
RANDOM FLIGHTS AND ANOMALOUS DIFFUSION:

A NON-MARKOVIAN TAKE ON LORENTZ PROCESSES
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Abstract. We study Lorentz processes in two different settings. Both cases are characterized by
infinite expectation of the free-flight times, contrary to what happens in the classical Gallavotti-
Spohn models. Under a suitable Boltzmann-Grad type scaling limit, they converge to non-Markovian
random-flight processes with superdiffusive behavior. A further scaling limit yields another non
Markovian process, i.e., a superdiffusion obtained by a suitable time-change of Brownian motion.
Furthermore, we obtain the governing equations for our random flights and anomalous diffusion,
which represent a non-local counterpart for the linear-Boltzmann and diffusion equations arising in
the classical theory. It turns out that these equations have the form of fractional kinetic equations
in both time and space. To prove these results, we develop a technique based on mixtures of Feller
semigroups.
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1. Introduction

A Lorentz process is a model for the motion of a particle among randomly located scatter-
ers. It was firstly used to describe the transport of electrons through a conductor (see [33]).
This process is difficult to handle, mostly due to the fact that the particle may collide with
the same scatterer more than once, which produces a memory effect. So, one can imagine to
approximate this process by means of more tractable processes.

The first to tackle this problem rigorously was Gallavotti [23]. In his model, of which we
here consider the 3-dimensional version, the scatterers are hard spheres of radius R. Their
centers are randomly distributed in space according to a Poisson point process with intensity
ρ, and the particle interacts with the scatterers by means of elastic collisions. Each free flight
time has a marginal exponential distribution, hence it is unlikely that long flights occur.

Intuitively, the memory effect due to recollisions tends to vanish if R → 0. Indeed,
Gallavotti studied this system in the Boltzmann-Grad limit: this is the limit in which R → 0
and simultaneously ρ → ∞, in such a way that the free flight time of the particle maintains
a finite expectation. Under this limit, the Lorentz process converges to a Markovian random
flight process, having independent, exponentially distributed free flight times. In this case,
the position-velocity process is governed by the linear Boltzmann equation

∂

∂t
f(x, v, t) = cv · ∇xf(x, v, t) + λ

∫
S2

(f(x, v′, t)− f(x, v, t))µ(dv′) (1.1)

where µ denotes the uniform distribution of the unit sphere S2, c is the speed of the particle
and λ is the mean number of direction changes per unit time. After the Boltzmann-Grad
limit, a further scaling limit (c → ∞, λ → ∞ such that c2/λ → 1) leads to a diffusion
process, which is governed by the heat equation

∂

∂t
p(x, t) =

1

2
∆xp(x, t). (1.2)

Such a diffusion limit is based on central limit arguments, since the free flight times have
finite mean and variance. This model was generalized by Spohn [59], where more general
probability distributions for the scatterers are allowed, the scatterers are potentials with
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finite range R, weak convergence in path space is proved. Other developments have been
made, e.g., in [8; 9; 11; 17; 25]. A further progress is due to [36], where the Boltzmann-Grad
and the diffusion limit are taken simultaneously.

However, even in these cases, convergence to a random flight under the Boltzmann–Grad
limit requires that the expected value of the free flight times remains finite.

Cases in which the flight times have infinite expectation are excluded from these theories;
more precisely, we here refer to flight times that are almost surely finite, i.e. they have
a proper probability distribution, but their expected value is infinite. Yet, these cases are
very interesting from a physical point of view, since, as clear in the literature, they are
connected to anomalous diffusion, a motion such that the mean squared displacement does
not grow asymptotically linearly in time. On this point, we stress that there is a wide
literature concerning continuous time random walks and random flights where the heavy-
tailed waiting times belong to the domain of attraction of a ν-stable law, ν ∈ (0, 1). See,
e.g. [10; 41; 42; 43; 60] for continuous-time random walks and [52] for a recent random
flight model. These processes and their anomalous diffusive limits fall in the theory of semi-
Markov processes [35] and they are crucial models for anomalous diffusive phenomena related
to fractional dynamics (see, e.g., [45] and references therein). Random flights with flight times
having diverging moments have been extensively considered, in the physics literature: these
processes are called Lévy walks (see, for example, [62] and references therein for a review)
and they have plenty of applications for modeling anomalous phenomena (see, for example,
[20; 21; 28; 34]).

One might ask, therefore, whether random walks/flights with infinite mean flight times and
the related anomalous diffusions can be connected to mechanical models of Lorentz type.

In this paper we present two Lorentz process models. For both of them, the limit random
flights and their related anomalous diffusion, together with their governing equations, are
new. Such processes go beyond the semi-Markov setting and a usefull tool in order to deal
with them is the recent theory of the so-called para-Markov processes (see [19]).

In the first model, the Lorentz process is based on a new distribution of obstacles that we
call the Mittag-Leffler point process. The reason of this name is that the free flight times have
a so-called Mittag-Leffler distribution, a heavy tailed distribution belonging to the domain
of attraction of a stable law, with interesting analytical properties. In this setting it is likely
that long flights occur, contrary to what happens for the Poissonian case. We study this
system under a limit of Boltzmann-Grad type. In this procedure, the free flight time of the
particle has infinite mean both before and after the limit. The resulting random flight is
non-Markovian and presents a long memory tail, in the sense that all the flight times are
dependent; despite this, the process is easy to handle, since it is possible to explicitly write
the joint distribution of its flight times, which happens to be of Schur constant type. After the
Boltzmann-Grad limit, a further scaling limit gives an anomalous diffusion process, exhibiting
self-similarity and also a super-diffusive behaviour, i.e. the particles spread faster than for
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the Brownian motion. We shall call such a process the Mittag-Leffler anomalous-diffusion
process.

In the second model, the distribution of obstacles is Poissonian (as in [23]), but the speed
of the particle is heavy tailed distributed. A Boltzmann-Grad limit leads to another non
Markovian random flight process with speed and flight times that depend on each other;
however, a second scaling limit gives the same super-diffusion as before.

In addition to the kinetic limits, our paper also studies the governing equations of some
of the processes involved. These are not first-order differential equations in time, like (1.1)
and (1.2). Indeed, in Gallavotti-Spohn models, the limit processes are Markovian, and thus,
according to Feller’s theory, they are governed by the first order in time generator equations.
In the present case, instead, the limit processes are non-Markovian. Despite this, we can
derive their governing equations, that happen to be fractional kinetic equations, non-local in
both time and space.

In order to rigorously get these equations, we face a problem which is in itself interesting
from a probabilistic and analytical point of view and serves as a tool, in this context. Let
{Tt}t≥0 be a Feller semigroup on a Banach space B, with generator (G,Dom(G)). Moreover,
consider the Bochner integral Qt =

∫∞
0

Ts l(ds), where l(ds) denotes the so-called Lamperti
distribution (see e.g. [32]). This is a distribution on (0,∞) with power law decay t−ν−1,
ν ∈ (0, 1). The family {Qt}t≥0 defines a mixture of Feller semigroups. We prove that, for
any h ∈ Dom(G), the function t 7→ Qth solves the abstract Cauchy problem

∂ν

∂tν
g(t) = −(−G)νg(t), g(0) = h, (1.3)

i.e. a fractional kinetic equation exhibiting fractional powers of operators. Such equation
reduces to the well-known governing equation of Markov processes for ν = 1. So, we shall
see that the governing equations that emerge after the kinetic limits are of the type (1.3).
They generalize equations (1.1) and (1.2) by introducing the ν-powers of operators.
Concerning the above models, a fundamental remark is needed: our assumption of heavy

tailed, infinite mean flight times is not necessary to obtain non-Markovian random flights,
anomalous diffusions and non-local governing equations. Indeed, by using different physi-
cal settings with respect to ours, other Lorentz processes converging to non-Markovian and
anomalous diffusive limits, possibly governed by non-local equations, have already been pre-
sented in the literature. For example, there are recent papers concerning a bi-dimensional
Lorentz gas under the action of a constant magnetic field (see e.g. [47; 48; 37]). In this case,
the action of the external force prevents the position-velocity process from being Markovian.
Hence a generalization of the Boltzmann equation, which is non-local in the time variable,
appears (see e.g. formula (1.3) in [48]); also an anomalous diffusion equation arises, namely
a non-local heat equation where the diffusion coefficient is replaced by an operator, the lat-
ter written in terms of the Green-Kubo formula (see formula (1.8) in [47]). Concerning the
anomalous diffusive behaviour, another remarkable example regards the superdiffusion limit
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arising in the context of the periodic Lorentz gas (see [40]) where the anomalous behavior is
t log t; for the periodic Lorentz gas, see also [13; 14; 24; 39].

2. Preliminary notions

In the present paper we shall use results from very different theories, e.g., we shall combine
tools from kinetic theory, the theory of non-Markov processes and non-local equations. Hence,
for the reader convenience, we summarize the main facts in few pages.

2.1. Isotropic transport processes. In this paper we consider a class of transport pro-
cesses, also called random flights, defined as follows. Let a particle start at a point x ∈ Rd

and move along a unit vector v0 with random speed C, for a random waiting time J1. After
the time interval J1, the particle undergoes scattering and continues its motion along a new
unit vector v1, again with speed C, for another random waiting time J2. This process repeats
indefinitely. Here C is assumed to be either a positive constant or a positive random variable.
The directions {vi, i ≥ 0} are assumed to be i.i.d. random vectors, with uniform law on the
unit sphere

Sd−1 = {v ∈ Rd : |v|2e = 1},
where |·|e denotes the Euclidean norm. Moreover, we assume that the unit vectors {vi, i ≥ 0}
are independent of the waiting times {Jn, n ≥ 1} and of the speed C. On the other hand,
C and {Jn, n ≥ 1} may be dependent. Let τn :=

∑n
i=1 Ji be the instant of the n-th change

of direction for n ≥ 1, with the convention τ0 := 0, and let N = {Nt, t ≥ 0} be the process
which counts the number of changes up to time t, i.e.

Nt := max{n ≥ 0 : τn ≤ t}.
At time t ≥ 0, the particle has unit velocity vector Vt and is located at the position Xt. To
summarize the above description, we now give the rigorous definition of the joint process
(Xt, Vt).

Definition 2.1. Let
(
Ω,A,P(x,v)

)
, v ∈ Sd−1, x ∈ Rd, be a family of probability spaces. Let

{Jn}n≥1, {vi}i≥0 and C be random variables as defined above. Let N be defined as above. The
joint process {(Xt, Vt) , t ≥ 0}, such that

Vt := vNt (2.1)

Xt := X0 + C
∫ t

0

Vsds = X0 + C
Nt∑
i=1

Jivi−1 + C (t− τNt) vNt (2.2)

where Px,v(X0 = x, v0 = v) = 1, is said to be the isotropic transport process.

In practice, defining such a transport process requires specifying only the joint law of the
vectors (C, J1, J2, · · · , Jn) for any n, from which the joint distribution for the flight times
{Jn, n ≥ 1} and the distribution of the speed C directly follow.
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In Section 2.1.1 we recall some known facts on the Markovian case, i.e., the case where
the Jns are i.i.d. exponential r.v.’s and C is a positive constant chosen independently on the
Jns. Then, in Sections 3.1 and 5.1, we shall define two non-Markovian models, where the
waiting times are stochastically dependent and have infinite mean. Furthermore, their limit
behaviour will be studied in Sections 3.4 and 5.2.

2.1.1. The Markovian random flight and its diffusive limit. Let the waiting times {Jn, n ≥ 1}
be i.i.d. exponential random variables with mean λ−1 and let the speed C be a positive
constant, say C = c almost surely. Then the resulting transport process is the Markovian
isotropic transport process, as studied, for example, in [30; 46; 49; 53; 61]; an analogous
construction holds in non Euclidean spaces (see e.g. [50; 51]). In this setting, the counting
process N is a Poisson process with intensity λ and τn follows a Gamma distribution of
parameters n, λ, also called Erlang distribution. Here the parameter λ can be interpreted as
the mean number of direction changes per unit time.

In this case, we shall denote the random flight process of Definition 2.1 by{(
X

(c,λ)
t , V

(c,λ)
t

)
, t ≥ 0

}
,

where the superscript (c, λ) indicates that the process depends on the two parameters c and λ.

Here
{
V

(c,λ)
t , t ≥ 0

}
is a Markov process on Sd−1 and

{(
X

(c,λ)
t , V

(c,λ)
t

)
, t ≥ 0

}
is a Markov

process on Rd × Sd−1.
Let us consider initial data (x, v) ∈ Rd × Sd−1. Moreover, consider the family of operators{
T (c,λ)
t

}
t≥0

defined by

T (c,λ)
t h(x, v) := E(x,v)

[
h
(
X

(c,λ)
t , V

(c,λ)
t

)]
h ∈ C0

(
Rd × Sd−1

)
(2.3)

where E(x,v) denotes the expectation under Px,v. Such a family defines a strongly continuous
contraction semigroup on the space C0

(
Rd × Sd−1

)
endowed with the sup-norm || · ||, i.e. a

Feller semigroup (see [61, Lemma 2.1] or, for a very general approach, [51]).
Let us consider the semigroup

{
e−λtPt

}
t≥0

where

Pth(x, v) := h(x+ vct, v) h ∈ C0

(
Rd × Sd−1

)
.

Then
{
e−λtPt

}
t≥0

is strongly continuous and is generated by the operator cv ·∇x−λI, where
I denotes the identity operator, on the domain

D =
{
h ∈ C0

(
Rd × Sd−1

)
: cv · ∇xh ∈ C0

(
Rd × Sd−1

)}
. (2.4)

Furthermore, let us consider the scattering operator L defined by

Lh(x, v) :=

∫
Sd−1

h(x, v′)µ(dv′), h ∈ C0

(
Rd × Sd−1

)
,
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where µ denotes the uniform distribution on Sd−1. It is useful to see how [31, Theorem 1.9.2]
applies here, giving the following result which is known in the literature.

Theorem 2.2. The operator T (c,λ)
t defined in Equation (2.3) has the following representation

on D

T (c,λ)
t = e−λtPt +

∞∑
n=1

λne−λt

∫
0<τ1<τ2<···<τn<t

Pt−τnLPτn−τn−1L . . . LPτ1 dτ1 . . . dτn. (2.5)

Moreover, for h ∈ D, one has that t 7→ T (c,λ)
t h is the unique (bounded) solution to the linear

(abstract) Boltzmann equation on C0(Rd × Sd−1)

∂

∂t
g(t) = c v · ∇xg(t) + λ(L− I)g(t), (2.6)

under the initial condition g(0) = h.

Proof. First, we observe that the operator L is bounded on C0

(
Rd × Sd−1

)
. Moreover, cv ·

∇x − λI generates the semigroup
{
e−λtPt

}
t≥0

, which is strongly continuous. Hence, we can

apply [31, Theorem 1.9.2, (i)] to say that

G(c,λ) := c v · ∇x − λI + λL, (2.7)

with domainD, is the generator of a strongly continuous semigroup on C0

(
Rd × Sd−1

)
, which

has the representation

Φt = e−λtPt +
∞∑
n=1

λne−λt

∫
0<τ1<τ2<···<τn<t

Pt−τnLPτn−τn−1L . . . LPτ1 dτ1 . . . dτn.

Moreover, [31, Theorem 1.9.2, (ii)] guarantees that Φth is the unique solution of

Φth = e−λtPth +

∫ t

0

λe−λ(t−s)Φs LPt−s h ds. (2.8)

We now observe that ||T (c,λ)
t h|| ≤ ∥h∥ and, by a standard conditioning argument, using the

first renewal time, one has

T (c,λ)
t h(x, v) = e−λth(x+ cvt, v) +

∫ t

0

∫
Sd−1

λe−λ(t−s)T (c,λ)
s h(x+ cv(t− s), ω)µ(dω) ds,

i.e. t 7→ T (c,λ)
t h satisfies Equation (2.8). By the uniqueness of solution, we get the thesis. □

We finally observe that the sum in Equation (2.5) converges in the sup-norm and can be
explicitly written as

T (c,λ)
t h(x, v) = e−λth(x+ cvt, v)+ (2.9)
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+
∞∑
n=1

λne−λt

∫
0<τ1<τ2<···<τn<t

∫
(Sd−1)

n
h(xt, ωn) dτ1 . . . dτn µ(dω1) . . . µ(dωn)

where

xt := x+ c
n∑

j=1

(τj − τj−1)ωj−1 + c(t− τn)ωn, ω0 := v,

and vt = ωn for t ∈ [τn, τn+1).
Another useful result we will use is the following explicit formula for the mean squared

displacement of the Markovian random flight (details can be found in [2]). Denote by Px,µ

the probability measure

Px,µ(·) :=
∫
Sd−1

P(x,v)(·)µ(dv) (2.10)

where µ is the uniform probability measure on the d− 1-dimensional sphere and by Ex,µ the
corresponding expectation. Then

Ex,µ
∣∣∣X(c,λ)

t − x
∣∣∣2
e
=

2c2

λ2

(
λt− 1 + e−λt

)
. (2.11)

A remarkable fact is that the Markovian isotropic transport process is a finite speed and
finite rate approximation of Brownian motion. Indeed, for Brownian motion both the speed of
the particle and the rate of direction changes are infinite; but nevertheless, in many practical
applications, Brownian motion is used to model random motions with large but finite speed
and rate. This is allowed by the following result.

Proposition 2.3. Let B = {Bt, t ≥ 0} be a d-dimensional Brownian motion, d ≥ 1 under
a probability measure Px, s.t. Px(B0 = x) = 1. Then, under the scaling limit

c → ∞ λ → ∞ c2

λ
= D > 0

we have that {
X

(c,λ)
t

}
fdd−→ {BDt} .

The reader can consult [30; 51; 61] and references therein for details and an improved
version of this statement showing weak convergence on the space of continuous functions
with the uniform topology.

2.2. Para-Markov chains. In this section we recall the definition of a class of non-Markovian
processes, called para-Markov [19], as these processes will be a useful tool in the following.
These are right continuous processes on a countable state space whose waiting times between
jumps have a suitable stochastic dependence, creating a long memory tail in the evolution.
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They are proved to be equal in distribution to a continuous-time Markov chain whose time
parameter is randomly scaled, hence the name para-Markov.

For a positive ν, we shall indicate with Mν the one-parameter Mittag-Leffler function,
defined by

Mν(x) :=
∞∑
k=0

xk

Γ(1 + νk)
x ∈ R. (2.12)

In the paper we shall use the notation

M(k)
ν (−zν) :=

(
d

dz

)k

Mν(−zν) k ∈ N. (2.13)

Moreover, we recall that a non-negative random variable J is said to follow a Mittag-Leffler
distribution with parameters ν ∈ (0, 1] and λ ∈ (0,∞) if it has cumulative distribution
function

P(J ≤ t) = 1−Mν(−λtν), t ≥ 0.

For ν ∈ (0, 1), by using the asymptotic properties of the Mittag-Leffler function (see, e.g.,
[44]), one gets

P(J > t) ∼ αt−ν as t → ∞, (2.14)

being α > 0 a constant. If follows that J has infinite expectation. Instead, for ν = 1 we have
M1(x) = ex and J ∼ Exp(λ).

Definition 2.4. Let Y = {Yn, n ∈ N} be a discrete time Markov chain, on some probability
space with a probability measure P , and a finite or countable state space S. For ν ∈ (0, 1]
and λ : S → (0,∞), let {Jn, n ≥ 1} be a sequence of non-negative random variables, such
that, ∀n ≥ 1,

P (J1 > t1, . . . , Jn > tn|Y0 = y0, . . . , Yn−1 = yn−1) = Mν

(
−

(
n∑

k=1

λ(yk−1)tk

)ν)
(2.15)

where tk ≥ 0, k ∈ {1, . . . , n}. Let Tn :=
∑n

k=1 Jk and T0 := 0. A continuous-time process
Xν = {Xν

t , t ≥ 0} such that

Xν
t = Yn t ∈ [Tn, Tn+1), n ∈ N

is said to be a para-Markov chain.

From the above definition we have that each waiting time follows a Mittag-Leffler distri-
bution:

P (Jk > tk|Yk−1 = yk−1) = Mν (− (λ(yk−1)tk)
ν) .

Moreover, note that for ν = 1 the joint survival function in Equation (2.15) is factorized as

P (J1 > t1, . . . , Jn > tn|Y0 = y0, . . . , Yn−1 = yn−1) = e−
∑n

k=1 λ(yk−1)tk , (2.16)
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i.e. the waiting times are conditionally independent, exponential random variables and hence
X1 is a homogeneous, continuous-time Markov chain.

From [19], it is known that a para-Markov chain Xν is equivalent, in terms of finite-
dimensional distributions, to a Markov chain X1 through a random time-change, as reported
below. Specifically, this is achieved by substituting the time parameter t with tL, where L
has a Lamperti distribution, which is defined as follows (see e.g. [32]).

Definition 2.5. A non-negative random variable L, on some probability space with probability
P , follows a Lamperti distribution of parameter ν ∈ (0, 1] if its Laplace transform is given by

E
[
e−ηL] = Mν (−ην) , η ≥ 0. (2.17)

For ν = 1 we have E
[
e−ηL] = e−η which means L a.s.

= 1, while for ν ∈ (0, 1) the variable L
is absolutely continuous, with density given by

l (dy) :=
sin πν

π

yν−1

y2ν + 2yν cos πν + 1
1(0,+∞)(y) dy. (2.18)

Consult [32, Equations (1.1) and (3.3)] with θ = 0 and η = z
1
α for details. We also recall

a property which will be useful later in the article:

L d
=

1

L
, (2.19)

where
d
= denotes the equality in distribution.

Theorem 2.6. Let us consider a para-Markov chain Xν as in Definition 2.4. Let L be a
Lamperti random variable of parameter ν ∈ (0, 1]. Then we have

Xν
t

fdd
= X1

Lt ∀t ≥ 0,

where
fdd
= denotes equality of finite dimensional distributions.

For a proof, see [19, Theorem 4].
A corner point is that the para-Markov chain Xν is governed by an integro-differential

equation. The operator acting on the time variable is the Caputo fractional derivative (see
Equation (1.10) in [26] or [6] for a general introduction), defined by

∂ν

∂tν
f(t) :=

{
1

Γ(1−ν)
∂
∂t

∫ t

0
(f(s)− f(0))(t− s)−νds, ν ∈ (0, 1),

f ′(t), ν = 1.
(2.20)

Let us consider a para-Markov chain Xν and let us indicate with G the infinitesimal
generator of the Markov chain X1. Let P (t) = [pij(t)] be the transition matrix of Xν . In [19]
it is proven that in the case of finite states space S, the transition matrix P (t) is the solution
of

∂ν

∂tν
P (t) = −(−G)νP (t) (2.21)
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with initial condition P (0) = I, being I the identity matrix. We stress that for ν = 1,
Equation (2.21) formally reduces to the Kolmogorov backward equation which governs a
Markov chain.

2.3. The para-Markov counting process. We here recall the definition of a counting
process, which will be useful in the rest of the paper, as a special case of para-Markov chain
with infinitely many states. For major details, see [19].

Let us consider a para-Markov chain N ν := {N ν
t , t ≥ 0} as in Definition 2.4. Let us

assume a deterministic embedded chain

Yn = n, n ∈ N (2.22)

and λ ∈ (0,∞) constant. Then N ν is said to be the Exchangeable fractional Poisson process
with parameters λ and ν.

In this case the sequence of waiting times
{
J
(ν)
n , n ≥ 1

}
satisfies the following property:

for each n ≥ 1,

P
(
J
(ν)
1 > t1, . . . , J (ν)

n > tn

)
= Mν

(
−λν

(
n∑

k=1

tk

)ν)
ν ∈ (0, 1], λ ∈ (0,∞). (2.23)

From Equation (2.23) it follows that the distribution of N ν reads

P (N ν
t = n) =

(−t)n

n!
M(n)

ν (−λνtν) n ∈ N. (2.24)

An important property of the sequence of waiting times described in Equation (2.23) is
that it forms an infinite Schur-constant sequence. We recall that a sequence {Zk}∞k=1 of
non-negative random variables is said to be an infinite Schur-constant sequence if, for any
n ≥ 1, the joint survival function satisfies

P (Z1 > t1, Z2 > t2, . . . , Zn > tn) = S(t1 + t2 + · · ·+ tn),

for some function S that does not depend on n. This structure represents a particular model
of exchangeable waiting times, as the function S depends on the tk only through their sum.
See [7; 15; 58] for details. This property justifies the name chosen for this counting process.

We note that for ν = 1 we have that Equation (2.23) has the form

P [J1 > t1, . . . , Jn > tn] = e−λ
∑n

k=1 tk , (2.25)

namely the waiting times {Jn, n ≥ 1} are i.i.d. exponential and N 1 reduces to a Poisson
process of parameter λ.

Moreover, we emphasize that from Equations (2.17) and (2.23) one has(
J
(ν)
1 , . . . , J (ν)

n

)
d
=

1

L
(J1, . . . , Jn) , n ≥ 1, (2.26)
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being {Jn, n ≥ 1} i.i.d. exponential of parameter λ. This also shows that
{
J
(ν)
n , n ≥ 1

}
are exponential of random parameter λL.

We conclude this section by observing that λ can be interpreted as a measure of the
intensity of the process, in the sense that it controls the probability to have at least one
event in a small time interval ∆t. Indeed, using the relation of Theorem 2.6, we have

P
(
N ν

t+∆t −N ν
t = 0

)
= P

(
N 1

L(t+∆t) −N 1
Lt = 0

)
=

∫ ∞

0

e−λy∆t P (L ∈ dy)

= Mν(−λν(∆t)ν)

= 1− λν(∆t)ν

Γ(1 + ν)
+ o ((∆t)ν) ,

which implies

P (N ν
t+∆t −N ν

t ≥ 1) =
λν(∆t)ν

Γ(1 + ν)
+ o ((∆t)ν) . (2.27)

We further observe that in the Poisson case λ also has the meaning of mean number of
events per unit time. Indeed, by the Poisson distribution, we have EN 1

t = λ if t = 1. In
contrast, the mean number of events per unit time in the exchangeable fractional Poisson
process is infinite for ν ∈ (0, 1) for each λ.

3. Motion among random obstacles (Model 1)

We recall that Lorentz processes are models for the motion of a particle among randomly
distributed obstacles. In Gallavotti [23], the set of obstacle centres is a Poisson point process.
Under the Boltzmann-Grad limit, this process converges to the Markovian random flight
defined in Section 2.1.1. As seen in Proposition 2.3, a further scaling limit leads to Brownian
motion.

In this section, we shall define a Lorentz process based on a more general distribution of
obstacles. To this aim, we define the Mittag-Leffler point process, which includes the Poisson
point process as a special case.

In this new setting, the obstacle system is more rarefied, making the model suitable for
describing even more dilute gases. In particular, the free flight time of the particle has a
distribution with power-law decay Kt−ν , ν ∈ (0, 1), K > 0, and thus has infinite expectation.
This feature, in particular, has been previously ruled out by classical technical assumptions
when studying Lorentz processes [59]. We shall prove that, under a Boltzmann-Grad type
limit, the process converges to a random flight with infinite mean flight times. We will show
that this random flight is superdiffusive with a mean square displacement spreading, for
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t → +∞, as K̃t2−ν , K̃ > 0 and furthermore it converges, under a second suitable limit, to
an anomalous diffusive process with infinite mean square displacement.

For the sake of clarity, we believe it is appropriate to first describe the new random flight
model in Section 3.1. Then, we shall define the Lorentz model in Section 3.2 and finally we
shall state the limit theorems in Sections 3.3 and 3.4.

3.1. A transport process with infinite mean flight times. We consider an isotropic
transport process with infinite mean and stochastically dependent flight times, which is de-
fined as in Definition 2.1, with the following assumptions.

(A1). Suppose that in Definition 2.1 the joint distribution of the flight times
{
J
(ν)
n , n ≥ 1

}
is given, under all the probability measures P(x,v), by Equation (2.23) for some ν ∈ (0, 1] and
the (independent) speed is C = c almost surely, where c is a positive constant.

In this case, we shall denote the random flight process of Definition 2.1 by(
Xν

(1), V
ν
(1)

)
=
{(

Xν
(1)(t), V

ν
(1)(t)

)
, t ≥ 0

}
, ν ∈ (0, 1].

The assumption (A1) implies that the number of direction changes up to time t is N ν
t , i.e.

the exchangeable fractional Poisson process defined in Section 2.3.
Let us consider initial data (x, v) ∈ Rd×Sd−1. We will use the family of operators {Zt}t≥0

acting on suitable functions and defined by

Zth(x, v) := E(x,v)
[
h
(
Xν

(1)(t), V
ν
(1)(t)

)]
h ∈ C0

(
Rd × Sd−1

)
, (3.1)

where E(x,v) denotes the expectation under the measure Px,v.
We now obtain the counterpart of the evolution formula presented in Equation (2.5) (hold-

ing in the Markovian case) in the non-Markovian setting arising under (A1).

Theorem 3.1. Let
(
X

(c,λ)
t , V

(c,λ)
t

)
be the Markovian random flight defined in Section 2.1.1

and let L follow a Lamperti distribution as in Definition 2.5. Then(
Xν

(1)(t), V
ν
(1)(t)

) d
=
(
X

(c,λL)
t , V

(c,λL)
t

)
. (3.2)

Moreover, the following formula holds

Zth =Mν(−λνtν)Pth

+
∞∑
n=1

(−λ)nM(n)
ν (−λνtν)

∫
0<τ1<τ2<···<t

Pt−τnLPτn−τn−1L . . . LPτ1h dτ1 . . . dτn

where M(n)
ν is defined in Equation (2.13).

Proof. Under the Assumptions (A1), the isotropic transport process in Definition 2.1 reads,
for each t ≥ 0,
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(
V ν
(1)(t)

Xν
(1)(t)

)
=

(
vm

x+
∑m

k=1 cvk−1J
(ν)
k + cvm

(
t−
∑m

k=1 J
(ν)
k

)) m∑
k=1

J
(ν)
k ≤ t <

m+1∑
k=1

J
(ν)
k

where m ≥ 0, which can compactly be re-written as(
V ν
(1)(t)

Xν
(1)(t)

)
=

+∞∑
m=0

(
vm

x+
∑m

k=1 cvk−1J
(ν)
k + cvm

(
t−
∑m

k=1 J
(ν)
k

))
1{∑m

k=1 J
(ν)
k ≤t<

∑m+1
k=1 J

(ν)
k

}.
From Equation (2.26) we have, for each t ≥ 0,(

V ν
(1)(t)

Xν
(1)(t)

)
d
=

(
vm

x+
∑m

k=1 cvk−1
Jk
L + cvm

(
t−
∑m

k=1
Jk
L

)) m∑
k=1

Jk
L

≤ t <

m+1∑
k=1

Jk
L
.

where {Jk/L} are exponential random variables of random parameter λL. Therefore the
equality in distribution of Equation (3.2) follows.

Hence we can re-write Equation (3.1) as

Zth(x, v) =

∫ ∞

0

E(x,v)
[
h
(
X

(c,λl)
t , V

(c,λl)
t

)]
l (dl)

=

∫ ∞

0

T (c,λl)
t h(x, v) l (dl)

where
{
T (c,λ)
t , t ≥ 0

}
is the Markovian semigroup defined in (2.3) and l (·) is the Lamperti

measure as in Equation (2.18). By using the representation of the Markovian operator in
Equation (2.5) we obtain

Zth =

∫ +∞

0

e−λlt Pt h l (dl)

+

∫ +∞

0

(
+∞∑
n=1

e−λlt(λl)n
∫
0<τ1<···<τn<t

Pt−τnL · · ·LPτ1 h dτ1 · · · dτn

)
l (dl). (3.3)

We now observe that we can interchange the summation and the integral in Equation (3.3),
by using the dominated convergence theorem for Bochner integrals (see [3, Theorem 1.1.8]).
Consider

fk :=
k∑

n=1

e−λlt(λl)n
∫
0<τ1<···<τn<t

Pt−τnL · · ·LPτ1h dτ1 · · · dτn.
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We have to show that ||fk|| is dominated by an integrable function, which is independent
of k. Indeed, as Pt and L are contraction operators

||fk|| ≤
+∞∑
n=1

∥∥∥∥e−λlt(λl)n
∫
0<τ1<···<τn<t

Pt−τnL · · ·LPτ1 h dτ1 · · · dτn
∥∥∥∥

≤
+∞∑
n=1

e−λlt(λl)n||h||
∫
0<τ1<···<τn<t

dτ1 · · · dτn

=
+∞∑
n=1

e−λlt(λl)n||h|| t
n

n!
= ∥h∥

(
1− e−λlt

)
.

Moreover, ∫ +∞

0

||h||
(
1− e−λlt

)
l (dl) = ||h||(1−Mν (−(λt)ν) .

Then [3, Theorem 1.1.8] applies here and from Equation (3.3) we get

Zth =Mν(−λνtν)Pth

+
+∞∑
n=1

∫ +∞

0

(
e−λlt(λl)n

∫
0<τ1<···<τn<t

Pt−τnL · · ·LPτ1h dτ1 · · · dτn
)

l (dl)

=Mν(−λνtν)Pth

+
+∞∑
n=1

(∫ +∞

0

e−λlt(λl)nl (dl)
)(∫

0<τ1<···<τn<t

Pt−τnL · · ·LPτ1h dτ1 · · · dτn
)

=Mν(−λνtν)Pth

+
+∞∑
n=1

(
(−λ)n

∫ +∞

0

(
d

d(λt)

)n

e−λltl (dl)
)(∫

0<τ1<···<τn<t

Pt−τnL · · ·LPτ1h dτ1 · · · dτn
)

(3.4)

Hence, by the dominated convergence theorem we can exchange the derivative and the integral
in the first term of the product to obtain

Zth =Mν(−λνtν)Pth

+
+∞∑
n=1

(−λ)nM(n)
ν (−λνtν)

∫
0<τ1<···<τn<t

Pt−τnL · · ·LPτ1h dτ1 · · · dτn,

where we used the notation in Equation (2.13). □
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In analogy with the Markovian case, it is possible to explicitly write the operator Zt as

Zth(x, v) = Mν(−λνtν)h(x+ cvt, v)+

+
∞∑
n=1

(−λ)nM(n)
ν (−λνtν)

∫
0<τ1<τ2<···<t

∫
(Sd−1)n

h(xt, ωn) dτ1 . . . dτn µ(dω1) . . . µ(dωn)

where

xt := x+ c

n∑
j=1

(τj − τj−1)ωj−1 + c(t− τn)ωn, ω0 := v,

and vt = ωn for t ∈ [τn, τn+1).
We now aim to find the mean squared displacement of this non-Markovian random flight.

We shall use the equality in distribution of Theorem 3.1, which makes the transport process
analytically tractable.

Proposition 3.2. Let
{(

Xν
(1)(t), V

ν
(1)(t)

)
, t ≥ 0

}
be the non-Markovian random flight as

defined by Assumptions (A1). Denote Px,µ :=
∫
Sd−1 P

x,vµ(dv) and by Ex,µ the corresponding
expectation. Then we have

Ex,µ
∣∣Xν

(1)(t)− x
∣∣2
e
= 2c2

∫ t

0

dw1

∫ w1

0

dw2Mν (−λνwν
2) , (3.5)

and then for large t one has

Ex,µ
∣∣Xν

(1)(t)− x
∣∣2
e
∼ ε t2−ν , ν ∈ (0, 1], (3.6)

where ε is a positive constant.

Proof. Let us consider the mean squared displacement of the Markovian random flight in
Equation (2.11). Then by Theorem 3.1 we get

Ex,µ
∣∣Xν

(1)(t)− x
∣∣2
e
= 2c2

∫ ∞

0

(
t

λl
− 1

λ2l2
+

e−λtl

λ2l2

)
l (dl).

Considering the Laplace transform in the time variable (t 7→ s), we obtain, for any s > 0,

2c2
∫ ∞

0

(
1

λls2
− 1

λ2l2s
+

1

λ2l2(s+ λl)

)
l (dl) = 2c2

1

s2

∫ ∞

0

1

s+ λl
l (dl).

By applying the Laplace transform to the second member of Equation (3.5) and using the
definition of Lamperti distribution (2.17), one has

2c2
1

s2

∫ ∞

0

e−sw2Mν (−λνwν
2) = 2c2

1

s2

∫ ∞

0

e−sw2

∫ ∞

0

e−λw2ll (dl)

= 2c2
1

s2

∫ ∞

0

1

s+ λl
l (dl),
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and the first part of the thesis follows.

Now, denote U(t) = Ex,µ
∣∣∣Xν

(1)(t)− x
∣∣∣2
e
and note that∫ +∞

0

e−stU ′(t)dt =2c2
1

s

sν−1

λν + sν
(3.7)

∼ K ′sν−2 as s → 0 (3.8)

for K ′ > 0, where we used the well-known Laplace transform of the Mittag-Leffler survival
function ∫ ∞

0

e−stMν(−λνtν)dt =
sν−1

λν + sν
. (3.9)

It follows from the Karamata Tauberian Theorem [22, Theorem XIII.5.2] that

Ex,µ
∣∣Xν

(1)(t)− x
∣∣2
e
∼ Kt2−ν (3.10)

for K > 0, as claimed. □

From Equation (3.6) we conclude that the random flight is super diffusive for ν < 1.
Instead, for ν = 1 we get the asymptotic behaviour of the Markovian random flight.

3.2. Mittag-Leffler distribution of obstacles. We preliminarly recall some basic notions
on point processes. We follow the notation of [29]; another standard reference on point
processes is [16].

Let S ∈ B (R3) and denote (S,B(S), µ) a measure space which is finite on Borel subsets
with finite Lebesgue measure. We denote by Π a point process in S, namely an integer-valued
random measure. In particular, Π is a locally finite kernel from a probability space (Ω,A, P )
into (R3,B (R3)), i.e. a mapping Π : (Ω × B(S)) 7→ N, such that Π(ω,B) is a locally finite
integer-valued measure for fixed ω and an integer-valued random variable for fixed B.

From now on, let µ(B) = ρ|B|, where ρ ∈ (0,∞) and |B| denotes the Lebesgue measure
of the Borel set B.
We recall that a point process is said to be a Poisson point process with parameter ρ ∈

(0,∞), if, for any collection of mutually disjoint, finite Borel sets {Bj, j ∈ {1, . . . , n}}, and
any choice of non-negative integers {kj, j ∈ {1, . . . , n}}, n ≥ 1, we have

P

(
n⋂

j=1

{N (Bj) = kj}

)
= e−

∑n
j=1 ρ|Bj |

n∏
j=1

(ρ|Bj|)kj

kj!
(3.11)

where N (B) is the random variable ω 7→ Π(ω,B), i.e. the random number of points inside
B. Equation (3.11) indicates that N (Bj), j = 1, . . . , n, are independent random variables,
each having Poisson distribution with mean ρ|Bj|.

We are ready to introduce a new point process, whose distribution is described, in addition
to ρ, by a fractional parameter ν ∈ (0, 1], such that the Poisson case is re-obtained when
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ν = 1. We use the notation N ν(B) to indicate the random number of points in B ∈ B(S).
Moreover, for the Mittag-Leffler function Mν(·), we will use the notation in Equations (2.12)
and (2.13).

Definition 3.3. A point process Π is said to be a Mittag-Leffler point process of parameters
ρ ∈ (0,∞) and ν ∈ (0, 1] if, for any collection of mutually disjoint, finite Borel sets {Bj, j ∈
{1, . . . , n}}, and any choice of non-negative integers {kj, j ∈ {1, . . . , n}}, n ≥ 1, we have

P

(
n⋂

j=1

{N ν(Bj) = kj}

)
= (−1)kM(k)

ν

(
−

(
n∑

j=1

ρ|Bj|

)ν) n∏
j=1

(ρ|Bj|)kj
kj!

(3.12)

where k :=
∑n

j=1 kj.

In Appendix A, the existence and uniqueness of the point process of Definition 3.3 are
rigorously established. We further note that this point process has relationship with the one
studied in [1].

At a first glance, from a purely formal perspective, the new point process is obtained
by replacing the exponential function in Equation (3.11) with the Mittag-Leffler function
in Equation (3.12). This implies the loss of independence among the number of points in
disjoint sets.

Let us observe that for any finite Borel set B ∈ B(S), the random variable N ν(B) has
distribution

P (N ν(B) = k) = (−1)kM(k)
ν (−ρν |B|ν)(ρ|B|)k

k!
k ∈ N, (3.13)

as a special case of Equation (3.12) for n = 1.
We further observe that, from a physical perspective, the Mittag-Leffler point process

exhibits both similarities and differences compared to the Poisson case. Specifically, both are
spatially homogeneous, meaning they are invariant under space translations. This follows
from the fact that the distribution in Equation (3.12) only depends on the volumes of the
Bjs.
On the other hand, the new point process is suitable to describe rarefied gases. To illustrate

this point, we present the distribution of the random distance Dν between a given point
y ∈ R3 and its nearest point of Π. Such a distribution does not depend on y by space
homogeneity. Note that y is not required to be a point of Π.

It will become clear that, for x → ∞, the survival function P (Dν > x) decays to zero
as a power law, which is a substantially different behaviour from the Poisson case. Indeed,
observe that Dν > x if and only if there are no points within the ball of radius x centered at
y, denoted as Bx(y), for all x ≥ 0. Hence, in the Poisson case, one has

P (D1 > x) = P (N (Bx(y)) = 0) = e−ρ 4
3
πx3

,
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while, in the Mittag-Leffler case, one has

P (Dν > x) = P (N ν (Bx(y)) = 0) = Mν

(
−ρν

(
4

3
πx3

)ν)
, ν ∈ (0, 1). (3.14)

Equation (3.14) gives that P (Dν > x) ∼ 1/x3ν as x → ∞. This is consistent with the fact
that the Mittag-Leffler model is better suited for situations where the gas exhibits a sparser
structure, with large empty regions among particles. It means that the moving particles in
the gas are more likely to experience longer free paths or travel greater distances without
interacting. In contrast, the Poisson model describes a gas where interactions or collisions
occur more frequently, meaning the empty regions are smaller.

Remark 3.4. In view of the main theorem 3.8, where the case of large ρ will be considered,
we observe that ρ controls the probability to have at least one point in a small region B.
Indeed, we have

P (N ν(B) ≥ 1) = 1− P (N ν(B) = 0)

= 1−Mν(−ρν |B|ν)

=
ρν

Γ(1 + ν)
|B|ν + o(|B|ν) ν ∈ (0, 1].

We further observe that in the Poisson case, ρ also has the meaning of expected number of
points per unit volume; indeed, for the Poisson distribution, we have EN (B) = ρ if |B| = 1.
In contrast, the expected number of points per unit volume in the Mittag-Leffler case is infinite
for each ρ when ν ∈ (0, 1).

Consider Π as in Definition 3.3. We now aim to determine the so-called Jánossy measure
(see [27, Section 4.3]) associated to Π.

Lemma 3.5. Let us consider B ∈ B(R3), |B| < ∞. Let B contain N ν(B) points of Π,
which are located at the random positions C1, C2, . . . , CN ν(B). Then

P (C1 ∈ dc1, . . . , Cn ∈ dcn,N ν(B) = n) =
1

n!
ρn (−1)nM(n)

ν (−ρν |B|ν) dc1 · · · dcn,

for each n ≥ 1.

Proof. For each n ≥ 1, consider a sequence {Aj, j ∈ {1, . . . , n}} of mutually disjoint Borel
sets s.t. ∪jAj ⊆ B. Then, using combinatorics arguments, we get

P (C1 ∈ A1, · · ·Cn ∈ An,N ν(B) = n) =
1

n!
P

(
n⋂

j=1

{N ν (Aj) = 1} , N ν
(
B \ ∪n

j=1Aj

)
= 0

)

=
1

n!
ρ|A1| · · · ρ|An|(−1)nM(n)

ν (−ρν |B|ν)
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=
1

n!
ρn(−1)nM(n)

ν (−ρν |B|ν)
∫
A1

dc1 · · ·
∫
An

dcn

=
1

n!

∫
A1

· · ·
∫
An

ρn (−1)nM(n)
ν (−ρν |B|ν) dc1 · · · dcn,

where in the second equality we used Equation (3.12). Hence, the law of (C1, . . . , Cn) is
absolutely continuous and the thesis follows.

□

3.3. The Boltzmann-Grad limit. We now describe the new model of motion among ran-
dom obstacles. The obstacles are assumed to be identical hard spheres of radius R, whose
centres are randomly distributed according to the Mittag-Leffler point process, as in Defini-
tion 3.3. Some obstacles may overlap as it happens in the classical Gallavotti’s model [23].
Outside the system of obstacles, the particle moves along a straight line with constant speed
c > 0. When reaching the surface of an obstacle, an elastic collision occurs. This means that
the particle is specularly reflected and the post-collisional speed is again equal to c. Each
obstacle can be hit more than once, which leads to a long memory tail in the process.

We will analyze the system in a Boltzmann-Grad type limit, where the obstacle radius R
approaches zero while the parameter ρ, representing the intensity of the process as described
in Remark 3.4, diverges to infinity; these limits are taken in such a way that the product R2ρ
remains constant, that is

ρ → ∞ R → 0 ρcπR2 → λ ∈ (0,∞). (3.15)

Without loss of generality, we shall put ρ = λ/cπR2 and consider the one variable limit as
R → 0.

The constraint in Equation (3.15) can be understood by studying the distribution of the
free flight time. In Gallavotti’s model, i.e. when ν = 1, for R → 0 the distribution of the free
flight time converges to an exponential distribution with mean λ−1. Hence, condition (3.15)
means that the limit procedure is such that the free flight time of the particle maintains a
strictly positive, finite mean.

In this regard, in Lemma 3.6 we shall see that this is not true if ν ∈ (0, 1), given that
the free flight time has, in the present model, infinite mean both before and after the limit.
Indeed, in this case the limit (3.15) simply ensures that the free flight time is almost surely
positive and finite, meaning that it takes values in the open interval (0,∞) almost surely,
and then it has a proper distribution.

So, suppose that a particle, which is initially located at x ∈ R3, is shot towards an arbitrary
direction v ∈ S2. Let TR be the free flight time, i.e. the first hitting time with the system of
obstacles.
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Lemma 3.6. The distribution of the free flight time TR has a discrete component in 0, such
that

P
(
TR = 0

)
= 1−Mν

(
−ρν

(
4

3
πR3

)ν)
and an absolutely continuous component on (0,∞), such that

P
(
TR > t

)
= Mν

(
−ρν

(
πR2ct+

4

3
πR3

)ν)
t > 0.

Proof. Let t > 0. Then TR is greater than t if and only if none of the obstacle centres lies in
the set

θ(x, v, t) :=
{
y ∈ R3 : |y − (x+ cvs)|e ≤ R, s ∈ [0, t]

}
(3.16)

i.e. a cylinder of height ct around the particle trajectory, capped by two hemispheres of
radius R. So, for t > 0, using formula (3.13), we have

P
(
TR > t

)
= P (N ν(θ(x, v, t)) = 0)

= Mν

(
−ρν

(
πR2ct+

4

3
πR3

)ν)
.

The discrete mass at zero corresponds to the possibility that the starting point x is located
inside some obstacles:

P
(
TR = 0

)
= P (N ν(BR(x)) ≥ 1)

= 1− P (N ν(BR(x)) = 0)

= 1−Mν

(
−ρν

(
4

3
πR3

)ν)
,

where BR(x) is the ball of radius R centered at x. □

From Lemma 3.6, we observe that the distribution of TR does not depend either on the
initial position x or on the initial direction v, because the Mittag-Leffler random field is
homogeneous and isotropic. Moreover, for large t we have P

(
TR > t

)
∼ Kt−ν , K > 0,

hence the free flight time TR has infinite expectation.

Remark 3.7. From Lemma 3.6, we observe that for R → 0, the discrete component in 0
vanishes and the distribution of TR converges to a Mittag-Leffler distribution, i.e.

lim
R→0

P
(
TR > t

)
= Mν (−λνtν) t ≥ 0. (3.17)

As mentioned before, after the limit (3.15) the free flight time has a proper distribution with
infinite expectation.
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We are now ready to state the convergence theorem.

We denote by X (1)
t the position of the particle at time t and by V(1)

t the unit veloc-
ity vector at time t, i.e. the direction of the particle at time t. We call

(
X (1),V(1)

)
:={(

X (1)
t ,V(1)

t

)
, t ≥ 0

}
the Lorentz process in R3×S2, with initial data given by the random

variables
(
X (1)

0 ,V(1)
0

)
in R3×S2. Recall that the Lorentz process depends on the parameters

of the Mittag-Leffler random field ρ and ν, and on the size of the obstacles R. However, to
simplify the notation, we will not make this dependence explicit. On the other hand, the
superscript indicates that it refers to the first model, while the second one will be discussed
in the next section. Once again, for ν = 1, the obstacles have a Poisson distribution, and
such Lorentz process coincides with Gallavotti’s model. In the following theorem we shall
use the notation

P (x,v)
(
X (1)

t ∈ dx′,V(1)
t ∈ dv′

)
:= P

(
X (1)

t ∈ dx′,V(1)
t ∈ dv′ | X0 = x,V0 = v

)
.

Theorem 3.8. Consider the Lorentz process
(
X (1),V(1)

)
defined above. Under the Boltzmann-

Grad limit (3.15) the Lorentz process converges, in the sense of the single time distribution,

to the random flight
(
Xν

(1), V
ν
(1)

)
defined in Section 3.1, i.e.,

P (x,v)
(
X (1)

t ∈ dx′,V(1)
t ∈ dv′

)
→ P(x,v)

(
Xν

(1)(t) ∈ dx′, V ν
(1)(t) ∈ dv′

)
weakly, for all t > 0 and for all (x, v) ∈ R3 × S2.

Proof. Let us write E(x,v) for the expectation under P (x,v). Then for suitable functions h(x, v),
we can write

E(x,v)h
(
X (1)

t ,V(1)
t

)
:=

∫
S2

∫
Bct(x)

h(x′, v′)P (x,v)
(
X (1)

t ∈ dx′,V(1)
t ∈ dv′

)
,

where Bct(x) indicates the ball centered in x of radius ct. Indeed, due to finite speed of the

particle, the distribution of X (1)
t is supported on Bct(x).

To get the statement, using the Portmanteau lemma, we can prove that

lim
R→0

E(x,v)h
(
X (1)

t ,V(1)
t

)
= Ex,vh

(
Xν

(1)(t), V
ν
(1)(t)

)
∀ h ∈ Cb(R3 × S2),

where Cb(R3 × S2) is the set of continuous bounded functions from (R3 × S2) to R.
Among all possible paths, some allow each obstacle to be hit at most once, while others

lead to recollisions. Therefore, we can partition the expectation as

E(x,v)h
(
X (1)

t ,V(1)
t

)
= E(x,v)h

(
X (1)

t ,V(1)
t

)
1A + E(x,v)h

(
X (1)

t ,V(1)
t

)
1Ac , (3.18)

where A is the event absence of recollisions.
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We first compute the term E(x,v)1Ah
(
X (1)

t ,V(1)
t

)
. To this aim, we use the decomposition

1A = 1A
(
1{TR=0} + 1{TR>t} + 1{TR∈(0,t)}

)
,

where TR is the first free flight time. Using the distribution of TR in Lemma 3.6 we have

E
[
1A1{TR=0}h

(
X (1)

t ,V(1)
t

)]
= h(x, v)

[
1−Mν

(
−ρν

(
4

3
πR3

)ν)]
and

E
[
1A1{TR>t}h

(
X (1)

t ,V(1)
t

)]
= h(x+ cvt, v)Mν

(
−ρν

(
πR2ct+

4

3
πR3

)ν)
.

Finally, we consider the case of TR ∈ (0, t). In this time interval, the particle can hit the
obstacles whose centres lie in the ball Bct+R (X0). Let M be the random number of obstacles
inside Bct+R (X0) and let Ci, i = 1, . . . ,M be the random positions of their centres. In
compact notation, C := (C1, . . . , CM). Lowercase letters shall indicate the realizations of
such variables.

From now on, we shall write X (1)
t = X (1)

t (C) and V(1)
t = V(1)

t (C) to make the fact explicit
that position and velocity can be written as a function of the location of the obstacles.

Moreover, we shall indicate with Hm the subset of
(
Bct+R

(
X (1)

0

))m
such that, conditionally

on (x, v), the particle at least hits 1 obstacle up to time t and has no recollisions. By using
Lemma 3.5 we can write

E(x,v)
[
1A1{TR∈(0,t)}h

(
X (1)

t (C) ,V(1)
t (C)

)]
=

∞∑
m=1

∫
Hm

h
(
X (1)

t (c),V(1)
t (c)

)
P (x,v)

(
C1 ∈ dc1, · · · , Cm ∈ dcm,N ν

(
Bct+R

(
X (1)

0

))
= m

)
=

∞∑
m=1

∫
Hm

h
(
X (1)

t (c),V(1)
t (c)

) ρm(−1)m

m!
M(m)

ν

(
−ρν |Bct+R

(
X (1)

0

)
|ν
)
dc1dc2 . . . dcm.

(3.19)

Let n be the number of hit obstacles out of m and let F (n) be the subset of Hm containing
all the obstacle configurations such that the particle exactly hits n obstacles1. Hence

Hm =
m⋃

n=1

F (n)

1Notably, collisions must occur before time t, ensuring that the hit obstacles are not too far apart; otherwise, the
particle would not have sufficient time to reach the first obstacle and then adjust its trajectory to hit the second.
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and the above integral reads
∞∑
n=1

∞∑
m=n

∫
Hm

δF(n)(c)h
(
X (1)

t (c),V(1)
t (c)

) ρm(−1)m

m!
M(m)

ν

(
−ρν

∣∣∣Bct+R

(
X (1)

0

)∣∣∣ν) dc1dc2 . . . dcm,

where δF(n)(c) = 1 if c ∈ F (n) and 0 otherwise, and we exchanged the order of summations.
Now, for each n, there are

(
m
n

)
possible ways to choose which obstacles are actually hit,

i.e.

F (n) =

(mn)⋃
j=1

F (n)
j

where F (n)
j is the j-th subset of F (n) of all the possible configurations with n hit obstacles;

hence δF(n)
j

δF(n) = δF(n)
j

. Thus the above integral becomes

∞∑
n=1

∞∑
m=n

(mn)∑
j=1

∫
Hm

δF(n)
j

(c)h
(
X (1)

t (c),V(1)
t (c)

) ρm(−1)m

m!
M(m)

ν

(
−ρν

∣∣∣Bct+R

(
X (1)

0

)∣∣∣ν) dc1dc2 . . . dcm.

Now, given that marginally each center is uniformly distributed on the sphere, all the

possible
(
m
n

)
choices give the same contribution. Hence, denoting by F (n)

1 the configuration
such that the particle hits the first n obstacles of the sequence, we have
∞∑
n=1

∞∑
m=n

(
m

n

)∫
Hm

δF(n)
1

(c)h
(
X (1)

t (c),V(1)
t (c)

) ρm(−1)m

m!
M(m)

ν

(
−ρν

∣∣∣Bct+R

(
X (1)

0

)∣∣∣ν) dc1dc2 . . . dcm.

Now, let C = (C̃, Ĉ), with C̃ = (C1, . . . , Cn) and Ĉ = (Cn+1, . . . , Cm). We remark that

actually in the above integral, the position X (1)
t and the velocity V(1)

t of the particle only

depend on the hit obstacles C̃.
We indicate the tube-like flow induced by the hit obstacles c̃

Θ(c̃) :=
{
y ∈ Bct+R

(
X (1)

0

)
s.t.

∣∣X (1)
s (c̃)− y

∣∣
e
≤ R, s ∈ [0, t]

}
while its complement in Bct+R

(
X (1)

0

)
is denoted by Θ (c̃). We use K(n) for the set of feasible

configurations of c̃ and thus we can split the integral on F (n)
1 as follows

∞∑
n=1

∞∑
m=n

(
m

n

)∫
K(n)

dc1 . . . dcnh
(
X (1)

t (c̃),V(1)
t (c̃)

)
∫
(Θ(c̃))

m−n
dcn+1 . . . dcm

ρm(−1)m

m!
M(m)

ν

(
−ρν

∣∣∣Bct+R

(
X (1)

0

)∣∣∣ν) .
Using Equation (2.17) in the definition of the Lamperti random variable, we note that
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ρm(−1)m

m!
M(m)

ν

(
−ρν

∣∣∣Bct+R

(
X (1)

0

)∣∣∣ν) =
ρm(−1)m

m!

∫ ∞

0

(−1)mlme
−ρ

∣∣∣Bct+R

(
X (1)

0

)∣∣∣l
P (L ∈ dl)

=

∫ ∞

0

(ρl)m

m!
e
−ρ

∣∣∣Bct+R

(
X (1)

0

)∣∣∣l
P (L ∈ dl) .

Taking into account that
∞∑

m=n

(ρl)m−n

(m− n)!

∫
(Θ(c̃))

m−n
dcn+1 . . . dcm = eρl|Θ(c̃)|,

and |Θ(c̃)| =
∣∣∣Bct+R

(
X (1)

0

)∣∣∣− ∣∣∣Θ(c̃)
∣∣∣, Equation (3.19) becomes

E(x,v)
[
1A1{TR∈(0,t)}h

(
X (1)

t

(
C̃
)
,V(1)

t

(
C̃
))]

=
∞∑
n=1

∫
K(n)

dc1 . . . dcn

∫ ∞

0

P (x,v)(L ∈ dl)
(ρl)n

n!
h
(
X (1)

t (c̃),V(1)
t (c̃)

)
e
−ρl

∣∣∣Bct+R

(
X (1)

0

)∣∣∣
∞∑

m=n

(ρl)m−n

(m− n)!

∫
(Θ(c̃))

m−n
dcn+1 . . . dcm

=
∞∑
n=1

∫
K(n)

dc1 . . . dcn

∫ ∞

0

P (x,v)(L ∈ dl)
(ρl)n

n!
h
(
X (1)

t (c̃),V(1)
t (c̃)

)
e
−ρl

∣∣∣Bct+R

(
X (1)

0

)∣∣∣
eρl|Θ(c̃)|

=
∞∑
n=1

∫
K(n)

dc1 . . . dcn

∫ ∞

0

P (x,v)(L ∈ dl)
(ρl)n

n!
h
(
X (1)

t (c̃),V(1)
t (c̃)

)
e−ρl|Θ(c̃)|.

Moreover, using Equation (2.17) again for the Laplace transform of the Lamperti distri-
bution, the above equation can be written as

∞∑
n=1

∫
K(n)

dc1 . . . dcn
(−ρ)n

n!
h
(
X (1)

t (c̃),V(1)
t (c̃)

)∫ ∞

0

P (L ∈ dl)(−l)ne−ρl|Θ(c̃)|

=
∞∑
n=1

∫
K(n)

dc1 . . . dcn
(−ρ)n

n!
h
(
X (1)

t (c̃),V(1)
t (c̃)

)[( d

dz

)n

Mν(−zν)

] ∣∣∣∣
z=ρ|Θ(c̃)|

.

We now observe that the n obstacles can be hit in n! different chronological orders. Let K(n)
i

denote the i-th such ordering, i.e.

K(n) =
n!⋃
i=1

K(n)
i
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and let K(n)
1 be the configuration in which the obstacle centered at cj is the j-th one to be hit

in chronological order. By using the notation for the derivative of the Mittag-Leffler function
in Equation (2.13), Equation (3.19) can be written as

E(x,v)
[
1A1{TR∈(0,t)}h

(
X (1)

t

(
C̃
)
,V(1)

t

(
C̃
))]

=
∞∑
n=1

∫
K(n)

dc1 . . . dcn
(−ρ)n

n!
h
(
X (1)

t (c̃),V(1)
t (c̃)

)
M(n)

ν (−ρν |Θ(c̃)|ν)

=
∞∑
n=1

n!∑
i=1

∫
K(n)

i

dc1 . . . dcn
(−ρ)n

n!
h
(
X (1)

t (c̃),V(1)
t (c̃)

)
M(n)

ν (−ρν |Θ(c̃)|ν)

=
∞∑
n=1

∫
K(n)

1

dc1 . . . dcn(−ρ)nh
(
X (1)

t (c̃),V(1)
t (c̃)

)
M(n)

ν (−ρν |Θ(c̃)|ν) . (3.20)

We now perform a change of variables in the above integral, following [23]. Let τ1, . . . , τn
be the collision times, such that 0 < τ1 < τ2 < . . . τn < t and let v1, v2, . . . , vn be the unit
velocity vectors that emerge in the sequence of collisions.

Since no recollisions occur here, there is a one to one correspondence between c̃ and τ̃ :=
(τ1, . . . , τn), ṽ := (v1, . . . , vn). We thus perform a change of variables in the integral in
Equation (3.20). The Jacobian of the transformation leading to the new variables has the
form cn

4n
R2n. It means that Equation (3.20) reads

∞∑
n=1

∫
K(n)

1

dc1 . . . dcn(−ρ)nh
(
X (1)

t (c̃),V(1)
t (c̃)

)
M(n)

ν (−ρν |Θ(c̃)|ν)

=
∞∑
n=1

∫
0<τ1<τ2≤···<τn<t

∫
(S2)n

(−ρ)nh
(
X (1)

t (τ̃ , ṽ),V(1)
t (τ̃ , ṽ)

)
M(n)

ν (−ρν |Θ(τ̃ , ṽ)|ν)

cn

4n
R2ndv1 . . . dvn dτ1 . . . dτn

=
∞∑
n=1

∫
0<τ1<τ2<···<τn<t

∫
(S2)n

(−ρ)nh
(
X (1)

t (τ̃ , ṽ),V(1)
t (τ̃ , ṽ)

)
M(n)

ν (−ρν |Θ(τ̃ , ṽ)|ν)

cnπnR2nµ(dv1) . . . µ(dvn) dτ1 . . . dτn

where in the last step we denoted by µ(dvi) = dvi/4π the uniform probability measure on
the unit sphere.

Putting all together, the first summand of Equation (3.18) becomes

E(x,v)h
(
X (1)

t ,V(1)
t

)
1A = h(x, v)

[
1−Mν

(
−ρν

(
4

3
πR3

)ν)]
+
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+ h(x+ cvt, v)Mν

(
−ρν

(
πR2ct+

4

3
πR3

)ν)
+

+
∞∑
n=1

∫
0<τ1<τ2<···<τn<t

∫
(S2)n

(−ρ)nh
(
X (1)

t (τ̃ , ṽ),V(1)
t (τ̃ , ṽ)

)
M(n)

ν (−ρν |Θ(τ̃ , ṽ)|ν)

cnπnR2nµ(dv1) . . . µ(dvn) dτ1 . . . dτn. (3.21)

Passing to the Boltzman-Grad limit (3.15) in Equation (3.21), we obtain that

lim
R→0

E(x,v)h
(
X (1)

t ,V(1)
t

)
1A = h(x+ cvt, v)Mν (−λνtν) +

∞∑
n=1

(−1)nM(n)
ν (−λνtν)λn

∫
0<τ1<τ2<···<τn<t

∫
(S2)n

h (xt, vn)µ(dv1) . . . µ(dvn)dτ1 . . . dτn,

(3.22)

where

xt := x+ c
n∑

j=1

(τj − τj−1)vj−1 + c(t− τn) vn, v0 := v.

and we have taken into account that the unit velocity vector at time t is vn. For details on
sufficient conditions to exchange the limit for R → 0 and the sum over n in Equation (3.21)
see Appendix B.

The right side of (3.22) coincides with the Duhamel expansion of Ex,vh
(
Xν

(1)(t), V
ν
(1)(t)

)
of

the random flight defined in Section 3.1, as shown in Theorem 3.1 in the special case d = 3.

To conclude this proof, it is sufficient to verify that the recollision term E(x,v)h
(
X (1)

t ,V(1)
t

)
1Ac

in Equation (3.18) vanishes for R → 0. Firstly, let us rewrite Equation (3.22) explicitly as

lim
R→0

∫
S2

∫
Bct(x)

h(x′, v′)P (x,v)
(
X (1)

t ∈ dx′,V(1)
t ∈ dv′,A

)
=

∫
S2

∫
Bct(x)

h(x′, v′)P (x,v)
(
Xν

(1)(t) ∈ dx′, V ν
(1)(t) ∈ dv′

)
. (3.23)

The above considerations are true for each function h ∈ Cb (R3 × S2), and in particular for
a function h which is equal to 1 on the domain Bct(x) × S2, in which case Equation (3.23)
reads

lim
R→0

∫
S2

∫
Bct(x)

P (x,v)
(
X (1)

t ∈ dx′,V(1)
t ∈ dv′,A

)
= 1,

i.e.

lim
R→0

P (x,v) (A) = 1 and then lim
R→0

P (x,v) (Ac) = 0.
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Finally, we observe that

lim
R→0

∣∣∣E(x,v)h
(
X (1)

t ,V(1)
t

)
1Ac

∣∣∣
≤ sup

Bct(x)×S2

|h| lim
R→0

∫
S2

∫
Bct(x)

P (x,v)
(
X (1)

t ∈ dx′,V(1)
t ∈ dv′,Ac

)
= sup

Bct(x)×S2

|h| lim
R→0

P (x,v) (Ac) = 0,

and this concludes the proof. □

Remark 3.9. The above theorem shows that, under the Boltzmann-Grad limit (3.15) we
obtain a resulting random flight which is easier to be handled with respect to the Lorentz
process, because, as we have seen in the proof, the measure of paths having recollisions tends
to zero. However, there is a crucial difference between the present model and Gallavotti’s
one. Specifically, in Gallavotti’s model, the elimination of recollisions leads to Markovianity.
Indeed, the resulting random flight is the Markovian transport process recalled in Section
2.1.1, which is in turn approximated by a diffusion process by a further scaling limit. Instead,
when ν ∈ (0, 1), even if the probability of recollisions vanishes, the resulting random flight is
not Markovian. This is due to the power-law behaviour induced by the Mittag-Leffler point
process that generates infinite mean free flight times of the particles: these flight times remain
with infinite expectation even in the limit. Moreover, we shall see in the next section that,
under a proper scaling, it leads to an anomalous diffusive behaviour.

3.4. Convergence to anomalous diffusion. We now aim to study the asymptotic be-
haviour of the random flight defined in Section 3.1. Specifically, we show that, under an
appropriate limiting regime, the random flight weakly converges to an anomalous diffusive
process. In the following, we define such process, by means of its finite dimensional distribu-
tions. We shall indicate with ⟨·, ·⟩ the usual inner product.

Definition 3.10. Consider a stochastic process W = {Wt, t ≥ 0} on Rd, d ≥ 1. We say that
it is a Mittag-Leffler anomalous-diffusion process of parameter ν ∈ (0, 1] if, for any choice of
times 0 ≤ t1 < . . . < tn, the vector Γ = (Wt1 , . . . ,Wtn) has the characteristic function

φn
ν (u) = Mν

(
−
(
1

2
⟨u,Qu⟩

)ν)
∀u ∈ Rnd, n ≥ 1, (3.24)

where the matrix Q ∈ Rnd×nd is a block diagonal matrix, and the jth block has the form

Qj = [th ∧ tk]h,k∈{1,...,n} j = 1, . . . , d. (3.25)

We observe that for ν = 1 the above process reduces to a standard Brownian motion on
Rd, with var-cov matrix Q. Indeed, M1(x) = ex and thus the characteristic function in
Equation (3.24) becomes that of Brownian motion. See [57, page 23] for details.
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From Equation (3.24), we see that {Wt, t ≥ 0} is self-similar with Hurst index equal to 1/2.
We indeed recall that a process {Yt, t ≥ 0} is said to be self-similar with Hurst index H > 0
if, for any a > 0, we have that {Yat, t ≥ 0} has the same finite dimensional distributions of{
aHYt, t ≥ 0

}
. Furthermore, the processW turns out to be a particular case of the randomly

scaled Gaussian processes studied in [18, Sect. 3], as we shall see later.
Putting n = 1 in Equation (3.24), we have that Wt has characteristic function

φ1
ν(u) = Mν

(
− 1

2ν
|u|2νe tν

)
∀u ∈ Rd (3.26)

from which it can be seen that each component ofWt has infinite variance. Hence this process
can be characterized as a super-diffusion in physical terms.

Remark 3.11. We observe that Wt has a density q(x, t), which is the fundamental solution
to the fractional equation

∂ν

∂tν
q(x, t) = − 1

2ν
(−∆)νq(x, t). (3.27)

In Equation (3.27), the operator ∂ν

∂tν
denotes the Caputo derivative, while −(−∆)ν denotes

the fractional Laplacian. The fractional Laplacian has Fourier symbol −|u|2ν. The Caputo
derivative of equation (3.26) is

∂ν

∂tν
φ1
ν(u) = − 1

2ν
|u|2νφ1

ν(u).

Fourier inversion gives equation (3.27). We will make this rigorous in the next section (see
Remark 4.2).

In the following proposition we shall see that the Mittag-Leffler anomalous-diffusion process
is equal in distribution to a randomly scaled Brownian motion.

Proposition 3.12. Let B = {Bt, t ≥ 0} be a standard Brownian motion in Rd, d ≥ 1, with

covariance matrix given by Equation (3.25). Then {Wt}
fdd
= {BLt}, where L is a Lamperti

random variable independent of B.

Proof. Let us consider a sequence of times 0 ≤ t1 < . . . < tn, n ≥ 1. Let L follow a

Lamperti distribution of parameter ν ∈ (0, 1]. Consider the vector Γ̃ := (BLt1 , . . . , BLtn), on
some probability space, with random var-cov matrix given by LQ. Then, using E for the
expectation on this probability space, one can write

E
[
ei⟨u,Γ̃⟩

]
= E

[
e−

1
2
⟨u,LQu⟩

]
= E

[
e−

1
2
⟨u,Qu⟩L

]
= Mν

(
−
(
1

2
⟨u,Qu⟩

)ν)
∀u ∈ Rnd,
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where the matrix Q ∈ Rnd×nd is a block diagonal matrix, and the jth block has the form as
in Equation (3.25). The thesis follows. □

As a consequence, if Q is positive definite, then the process Γ as in Definition 3.10 has
density given by

fΓ(x) =

∫ ∞

0

1

(2π lnd detQ)nd/2
e−

1
2l
⟨x,Q−1x⟩l (dl).

In the following theorem we consider analogous assumptions to those considered in Propo-
sition 2.3, which deals with the Markovian case. Specifically, they involve letting the speed
c and the parameter λ tend to infinity in such a way that the ratio c2/λ remains finite.
However, as noticed in Section 2.3, the interpretation of λ differs in the present framework:
indeed, for ν ∈ (0, 1), the parameter λ characterizes the intensity of the counting process as
described by Equation (2.27), whereas for ν = 1, corresponding to the Markovian case, λ
also represents the expected number of direction changes within a unit time interval.

Theorem 3.13. Let W be a Mittag-Leffler anomalous-diffusion process as in Definition 3.10.
Let B be the corresponding Brownian motion, in the sense of Proposition 3.12. Then, under
the scaling limit

c → ∞ λ → ∞ c2

λ
= 1 (3.28)

we have that {
Xν

(1)(t)
} fdd−→ {Wt}.

Proof. Without loss of generality, we shall put c2 = λ and consider the one variable limit as
c → ∞. The proof is based on the representation in Theorem 3.1. First, we observe that

P(x,v)
(
Xν

(1)(t1) ∈ A1, . . . , X
ν
(1)(tn) ∈ An

)
=

∫ ∞

0

P(x,v)
(
X

(c,lλ)
t1 ∈ A1, . . . , X

(c,lλ)
tn ∈ An

)
l (dl)

where Ai are continuity sets, i = 1, . . . , n, n ≥ 1. We now apply the diffusive limit (3.28) to
both members of the above equation. By the dominated convergence theorem,

lim
c→∞

P(x,v)
(
Xν

(1)(t1) ∈ A1, . . . , X
ν
(1)(tn) ∈ An

)
= lim

c→∞

∫ ∞

0

P(x,v)
(
X

(c,lλ)
t1 ∈ A1, . . . , X

(c,lλ)
tn ∈ An

)
l (dl)

=

∫ ∞

0

[
lim
c→∞

P(x,v)
(
X

(c,lλ)
t1 ∈ A1, . . . , X

(c,lλ)
tn ∈ An

)]
l (dl)

=

∫ ∞

0

Px
(
B t1

l
∈ A1, . . . , B tn

l
∈ An

)
l (dl)

= Px
(
B t1

L
∈ A1, . . . , B tn

L
∈ An

)
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where we used the Proposition 2.3 with D = 1. Using the property of the Lamperti distri-
bution in Equation (2.19) we have

Px
(
B t1

L
∈ A1, . . . , B tn

L
∈ An

)
= Px (Bt1L ∈ A1, . . . , BtnL ∈ An) .

Finally, by Proposition 3.12 we get

lim
c→∞

P(x,v)
(
Xν

(1)(t1) ∈ A1, . . . , X
ν
(1)(tn) ∈ An

)
= Px (Wt1 ∈ A1, . . . ,Wtn ∈ An) .

□

4. Averaging Feller Semigroups

Both the anomalous diffusion defined in Section 3.4 and the para-Markov chains recalled
in Section 2 are governed by equations of the form ∂ν

t q = −(−G)νq. One can conjecture
that this theory can be extended to more general cases. In particular, we might think that,
whenever a non-Markovian process X = {Xt, t ≥ 0} is equal in distribution to {MLt, t ≥ 0},
where M = {Mt, t ≥ 0} is a Markovian process and L is a Lamperti random variable, then
its governing equation is of the type ∂ν

t q = −(−G)νq, where G is the infinitesimal generator of
M . In this section we make this idea rigorous and we present the connection between random
scaling of Markov processes and non-local operators. This connection, which is interesting
in itself, will be used later in the paper.

Let us consider a Polish space (E, E) endowed by its Borel σ-algebra. Let (Ω,F ,Px),
x ∈ E, be a family of probability spaces equipped with a filtration {Ft, t ≥ 0}. Let M =
{Mt, t ≥ 0} be an adapted Feller process, which takes value on (E, E), associated with the
Feller semigroup of operators

Tth(x) = Exh(Mt)

on the Banach space (C0(E), ∥·∥), endowed with the sup-norm. Feller semigroups are strongly
continuous, i.e. ∥Tth− h∥ → 0 as t → 0 (for more on Feller semigroups see [12]). It is known
that the mapping t 7→ Tth is the unique solution to the abstract Cauchy problem

∂

∂t
g(t) = Gg(t) g(0) = h h ∈ Dom(G)

where G is the infinitesimal generator of the semigroup.
We here consider the operators {Qt}t≥0 defined through the Bochner integrals

Qth =

∫ ∞

0

Ttyh l (y)dy (4.1)

where l (·) denotes a density of a Lamperti distribution as in Equation (2.18).
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We now show that the mapping t 7→ Qth is the unique solution of the following (non-local)
abstract Cauchy problem

∂ν

∂tν
g(t) = −(−G)νg(t) g(0) = h ∈ Dom(G),

where the operators are defined as follows. The fractional derivative on the left-hand side is

∂ν

∂tν
g(t) :=

1

Γ(1− ν)

∂

∂t

∫ t

0

(g(s)− g(0))(t− s)−νds (4.2)

for any g such that the integral makes sense as a Bochner integral on C0(E) and the dif-
ferentiation is possible in the strong sense. The operator defined in Equation (4.2) is the
abstract analogue of the Caputo fractional derivative in Equation (2.20). In order to define
the operator − (−G)ν we use Bochner subordination technique, as follows. We define the
family of operators {Ut}t≥0 such that

Uth :=

∫ +∞

0

Tshµt(s)ds (4.3)

where µt(·) is the density of a stable subordinator {H(t), t ≥ 0} of stability index ν ∈ (0, 1),
i.e., a strictly increasing Lévy process with Laplace transform

e−tλν

=

∫ +∞

0

e−λs µt(s)ds. (4.4)

It is known that the family {Ut}t≥0 forms a strongly continuous semigroup on C0(E) [56,

Proposition 13.1] and that it is generated by the operator G(ν) such that [56, Theorem 13.6]

G(ν)h :=

∫ +∞

0

(Tsh− h)
νs−ν−1

Γ(1− ν)
ds, h ∈ Dom(G), (4.5)

a Bochner integral on C0(E). It is further true that (see [54])

G(ν) |Dom(G)= − (−G)ν . (4.6)

In the following, we shall denote by {L(t), t ≥ 0} the inverse process of H, i.e.

L(t) := inf {s ≥ 0 : H(s) > t} t ≥ 0. (4.7)

The random variable L(t) is known to be absolutely continuous for each t > 0 and belongs
to the class of inverse subordinators, crucial processes in the context of anomalous diffusion
related to fractional kinetic (see more on inverse subordinators in [4]).

Theorem 4.1. Let {Tt}t≥0 be a Feller semigroup as above, generated by (G,Dom(G)). Con-
sider the operators {Qt}t≥0 defined in Equation (4.1) and the abstract Cauchy problem

∂ν

∂tν
g(t) = −(−G)νg(t) g(0) = h, (4.8)
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where the operators appearing in Equation (4.8) are defined as in Equations (4.2) and (4.5).
It is true that:

(1) {Qt}t≥0 is a family of uniformly bounded linear operators on C0(E) such that

Qt : C0(E) 7→ C0(E) Qt : Dom(G) 7→ Dom(G)

for any t ≥ 0;
(2) For any h ∈ C0(E) the mapping t 7→ Qth is strongly continuous, i.e., ∥Qth−Qsh∥ →

0, as t → s for any s, t ≥ 0;
(3) For any h ∈ Dom(G) the mapping t 7→ Qth solves Equation (4.8).
(4) If q(t) is a bounded (strongly) continuous solution on C0(E) to Equation (4.8) such

that t 7→ −(−G)νq(t) is bounded and (strongly) continuous, then q(t) = Qth for any
t ≥ 0.

Proof. For the proof the following representation for Qt:

Qth =

∫ +∞

0

Ushλt(s)ds (4.9)

is used, where λt(·) is the density of the inverse stable subordinator defined in Equation
(4.7) and Us is defined in Equation (4.3). In order to derive representation (4.9) we use the
following arguments. Consider Hi := {Hi(t), t ≥ 0}, i = 1, 2, two i.i.d. stable subordinators,
having Laplace transform as in Equation (4.4) and let us use the notation {L2(t), t ≥ 0} for
the inverse process of H2. Note that

Ee−ηH1(L2(t)) = Ee−ηνL2(t) = Mν(−tνην) η ≥ 0,

where we used the Laplace transform in Equation (4.4) and the fact that (see Remark 3.1 in
[41])

∫ +∞

0

e−γsλt(ds) = Mν (−γtν) , γ ≥ 0. (4.10)

We further observe that the Definition 2.5 of Lamperti distribution gives

Ee−ηtL = Mν(−tνην), η ≥ 0,

so that

tL d
= H1(L2(t)). (4.11)

We now use the notation gt(·) for the density of H1(L2(t)), i.e.

gt(z) :=

∫ +∞

0

µs(z)λt(s)ds z > 0. (4.12)
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It follows that

Qth =

∫ ∞

0

Ttyh l (y)dy

=

∫ ∞

0

Tzh gt(z)dz

=

∫ ∞

0

Ushλt(s)ds (4.13)

where in the last step we used Equation (4.12), the definition of Ut in Equation (4.3) and the
Fubini theorem for Bochner integrals (see [3, Theorem 1.1.9]).

We are now ready to prove the Theorem.

(1) The linearity simply follows from the definition (4.1). Similarly, the fact that Qth ∈
C0(E) for each h ∈ C0(E) and t ≥ 0 comes from the definition of Bochner integral
provided that the integral exists. This can be seen by using [3, Theorem 1.1.4] that
applies here since ∥Ttyh∥ ≤ ∥h∥. The same argument leads to contractivity, indeed,

∥Qth∥ =

∥∥∥∥∫ +∞

0

Ttyhl (dy)
∥∥∥∥

≤
∫ +∞

0

∥Ttyh∥ l (dy)

≤ ∥h∥ , (4.14)

which implies that {Qt}t≥0 is uniformly bounded. So, the operators {Qt} are also
well-defined and contractive.

We have that {Tt}t≥0 is a Feller semigroup, therefore we can apply [12, Lemma
4.5] to conclude that the subordinate semigroup {Ut}t≥0 is also a Feller semigroup. It
follows that Ut maps C0(E) and Dom(G) into themselves and it is strongly continuous.
We now prove that Qth ∈ Dom(G) if h ∈ Dom(G). We shall use that Dom(G) ⊆

Dom
(
G(ν)

)
and that G(ν)Uyh = UyG

(ν)h for h ∈ Dom(G). To get this result, it is
sufficient to check the assumptions of [3, Proposition 1.1.7]. Specifically, one has that
Qth =

∫∞
0

Ushλt(s)ds is well defined, i.e.

s 7→ Ushλt(s)

is Bochner integrable for any t > 0. Moreover, Ushλt(s) falls in the domain of G(ν)

because G(ν) is the generator of Us. Furthermore, we know that G(ν)Ushλt(s) =
Us(G

(ν)h)λt(s) and Us(G
(ν)h)λt(s) is Bochner integrable so that

s 7→ G(ν)Ushλt(s)

is Bochner integrable as well, and the first item of the thesis follows.
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(2) Now we prove strong continuity. Again, the subordinate semigroup {Ut}t≥0 is a Feller
semigroup and it is strongly continuous. Furthermore, since L2(t) is the inverse of
a strictly increasing subordinator, then it is path-continuous and then

{
UL2(t)

}
t≥0

is

strongly continuous.
By the representation (4.9) we have that

Qth = EUL2(t)h,

which gives

||Qt2h−Qt1h|| ≤ E||UL2(t2)h− UL2(t1)h|| t1, t2 ≥ 0.

Consider the limit t1 → t2. Using
∥∥UL2(t)h

∥∥ ≤ ∥h∥ to apply the dominated conver-
gence for Bochner integrals ([3, Theorem 1.1.8]), we get strong continuity.

(3) As a consequence of [5, Theorem 3.1] a Feller semigroup {Ut}t≥0 generated byG(ν) |Dom(G)=

− (−G)ν , integrated against the distribution of an inverse stable subordinator defines
a mapping that solves Equation (4.8). Consistently, from Items (1) and (2) above,
the functions

t 7→ ∂ν

∂tν
Qth and t 7→ −(−G)νQth

are well defined in the strong sense.
(4) First, we prove that t 7−→ G(ν)Qth is bounded and (strongly) continuous for each

h ∈ Dom(G). Indeed,

G(ν)Qth =

∫ +∞

0

UsG
(ν)hλt(s)ds = QtG

(ν)h (4.15)

by the same arguments used in the proof of Item (1) and the strong continuity follows
from the strong continuity and boundedness of t 7→ QtG

(ν)h, since G(ν)h ∈ C0(E).
Uniqueness follows from a Laplace transform argument. Note that v(t) = q(t)−Qth

solves the problem (4.8) with v(0) = 0. We can take the Laplace transform, t 7→ s, of
Equation (4.8), which is well defined by the boundedness of both sides.

Denoting by ṽ the Laplace transform of v, one gets

sαṽ(s) = G(ν)ṽ(s) ⇐⇒
(
sα −G(ν)

)
ṽ(s) = 0. (4.16)

Since the resolvent
(
sα −G(ν)

)−1
exists and is bounded, we have ṽ(s) = 0 for any

s ≥ 0 being ṽ(s) continuous.

□

In the next section we shall apply the theory of averaging Feller semigroups to transport
processes. Before doing that, in the following remark we clarify the statement of Remark
3.11.
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Remark 4.2. From Proposition 3.12 and the previous Theorem, the process Wt is such that
the function q(x, t) = Exu (Wt) solves a fractional kinetic equation of the form of Equation
(4.8). In this case, the corresponding Feller process is a Brownian motion whose generator
is such that G|C2

0 (Rd) = ∆, i.e., the Laplace operator. Therefore (4.8) reduces to a fractional
diffusion equation in both time and space. It follows that

q(x, t) =

∫
Rd

u(y)pt(y − x)dy, (4.17)

where pt(y−x) is a density for the random variable Wt, satisfies Equation (4.8) with Gν |C2
0 (Rd) =

−(−∆)ν. Furthermore, pt(y− x)dy → δx(dy) weakly as t → 0 and thus we can conclude that
pt(y − x) satisfies the equation in the sense of fundamental solutions.

5. Motion among random obstacles (Model 2)

5.1. Transport with infinite mean flight times and random speed. We here consider
another non-Markovian, isotropic transport process, which differs from Model 1 because the
speed of the particle is not fixed anymore. Specifically, we here assume that the speed is a
random variable which is stochastically dependent on the random flight times. Again, the
random number of direction changes up to time t is N ν

t , i.e. the exchangeable fractional
Poisson process defined in Section 2.3. In more detail, the model is defined by the following
assumptions.

(A2). Suppose that in Definition 2.1 the vectors
(
C, J (ν)

1 , . . . , J
(ν)
n

)
, n ≥ 1, under all the

probability measures P(x,v), have density given by

P(x,v)
[
C ∈ dτ, J

(ν)
1 ∈ dx1, . . . , J

(ν)
n ∈ dxn

]
=
(
λ
τ

c

)n
e−λ τ

c

∑n
i=1 xi l

(τ
c

) 1

c
dτdx1 . . . dxn (5.1)

where l (·) denotes the Lamperti distribution as in Equation (2.18), which is equivalent to say
that (

C, J (ν)
1 , . . . , J (ν)

n

)
d
=

(
cL, 1

L
J1, . . . ,

1

L
Jn

)
(5.2)

where {Jn, n ≥ 1} are i.i.d. exponential variables of mean 1/λ.

This assumption has the following implications:

(1) The joint distribution of the flight times
{
J
(ν)
n , n ≥ 1

}
is given by Equation (2.23)

for some ν ∈ (0, 1].
(2) The speed is C = cL where c is a positive constant and L follows a Lamperti distri-

bution of parameter ν, as in Definition 2.5.
(3) The speed increases with L but at the same time each flight time decreases, such that

the free path remains unchanged.
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We shall denote the random flight process of Assumptions (A2) by(
Xν

(2)(t), V
ν
(2)(t)

)
, ν ∈ (0, 1].

In this setting, the flight times
{
J
(ν)
n , n ≥ 1

}
are dependent and they all have the same

Mittag-Leffler distribution, so that EJ (ν)
n = ∞ for each n ≥ 1. Note that for ν = 1 one

re-obtains the isotropic Markovian random flight of Section 2.1.1.
The process is non-Markovian but, as shown in the following theorem, it is equal in distri-

bution to a mixture of Markovian random flights of the type defined in Section 2.1.1. In the

same theorem we also determine the governing equation of
(
Xν

(2)(t), V
ν
(2)(t)

)
which involves

fractional power of the operators appearing in the linear Boltzmann equation (2.6).

We will use the family of operators
{
Q̃t

}
t≥0

defined by

Q̃th(x, v) := E(x,v)
[
h
(
Xν

(2)(t), V
ν
(2)(t)

)]
h ∈ C0

(
Rd × Sd−1

)
. (5.3)

Specifically, we will consider the Boltzmann semigroup
{
T (c,λ)
t

}
t≥0

as defined in Equation

(2.3) with representation as in Theorem 2.2. Then, by applying the Phillips formula (4.5) to
it, we are able to properly define the fractional power of the Boltzmann generator (2.7) as

−
(
− c v · ∇ − λ(L− I)

)ν

h :=

∫ ∞

0

(
T (c,λ)
s h− h

) νs−ν−1

Γ(1− ν)
ds, h ∈ D, (5.4)

where D is the domain of the Boltzmann generator as in Equation (2.4).

Theorem 5.1. Let
(
X

(c,λ)
t , V

(c,λ)
t

)
be the Markovian random flight defined in Section 2.1.1

and let L be a Lamperti random variable. Then(
Xν

(2)(t), V
ν
(2)(t)

) d
=
(
X

(c,λ)
Lt , V

(c,λ)
Lt

)
. (5.5)

Moreover, for h ∈ D, the function t 7→ Q̃th defined in Equation (5.3) is the unique solution
of the (abstract) fractional Boltzmann equation

∂ν

∂tν
g(t) = −

(
− c v · ∇ − λ(L− I)

)ν

g(t)

subject to g(0) = h, in the sense of Theorem 4.1, Item (4).

Proof. Under the Assumptions (A2), the isotropic transport process in Definition 2.1 reads

(
V ν
(2)(t)

Xν
(2)(t)

)
=

(
vm

x+
∑m

k=1 Cvk−1J
(ν)
k + Cvm

(
t−
∑m

k=1 J
(ν)
k

)) m∑
k=1

J
(ν)
k ≤ t <

m+1∑
k=1

J
(ν)
k
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for m ≥ 0, which can compactly be re-written as(
V ν
(2)(t)

Xν
(2)(t)

)
=

+∞∑
m=0

(
vm

x+
∑m

k=1 Cvk−1J
(ν)
k + Cvm

(
t−
∑m

k=1 J
(ν)
k

))
1{∑m

k=1 J
(ν)
k ≤t<

∑m+1
k=1 J

(ν)
k

}.
From Equation (5.2) we have, for each t ≥ 0,(

V ν
(2)(t)

Xν
(2)(t)

)
d
=

(
vm

x+
∑m

k=1 cvk−1Jk + cvm (Lt−
∑m

k=1 Jk)

) m∑
k=1

Jk ≤ Lt <
m+1∑
k=1

Jk

and the equality in distribution of Equation (5.5) follows.
Hence we can re-write (5.3) as

Q̃th(x, v) =

∫ ∞

0

E(x,v)
[
h
(
X

(c,λ)
lt , V

(c,λ)
lt

)]
l (dl)

=

∫ ∞

0

T (c,λ)
lt h(x, v) l (dl)

where T (c,λ)
t is the Markovian semigroup defined in Equation (2.3). We recall that the family{

T (c,λ)
t

}
t≥0

is a Feller semigroup, whose generator (2.7) has domain D, hence Q̃t is an

averaged Feller semigroup of the form of Equation (4.1). We fall under the assumptions of
Theorem 4.1 from which the result immediately follows. □

Remark 5.2. By using analogous arguments as in the above proof, recalling Equation (5.2)
and observing that each 1

LJi follows an exponential distribution of random mean 1/(λL), we
also get (

Xν
(2)(t), V

ν
(2)(t)

) d
=
(
X

(cL,λL)
t , V

(cL,λL)
t

)
.

The dependence of Equation (5.1) guarantees that each flight time is inversely proportional
to the speed; therefore, the length of each free path remains constant under the scaling with
the Lamperti variable.

Remark 5.3. Under Assumptions (A1), the random variable Xν
(1)(t) is supported on a ball

centered at the starting position x of radius ct, and thus the mean square displacement,
computed in Proposition 3.2, is finite. Instead, in the case of Assumptions (A2) the speed is
random with a distribution supported on (0 +∞), and thus the radius of the ball can assume
any positive value. It follows that the random position Xν

(2)(t) is not supported anymore on a
set with finite measure. Furthermore, from the mean squared displacement of the Markovian
random flight in Equation (2.11) and using the representation of the process in Theorem
5.1, it is not hard to see that the random flight is superdiffusive with infinite mean square
displacement.
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5.1.1. Other types of fractional Boltzmann equations. In some recent papers, other fractional
Boltzmann equations have been studied. In [52], the authors considered a semi-Markov
transport process. Here, the flight times are i.i.d. Mittag-Leffler random variables, i.e. the
counting process is a renewal process, also known as fractional Poisson process, see [38]. Such
a transport process is governed by the fractional Boltzmann equation(

∂

∂t
− cv · ∇x

)ν

g(x, v, t)− t−ν

Γ(1− ν)
h(x+ cvt, v) = λ(L− I)g(x, v, t)

under the condition g(x, v, 0) = h(x, v). The authors also proved that a suitable scaling
limit leads to an anomalous diffusive process with continuous trajectories and finite velocity,

say
{
W̃t, t ≥ 0

}
, having a super-diffusive behavior, with the mean-squared displacement

growing as E
∣∣∣W̃t

∣∣∣2
e
∼ Ct2, C > 0.

Another fractional Boltzmann equation with the form

∂ν

∂tν
g(x, v, t) = c v · ∇xg(x, v, t) + λ(L− I)g(x, v, t) (5.6)

has been considered in [2]. In this case, the transport process is constructed as the Markovian
random flight, time-changed with the inverse of a ν-stable subordinator.

5.2. Boltzmann-Grad approximation and anomalous diffusion. We here show that
the same anomalous diffusion as in Section 3.4, i.e., the Mittag-Leffler anomalous-diffusion
process, can approximate a different Lorentz model. We indeed consider a Lorentz process
with a Poissonian distribution of obstacle centres, defined as in Gallavotti [23], except for the
fact that the speed of the particle is here assumed to be random. Under a Boltzmann-Grad
procedure, this process is proved to converge to the non-Markovian random flight defined as
in Model 2. A further scaling limit leads to the Mittag-Leffler anomalous-diffusion process.

The speed of such Lorentz process is assumed to follow a Lamperti distribution as in
Definition 2.5, which is characterized by a power law decaying density. From a physical point
of view this means that the gas particles are not in thermal equilibrium, in which case the
speed has an exponentially decaying distribution. Indeed, it is known that a perfect gas in
thermal equilibrium has a Maxwell-Boltzmann distribution for the particle velocities.

To fix the notation, consider a Poisson point process with intensity ρ ∈ (0,∞) for the
obstacle centres. All the obstacles are spheres of radius R. We shall indicate with (X c

t ,Vc
t )

the Lorentz process as in Gallavotti [23]. The particle speed is given by the constant c > 0,
as indicated by the superscript. It is known that under the Boltzmann Grad limit

ρ → ∞ R → 0 ρcπR2 → λ ∈ (0,∞), (5.7)

we have that

(X c
t ,Vc

t )
d→
(
X

(c,λ)
t , V

(c,λ)
t

)
(5.8)
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where
(
X(c,λ), V (c,λ)

)
is the Markovian random flight recalled in Section 2.1.1.

Now, consider another Lorentz process defined analogously as by Gallavotti [23], where the
particle speed is given by C = cL, being L a Lamperti random variable. It can be proved that
the free-flight time distribution has infinite mean analogously to what happens in Lemma

3.6. For this new process, let us denote the position of the particle at time t by X (2)
t and

the unit velocity vector at time t, i.e. the direction of the particle at time t, by V(2)
t . We

call
(
X (2),V(2)

)
:=
{(

X (2)
t ,V(2)

t

)
, t ≥ 0

}
this Lorentz process in R3 × S2, with initial data(

X (2)
0 ,V(2)

0

)
. The superscript indicates that this is the second Lorentz model considered in

this paper. As in Section 3.3 we denote P (x,v) (·) := P
(
·| X (2)

0 = x,V(2)
0 = v

)
. Under any

P (x,v), we can write (
X (2)

t ,V(2)
t

)
d
=
(
X cL

t ,VcL
t

)
, ∀t ≥ 0. (5.9)

This Lorentz process also depends on the parameters ρ and ν, and on the size of the obstacles
R. Note that here the dependence on ν is only due to the random speed of the particle, being
the random field Poissonian. As in the previous section, to simplify the notation, we will
not make this dependence explicit. Once again, for ν = 1, the speed is constant since L = 1
almost surely, and such Lorentz process coincides with that of Gallavotti’s model.

Theorem 5.4. Consider the Lorentz process
(
X (2),V(2)

)
defined above. Under the Boltzmann-

Grad limit 5.7 we have

P (x,v)
(
X (2)

t ∈ dx′,V(2)
t ∈ dv′

)
→ P(x,v)

(
Xν

(2)(t) ∈ dx′, V ν
(2)(t) ∈ dv′

)
weakly, for all t > 0 and for all (x, v) ∈ R3 × S2, where the limit process is the random flight
defined in Section 5.1.

Proof. Let us write

E(x,v)h
(
X (2)

t ,V(2)
t

)
=

∫
S2

∫
Bct(x)

h(x′, v′)P (x,v)
(
X (2)

t ∈ dx′,V(2)
t ∈ dv′

)
.

where Bct(x) indicates the ball centered in x of radius ct. To get the statement, we shall
prove that

lim
R→0

E(x,v)h
(
X (2)

t ,V(2)
t

)
= E(x,v)h

(
X

(cL,λL)
t , V

(cL,λL)
t

)
∀ h ∈ Cb(R3 × S2), (5.10)

where
(
X(c,λ), V (c,λ)

)
is the Markovian random flight recalled in Section 2.1.1 and the thesis

will follow from the representation of the second random flight as in Remark 5.2.
Specifically, we have from Equation (5.9)

lim
R→0

E(x,v)h
(
X (2)

t ,V(2)
t

)
= lim

R→0
E(x,v)h

(
X cL

t ,VcL
t

)
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= lim
R→0

∫ ∞

0

E(x,v)h
(
X lc

t ,V lc
t

)
P (L ∈ dl) .

Now we observe that h is bounded and so is the expected value. Using the dominated
convergence theorem in the previous Equation then yields∫ ∞

0

(
lim
R→0

E(x,v)h
(
X cl

t ,Vcl
t

))
P (L ∈ dl) =

∫ ∞

0

E(x,v)h
(
X

(cl,λl)
t , V

(cl,λl)
t

)
P (L ∈ dl)

where we used Equations (5.7) and (5.8), i.e. the same convergence theorem of Gallavotti’s
model, where the speed c is replaced by cl and hence λ is replaced by λl. The equality (5.10)
immediately follows. □

In the following theorem we prove that under an appropriate scaling limit the random
flight of model 2 converges to the same anomalous diffusion as in Section 3.4.

Theorem 5.5. Let W be a Mittag-Leffler anomalous-diffusion process as in Definition 3.10.
Let B be the corresponding Brownian motion, in the sense of Proposition 3.12. Then, under
the scaling limit

c → ∞ λ → ∞ c2

λ
= 1 (5.11)

we have that {
Xν

(2)(t)
} fdd−→ {Wt}.

Proof. Without loss of generality, we shall put c2 = λ and consider the one-variable limit as
c → ∞. The proof is based on the representation in Theorem 5.1. Firstly, we observe that

P(x,v)
(
Xν

(2)(t1) ∈ A1, . . . , X
ν
(2)(tn) ∈ An

)
=

∫ ∞

0

P(x,v)
(
X

(c,λ)
lt1

∈ A1, . . . , X
(c,λ)
ltn

∈ An

)
l (dl)

where Ai are continuity sets, i = 1, . . . , n, n ≥ 1. We now apply the diffusive limit (5.11) to
both members of the above equation. By the dominated convergence theorem,

lim
c→∞

P(x,v)
(
Xν

(2)(t1) ∈ A1, . . . , X
ν
(2)(tn) ∈ An

)
= lim

c→∞

∫ ∞

0

P(x,v)
(
X

(c,λ)
lt1

∈ A1, . . . , X
(c,λ)
ltn

∈ An

)
l (dl)

=

∫ ∞

0

[
lim
c→∞

P(x,v)
(
X

(c,λ)
lt1

∈ A1, . . . , X
(c,λ)
ltn

∈ An

)]
l (dl)

=Px (Bt1L ∈ A1, . . . , BtnL ∈ An)

where we used Proposition 2.3 with D = 1. Finally, by Proposition 3.12 we get

lim
c→∞

P(x,v)
(
Xν

(2)(t1) ∈ A1, . . . , X
ν
(2)(tn) ∈ An

)
= Px (Wt1 ∈ A1, . . . ,Wt1 ∈ An) .
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Appendix A. Existence of Mittag-Leffler point process

As a first step, we demonstrate the existence of Π on finite Borel subsets of R3.

Lemma A.1. Let S be a Borel set of R3 with finite Lebesgue measure | · |: |S| < +∞. Then
define

ΠS :=
N ν∑
k=1

δCk
(A.1)

where {Ck}k∈{1,...,N ν} is a sequence of i.i.d. r.v.’s uniform on S and independent of N ν which,
in its turn, is a r.v. with a fractional Poisson distribution

P (N ν = n) =
1

n!
(ρ|S|)n (−1)nM(n)

ν (−ρν |S|ν) , (A.2)

where ρ ∈ R+. Then ΠS is a measure as in Definition 3.3 with µ(·) = | · ∩S|/|S|.

Proof. We show that ΠS defined as above is a random measure that satisfies the Definition
3.3 for µ = | · ∩S|/|S|. Hence, denoting by Π′

S a random measure as in Definition 3.3, we use
[29, Corollary 10.1] and thus we show that

Ee−ΠSf = Ee−Π′
Sf (A.3)

for any f positive, continuous with compact support. We have that

Ee−ΠSf =Ee−
∑Nν

k=1 f(Ck) = E
(
Ee−f(C1)

)N ν

=
∑
m

(
1

|S|

∫
S

e−f(s)ds

)m

P (N ν = m)
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=
∑
m

(
1

|S|

∫
S

e−f(s)ds

)m
1

m!
(|S|ρ)m (−1)mM(m)

ν (− (|S|ρ)ν)

=

∫ +∞

0

∑
m

(
1

|S|

∫
S

e−f(s)ds

)m
lm(ρ|S|)m

m!
e−lρ|S|l (dl)

=

∫ +∞

0

e−l|S|ρ 1
|S|

∫
S(1−e−f(s))dsl (dl)

=Mν

(
−ρν

(∫
S

(
1− e−f(s)

)
ds

)ν)
, (A.4)

where l is the realisation of a Lamperti random variable L of parameter ν. Now, take a
simple function f =

∑
j aj1Aj

. Then we have that

Ee−Π′
Sf = Ee−

∑
j ajΠ

′
S1Aj = E

∏
j

e−ajΠ
′
S1Aj =

∑
k1···kj

∏
j

1

k1! · · · kj!
e−ajkjρkj (|Aj ∩ S|)kj (−1)

∑
j kjM(

∑
j kj)

ν

(
−ρν

(∑
j

(|Aj ∩ S|)kj
)ν)

=
∑
k1···kj

∏
j

1

k1! · · · kj!
e−ajkjρkj (|Aj ∩ S|)kj

∫ +∞

0

e−ρ
∑

j(|Aj∩S|)kj ss
∑

j kj(−1)
∑

j kj l (ds)

=

∫ +∞

0

e−sρ
∑

j |Aj∩S|(1−e−aj)l (ds) = Mν

(
−ρν

(∑
j

|Aj ∩ S|
(
1− e−aj

))ν)

= Mν

(
−ρν

(∫
S

(
1− e−f(s)

)
ds

)ν)
. (A.5)

Pick now f such that fk ↑ f for fk simple. Then, by monotone convergence we get that
Π′

Sfk ↑ Π′
Sf as well as ∫

S

(
1− e−fk(s)

)
ds ↑

∫
S

(
1− e−f(s)

)
ds. (A.6)

Hence, by dominated convergence we obtain Ee−Π′
Sf = Ee−ΠSf . □

It turns out that Π is a Cox process in the sense of [29, Page 180]. Take a random measure
on (R3,B(R3)), say Ξ. A point process Π on R3 is said to be a Cox process directed by Ξ if
it is conditionally Poisson with the intensity Ξ, i.e., E(Π | Ξ) = Ξ a.s..

Lemma A.2. Define the measure on B(R3) as Ξ(·) := Lρ| · | where L is a Lamperti random
variable and ρ ∈ R+. A random measure on (R3,B(R3), | · |) as in Definition 3.3 on R3 is
a Cox point process directed by Ξ. The restriction of Π on a Borel set B with |B| < +∞ is
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a random measure of the same type on S = B and thus it has the representation given in
Lemma A.1.

Proof. Denote by Pξ a Poisson random measure with the intensity ξ(·), for a measure ξ(·)
on B(R3). Use [29, Corollary 10.1] to see that Π has the same distribution as PΞ where Ξ is
independent of Pξ. Indeed note that, for any positive f continuous with compact support,
we have that

Ee−Πf = Ee−PLf =

∫ +∞

0

Ee−Psf l (ds). (A.7)

Observe that Ps is, for any s > 0 fixed, a Poisson random measure with intensity ρ| · |. Then

Ee−Πf =

∫ ∞

0

e−lρ
∫
R3(1−e−f(s))dsl (dl) = Mν

(
−ρν

∫
R3

(
1− e−f(s)

)
ds

)
. (A.8)

For Π′ to be a measure as in Definition 3.3 we can compute the Laplace functional for a simple
function f as in (A.5) and then the Cox property follows from monotone and dominated
convergence. It follows that

E [Π | Ξ] = E
[
PΞ | Ξ

]
= Ξ (A.9)

where we used the independence of Ξ and Pξ together with the freezing Lemma (see, e.g.,
[55, Lemma A.3]).

Consider now the restriction Π|B, we have that, for any f positive, continuous and com-
pactly supported that

Ee−Π|Bf = Mν

(
−ρν

(∫
B

(
1− e−f(s)

)
ds

)ν)
(A.10)

proceeding as in (A.5) and using monotone and dominated convergence. □

Appendix B. Details on the proof of the Boltzmann-Grad limit

Following Gallavotti’s intuition, the tube-like flow is the union of non-disjoint cylinders,
and its volume is given by

|Θ(τ̃ , ṽ)| = πR2ct+ o(R2). (B.1)

We note that by Equation (3.15) ρncnπnR2n = λn. Now, let us call Θ := Θ (τ̃ , ṽ) and

an(R) : =

∫
0<τ1<τ2<···<τn<t

∫
(S2)n

(−λ)nh
(
X (1)

t (τ̃ , ṽ),V(1)
t (τ̃ , ṽ)

)
M(n)

ν (−ρν |Θ|ν)

µ(dv1) . . . µ(dvn) dτ1 . . . dτn.

We need it to be absolutely dominated by bn for each n ≥ 1, the last one being independent
of R and summable.
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Firstly, we observe that∣∣∣h(X (1)
t (τ̃ , ṽ),V(1)

t (τ̃ , ṽ)
)∣∣∣ < ζ1 for some ζ1 ∈ (0,∞).

Moreover, using the notation for the derivative of the Mittag-Leffler function in Equation
(2.13) we get

∫
0<τ1<τ2<···<τn<t

∫
(S2)n

∣∣∣∣M(n)
ν (−ρν |Θ|ν)

∣∣∣∣µ(dv1) . . . µ(dvn) dτ1 . . . dτn
=

∫
0<τ1<τ2<···<τn<t

∫
(S2)n

∣∣∣∣ ( d

d (ρ|Θ|)

)n ∫ ∞

0

e−ρ|Θ|lP (L ∈ dl)

∣∣∣∣µ(dv1) . . . µ(dvn) dτ1 . . . dτn.
We now observe that the correction term in the approximation of the volume of the tube-

like flow (B.1) is negative. Moreover, for R sufficiently small, we can write

λt+ ρ o
(
R2
)
≥ λt

2
=⇒ e−(λt+ρ o(R2)) ≤ e−

λt
2 .

Then, by using dominated convergence, the above equation reads∫
0<τ1<τ2<···<τn<t

∫
(S2)n

∫ ∞

0

lne−l(λt+ρ o(R2))P (L ∈ dl)µ(dv1) . . . µ(dvn) dτ1 . . . dτn

≤
∫
0<τ1<τ2<···<τn<t

∫
(S2)n

∫ ∞

0

lne−lλt
2 P (L ∈ dl)µ(dv1) . . . µ(dvn) dτ1 . . . dτn

=
tn

n!

∫ ∞

0

lne−
λt
2
lP (L ∈ dl),

where the inequality holds for sufficiently small R. Finally,

|an(R)| ≤ ζ1
1

2n

∫ ∞

0

(λlt)n

n!
e−λtlP (L ∈ dl) =: bn

and ∑
n≥1

bn =
∑
n≥1

ζ1
1

2n

∫ ∞

0

(λlt)n

n!
e−λtlP (L ∈ dl)

≤ ζ1

∫ ∞

0

e−λtl
(
eλtl − 1

)
P (L ∈ dl)

= ζ1

(
1−

∫ ∞

0

eλltP (L ∈ dl)

)
< ∞.
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