-hand side is independent of h and belongs to L1(0,T) for all T > 0, thus we can argue as in
Proposition 5.4 and get the result. O

ds.

ges(ts + hs,x) — gps(ts, )

As claimed, the previous proposition implies that ¢ satisfies Item (i) of both Theorems 3.2 and 3.3. We
show this in the next result.

Corollary 6.13. Under the assumptions of Theorem 6.10 we have that for all t,z >0

t as~o!
gt — s,2) — Pog(t, )| ——d
| 1Pt = s.0) = Pt ) s <

and, for all X > % and xz > 0,

—a—1

N\t . as
/ / |Psq(t — s, ) — Psq(tm)\r(l_ )dsdt<oo

Proof. Fix x > 0, and note that for 0 < s < ¢,
alt = 5.2) ~ a(t. )] < [ [0t~ 7.)| dr
0

O e T

This proves that |q(t —s,-) — ¢q(t,-)] € Co(1/2). We get by also employing Items (1) and (5) of Lemma 6.8,

as~ o~ 1

P, — - P,
/| 5q(t — s, ) — Psq(t, $>|F(1—a)ds

< [ Paatt =)~ att )

20l (a + %) VK llog(z)|+2¢ ! -l N\
< e? 8 sTUt—s)"2ds
o)1 — @) 0

1
_ 20T (a+3) VK 3t log() |+t

TN (- a) V7

where we also used [3, Lemma 1.11]. Furthermore, for any A > £ it holds

—a—1

at B as
/ / | Psq(t — s,2) — Pyq(t, LU)|F(1 )dsdt
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1 o0
+2)\/?t;_a€;10g<z>/ tr—ae= (-8t g
o 0

a3
2al (a+ %) \/I?t%—ae%ﬂog(wﬂ ()\ . 3) :
3 .

Now we discuss the regularity of ¢ in «. This is done by means of the following proposition.

Proposition 6.14. Under the assumptions of Theorem 6.10, the following equalities hold for all t,z > 0:

Oxq(t,x) = I‘él / Opqps(Tt, ) 7071 (1 — 1)~ %dr, (6.42)
D%q(t,x) = o )le / D2qps(tt,z) 7071 (1 — 7)"dr, (6.43)
Gq(t,z) = m/ Gaps(tt,z) 7o (1 — 7)"%dr. (6.44)
Furthermore q(t,-) € Co(1), 0:q(t,-) € Co(0) and Gq(t,-) € Co(1/2) for allt > 0, where
lq(t, )| < eltos)] (6.45)
|0zq(t, 2)[ <1 (6.46)
Gatt ) < e o2 (647

In particular, q € Co,loc(RSF).

Proof. By (6.22) and (6.29) we already know that ¢ € Cy(1) with [¢]; < 1. Moreover, by (6.30), we know that

we can apply the dominated convergence theorem to take the derivative inside the integral sign in (6.22) and

then using (6.39), getting (6.42). Furthermore, (6.30) also implies that 0,¢(t,-) € Co(0) with [0zq(t, )]0 < 1.
To argue with the second derivative, fix a > 0 and notice that for all z > a it holds, by (6.32),

Pl 1(1—8 a a—fl_s —«
D2qps(t <4/ d
/ (Ozams (15, @ ’ 'l —a)'(a) 87ra3t/ 'l —a)'(a) §

I (o 3)

T or 2a3 I'a)

< 00,

since o > % Hence, by dominated convergence, we get (6.43) and finally, multiplying both sides of (6.43) by
22 we also get (6.44). Finally, notice that (6.44) and (6.31) imply that Gq(t,-) € Co(1/2) for all ¢ > 0 and

2,
Kz §5(1—5)7 KaT (a—1)
t <,/ ST Y ds=)—2)
Ga(t, ) / (1 - a)'(«) 8 2t 2nT(«)

in particular
Remark 6.15. Notice that Proposition 6.12, Corollary 6.13, (6.42), (6.45) and (6.46) hold for any o € (0, 1).
The condition a > 1/2 comes into play only for (6.43), (6.44) and (6.47). However, it is worth highlighting

O
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that, using a finer estimate in place of (6.32), it is possible to prove that (6.43) and (6.44) still hold for all
t,x >0 with © # K if « < 1/2. However, notice that, for h € [0,1], by Lagrange’s theorem,

Orqs(ts, K + h) — O.qps(ts, K
2 qps (ts f)L aus (s, K) = 02qps(ts,§)
K < 4log?(¢/K) +t2s2>
= exp | —

8ts

K 41og? (1 + %) + 1252
B —
2rts(K +1)3 8ts

where £ € [K, K + h]. Hence, by (6.42), we have

h
B /1 0.qps(ts, K + h) — O,qps(ts, K) s 1(1 — s)™@
) h P(a)(1 — «)

ds

ds.

S VK /1 4log? (1+ 2) +t2s2 $3(1—5)7
> exp | —

V2t (K +1)3 Jo 8ts T(a)[(1 — «)
Taking the limit as h — 0% we have, as a consequence of the monotone convergence theorem,

h—0+ h

= [(a)T(1 — a\)/fm /o1 P (_t;> ST ds = oc,

if a < % Hence, in such a case, q(t,-) cannot admit a second order derivative in x = K. Suppose that
we have already shown that q is solution of (6.36), then this lack of parabolic smoothing is also common in
time-nonlocal equations, see for instance [6, Proposition 3.3].

Now we prove that g satisfies Item (ii) of both Theorems 3.2 and 3.3.
Proposition 6.16. Under the assumptions of Theorem 6.10 it holds, for all t,x > 0,

t
[ 1Patta) — att. )] va(as) < .
0
and, for all x > 0 and A > %,

[e%e] t
/ / e_)‘t|Psq(t7 x) — q(t, z)| va(ds) dt < oo
o Jo

where vy (ds) is the Lévy measure corresponding to ¢p(A) = A*, a € (1/2,1), i.e.,
Vo(ds) = as™ 1 /T(1 — a)ds. (6.48)

Proof. By Proposition 6.14 we know that ¢(¢,-) € Co hence we can write

Psq(t,z) —q(t,x) = / GP.q(t,z)dr.
0
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Recalling that, still by Proposition 6.14, 9,q(t,-), Gq(t,-) € Cg, by Item (3) of Lemma 6.8 we have

Pyq(t,x) — q(t,x) = /S P,Gq(t,z)dr. (6.49)
In particular, Gq(t,-) € Co(1/2) and, by (6.47) 0

Gatt s < o o),

Hence, by Item (5) of Lemma 6.8 we get that PrGq(t,-) € Co(1/2) with

2K 5, T'(a—3)
P Mije <1 Tmefr—"_ 2/
[P-Gq(t,)]1/2 < ralll 27T ()
Using this into (6.49) we have

s 2K T (Oé - l) S 3
_ < < 2K hog@) 2 / i
|Psq(t, x) q(tmc)\_/ |P;Guq(t,x)| dr < e’ 2xTa) J, es” dr

< 2K l\log(z)\r( _2) %S.
=Vt 27 ()

Integrating the latter against v4, we have

as™o71 2K 1 (a—3) [t s, as™@
Pult, ds < 1| 2K |log<w>\72/ g™
/' altv) = alt.2)l 5= t 210(a) Jo © T(1—a)®
ol’ (a ) V2 e;ttg—a
27T (a)T(2 — @)
Finally, integrating the latter against e~ for A > § we get

|7 [ ipatin - . >|1?‘(51_a_1)dsdt
ol (a é)ﬂ/

27T ()T (2 — )

1 a—3
_  thiogw oL (@ — 3) V2K <A 3) o <3 a) .

21T (a)T(2 — ) 8 2

< ¢4l1og(a)]

< e3llog(@) Jtz—e gt

The last thing we need to check is Item (iii) of Theorem 3.3.
Proposition 6.17. Under the assumptions of Theorem 6.10 for all z, A > 0 it holds

/ e, (1)q(t, 2)]| dt < o,
0
where Uy (t) is the tail of (6.48).

Proof. Since U4(t) = F(tl_i_ma), we just use the inequality (6.45) to get

o0 - ollog(@)] oo ol 1og(@)]
—At —a,—At
—|q(t dt < ——— t dt = .
| ram s g [ o
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6.2.2. Ezistence of the solution. We are now ready to prove a first bit of Theorem 6.10, which is summarized
in the next proposition.
Proposition 6.18. Under the assumptions of Theorem 6.10, q is a solution of (6.36).

Proof. In view of the results in Subsection 6.2.1, we know by Theorem 3.2 that (9; — G)%q(t,x) is well-
defined for all z,¢ > 0. Moreover, for any x > 0 we know by Theorem 3.3 that (0, — G)%¢(-,z) admits
Laplace transform for any A\ > %. We divide the proof into two parts. First we check that for all x > 0 and
A> % we have

/OO e M0, — G)*q(t, x)dt = X\*"H(z — K)4, (6.50)
0

which is the first equation in (6.36) after taking the Laplace transform in the ¢ variable on both sides. Then
we use this to prove that
t*(l
o — @)%t z) = =——

We begin with (6.50). Consider z >0, A > 2 and denote

i) = / e Mg(t, z) dt.
0

Let us first evaluate an alternative formula for g. Set ux(z) = (z — K)4+ and notice that, by (6.22), we get

QN(/\@): 1—a/ / t—s “gps(s,x) dsdt

)\a 1/ e s Lypg(s, ) ds
= BS\9,
F(a) 0

Ae—1 +o0
= Ta) / e s Poug (x) ds, (6.52)
0

where, in the first step, we used the convolution Theorem for Laplace transform (e.g., [1, Proposition 1.6.4])
and then we applied Tonelli’s theorem since gpg is non-negative. As a consequence of (3.2), we have that

/ e (0, — ) gla, ) dt
0

q(0, z). (6.51)

_ /Ooo 000 e M(Pyq(t — s,2)L0,4(s) — q(t, ) dt va(ds)

_/0°° (/OO /Ow et — 5, y)pam (s, v; ) dydt_a(A,x)> Va(ds)

— /OOO (e"\s /OOO g\ y)pasm(s, y;x) dy — CIN()WU)> Vo (ds)
= [ RGO @) - TO00) v,

where in the third equality we used again Tonelli’s theorem to exchange the order of the integrals (since ¢
and pgpum are non-negative) after having made explicit the action of the operator Py in the second step. Now
we can replace ¢ in the previous identity by making use of (6.52). To do this, we first observe that

a—1 “+oo “+o0
Ps@(A,-))(mz% / / 79 P e (y)pem(s, s 2)dr dy
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Aa—l

=— e el U T .
_P(OZ)/O P+T K( )d (653)

and then we have

/ e (0, — ) gla, 1) dt
0

a—1 +oo
_ Oé)\ / / ro—lg—a— 1( “As+1) p st Ug (T) _ef)‘TPTuK(x))deS
0

1 - a)
)\a 1 +oo
T —a) / / relgmalemATp (e” 2 gps (s, z) —uk(x)) drds, (6.54)

where we used the fact that P, is a semigroup action and the explicit form of v, (-) given in (6.48). However,
if we observe that

e Maps(s, ) —ug(x / Owe " qps(w, x) dw
/0 e M (Dwgps(w, ) — Agps(w, z)) dw
_ / "o (G2 ) s (w, 2) dw (6.55)
0
and we explicitly write the integral in P,, we get

/ e M0 — G)* q(,t) dt
0

a\® 1 +oo +o00
- _m/ / / / arlgmamlem AT (G — \) gps(w,y) papm(T, y; @) dw dy dr ds.

(6.56)

We want to use Fubini’s theorem to change the order of the integrals. To do this, we notice that (6.28)
implies G¢gg > 0 and then

+oo +o00 +oo
/ / / / —lg—a—1,=A(T+w) (G — Nass(w, )| paem (T, ¥; ©) dw dy dr ds

+oo  ptoo 400
< / / / / o=l —a—1,—X(T+w) (G 4+ Ngs(w, y)peem (T, y; ) dy dw dr ds (6.57)
0 0

+oo  ptoo s
_ / / / 7o lgTaT e AR P (G 4 N)gps(w, ) dw dr ds (6.58)
0

Since gps(t,-) € Co, Oxqs € Co and Ggps € Cy, we can exchange the operator (G + \) with P, getting

+oo +oo +oo S
/ / / / 7o lsm e AT (G — Ngps (w, y) | pasm (7, y; ) dw dy dr ds
0 0 0 0
+oo +oo s
< / / / T s e AT (G 4 N Prgps (w, o) dw dr ds (6.59)
0 0

+oo  ptoo s
:/ / / ramlgma—le=ATHw) (G 4 N)gps (7 + w, 2) dw dr ds, (6.60)
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where we also used the fact that Pr.gps(w,z) = PrPyuk(z) = Priwur(x) = gps(w + 7,2). By (6.28) we

have
2 (=z
Gaps(T +w,z) <4/ % exp <_12O(%'—£K11)))> . (6.61)

. . log? (& . . .
Consider the function r € RT — /7 exp <7"Og2K)> € R. It is possible to check that such a function has

a maximum at r, = log_2 (%) and then

Jrexp (—lg(K)> < Jelos™ (%))

2
Plugging the latter into (6.61), adding Agps(7 + w, ) and also using (6.29) we get

(G + Ngps(T+w,x) 1/ Sre ‘ _1 + Aellos@)l,

Plugging this inequality into (6.60) we obtain

/+°° /+OO /0+OO /08 7o gAY (G — N gps(w, y)| paem(T, v; ) dw dy dr ds
<3 (@ log ™ (%) + A 10g($)|> /O+oo /O+OO TN 1 — e )sT e M dr ds
::i <\/§ii10g—1(;;) 4Aeloyxn> (j£+037alekfd7> (j€+aasa1(leAS)ds>
:i (@ log™! (%) + /\elog(x”) 7F(Q)FS —) < 00

where, in the last step, we used the integral representation of the Gamma function that

Hoe (1 -
/ s 1 —e M) ds = M)xa.
0

(07

We can now safely use Fubini’s theorem in (6.56), obtaining

/ e M (0, — Q) q(x,t)dt
0
a)\afl +oo +oo +oo 1 - 7}\( o)
B F(Oé)F(l—Oé/ / / / (G = A) ges(w,y) pem(T, Y5 2) ds dy dT dw

Pt oo oo
_m /0 /0 Ta—lw_ae_)\(T-l-w)PT (G — /\) qBS(w, 33) dr dw

Aot /OO /+OO 1 A(T+w)
= T w T e T (G = N) gBs(T 4w, x) dT dw
)1 —a) Jo Jo

)\afl [e%e) +o0 et N
F(a)F(l—a)/O (z —w)* w (G = A) e gps(z,z) dz dw

_ _F(a)f(;l_a) /Ooo (G =) e qps(z,2) (/O(z —w)r e dw) dz
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= —)\0‘71/ (G =) e Mgps(z,x)dz, (6.62)
0

where in the third equality we used that Prqps(w,y) = Py Pyuk(z) = Priwux(z) = ¢ps(T + w, ), in the
fourth equality we used the change of variables 7 = z —w, in the fifth equality we used again Fubini’s theorem
and in the last equality we used the integral representation of the Beta function. Now notice that (6.29),
(6.30) and (6.31) guarantee that we can take the Laplace transform in the variable ¢ on both sides of the first
equation of (6.33), leading to

+o0 +oo
)\/ e Maps(z,x)dz — uk (z) = / e M Gaps(z, x)dz.
0 0

This equality can be rearranged to obtain

+oo
/0 A= G)e*Aqus(z, x)dz = uk ()

which, replaced into (6.62) gives (6.50).
By injectivity of the Laplace transform, we know that for all z > 0 there exists a measurable set Z, C R™
such that |Z,| = 0 and for all t € R \Z, one has

(0= Galt.n) = i

We want to prove that Z, = @ for all x > 0. To do this, we first show that ¢ is continuous. Indeed, let
t,x > 0 and consider a sequence (t,,z,) — (t,2). By (6.22) and (6.39) we have

1 —a a—1
(1—38)"%s
tpy Tp) = tnS, Tp) ——————ds
altern) = [ aps(tusan) Er et
Since z, — x, there exist 0 < a < b such that z,, € [a,b] for all n € N and then |gps(tns,z,)| <

emax{[log(a)l,|log(®)[} ~ Hence, we can use the dominated convergence theorem to get

1 —aga—1
(1—s)">s™

1 t'ru n) — t7

o 4l o) = /OQB“”) T(1—a)T(a)

Now we prove that for fixed x > 0 the function (9; — G)%q(+, z) is right-continuous. Indeed, let ¢,, | ¢ for
some t > 0 and observe that

[(0r — ) q(tn,x) — (0r — G)q(t, )]

q(0, z).

ds = q(t, ).

1 — Oé / |Psq (t .’E) Psq(tn - 3,1') + Q(tn, {E)|8717ad5
' m/ Pt = 5,2) = alta, )]s "ds
e — g -
+ ﬁlw @)+ lg(t,x) — q(tn,gc)|m

(67

— i (@4 )+ S a2+ ) — gt ).
I'l-a) ! @
Let us first consider I, (z). We have
[Psq(t — s,2) = q(t, x) = Poq(tn — 5,2) + q(tn, )|
< |[Psq(t = s,2) = Poq(tn — s, 2)| + [q(t, 2) — q(tn, 7]
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< P3|q(tn -5 ) - Q(t -5 )|(.’L‘) + ‘q(hl‘) - Q(tmx)'
Arguing as in the proof of Corollary 6.13, we have that |g(t —s, ) —q(t, —s,)| € Co(1/2) with t, —s— (t, —1t)

T(a+3)(tn—t) [ K
() t—s

[lg(t —s,) —a(tn —s,)[l1/2 <
Hence, by Item (5) of Lemma 6.8 we have

e+ t,—t) [ K ga Lo

Pila(tn = 5,-) = alt =, )l(@) < 2—=—"505 t—s

Combining this inequality with the fact that ¢ is continuous, for fixed s € [0,t), we find
lim |PSQ(t - va) - q(t,x) - PSQ(tn - S,CE) + q(tna SU)| = 0.
n—oo

Hence, it is sufficient to show that we can use the dominated convergence theorem to take the limit inside
the integral sign in I,(z). To do this, observe that

[Psq(t — s,2) — q(t, 2) = Psq(tn — s,2) + q(tn, ©)]
< |Paq(t = s,2) — Poq(t, @) + |Peq(t, ) — q(t, 2)|
+ | Psq(tn — 8,2) — Psq(tn, z)| + |Psq(tn, z) — q(tn, )| (6.63)
< Plg(t —s,-) — q(t,)|(2) + [Paq(t, x) — q(t, @)
+ Plg(tn = s,-) = q(tn, )|(@) + [Paq(tn, ©) — q(tn, v)].
Again recall that |q(t —s,-) — q(t,-)] € Co(1/2) with
F(a+3)s [ K
7l () t—s’

HQ(t -5 ) - q(t> ')H1/2 <

hence, by Item (5) of Lemma 6.8,

2l (a+3)s [ K s, s
Pylq(t — s,-) — q(t, - < Z it
ot = 5. = a(t. (o) < S EEE [ e

2 (a+3)s [ K o3t Lo

6.64
() t—s o

M (a+d)s K s, . losta

Ps tn — ) —q(ty,- < 2 Stnt+—%5—

lq(tn = 5,-) = qltn,)|(z) < T(a) fy—s* 2
1
A (a+3)s [ K pdti+ gl (6.65)
7l (a) t—s

Furthermore, notice that

Pyq(t,x) — q(t,x) = / GPrq(t,x)dr = / P,Gq(t,x)dr
0 0

where we used Item (3) of Lemma 6.8 since ¢(t,-), 0,q(,-) and Gq(t,-) belong to Cy. In particular, recall
that, by (6.47), that Gg(t,-) € Co(1/2) and

o — l
Galtly < \/2ftF2(7rF(oj)
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Hence, by Item (5) of Lemma 6.8 we get, since 7 < s <t

|P-Gq(t, x)|<2\/fr(a 2) 37y Lozl
T(a) ©

<2\/?F(a %) 3“*%
o 2t 27T ()

and then
KT (a—1) 5, |, sl
Paa(t,) — a(t,2)] < 24/ tMeéw -, (6.66)
Analogously,
KT (a—1) 5, | osw
Pyq(t, —q(ty, <) ——_ 2/ pht . .
Psa(tn, 2) = qtn, 2)| < 24/ 5, 3T () © 2s (6.67)

Combining (6.64), (6.65), (6.66) and (6.67) with (6.63) we have
|PSQ(t - S,$) - Q(tvx) - PSQ(tn -5 l‘) + Q(tnax”

1 1
<4F(a+ 5)8 K e%tl+|log2(m)\ 4 /gr(a_f)e%tl+\log2(w)\8.
- s t

mT(«) t— 27T (@)

Integrating the latter against s~1~% we get

/ Pua(t — 5,2) — q(t,2) — Pagltn — 5,2) + qltn, )]s ds

1 t
< Al (o + 3) N / (t—s)" s~ ds
() 0
1 ¢
44 EF (O[ B 5) 6%t1+7‘ logz(m)‘ / s %ds
V2t 270 («) 0
1
_ 4 (a+3)T1-a) /Eegtﬁw)i‘(zut%_a
() (2 - «) ™

1
+4 /5 r (O‘ — 5) e§t1+7‘ 1“"’2(””"5704
2 27(1 — )T (w)

where we also used [3, Lemma 1.11]. Hence, we can use the dominated convergence theorem to guarantee
that

lim I,(z) =0.
n—o0
Next, we move to J,(z). We have, arguing as before and recalling that this time s € [t,, ],
|PSQ(tn - S,l‘) - Q(tn; Z‘)| < |PSQ(tn - S, JJ) - PSQ(tnax” + ‘PSQ(tnvx) - Q(tnvx”

1 1
_r (a+3)s [ K JEPERITIE I [KT (a—3) pdta+leg@l
- S t

() tn — 2rl(a)

Hence,

In(x)
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2l (o + 1) g, 4 Los) [ ! KT (a—1) s,  lose [

< 2 K §t1+f/ tn _ -3 —Oid 2] — 2 gt]"l‘T/ —Oéd

=" al(a) VKe (bn = s) 20 ds 2\ 5 5 T € A

t
| K F(a—l) 3, _ llog(x)|
tn _ —« d 2 2 §t1+# tl—a _ tl—oz
( w) W 2t 27(1 — )T'(«v) c (£ )

1 tn—t
_ M‘Wﬁegmlogf“/ o
0
l 1 1_& B l
= 2F((IJFQ)\/EGS’”k’f”'z(z)'ltr%_a/ -z dz+2\/?r(a2)e
0 2t 27

N

[ («)
%tlJr“LZ(T‘)l(tlfa B tlfa)
T (@) (1-a)l(a) ! '

Hence, taking the limit as n — oo, we get

lim J,(z) =0.

n—oo

Combined with the fact that also the remaining terms converge to 0 as n — oo, this finally shows that
lim (9, — G)*q(tn, 2) = (0 — G)a(t, v).

Now we prove that Z, = @ for all x > 0. Indeed, fix x > 0 and assume that Z, # &. Let t € Z, and consider
an interval of the form [t, t 4 ] for some 6 > 0. Since |Z, N[t,t+0]| = 0, we know that there exists a sequence
tn 4 t such that ¢, € Z,, for all n € N. For such a sequence, we know that

—Q

(0 — G)%q(tn,x) = tniq(O,x).

I'(l—«)
Taking the limit as n — oo we get
t—Oé
o —G)%(t,x) = =—q(0
( t ) Q(7x) F(l—a)q( ,l‘)
that is absurd. Hence Z, = @ and thus we get that
9 — G)*q(t,z) = ———q(0 Wi, > 0. 6.68
( t ) Q(7x) I‘(l—a)q( 71')a y T > ( )
Finally, we notice that ¢ € Cg 1oc(Rg) by Proposition 6.14. O

Remark 6.19. Actually, the first equality in (6.36) guarantees that (0;—G)®q is continuous in both variables.

6.2.3. Uniqueness of the solution. In order to prove that (6.36) has a unique solution, we need to consider
an auxiliary problem. For 8 > 0 consider the function fz(z) = ¢#'°8(®)| and, by Item (4) of Lemma 6.8,

wwmammwmwﬁ%%¢(<g;>ﬁ§ﬁ»

_Blog(x)+ BB ( < 1) 1og(a:))
+ e~ (B4 VE+ :
‘ v 2 Vit

Let us give some preliminary estimates on ug, that can be verified by direct evaluation.

Lemma 6.20. For all >0 and t,x > 0 we have:

825108y (_ (54 L log(x)
Be @ B+ Vit + NG (6.69)

O2ug(t, z) = B(B — 1)e T+ los(0) g (_ (5 _ ;) Vi 10%/(;’))
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+ B(B + 1)@B(B2+1)t—(ﬁ+2)log(x)¢) (_ (,8 i ;) Vit 103(;:))

2
[ttt e 610
Tt

8tuﬁ(t7x) _ GU5(t,:E) _ MeWH—,& log(z) g (_ (6 _ 1) \/E_ log(x)>

2 2 NG
BB+1) 560, 5106 1 log(x)
PP )55 g (- BV
+ 5 ¢ B+ 5 Vit + i
B _iiles@) les?@)
S i (6.71)
V2wt
In particular,
lug(t,z)| < 2¢” 7 HAI10E()] (6.72)
|0pu(t,x)| < 2865 HHET D os(@) (6.73)
102us(t, 2)| < 28(8 + 1) T t+B+Dllog@)| 4 Me%llog@l (6.74)
vt
B(B+1) B los@)]
Oug(t, x)| = |Gug(t,z)| < + 1)z tHBllos(@)l {75 6.75
Ouus(t,2)] = |Gus(t,2)] < BB +1) e (6.75)

Now consider the function
t t Sa—l(t _ S)—a 1 Sa—l(l _ S)—a

Similarly to what we did for ¢, we need to prove some regularity results for gg. We start with the following
proposition, concerning the regularity in the ¢ variable.

Proposition 6.21. Let ®(\) = A* for some o € (0,1) and 5 > 0. Then for all x > 0 the function qg(-,x)
belongs to AC(RY) and its a.e. derivative 0;qs(-,x) satisfies

B(B+1) 251—‘ (l —+ a) | log(x)]
) t, < 41 5 (t4+1)+8| log(z)| + I O 6.77
| tqﬂ( x)‘ = aﬁ(ﬁ )8 W\/EF(O&) € ( )

In particular, for all t,z >0

t
ﬁ/{) |Psqs(t — s,2) — Psqp(t,z)|s™ "% ds < 0o

and for all x > 0 and \ > max {5(6 +1), %}
@ oot At 1
_— e M| Psqp(t — s,x) — Psqp(t,x)|s™ ~*dsdt < oo. (6.78)
I(1—a) / / ’ ’
Proof. Arguing as in Proposition 6.12, let ¢ > 0 and h € (—%, 1). We have

1
</
0

ug(st + sh,x) —ug(st,z)| s*(1—s)~“
sh Ia)I'(1 - «)

’qg(t +h,x) —qp(t,x)
h

ds. (6.79)
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By Lagrange’s theorem we know that there exists £ € [min{ts,ts 4+ hs}, max{ts,ts + hs}] C [&, (t +1)s]
such that
ug(st + sh,x) — ug(st, )
sh

= [Opup (€, 7))

B(B+1) Veete)l
< BB+ 1)z EHBllos@)] 4 \/25756 5
< B(B + 1)e Tt Ds+Bllog(@)] %ew

where we used (6.75). Using this bound into (6.79) we get
qs(t +h,x) — qp(t, )
h

1 _

B(B+1) Sa(].*S) o
< 1 —(tﬂ)wuog(m)l/ R Clnk) Bl
SAB+1e s T@rl—a)”

B o) /1 §273 (1 — 5)7
+—=e 2 —d
\/ﬁe 0 F(O[)F(]. — Oé) 5

B(B+1) 26T (3 + @) los)
=« +1)e =z tHD+Bllog(@)] 2 e,
B(B+1) AT ()
Arguing as in Proposition 5.4, this implies that gs(-,z) belongs to AC(R{) and that its a.e. derivative
Oiqp(t, x) satisfies (6.77).
Next, observe that

S
st = 5.2) — as(t2)| < [ 10ua(t = 7.)| dr
0
B(B+1) 2s48T (l + a) |log ()]
< 4 1) 2SR 1)+l og(@)l gy 25PL (5 T @) pegen
< af(f+ e ° TVt — sI'(a) ‘
Setting § = max {1,8}, we have that |qs(t — s,-) — qa(t,-)| € Co(B) with

1
la(t — 5,+) — qs(t, )5 < aB(B + 1) E R+, 2560 (5 + )

TVt — sI'(a)
and then, by Item (5) of Lemma 6.8
PS|Q5(t -5 ) - qg(ta )l
== 4sPT (3 +a) a@n,\ 3
<2 DePBHDE+) o 2F7 A2 © 7 =5t | Bllos(@)] (6.80
_<ww+>e s SOET L o (6:50)

Thus we have
t
L/ |Psqp(t — s,2) — Poqa(t, )]s~ " ds
F(l*O&) o sqp P sqp\l,

1 o
< 2a2ﬂ(5 +1) eE(E+1)(t+1)tl_a n 4ap0T (5 + Oz) eB(ﬂ;l)tt%_a eE| log()|
-\ I'2-a) VAL(a)T (3 — «)

that also implies (6.78) with A > 5(3 + 1). O
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Next, we need to study the regularity of gz in the x variable. Let us first focus on the first derivative.

Proposition 6.22. For all t,x > 0, we have

Furthermore, gg € Co(8) and Ozqp € Co(ﬂ + 1), with
last, n5<%“?” (6.82)

[Paqs(t, )]s < 28e” 7,

Proof. The identity (6.81) follows by (6.76) by a simple application of the dominated convergence theorem,
which is justified by (6.73). Furthermore, (6.72) and (6.73) imply respectively (6.82) and (6.83). O

For the second derivative, we need a further assumption.

Proposition 6.23. Let o € (%, 1) and B > 0. Then, for all t,z > 0, we have

D2qs(t,x) = m/o DPug(tr, ) (1 — 1) dr. (6.84)
Gys(t,z) = m/{) Gug(tr,z)r* (1 — 1)~ %dr. (6.85)

Moreover, Gqg € Co(g) with f = max {B,3} and
E(ﬁJrl)t pr (a - 5) I'(l—a)

Gas(t, )]z < +1 6.86
(Gas(t, N < B8 + 1) 2 (6:80)
As a consequence, for allt,z > 0,
- P _ —1l-—a
Flfa/‘sth) q(t,z)|s ds < o0,
and for all z > 0 and A\ > B(B + 1),
oo t
« —\t —1l—«
_— e M| Psq(t,x) — q(t, z)|s dsdt < 0. (6.87)
raah
Proof. Fix z,t >0 and let 0 < a <z <b. For y € [a,b] and T € [0, 1], by (6.74), we have
s, < 29(5-+ e e DB
T

where M = max{]|log(a)|, |log(b)|}. Notice that the right-hand side is integrable against gg (7, 1). Indeed,

)l
1
B(B+1) ﬁ M
2 +1)e 7 tHB+2)M 62) o i1 — )" dr
| (20641 — (1-7)

BG4 (B42)M AT (a—3)T(1 — a)\[

T/t
Hence, an application of the dominated convergence theorem to (6.81) leads to (6.84). Furthermore, multi-
plying both sides of (6.84) by w—; we get (6.85) and (6.86) follows by (6.85) and (6.75).

= 26(8+1)e
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Now observe that by Proposition 6.23 we know that ¢g(t,-),0;qs(t,-) € Cp, while we also proved that
Gqgs(t,-) € Cyp. Hence we can write

Pyqs(t,z) — qp(t,x) = / GPrq(t,x)dr = / P.Gqg(t,x)dr.
0 0

Furthermore, by (6.86) and Item (5) of Lemma 6.8 we get for 7 € [0, s] C [0, ¢]

173 6F (a — l) F(l — 04) B(B+1) >
P |Gqp(t,-)| < 1)eP B+t 2 Tt ePlles(@)] 6.88
|Ggs( )I_(6(5+ Je + e e e (6.88)

Thus, we have

‘PSQ6(t’ .Z‘) - Q(ta JJ)|

< (B(ﬂ +1)ePBHE AL (a—3)T(1 —a)

B@D ) Bllog(x)l
e 2 se . (6.89
T ) (659

and then

t
o
— [ |Pygs(t,z) — q(t,z)|s 1 d
i | 1Pastte) — et ds

STe—a) T

Eventually, the latter inequality implies (6.87) for A > E(E +1). O

- _ 1 _ P _
o <5(5 + 1)eﬂ(6+1)t + Ar (O‘ 2) (1 a)eﬂ(";”t) = Bllog(z)|

Now we check that gs satisfies Item (iii) of Theorem 3.3.

Proposition 6.24. Let o € (0,1) and § > 0. Then, for all A > @ and x > 0 we have

1 > et
—_— e t dt .
e [ e < o0

Proof. By (6.82) we have

1 /°° o At 2¢efllog(@)l poo —(A—£EEDY,
—— [ e Mgt )| dt < ——oo [ % > )t dt
T(1—a) Jo ’ T(1-a) Jy

_ 9,8 log()] (/\ _ 5(524— 1)>a—1 |

O
We can now prove that gg is a solution of a special fully nonlocal equation.
Proposition 6.25. Let o € (%, 1) and 3 > 0. Then qg is a solution of
(0 — G)¥qp(t,x) = F(tl;_aa)qﬁ((),x) t,x >0 (6.90)
q5(0,2) = ePllos(@)l x> 0.
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Proof. First notice that qs(0,2) = ug(0,z) = ef1°¢@)I By Propositions 6.21, 6.23 and 6.24 we know that
(0 — G)¥qp(t, ) is well-defined for all ¢,z > 0 and for fixed z > 0 the functlon (0 — G)¥qp(-, x) is Laplace

transformable for A > B(ﬁ + 1), where B max {B, 2} Now we show that

|0 - 0rantt o de = xetedt s (6.91)
0

for A > % (% + 8 (B + 1)) This is done exactly as in Proposition 6.18, the only difference being the bound

we prove to use Fubini’s theorem in (6.56). Precisely, recall that fz(z) = e/11°8(@)| and set

log? (x)

at,2) = 5 ()
and notice that, by (6.72) and (6.75)

B611) B
(6 = Mustw ) < (6654 + 20520 50 + Lty
Hence, we have

oo ptoo  pfoo ps
/ / / / 7o lsmale =AY (G~ Nug(w, y)| pepm (T, y; ) dw dy dT ds

/m/m/ B(B+1) +2>\)

+oo +oo
+/ / / 77’0‘_15_0‘_16_A(T+“’)P7H(w,x) dwdr ds
0 0 0o V2rw
=1+ I. (6.92)

Concerning I, we have, by Item (5) of Lemma 6.8

I <2(B(B+1)+2)) /wo /+0o /SJ(A*@)(”“})T“*S—Q* dw dr ds
0 0
LD ([ (1 B o)
2A-BB+1) \Jo

X (/+OO e ()\_@)TT‘X_1 dT)
0
4BB+1)+ 201 — a)T(a)
2A—B(B+1) '

For I, we first need to evaluate P.u(w,x). We have

—+00 2 _ R
— _logZ(y) _z_ (og(y)—log(®))” T
Pu(w, x) = e~ gw +Bllog(y)|— % o —_dy
0 Y22

+o0 2 2 -~
_1_10g2(w> _log“(y) _ log=(y) , log(y)log(x) 1
= Vze & m / e~ - st 1 Bllos ()] gy
0

fwra—lg-a-1 _)‘(T+w)u5(7,x) dw dr ds

Now let z = log(y) to achieve

400
€T log? (z) 2 lo (a:
Pi(w,x) = 4| ———e 8~ s e~ Fo— 5t ER a5 4Bl g
2T
— 00
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Define )
1 1\
H(T,w) = (w + T) (6.93)
so that
- log2(x Foo 22 og(z) _ 1 3
Pa(w,z) = Li(T W) - Fr% — e ()Rl g,
= THL W) g p0.0) [ BB+ (5 - 1) B (rw))
JaH(T,w) o et o (B s l)27-t(r,w)q) (5+ log(z) 1 Vi
T 2
m%w —g-ege (At g (_ (5o 8@ 1Y 4
T T 2
xH(T,w) T 2@ 4 () (B-3) log(«) g (—Ag\/i)
T
4/ W) g 2B H(rw)— (B ) 5 los(a) (~Bavi).
where
B2 1 B ~ log(z) 1
A= 2 2 Ay = _ =
1=5 873 2=0+ = 2
B2 1 B log(z) 1
Bi= 4+-4+2 B, = 8 — -
1= T8t 2=/ T3

and we used Lemma 6.7. Furthermore, we have

b Pa(w, x) —F- RSB A+ (A1) 7 log(w) g (—Az\/i)
2mw (r 27 (1 4 w) w)
/ T2 | B () (B+3) log(2) g, (_32\/5)

< -z- ;‘;igg§+317{(nw)+(§+1)\ log()|
T /27 (T + w)
where we used By > A; and ——~ < 1. Now recall that the function r € R — re” admits as
maximum point r, = log™ 2(:r), so that
B _ B —1 — By H(rw)+(B+1)]1
Pa(w,x) < lo x)|le” 8T og(@)]
TP, 2) < | log™ (x)

Next, we observe that 2H (7, w) is the harmonic mean of 7 and w, hence, we can use the fact that the harmonic
mean is smaller than or equal to the arithmetic mean to write
T+ w

H(r,w) <

and thus we get

B

21w

Pu(w,z) < |10g*1(x)\e%(r+w)+(5+1)| log(x)|
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Now we can go back to I to get

< \/7|10g 1( )‘6 ﬂ+1 )| log(=)] / /'HX’/ a—lg—a-1 7( 7%)(T+w)dwd7d8

:(,\_E;lﬂ)\/ﬁ“()g La)|e(BH1)llos(@)] < /0 st (1m0 8)1) ds)

+oo
X (/ Ta_le_(’\_%)'r dT)
0
_ Ar —a)l(e) F+1) log(o
( Bl) F“Og (x)|e(ﬁ+1)\1 g(@)]
Once we have (6.91), we know that for all # > 0 there exists Z, C R™ such that |Z,| = 0 and for all t € RT\Z,
we have

N

I

—x

(00 = G)"as(t.2) = gz a0(0.2) (6.94)

Analogously to what we did in Proposition 6.18, we need to prove that Z, = @. First, notice that a simple
application of the dominated convergence theorem to (6.76), justified by (6.72), shows that gs is continuous.
Furthermore, arguing exactly as in Proposition 6.18, by means of the estimates (6.80) and (6.89), one can
show that if ¢, | t, then (0, — G)%qg(tn,x) — (0y — G)%qs(t,x). This shows, with the same argument as in
Proposition 6.18, that Z, = @ for all > 0 and then ¢4 is solution of (6.90). O

Now we want to use the auxiliary function ¢z to show that (6.36) has a unique solution. To do this, we
need also the following lower bound.

Proposition 6.26. Let o € (0,1) and 8 > 0. Then there exists a non-increasing function Cg : R — R with
Cs(t) > 0 for allt > 0 and such that

qp(t,x) > Cﬁ(t)eﬁllog(w)l_
Proof. First of all, let us observe that if x > 1 then log(z) > 0 and we have

up(t, z) > ePlos@+25 g ( (6 + ;) ﬁ) > eflos(n)+ 25 1g (— (6 - ;) ﬁ) .
If instead z € (0, 1], then log(z) < 0 and

ug(t, x) > e~ Plos@+5"1g (— (/3 -

Hence, in general, we have

DN | =
N— N——
S

Next, by (6.76), we get

! a—1 )«
stz sl [t ( (5o ) vis) S L)
[0}

0 2 Ia)T'(1 - «)
Al os(@) |+ 2B gt
s wmwﬁ“%¢ew—9¢>ﬂééu
eﬁllog(r)lcp( ( ) \[) 8>1,
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that ends the proof. O

Now we shall show that the solutions of the fully nonlocal Black-Scholes equation belonging to Cg joc (R(}L )
are unique.

Proposition 6.27. Let o € (%, 1) and f € Cy. Then, the equation
(0 — @)qp(t,2) = =527 (0,2) x>0
q(0,z) = f(z) x>0 (6.95)
a5 € Cotoc(Ry)

at most has one solution.

Proof. Since the equation is linear, it is sufficient to verify that if f = 0 then the solution ¢y = 0. Fix T" > 0
and recall that since g5 € CO,IOC(R(‘)") then

|Qf(t, I)| < CT@BTl log(z)[

For simplicity, set Cr = C and By := fy. Now, for any A > 1 and 8 > fy, consider the function

wg(t,x; A) == me(ﬁo—ﬁ)ﬂog(z‘\)l

Notice that wg(0,z; A) > 0 = ¢(0,z) for all z > 0. Next, by Proposition 6.26 we have that, for ¢ € (0,77,

qp(t, x).

ws(t, 2 A) > L8 00 (Bo-p) 1o (A) 481 108(2)] > (p(Bo=H)] loB(A) 451 og(e)]
Cp(T)

If z ¢ [A™, A] then |log(z)| > |log(A)| and we have
wg(t,x; A) > CePollosI > 1g.(¢ ).
This shows that for all z ¢ [A™!, A] and ¢ € [0, 7]
wp(t,x; A) + qp(t, ) <0 < wp(t,z; A) — qp(t, z). (6.96)

We want to show that this inequality holds for all x > 0. To do this, assume by contradiction that there
exists a point (t,,x,) € [0,T] x RT such that

wg(te, o3 A) — qp(ts, ) < 0.

It must hold z, € [A™', A]. Furthermore, since all the involved functions are continuous, we can assume
without loss of generality that

te,Ty; A) — by, Ty) = i t,x;A) — t, .
Wt )~ gtz = | min (i A) - as(0,2)

First of all, notice that for all z € R™
w(te, To; A) — g5 (e, ) <0 < wg(0,z;4) — ¢f(0, ).
Moreover, using (6.96) for x ¢ [A~!, A] and the definition of (¢,,x,), if z € [A™1, A], we get
wg(te, 75 A) — qp (te, 2) S wp(t, 25 A) — gy (¢, @)
for all ¢ € [0,7] and = > 0. By Proposition 3.5 we must have
[

—(0r — Q)M (wp(+, 5 A) — qr () (s, ts) + mwﬁ(oath > 0.
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However, by Proposition 6.25 we know that, up to a multiplicative constant, wg(,-; A) solves (6.90), while
gy solves (6.95), hence

—(0r = G)*(wp (55 A) = qr () (s te) +
which is a contradiction. Thus, we find
wg(t,x; A) — qp(t,z) >0, Yz >0, t € [0,T)
With a similar argument one can prove that
wg(t,z; A) +qr(t,z) <0, Yo >0, t €[0,T]
and then, since (6.96) holds for all > 0 and ¢ € [0, 7], we have

i

wA) =0,
I‘(l—a)wﬁ(o’x )=0

C
|qf(t7 ;1;)| < ’LU[j(t, x; A) = C’B(T) e(Bo—BN 10g(A)|Qﬁ(t, .CL')
taking the limit as A — oo we get that |gs(¢,z)| = 0 for all z > 0 and ¢t € [0,T]. Since T' > 0 is arbitrary, we
end the proof. O

6.3. Proof of Theorem 6.10. Before proving the main theorem of the section, we must state the last
preliminary result whose proof is in Appendix D.

Proposition 6.28. Let ¢(\) = \* for some a € (0,1). Then, on f € C°(R xR") the generator A® of
(B?,8) acts as follows:

A? f(z,v) / / f(@+h,s+v)— f(x,v) — hdp f(x,v)1[_11)(h))K(dh; ds) dh,
where K is defined in (6.34).

Now we are finally ready to prove Theorem 6.10.

Proof of Theorem 6.10. We already know by (6.19) that ¢.(T —t,x,0) = ¢(¢,x). Furthermore, by Proposition
6.18 we know that the function ¢ solves (6.36) and by Proposition 6.27 that it is actually the unique solution.
We only need to prove (6.35). To do this, denote by (Qy);>0 the transition semigroup of (X.(t),v(t)) and
observe that

e (t, X (t),7(t)) = Qr—ru(X(t),7(t))
—ECNX(T) - K) 4 | X(8),4()
= ECO[(eX M ) X (0),(0)]

= QTfth,v (Xe(t)a V(t)) — QTfth,v (IOg(X(t)), ’Y(t))v

where

T—v—w

gro(z,w) = (7 = K)y.
By Proposition 6.28 and [46, Theorem 4.1], we have, for w > 0

Qrg(z,w) = g(x,w + t)Ku(z; R x[w +t,00)) + / Qttw—rg(T +y,0)Ky (d7, dy),
R X [w,w+t)

In our case, this becomes

Q*(tv €, U)) = QT,th’v(log(x), w) = gT,v(log(m)v w+T— t)’Cw(.’E; Rd X [w +T - 2 OO))
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—i—/ Or—t+w—r9r0(log(z) +y,0)y (dr, dy).  (6.97)
R X [w,w+T—t)

Now, we just have to evaluate the inner term. We have, setting for brevity & = log(z) +y+t —w+7—v
andt=T—t4+w— T,

QT—t-}-w—TgT,v(lOg(x) + Y, 0)

_ os(@)+y.0) l(exp (Xe({) T 712— V@) _ K) ]
+
(e (r0-15) ) |
+

t—y(®)

=ETO(X (e 2 — K).] = (7).
Substituting the latter expression into (6.97) we get (6.35). O

- E@0)
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APPENDIX A. A SIMPLE PROPERTY OF CONDITIONAL EXPECTATIONS

Lemma A.1. Let XY, Z be three random variables with values respectively in Ex, Ey,Ey;. Assume that Z
1s independent of both X and Y. Then, for any bounded measurable function F : Ex X E; — R

E[F(X,Z2)| X, Y] =E[F(X,Z) | X]

Proof. First consider two sets Bx € £x and By € £4. Then

E[]lBX(X)]le(Z) | va] = 1BX(X)]E[]]‘BZ(Z) |X7Y]
= ]lBX (X)E[]IBZ(Z)]
= 1BX(X)E[]IBZ(Z) |X]
(

Now fix F' € 0(X,Y) and define for any B€ Ex @&y

and
vr(B)=E[1rE[1p(X, Z) | X]].
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Notice that on B = Bx x By for some Bx € £x and Bz € £z it holds up(Bx X Bz) = vp(Bx X Bz).
Since the sets of the form Bx x By constitute a m-system generating £ x ® £ z, this is enough to guarantee
that pup = vp. Furthermore, since F € ¢(X,Y) is arbitrary, this leads to

for all B € £x x £z. Once this has been shown for indicator functions, a standard argument leads to the
statement. g
APPENDIX B. PROOF OF LEMMA 6.7

The proof is by direct calculation. Just notice that

ey 2Yn(t. r — dy = / ey 2Y— 97 — o = d
/W p(t,z —y)dy 55 ) y

1 Heo 2 .2
— / 6/\1y+>\2y*§*§+%‘ dy
V2rt Jo
1 0 A v2 22 | ay
+ e 1y+>\2y*§*§+7d
\ 2t [oo Y
=F(t,x; M + A2) + F(t,—x; M — A2)

where

Pt ) = —— /ﬁo T
t,x;\) = — e T T dy.

2t Jo Y
We only need to evaluate F'. To do this, notice that

2 2 2
oyt 2t wy o (= (M+w)? MM+ 22)
LTI TR 2t R—

hence

» “+o0 B 2
F(t,z;)\) = \/%6%/ e,%dy‘
m 0

Using the change of variables v = w\/t;”:), we have
t x +OO t x
F(t,2;)) = ——e 05 / eV ody = 205 g (ALY
var -2 vt
This ends the proof. O

AprpPENDIX C. PROOF OF LEMMA 6.8
We first recall that, by [50, Theorems 6.20 and 8.6], the equation
_ 142
o(t,y) = 50 v(t,y), t>0, x€R (1)
v(0,y) = g(y), re€R

admits a solution v, whenever g € C(R) satisfies |g(y)| < Ce?l¥l for suitable constants C,3 > 0 and such
a solution is unique among functions v(t,y) satisfying, for all T' > 0, |v(t,y)| < C1e%2Y” for some constants
C1,Cy > 0 and t € [0,T]. Furthermore, still by [50, Theorem 8.6], we know that,

vy(t,y) = B [g(B(t)]
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Hence, for any T > 0 and ¢t € [0, T,
[05(t, )| < BOOllg(B@)]) < CBE® [e#1B01] < acedlul 5,
where we also used Lemma 6.7. Now consider the equation
{&u(t,x) = Gu(t,z), t>0, zcR"
u(0,x) = f(x) r€RT,
where f € Cy and let 8 > 0 be such that f € Co(83). Then if we set
gly) =€ 2 f(e¥), z €R
we do have [g(y)| < [f]ge(ﬁJr%)'y‘ and g € C(R), hence we can solve the heat equation (C.1), providing the
unique solution v, (¢,y) that satisfies
[0y (t,9)| < 20 f]pet (H1) e+ (5D

According to [50, Proposition 7.9], we know that

og(x)
us(t,x) = e

~50,(t, log(x))

is a classical solution of (C.2). Hence, in particular, uy € C(R{ x RY) N CY(RT x RT) and for all ¢ > 0 it
holds uy(t,-) € C?(RT). Moreover, for x > 0 we get

s (t2)] < e 5 o, (1, log(2))] < 2[f]gel PV s+ 5= (C.3)

hence uy € Cyo1. To show uniqueness, notice that if we consider any other solution of (C.2) in Cgo1, then we
have, still by [50, Proposition 7.9], that vy (t,z) = e~ 2tsu(t, ") satisfies (C.1) with

|vg (t, )| < Cre% e(Pr+3)lel

for all "> 0, t € [0,T], x € R. By [50, Theorem 6.20], we know that v; = v, hence u'f = uy.
Denote by (Ps)s>0 the semigroup action on Cg such that for all f € C¢ the function us(s,z) = P, f(x) is

the unique solution of (6.33) in Cy.
Notice that for the special initial data fz, ,(x) = e111o8@)I+F2108() that belongs to Co(|B1] + |Bal), we

have g(y) = 6(62_%>y+’81|y‘, hence, by Lemma, 6.7, it holds
vy(t,y) = BUO[g(B(1))] = Pt Drta(its=a)tg (— (ﬂl + B2 - ;) Vi - y)

Vit
Lo (Bi-Betd)yti(Bi-pat3) t g <_ (51 — B2+ ;) Vi+ \%) :

As a consequence, we get, in such a case

o) (B1EB2)(B118y 1) 1 log()
Py f5,,p,(x) = elPrP2) loe(@) ¥ z ‘P (— (ﬂ1 + B2 — 2) Vit — N

4 o~ (Bi—F2) log(a)+ L1=E2C1 021D (_ (61 - ;) Vit lo\g/(ix)> |

This shows Item (4).
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log(z)
2

Now we prove Item (1). Recall that for f € Cg it holds P.f(x) = e
(C.1) with g(y) = e~ 2 f(e¥). As before, we also recall that

o(tiy) = /R 9(2)plt, 2 — y)dz = /R e f(eA)plt, 2 - y)dz,

S, (t,log(x)), where v, satisfies

where
1 2—y)?
p(t, Z = y) = 6_%

[\
N
3

is the heat kernel, as in (6.25). Hence,

log(x) _ ¢

Pf(x)=e 2 ~3 /Re*%f(ez)p(t,z —log(x))dz.

Using the change of variables z = log(w), we achieve

Puf(e) =k [
0

“+oo
= /0 fw)peem(t, w; z)dw.

log(w)
oo om

—— f(w)p(t, log(w) — log(z))dw

Since pgeMm(t, ;) is a probability density function, this also guarantees that P; is positivity preserving and
sub-Markov. In particular, if f € Co(8), then |f| < fs,0 =: fg and then

RIS PUSI(0) < flsPufiali) < [flpe o205 (- (5 1) vi- )

e P S (g4 ) Vi B ) ol ),

that shows Item (5).
To prove Item (2) observe that

paBM(t, w;x) = %meXp (_ (2log(w) _:tIOg(x) 1) )

and then

2
Dupami(t, w; ) — 2log(w) — 2log(@) +t <_(210g(w) — 2log(z) + 1) > |

2txw/ 21 8t

Fix 0 < a < b and let € [a,b]. Let also 8 > 0 be such that f € Co(8) and set M = max{|log(a)|, |log(b)|}.
Then we have

| f(w)Oupcrm(t, w; )

< 1], R =LA o (m o] - (2108(0) = 2lg(e) 41 )
[/] log? (w) log?(w)
< Gy o (osto) = 2 o (25522

X exp <ﬁ| log(w)| — 10g8£w)> exp (— log*(w) + 210§£w)(210g(x) _ t)) |
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where
g:(2) = (2]z] + 2M + t)e” 5.
First, notice that g; € C(R), g:(z) > 0 for all z € R and lim,_, 1 ¢:(2) = 0. Hence, there exists M (t)

7,2

maxcg g¢(2). Next, consider the parabola r € R — — & + Br € R and we notice that its vertex, which is its

maximum, lies in the point (4Bt, 26215). Similarly, the vertex of the parabola r € R — —% + % eR

lies in the point (2 log(x) — ¢, W), which is its maximum. Finally, consider the parabola r € R

—f—gt —r € R and notice that its vertex, that is its maximum, lies in the point (—8t, 4t). Hence, if we set

_ [flsMi(2) 5 (2log(z) — 1)?
Cy = m exp (2(8% + 2)t) zrél[%ﬁ] exp <4t)

we get

1 2
|f(w)0zpaBm(t, w;z)| < Cyexp (_ 0,%))2(;1))) ’

where the right-hand side is integrable and independent of x. Hence, by dominated convergence,
+oo
0P f(z) = / f(w)O0zpapm(t, w; x) dw.
0
To prove the bound, we argue as follows: first we notice that
+oo
O.PI@I < [ 1 w)pem(twie) du
0

_ _fls /*‘x’ [21og(w) — 2log(z) + 1|
th\/% 0

w

<exp (Bl1ogu)| - COE =22 g,

Next, we apply the change of variables z = M’ obtaining

2Vt
[fls [T
xm/_m |Z|exp<ﬁ

t 22
|02 P f ()] 2Vt +log(z) — ’ - ) dz
+o0 2
< 23[0{]/% exp (B [log(z)| + B;) /0 Zexp (Bx/iz - 2) dz

IN

2 2

- e (6 log(x)| + 52) / " o= BV exp (Mz - 2) &z
+ % exp (5 log(z)| + 5;) /OHo exp (5\/?52 - Z;) dz.

= jg;% exp (5 [log(x)| + 5;) (I + ).

Concerning I, it is easy to check that I; = 1. For Iy, we rewrite it as

12 — \/zE(0,0) |:6,3\/Z|B(1)\:| _ meg(b (_Bx/g) .
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Hence we get

0. P.f0) < 222 xp (5l1og(o)| + 55 ) (1 #vareF e (<5vh) )

o
< alflpexw (54 1) (o)l + 55 + 5.

that proves Item (2).
Finally, we prove Item (3). Let f as required, in particular with f € Co(8), 0..f € Co(8') and Gf € Co(5”.
Recall that

O Pif (x / f(w) Oepeem(t, w; z) dw. (C.4)

We want to prove a similar property for the second derivative. To do this, first notice that

(=8t 4 (2log(w) — 2log(x) 4 t)* — 4t(2log(w) — 2log(x) + 1))

2 t,w;x) =
- paBM (T, w; T) 82w/ 2122
_ 2
X exp (_ (2log(w) 82t10g(a:) + 1) ) (C5)

By a similar argument as the one adopted in Item (2), we obtain, for fixed = € [a,b], 0 < a < b, and ¢ > 0,

()| < Coowp (500 ()
for some constant C; depending on ¢, a, b, 8 and [f]s. Again, by dominated convergence, we have
2P, f( / f(w) papm(t, w; z) dw. (C.7)
Next, notice that
%2 2papm(t, wix) = 95 (fPGBM(tw;JC)) : (C.8)
Hence we get
GP.f(x / f(w) 92 ( pesM (t, w; m)) dw. (C.9)
Now we want to integrate by parts. To do this, we first notice that, again with the same exact argument, we
have ,
f(w) Oy (U;pGBM(t, w; a:)) < Cexp (_10g32(tw)>

for some constant C' depending on ¢, z, 8 and [f]g. Hence, in particular,
2

). (5

2

pGBM(t,w;x))‘ = lim ‘f(w)aw <“’

w—+00 2

lim
w—0

——

and then, integrating by parts in (C.9),

GP.f( / Ow f (w (pGBM(t w; x)) dw. (C.10)
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To integrate by parts a second time, we notice again that

w? log?(w
5 190 f(w) pepai(t wi )| < Cexp ( g32( )> (C.11)
t
for some constant C' depending on ¢, z, 8" and [0, f]g. Thus, again
2
Cow
lim = [0y f(w) papm(t, wi )| = 1~1>I}rloo - |awf( ) paBm(t, w; )| = 0

and then, integrating by parts in (C.10),

GP,f(x) = —/ Gf(w)pesm(t, w; x) dw = PG f(z), (C.12)
0
where the integral on the right-hand side is finite since G f € Cy. O

APPENDIX D. PROOF OF PROPOSITION 6.28

Let us consider the process (B(t), 7(t)), where B(t) is a Brownian motion such that P®)(B(0) = z) = 1
and P@)(7(t) = t + v) = 1. Notice that (B?,S) is obtained from (B,7) by means of subordination.
Furthermore, the semigroup (7¢):>0 of (B(t),7(t)) is given by

+o0o
T f(a,0) = / F(y.t + 0)p(t,  — y)dy, Vf € Cy(R x RY).

— o0

where p is given by (6.25). By Phillips’ Theorem, we know that at least on C2°(R x RT) the generator A?
of (B?,0) is given by

>
I'l-a«)

+oo +oo
o [ U — s - e dyar

“+o0
A? f(x,v) = / (Tef (z,v) — f(x, )t > dt

+oo +oco
B m/o /m (f(z +h,t+0) = fz,0)p(t, h)t™ = dhat,

where we applied the change of variables x — y = h. Now notice that by symmetry

1
/ hdy f(xz,v)p(t,h)dh =0
-1
hence we can rewrite
+oo +oo
A f(x,v) Ti—a) / / (z+h,t+v) — f(z,v) = hdy f(z,v)L1_117(h)p(t, k)t~ = dhdt. (D.1)
—a)

Now let us first show that the integral is absolutely convergent. Indeed, we have
—+oo —+oo
[ ] it o) = fe) — o, o)l e dne
0 —00

+oo —+oo
g/ / f(2 + byt +0) — & + by o)|p(t, R)t =" dhdt
0 —00

“+o00 “+o0
+ / / |f(z 4+ h,v) = f(x,v) — hdy f(x,v)1[_1,1)(h)|p(t, h)t~1=% dh dt
0 —00



70

=1 + Is.

As for I, we split the integral in two parts:
1 400
I :/ / \f(x+ h,t +v) — f(z + h,v)|p(t, k)t "> dhdt
0 —o00
+o0 —+oo
+ / / |f(z+ h,t+v) = flx+h,0)|pt, )t " dhdt = I3 + 1.
1 —o0

Since f € C®(R x RT) and fjooj p(t, h)dh = 1 we have

maX(; »)eR x R ‘avf(x’ U)I

11—«

1
I3 < max |8Uf(m,v)|/ tm%dt =
0

" (z,0)ER x R

while

+oo max, T,
I, <2 max |f(z,v)] / Tl gt = (@,v)ER X RY 1/ )|
(z,v)ER x Rt 1 o
To handle I, we first change the order of the integral, defining
+oo
i(h) ::/ p(t, h)t~1=%dt = C,|h|' T2
0

for some normalizing constant C, > 0. Then we split the integral in two parts:

L — / £ + hyv) — (. 0)]j(h) dhdt
hel-1,1]

+ / If (z+ h,v) — f(z,v) — hdp f(z,v)|j(h) dhdt = I5 + I.
he[—1,1]

For I5, we have

+oo 4dmax, ,
I; <4 max |f(x7v)|/ p1-2a gp — (z, )e]RxR‘*"
(z,v)ER x Rt 1 200

while to handle I we observe that

maX(g v)eR x R+ |8§f(1’, ’U)‘
2(1 — )

1
Is < max |8§f(x,v)|/ h'72 dh =
(z,v)ER x RT 0
Now we want to find an alternative way of writing (D.1). To do this, we define the following family of
measures on R:
atflfa

~ +oo
A€ BR) — K(A,h) = /O LalOplt, ) o -

We can then define a further measure on R? by setting for any A;, Ay € B(R)

+o0 .
IC(Al X Ag) = / II-Al (h)’C(AQ, h) dh.

—0o0
On the other hand, notice that (D.1) can be rewritten as

at—l—a

+oo “+o0
¢ fx,v) = —(f(x s+v)— f(z,v) — z,v)1_1 1 , +(ds .
atf) = [ [ [ s et s o) = ) = B0 )Ly ()p(e. ) () dr
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However, observe that for any A € B(R) it holds

-~ +oo at~1—@ too at~!™
IC(A, h) — A ]lA(t)p(t7 h)ﬁ dt = /0 5t(A)p(t, h)I‘(tli—a) dt
+oo at~1-@
-/ / La()plt, ) g — gy Oelds) .

By a standard measure theory argument we can conclude that

+oo .
A? f(x,v) = / /(f(:v +h,s+v) = f(x,v) = h0, f(x,v)1[_1 1)(h))K(ds; h) dh
—oco JR

= /R/R(f(x+h,s+v) — f(2,v) = hdp f (z,v)1_1 11(h))K(dh; ds) dh,

where the latter follows by definition of the measure K. O
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