Under consideration for publication in J. Fluid Mech. 1

A nonlinear critical layer generated by the
interaction of free Rossby waves

By JACQUES VANNESTE
Department of Physics, University of Toronto, Toronto, Canada M5S 1A7

(Received July 1997)

Two free waves propagating in a parallel shear flow generate a critical layer when their
nonlinear interaction induces a perturbation whose phase velocity matches the basic-
state velocity somewhere in the flow domain. The condition necessary for this to occur
may be interpreted as a resonance condition for a triad formed by the two waves and a
(singular) mode of the continuous spectrum associated with the shear. The formation
of the critical layer is investigated in the case of freely propagating Rossby waves in a
two-dimensional inviscid flow in a S-channel.

A weakly nonlinear analysis based on a normal-mode expansion in terms of Rossby
waves and modes of the continuous spectrum is developed; it leads to a system of ampli-
tude equations describing the evolution of the two Rossby waves and of the modes of the
continuous spectrum excited during the interaction. The assumption of weak nonlinear-
ity is not however self-consistent: it breaks down because nonlinearity always becomes
strong within the critical layer, however small the initial amplitudes of the Rossby waves.
This demonstrates the relevance of nonlinear critical layers to monotonic, stable, unforced
shear flows which sustain wave propagation.

A nonlinear critical-layer theory is developed that is analogous to the well-known the-
ory for forced critical layers. Differences arise because of the presence of the Rossby
waves: the critical layer is advected by the waves in the cross-stream direction and there-
fore has a component propagating in the streamwise direction. An equation is derived
which governs the modification of the Rossby waves that results from their interaction;
it indicates that the two Rossby waves are undisturbed at leading order. An analogue of
the Stewartson—-Warn—Warn analytical solution is also considered.

1. Introduction

Critical-layer theory is an important element in the study of waves and instabilities
in parallel shear flows (see e.g. the reviews by Stewartson (1981) and Maslowe (1986)).
Of particular interest is the inviscid dynamics of Rossby-wave critical layers, which has
attracted considerable attention since the mid-seventies because of its geophysical rele-
vance. Indeed, the strong inhomogeneity of critical-layer flows, with the coexistence of
linear and nonlinear regions, has much in common with Rossby-wave breaking events
observed in the atmosphere (e.g. Haynes 1989 and references therein).

In the context of two-dimensional flows on the S-plane, critical-layer behaviour is gen-
erally manifested in two distinct situations: in unstable flows, when the marginally stable
mode possesses a critical level; and in forced flows, when the phase velocity of the forcing
locally matches the flow velocity. A comprehensive analysis of these two situations was
provided by Brown & Stewartson (1978), and by Stewartson (1978) and Warn & Warn
(1978), respectively. Using matched asymptotics, they developed simplified equations
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describing the nonlinear evolution of the critical layer. Subsequent work focused on the
forced critical layer, analysing a particular analytical solution found by Stewartson (1978)
and Warn & Warn (1978) (referred to as the SWW solution; e.g. Killworth & McIntyre
1985) or using numerical simulations to investigate more general parameter settings (e.g.
Haynes 1989).

In this paper, we shall be concerned with a third situation in which nonlinear critical
layers are relevant: unforced, stable, shear flows. Tung (1983) considered the evolution
of disturbances in a linear shear flow on an infinite S-plane. He concluded (and his
conclusion can be extended to any monotonic shear, as pointed out by Brunet & Haynes
(1995)) that the disturbance dynamics is essentially linear if it is initially so. This is
because the disturbance is a sheared disturbance (e.g. Haynes 1987) for which the growth
of the vorticity gradient (8,q ~ t in the notation of §2) is compensated by a decrease of the
streamfunction () ~ t=2) and the alignment of streamlines with vorticity lines (so that
8(1,q) ~t?). When Tung’s hypotheses are relaxed it is possible for nonlinear effects to
become important in stable shear flows. A first (implicit) hypothesis concerns the nature
of the initial condition: Haynes (1987) showed that nonlinearity becomes important if
disturbances with very short meridional (cross-stream) wavelengths are excited, and, as
a consequence, that sheared disturbances are unstable. A second hypothesis is that of
a monotonic shear flow. For a parabolic jet with weak potential vorticity gradient (i.e.
B —82,U = 0), Brunet & Warn (1990) showed that the dynamics of disturbances always
becomes nonlinear in a narrow region (a critical layer) at the jet maximum, regardless of
the initial amplitude of the disturbance. Specifically, they showed that disturbances with
initial amplitude ¢ lead to the formation of a nonlinear critical layer of width proportional
to €'/2 after a time proportional to e~1. Brunet & Haynes (1995) derived a simplified
equation describing the dynamics within this critical layer, integrated it numerically, and
found that coherent structures are formed at the tip of the jet. A third hypothesis for
Tung’s (1983) conclusion about nonlinear effects in shear flows is that of an unbounded
domain in the cross-stream direction, which implies a basic-flow velocity going from —co
to +o0. A result of this is the absence of freely propagating Rossby waves. When the
basic-flow velocity is bounded, Rossby waves are present, and we shall show that this
leads to significant nonlinear effects in flows which are only weakly disturbed.

We consider a monotonic shear flow in a channel with an initial disturbance that
consists of two free Rossby waves, with frequencies wi and w5 and wavenumbers k§ and k5.
These Rossby waves are such that the term produced by their nonlinear interaction, with
frequency wi +wj and wavenumber kf +k3, has a phase velocity matching the flow velocity
at some location y = y,, which may be regarded as a critical level. Assuming weak
amplitudes for the Rossby waves, the evolution of the disturbance can be analysed using
pertubative approaches. A straightforward regular perturbation expansion indicates the
secular growth of the second-order vorticity in the vicinity of g, and thus breaks down
for long time. More sophisticated perturbative approaches are therefore necessary. Two
such approaches are developed in the paper: a weakly nonlinear analysis, which extend
the techniques used to study wave-triad interactions (e.g. Craik 1985), and a critical-layer
analysis, which employs matched-asymptotics techniques.

The weakly nonlinear analysis is motivated by the analogy between the Rossby-wave
interaction considered here and standard wave-triad interactions. As is well-known, a
normal-mode approach in a shear flow indicates that in addition to a discrete spectrum of
regular modes (the Rossby waves) there is for each streamwise wavenumber k a continuous
spectrum of (singular) modes, with phase velocities in the range of the basic-flow velocity
— a superposition of such singular modes represent a sheared disturbance. Ignoring the
difficulties associated with the singularities of these modes and the continuous nature
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of the spectrum, one may interpret the Rossby-wave interaction under study as the
resonant interaction between two Rossby waves and a singular mode, namely that with
phase velocity U(y.). In light of this interpretation, it seems interesting to attack the
problem using an approach that parallels as much as possible the approach employed
for resonant wave triads. A first step in this direction was taken in an earlier paper
(Vanneste 1996), which describes a technique for studying weakly nonlinear interactions
in shear flows including both the Rossby waves and the continuous spectrum. This
technique uses recent results about the continuous spectrum due to Balmforth & Morrison
(1997) and yields evolution equations for the amplitudes of the Rossby waves as well as
for the amplitudes of the singular modes. These equations were used to examine the
Rossby-wave interaction problem, but only at a quasi-linear level, i.e. when the feedback
of the forced singular modes onto the waves can be neglected. It was concluded that
a singularity forms in the long-time limit at the critical level y = y,. However, by
analogy with wave-triad interactions, one might expect the formation of a singularity
to be suppressed if the feedback is retained. The weakly nonlinear analysis developed
here investigates this possibility by extending the previous work to include the effect
of the feedback. It is shown that this effect is in fact too weak to stop the singularity
formation. This indicates that the weakly nonlinear theory cannot remain self-consistent
(by contrast with the situation for wave-triad interactions), and corresponds physically
to the development of a strongly nonlinear critical layer in the vicinity of y,. Specifically,
if the initial amplitudes of the Rossby waves are proportional the small parameter ¢, the
flow becomes fully nonlinear after a time proportional to €~! in a critical layer of width
proportional to e.

To study the nonlinear evolution of this critical layer in detail, we use matched asymp-
totics and develop a critical-layer theory analogous to that of Stewartson (1978) and
Warn & Warn (1978). To a first approximation, one can interpret the critical layer as
resulting from an internal forcing — associated with the nonlinear interaction between
the Rossby waves — instead of the standard boundary forcing. However, the presence of
Rossby waves in the flow has an important consequence: the critical layer is effectively
advected (in the cross-stream direction) by the Rossby-wave-induced velocity field. More-
over, because we consider a free initial-value problem, the Rossby waves are disturbed by
their interaction and the presence of a critical layer. This disturbance is however small;
a detailed calculation shows that the Rossby waves amplitudes are unchanged to leading
order on the time scale relevant for the critical-layer dynamics. An analogue of the SWW
is discussed in order to illustrate the differences between the critical layer generated by
Rossby-wave interaction and the forced critical layer. It is emphasized that this solution
cannot be obtained rigorously, as the long-wave limit on which it rests drastically changes
the nature of the Rossby-wave propagation, invalidating our analysis.

The plan of the paper is as follows. In §2 the Rossby-wave interaction model is de-
scribed, and the conditions necessary for the formation of a critical layer are discussed. In
§3 a straightforward regular perturbation expansion is performed and it is demonstrated
that it breaks down regardless of the weakness of the initial Rossby-wave excitation.
Weakly nonlinear amplitude equations are derived in §4. A truncated system of ampli-
tude equations is then used to study the Rossby-wave interaction and it is shown that the
evolution does not remain weakly nonlinear, for a critical layer develops. In §5 simpli-
fied equations governing the critical-layer dynamics and the perturbation of the Rossby
waves are derived using matched asymptotics, and the analogue of the SWW solution is
considered in §6. The paper concludes with a discussion in §7.
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2. Formulation
2.1. Gowverning equations

We begin with the vorticity equation for two-dimensional flows in a B-channel and con-
sider the evolution of a disturbance to a steady parallel flow U(y). Scaling the streamwise
(zonal) coordinate z by a characteristic length scale L, the cross-stream (meridional) co-
ordinate y by the width of the channel D, the velocity by the range of basic-flow velocity
AU, and time by L/AU, the equation governing the evolution of the disturbance may
be written

(8: +UB:) g+ Q'0:9 + €d(3h,9) = 0, 2.1)
where the disturbance vorticity g and the disturbance streamfunction 1 are related by

g =V = (u202, + 82 )0,

with p := D/L. The boundary conditions are
Oz =0 and Bt/6y¢dz at y=40,1.

In (2.1), @ = p —U" (with ' := d/dy) is the basic vorticity gradient and ¢ <« 1
characterizes the disturbance amplitude. The non-dimensional parameter 3, related to
its dimensional counterpart 3 through 8 = D%j /AU, is assumed to be of order one. We
also assume that the basic flow satisfies

U>0 and Q' >0 foryel0,1].

The first condition ensures the monoticity of the basic flow, and the second condition
its nonlinear stability. For convenience, one can take advantage of the translational
invariance of (2.1) in z and fix the minimum and maximum basic velocities in the channel
S Un=U0)=0and Uy :=U(1)=1.

Introducing modal solutions ¢ = gx(y) expfik(z — ct)] in the linearization of (2.1)
yields the Rayleigh-Kuo equation which, for this geometry, admits a discrete spectrum
of Rossby waves with phase velocities ¢k, < Um, n = 1,2, ..., and a continuous spectrum
of modes with U < ¢ < Um (see Appendix A). The modes of the continuous spectrum
are singular at their critical level y, defined by U(y.) = c; in monotonic basic flows, the
critical level position can be used instead of the phase velocity to identify each singular
mode.

Consider now two Rossby waves with wavenumbers &}, k5 and indices n1, n2, and thus
with frequencies wj = & ck;,n, and w§ = K cgz,n,- Through nonlinear interaction they
excite modes with wavenumber &, satisfying

ky + K + K =0. (2.2)

(By convention, we consider sum interactions only, allowing for both positive and negative
values of each wavenumber.) Among these modes, those belonging to the continuous
spectrum are significantly excited provided that

g €[0,1] : kU(g) +of +uf =0, (2.3)

i.e. provided that a singular mode, with critical level position y. = y,, forms a resonant
triad with the two Rossby waves. Equations (2.2) and (2.3) define the type of interactions
to be studied in this paper.
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FIGURE 1. Graphical solution of the equations (2.2)—(2.3) for the resonance of two Rossby
waves and a singular mode. A typical dispersion relation for Rossby waves is displayed
in the (k,w)-coordinate system (solid curve), while the singular modes are located in the
(ks, ws)-coordinate system (shaded sector; see text for details).

2.2. Interaction conditions

Restrictions on the wavenumbers participating to the interaction can be derived from
(2.2)(2.3) by noting that
K _ kB k
S-Uly) Ul)—cd -6
With Uy, = 0, one can choose ¢f < ¢ < 0, whence k&, > 0 and &5k, < 0. Without loss
of generality, k] can be taken positive to give the condition

ki>0, k3<0, k. >0, (2.4)

which indicates that one of the Rossby waves always has the largest wavenumber (in ab-
solute value). Conditions (2.2)-(2.3) are analogous to the resonant interaction conditions
in the standard three-wave interaction, but with a dispersion relation containing two dis-
tinct parts: one associated with the Rossby waves, given by w = w(k) = ke n, and the
other associated with singular modes, given by the double inequality kUy, < w < kUwm
and thus corresponding to a sector in the (k,w)-plane. The standard graphical construc-
tion used to locate resonant triads (e.g. Simmons 1969) can be adapted for the interaction
between two Rossby waves and a singular mode. This is illustrated in figure 1, which
displays a typical Rossby-wave dispersion relation in the (k,w)-coordinate system and
the (shaded) sector associated with singular modes in another coordinate system denoted
by (ks,ws). This system has its origin at a point (k%,w]) of the Rossby-wave dispersion
curve. Any other point (}5|,w}) (represented by a dot) on the dispersion curve lying in
the shaded area forms a resonant triad with the first Rossby wave and a singular mode.
Indeed, taking (2.4) into account, it can be verified on the figure that the singular mode
with wavenumber &, = k, and phase velocity U(y,) given by the slope of the dashed line
satisfies (2.2)—(2.3). Because the singular modes belong to a continuous rather than dis-
crete spectrum, a given Rossby wave forms an infinite number of resonant triads involving
singular modes. This is in contrast with the standard three-wave interaction and can be
particularly important for domains periodic in the z-direction, when most Rossby waves
cannot be involved in regular wave triads because of the wavenumber discretisation.
Figure 2 shows the dispersion relation for Rossby waves in a linear shear U(y) =
y, with § = 5,10,20 (see §5.1 in Vanneste (1996) for the derivation of the dispersion
relation). The sector associated with the singular modes is indicated by a shaded triangle
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FIGURE 2. Dispersion relation for Rossby waves in a linear shear, with § = 5 (top), 10
(middle) and 20 (bottom). The arbitrarily located shaded triangles indicates the sector
0 = kUm < w < kUnm = k corresponding to the singular modes.

whose origin has been arbitrarily chosen. (Moving this origin along the dispersion curves
indicates the possibilities of resonance as defined by (2.2)-(2.3).) Rossby waves exist
for a finite range of wavenumbers which increases with 8 (i.e. with decreasing shear).
For 3 sufficiently large, the dispersion relation has multiple branches, as is the case for
B = 20; resonant triads can then be formed with the two Rossby waves belonging to
different branches. Interestingly, when the dispersion curve has an inflection point (for
B = 10,20, for instance), straight lines originating from the this curve intersect it again
at two distinct points. This shows that a given Rossby wave (corresponding to the origin
of the straight line) can be involved in two distinct resonant triads with singular modes
that have the same phase velocity (the slope of the straight line).

3. Regular perturbation expansion

We now study the evolution of a disturbance that initially consists of two weak-
amplitude Rossby waves satisfying (2.2)-(2.3). A regular perturbation expansion is first
used to examine this evolution. Although such an expansion can be expected to break
down at some point, it is useful to consider it in detail: the solution it yields describes
the early evolution of the system, and the nature of the breakdown guides the derivation
the singular perturbation theory which is developed in §5. We thus look for a solution
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of (2.1) given by the expansion

where the leading-order term is the superposition of two Rossby waves:
9 = Re [Ry ¥ (y) € + Ro i (y) €%2], (3.2)

with 0; := kiz — wijt and ¢} := 'gbk;,nj , J =1,2. The amplitudes Ry, Ry are fixed by the
initial condition. It is convenient to use a reference frame moving at velocity U(y,), so
that (2.3) reduces to

wi+ws; =0, with U(y.)=0.
Introducing (3.2) into (2.1) leads at O(€) to the inhomogeneous equation

1 . .
(0, +U8,) ¢ + Q0™ = Re (R Ra)* £1(4) " + Ry (Ra)” J-(y) €%

+ R} g1(y) ™' + R; ga(y) %] . (3.3)

The functions fy, f_, g1 and go are defined in terms of ¢} and %3; in particular,
f+) = iKYi(E) — kK ($1) & + kapi(al) — ki (¥5) dil,

where ¢f := (¢§)" — (k5)%¢I. The phase velocities corresponding to the last three terms
of (3.3) are all smaller than the minimum velocity in the channel (see (2.4)); the response
of 1) to these terms can therefore be computed without difficulty if we assume they are
not resonant with free Rossby waves. The first term in the right-hand side of (3.3), by
contrast, has a zero phase velocity and is thus associated with a critical level at y = y,.
‘We now focus on the response to this term.

In Vanneste (1996), this response was computed using an expansion in terms of the
singular modes with wavenumber k,. A time-dependent expression was derived for the
response streamfunction, which was shown to tend to a stationary structure of the form
Re[¢(y) exp(ik.z)] in the long-time limit (see Eq. (4.9) in that paper). Here, we derive
this stationary structure directly, in a form that will be more suited to the analysis of
§5. From (3.3), ¢ satisfies the equation

Uy) (¢" — n*kig) +Q'¢ =h, with ¢(0) =¢(1) =0, (34)

where h := —i(R1R2)* f1 /(2k.). The method of variation of parameters can be employed
to obtain ¢. Using the Frobenius solutions ¢§ and qbf,’h of the homogeneous version of
(3.4) (which are given by (A5) with k = k, and y. =y,) we find

([ Gy, N L
(/o kUT’)—dy +a )¢k*(y1y*)
Y~k (¥ ) R(Y')

1 b I(J hiy' U(yl)
( /y —¢ *([yjéj,*;) @) dy’+a+) 8. (v us)

1 sa I; . h ’
g + (fy W dy’ + b+) . Wiv), Y>>

which is deduced using the fact that the Wronskian ¢¢ 8,4} — ¢} 8,6 = —1 every-
where. The constants a¥,b% satisfy the three conditions

#5.(0;5.) 0= + ¢} (0;9.) 5~ =0
{ ¢§.(1; ys)at + ¢£*(l;y*) bt =0 (3.6)

+ dy' + b‘) B (wivs), y<ys

¢ =< (3.5)
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and
' R y)h(y)
b+—b—=—/ ke dy, 3.7
o 0w Y 37
which ensure that the boundary conditions are satisfied, as well as continuity at the
critical level. As usual, a fourth relation is found by considering the velocity jump (cf.

Stewartson 1978)
+
[%]ﬂ = lim (%l d¢ )
Yo—e

dy Ve e—0 dy Iy,+e B dy
From (A 5), (3.5) and (3.7), one finds a first expression for this jump given by
+
d¢] v /‘ . uk(y)
— =a —Qa — 'P —_— d N 3-8
%), 0o 0w 48

where P denotes the Cauchy principal value. A second expression is derived from the
linear evolution equation for the vorticity

2

which remains transient for all time (cf. Stewartson 1978). In the vicinity of the critical
level this evolution equations is approximately integrated as

0% _ aa, =@ [, ikur(y—a)
o =T g [ ] 9

where the subscripts x denote functions evaluated for y = y,. Integrating (3.9) between
Y» — € and ¥, + € and letting et — oo leads to the long-time limit of the velocity jump:

dp1¥ . k- Qlo(w)
[d—y] | minm, (3.10)

Identifying (3.8) with (3.10) provides the fourth relation which, together with (3.6)—(3.7),
determines a* and b*, whence ¢.

It proves convenient to decompose ¢ into two parts so as to isolate the contribution due
to the internal forcing k and that due to velocity jump imposed at i = g, by the vorticity
dynamics. The first part, ¢f say, is thus defined as the response to the forcing h with an
imposed zero velocity jump at the critical level. It is obtained from (3.5), with ¢* and
b* derived from (3.6) and the homogeneous version of (3.8). The other part corresponds
to a free solution with an imposed velocity jump; it is given by a*¢f + b*4}_, with
constants o*,b* satisfying (3.6)—(3.8) with A = 0. This part can be recognized as a
multiple of the singular mode %, (y; y+) given in (A6), so that the complete solution
takes the compact form

#(W) = ¢ (v) + C¥r.wivs), (3.11)
where the arbitrary constant C is determined by the velocity jump (3.10). By definition
of ¢ and of the singular modes, (3.11) yields by

vt
[j—ﬂ | = A@C, (3.12)
y*

which can thus be equated with (3.10) to find C.
The solution just developed is clearly not uniformly valid in time: it can be seen from
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(3.9) that the vorticity increases linearly in the vicinity of the critical level y = y,, and
thus nonlinear effects can be expected to become important for t = Q(e~!). An important
factor neglected by the regular expansion is the feedback of the response ¢ (i.e. the excited
singular modes) on the Rossby waves. The role of this feedback is analyzed in the next
section using a weakly nonlinear approach. Note that a particular case exists for which
the vorticity does not increase with time. This occurs when h, = Q.  since (3.10)
and (3.12) then indicate that C = 0 and hence the right-hand side of (3.9) vanishes. In
this case the linear solution does not break down in the long-time limit.t We shall not
consider this situation in what follows.

4. Weakly nonlinear analysis

As already mentioned, the problem under consideration can be interpreted as the res-
onant interaction of two Rossby waves with a singular mode of the continuous spectrum.
This interaction presents similarities with standard wave-triad interactions in light of
which it does not come as a surprise that the regular perturbation expansion of the pre-
vious section fails for ¢ = O(e¢™!): on such time scale, one might expect the system to
be governed by equations similar to the three-wave equations governing wave triads, i.e.
weakly nonlinear equations that take into account the full coupling between the Rossby
waves and the singular modes. In this section, we derive such equations and analyse
their behaviour.

A technique for deriving weakly nonlinear equations for disturbances in shear flows
was described in Vanneste (1996). It relies on the normal-mode expansion reviewed in
Appendix A and leads to evolution equations for the amplitudes of the Rossby waves and
the singular modes. In principle, the technique is straightforward: the expansion (A8)
with time-dependent amplitudes Ay »(t) and Ag(y.;t) is introduced into the nonlinear
evolution equation (2.1), and the orthogonality relations (A 9) are used to project the
resulting equation onto each mode. As a result, equations of the following form are
obtained for the Rossby-wave and singular mode amplitudes:

Othpkn(t) +iwg nApn(t) =enlt.,, and Ax(Ye;t) +ikU(yo)Ax(ye;t) = e nli.,
where n.Lt. denotes nonlinear terms. Introducing Ay, »(t) and Ag(y.;t) defined by
Apn(t) = Aen(t) €5n? and  Ag(ye;t) := Ag(ye:t) eVt
one can integrate the linear part of these equations to obtain
O Akn(t) =enlt. and 8;Ax(yc;t) =€ n.lt.. (4.1)

In order to use these equations practically, one must truncate the infinite-dimensional
system they constitute and derive simplified systems which retain the essence of a partic-
ular interaction. In particular, the simplified system we are interested in should consist of
equations for the two excited Rossby waves and for the singular modes with wavenumber
k.; all these singular modes must be taken into account since truncation to a single one
(e.g. the one with critical level at y,) would lead to singular integrals. It should however
be realized that the truncation cannot be made directly: indeed, due to the presence
of 9yq in the nonlinearity of (2.1) and of the Dirac distribution in the singular mode
vorticity, terms of the form

Ak () 3 0 (5 = ye) Ak (e, ) F(k, k' 1, o) dy, eile+E)e

1 An equivalent situation does not appear to exist for the critical layer generated by a bound-
ary forcing.
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appear when the normal mode expansion is introduced into (2.1). Here, F is a smooth
function whose precise form is unimportant. After projection, these terms lead to explicit
linear time dependences in the amplitude equations for the singular modes, and thus to
the presence of secularities even in the absence of resonance. Physically, these terms
correspond to the meridional advection of the vorticity associated with singular modes
by the Rossby-wave velocity field; they are secular because the vorticity gradient of a
superposition of singular modes is growing linearly in time.f

To eliminate these secularities, we introduce a variable transformation from ¢ to g,

where
e
g:=gq— eby (2Q) (4.2)

This transformation was originally motivated by the Hamiltonian structure of (2.1) and
the requirement that the structure be preserved for the amplitude equations (4.1) (see
Vanneste & Morrison (1997) for details and extensions). For our purpose, it is sufficient
to regard it as a way of removing the secularities from (4.1). For the transformation to
be one-to-one, it is necessary that

€l0y9| < @', (4.3)

which is a statement of weak nonlinearity and a condition for positive meridional gradient
of absolute vorticity. This condition is likely to be violated for long time, in which case
it is not obvious whether any weakly nonlinear can remain relevant. It is nevertheless
possible to obtain a version of (4.2) which would be valid for longer time. We defer the
description of this transformation to the Discussion; for the main purpose of this section
is to obtain a generic form of the amplitude equations governing the interaction between
two Rossby waves and the continuous spectrum, and this form does not depend on the
precise expression of the variable transformation. Taking the time derivative of (4.2),
using (2.1) and condition (4.3), and neglecting terms of O(e?) and higher, one derives an
evolution equation for § of the form

(0 +U0B:) G+ Q'O — (qay",b + 2[22"" ) 0, (4.4)

where the streamfunction is derived from the approximate relation

Vi =G+ed, (2Q’)

The evolution equation for § does not contain y-derivatives of §. Thus, the secularities
associated with the growing vorticity gradient of superpositions of singular modes have
been removed. Eq. (4.4) is also such that the ¥ = § component of § is invariant, i.e.
there is no wave-mean flow interaction for (4.4). We can now expand § rather than
¢ in normal modes according to (A 8) and apply the procedure leading to amplitude
equations. These are again given by (4.1) (because the linearized equation is the same
for g and §), but without linearly growing terms in the right-hand side. A truncation is
then possible, provided that the singular mode amplitudes Ax(y.;t) are smooth functions

1 More complex time dependences arise from the self-advection of singular modes; but since
the superposition of these modes represent sheared disturbances, Tung’s (1983) argument can
be employed to show that the corresponding contributions decrease when t = O(¢™') for most
initial conditions. Therefore they do not affect the truncation process.
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F1GURE 3. Time evolution of the amplitudes Aj(T:) and A5(Th) of the interacting Rosshy
waves as predicted by the weakly nonlinear theory.

of y.. We shall see that this assumption does not remain valid in our problem, indicating
the formation of a critical layer where the nonlinearity is not weak.

The truncated system governing the interaction between the two Rossby waves (with
amplitudes A§(t) := A:,n.(t), ¢ = 1,2) and the singular modes (with amplitudes A*(y.;t) :=
A, (yc;t)) has the form

By A5 () = [ A5()]* fy I3 (0e) [4° (v, 1)]* €90 dy,
B A5(t) = AT (O] Jy BWe)[A* e, 1)]* 0% dy (45)
By A3 (yei ) = €P(yc) [ A5 (£) A5 ()] 200"

which is a direct extension of the standard three-wave equations. The corresponding
initial conditions are simply Aj(0) = R;, A5(0) = Ra and A%(y.,t) = 0,Vy, € [0,1]. In
the above equation, Q(y.) := k. U(y.) + of + uf satisfies Qy,) = 0. The interaction
coefficients I, I and I® are functions of the critical level position y.; they are defined
by y-integrals of the structures ¥} (y),¥5(y) and ¥, (¥; ), but their explicit expressions
are not necessary here, since we examine only the qualitative behaviour of (4.5). It is
important to note that (pseudo)energy and (pseudo)momentum conservation and the
fact that Q' > 0 (or equivalently nonlinear stability) require k5% (y.), k5 15 (ys), kaT® (ys)
to have the same sign (cf. Ripa 1981; Vanneste and Vial 1994). Together with (2.4), this
indicates that I5(y,) is oppositely signed to the other two interaction coefficients.

Using (4.5), we can now assess whether the feedback of the singular modes on the
Rossby waves is sufficient to limit the growth of the singular modes — that is, whether
the interaction leads to balanced weakly nonlinear dynamics, as is the case for standard
wave triads. Simple scaling arguments allow us to conclude that this is not so. Let
Ta = €*t, where o is a constant to be determined, be the slow time relevant to the
weakly nonlinear dynamics. It is clear that, due to phase mixing, only the singular
modes with Y, := (y. — y4)/¢* = O(1) contribute to the integrals in (4.5). Rewriting
(4.5) in terms of T, and Y,, we can expand the interaction coefficients and extend the
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FIGURE 4. Time evolution of the amplitude A%(Ya;Th) = eA%(Ya; Ts) of the singular modes as
predicted by the weakly nonlinear theory. Only a narrow band of modes is excited as appears
from the relation y. = y. + €Yz between the critical level position y. and the scaled coordinate
Y;. Note that saturation occurs for A%(0,T2) = O(¢™’) > 1.

range of integration to obtain the approximate system

1. 45(Ta) = el A5(Ta)]* (1) 2, |4 (Yo To)] 6172 Y,
1. 45(Ta) = el A1 (Ta)]* Bws) [0 A (Veu T 75T 0V, (4)
Or, 4 (Yait) = &7 () A (To) A5 (Ta)]* €027

Regardless of the value of o, the first two equations indicate that a nonlinear balance
is possible only if A, (Ya) = O(c™!), i.e. if the singular modes have a large amplitude.
This indicates that the weakly nonlinear theory does not remain self-consistent. The
last equation of (4.6) then shows that the proper scaling is given by a = 2, indicating
that nonlinear balance is achieved for ¢ = O(e~2). This scaling argument can be verified
by a direct integration of (4.5) or (4.6). An analytical solution of (4.6) is developed in
Appendix B, and we have checked numerically that it differs from the corresponding
solution of (4.5) by negligible terms only. A typical solution, obtained with initial con-
ditions A (0) = R; = 0.5, A5(0) = Ry = 1, with Iy(3) = —L(y) =L, =l and O, = 1
is displayed in figures 3 and 4. For £ = Q(¢™!) the Rossby wave amplitudes are almost
unaffected by their interaction with the singular modes. As a consequence, the amplitude
of the singular modes with y. = y, continues to grow. It is only when the singular mode
amplitude is very large (A%(y.;t) = O(e™!)) that the growth stops, a steady state being
attained.

The breakdown of the weakly nonlinear theory indicates that the free evolution of the
flow leads to strong nonlinearity. Since this nonlinearity is confined within a narrow
critical layer surrounding y = y.., we can use matched asymptotics to derive a simplified
equation governing the long-time evolution of the flow, as done by Stewartson (1978)
and Warn & Warn (1978) in their study of the forced Rossby-wave critical layer.



Critical layer generated by Rossby-wave interaction 13

5. Critical-layer analysis

A preliminary step for the critical-layer analysis is the determination of the temporal
and spatial scales relevant for the nonlinear evolution of the critical layer. These scales
can be obtained by examining the nature of the breakdown of the regular perturbation
expansion or of the weakly nonlinear analysis. Let us first return to the regular pertur-
bation expansion of §3. Equation (3.9) indicates that the vorticity grows linearly with
time in a critical layer whose width decreases like t~1. Proceeding with the regular ex-
pansion, we compute the forcing term ¢§°) q§,1) in the equation for ¢(?) and obtain a time
dependence of the type t? exp(—iwft) within the critical layer. Therefore, the dominant
behaviour of ¢ is found to have the form ¢2 exp(—iwit). We thus conclude that the
regular expansion (3.1) breaks down for t = O(¢™!) in a layer of width €.t In fact, the
same conclusion can be drawn from the weakly nonlinear analysis of §4, since it is essen-
tially equivalent to the linear one for t < O(e~!). The weakly nonlinear theory breaks
down because it assumes a smooth dependence of A, on 3., an assumption which ceases
to hold for ¢t ~ O(e™1).

We start the critical-layer analysis by defining the slow time

T:=¢t

which changes by O(1) during the nonlinear evolution. It is again convenient to use a
reference frame such that U(y.) = 0 and therefore w] = —wj§. Because various frequencies
are present in the system (w}, wj and their harmonics), the fast time ¢ cannot be entirely
removed as is the case for the forced critical layer. Yet, we can neglect the transients
by considering dependences on t of the form exp(iQ2t) only, where Q = muw? + nwi, m,n
being integers such that m # n. In what follows, we use the superscripts s and r to
denote the parts of the solution with frequencies 0 and w§ = —uw}§, respectively. The
other harmonics are gathered in terms denoted by h. We refer to terms depending only
on T as slow, and to those depending also on t as fast.

5.1. Quier solution

In the outer region (i.e. y —y. > ¢) the regular expansion (3.1) is valid, and at leading or-
der one recovers the superposition of Rossby waves (3.2), with time-dependent amplitudes
Ry (T), Ro(T). At the next order, (3.3) is found with the extra term —d7R; g} exp(if;) —
81 Ra2q} exp(if) in the right-hand side. Solvability then requires

OrRy = 0rRy =0.

To leading order, the Rossby waves are thus undisturbed by their interaction. An ex-
pression for %) can be written in the general form

¢(1) = ¢(115) + ¢(1!r) + w(lyh)’

where

[=.=]
$14) = Re [qsf @) €% + > Ce(T)r(yivs) € +¢°(y, T)} : (5.1)
k=1
containg all harmonics including a mean (k = 0) component ¢°(y,T). (Note that we
have adopted the notation E;‘;l as a shorthand: assuming that the channel is periodic

1 The time after which the regular expansion breaks down and the corresponding critical-layer
width found here are different from those found in the standard forced critical layer (O(e) vs.
O(¢'/?)). This is because the forcing associated with the interacting Rossby waves is O(e?),
whereas the external forcing is O(e) in the standard critical layer.
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in z, the sum is in fact taken over all wavenumbers multiple of 27/L, where L is the
channel period; if the channel is infinite, the sum must be interpreted as an integral.) The
evolution of the coefficients Cx(T) is determined from the dynamics inside the critical
layer (as is the case the forced critical layer). A free solution

¥ = Re [SI(TWi(y) € + Sa(T)5(y) €] , (5.2)

representing a small correction to the initial Rossby waves, is added to %) so as to
cancel secular terms appearing at the next order. Up to this order, the structure of
the Rossby waves is unaffected by the critical-layer dynamics; this is because a velocity
jump oscillating with the Rossby wave frequencies appears only at O(e?), as will become
apparent in §5.2. An explicit expression can be obtained for the harmonic term 7(1b)
but we do not describe it here. For our purpose it suffices to note that it is independent
of T' and smooth at the critical level.}
Proceeding with the expansion, one finds at O(e2?) the equation

(3 +U8:) ¢ + Q8,4 = —0r¢") — 8@®@,¢M) - ow™,¢®)  (5.3)
whose solution can again be written
l‘p(z) — :"b(zrs) + ¢(2!r) + ,‘/J(Z,h).

The component 1/(2#) gbeys the equation

-

[+ o]
Ud,q®) + Q'9,9* = —Re [Z 8rCr qr(y; ys) €% — amsgyJ

k=1

+3Re [(RiSs + BaS1)* Fuly) €4:7]. (5.4)

To avoid secularities we require 6T¢gy = 0. In fact, consistently with the initial condition
and with the dynamics inside the critical layer (see below), we take ¢° = 0. The other
terms in the right-hand side of (5.4) are non-resonant and the response (%) may be
calculated directly. Here, we only detail the most singular part of (%% in the vicinity
of the critical level. Noting that

@ Yiys) = _Qg'_‘ﬁ(";%l +O(In jy — gul),

one finds that

i -’A- = 1 ikz r
(%% = Re 32 hlly—y*lz:;al‘cﬂbk(y*,y*)e" ] +O0[(y—p) In® [y — gul]. (5.5)

k=1

Although a complete expression for %(¥ is not strictly necessary as it represents a
small correction to 4(), it is crucial to consider the derivation of 1% carefully, for the
solvability condition which will be required determines the evolution of S; and S,. As
detailed in Appendix C, the forcing in the equation for 4(*%) is resonant because of the
presence of

—8Tq(1"‘) = —Re (aTsl q‘l' elfr + 075, q§ e"”)

1 Strictly speaking, a dependence on the extra variable U(y)T/e should be introduced in %"
in order to match the outer solution to the transient terms that appear when the early-time
evolution is completely determined using the regular perturbation expansion. However, it can
be verified following Warn & Warn (1978) that the dependence on this variable appears first at

O(e?) (ie. for ) and is thus irrelevant to our analysis.
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and of nonlinear terms which depend on z and ¢ as exp(if,). Enforcing the cancelation
of these resonant terms to ensure the solvability of the equation for 1(2%) is not straight-
forward for two reasons. First, some of the resonant terms are singular at y = y,, and
thus we need to derive the solvability condition for a singular equation; to this end, we
employ a method introduced by Benney & Maslowe (1975). This method requires an
explicit derivation of %(37, and this leads to the second difficulty, namely the fact that
¥{>7) has a discontinuous y-derivative at y,. Indeed, as will be explicitly demonstrated
below, the dynamics inside the critical layer imposes a velocity jump across the critical
layer to the fast solution at this order. In Appendix C, we describe a derivation of the
solvability conditions taking these elements into account. It leads to two equations of
the form

8pSn + Po(T) =0, n=1,2. (5.6)

According to (5.2), these equations govern the evolution of the O(€) modification of the
initial Rossby waves due to their interaction. The P, have the general form

Po(T) = en + dn[Cr.(T)]*,

where ¢, and d, are complex constants. This leads to two remarks. First, the S, are
coupled to the critical-layer dynamics through Cf,. Because the critical-layer equation
governing the evolution of the Cj; does not depend on S, (see §5.2), this implies that the
amplitudes S, of the Rossby-wave modification are slaved to the Cr,. Next, (5.6) can
be integrated formally, leading to

T T
—8a(T) = /0 Pu(T') dT" = T + dy /0 (Ch. (T")]" dT". (5.7)

This expression contains a secular term which suggests a break-down of our expansion
for T'= O(e™!), i.e. t = O(e~2). However, this secularity can be removed by allowing the
Rossby-wave amplitudes Ry and R to depend on T := €T" = €2t. Evolution equations of
the form O, R, = —c, can then be derived; they merely describe a nonlinear frequency
shift of the Rossby waves due to the presence of harmonics, similar to that also existing
in the absence of critical-layer formation (one can indeed show that the ¢, have the
schematic form i(|Bp|? + |Bm[*) Rn)-

5.2. Inner solution

Since the width of the critical has been estimated as O(e), we define the stretched coor-
dinate
Y — Y —Yx
€

which is O(1) in the inner region. In terms of this variable, the outer solution %(® +
ey + ... takes the form

b=24O te (Y¢§E’2 + «p&”) +0(E1ne). (5.8)

This expansion provides the boundary condition for the inner expansion as ¥ — +co0. In
principle, higher-order terms can be evaluated; in particular the O(e?In¢) term in (5.8)
is obtained directly from (5.5) and (C 1)~(C5). For the O(e2) term, one must calculate
the dominant behaviour of 4(*) near the critical level. These calculations are very similar
to those of Warn & Warn (1978), so we omit the details and give only the higher-order
term that is crucial for the critical-layer equation, i.e. that associated with the velocity
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jump in 9 Tt is obtained from (5.1) and (A7) and is given by

1 > ;
e2§|Y|Re LZ; Ak (¥+)Cr e"”] , (5.9
corresponding to the velocity jump
+
Byp(1:9) Yo o "
= R« Cre™|. .
[ oy |- e l;)\k(y*) ke (5.10)

We now expand the streamfunction inside the critical layer as
Y= ¢(O) (z,t)+e¢ (Y'qb(o) ¢(1)) + € lnepth?) (z,Y,t,T) + o (z,Y,t,T)+---

In writing this expansion, we have-anticipated the fact that the O(1) and O(e) terms
are entirely fixed by the boundary conditions (5.8). The same holds for ¢2) which we
do not detail here. Introducing this expansion in the nonlinear vorticity equation (2.1)
leads to a sequence of evolution equations. At O(e®), we find

£63, + 8,9, + Q.04 = (5.11)
where
L =08 + 0,908y

The operator £, which appears at each order, can be simplified by defining the new
independent variables

q§°)
T=1t, f =z, n=Y+—= (512)
*
which transform the derivatives as
(0)
6=0,+ 25 50,155 s —a (5.13)

Q* QL
Introducing the transformation (5.12) into the definition of £ and noting that the equa-
tion for %@ at y =y, is
1a” + QLo =0 (5.14)
leads to
L =20,
The general solution of (5.11) is therefore

o2 = i + Z(E,0,T),

where Z is an arbitrary function. To obtain this result, we have again used (5.14)
and q(o) = ¢a(3c)* ;(,?,)* The leading-order vorticity within the critical layer, given by

;‘2* + <pyy, is thus the sum of the Rossby-wave vorticity q( ) and of Z(&,n,T), the
latter being the leading-order vorticity induced by the Rossby-wave interaction. Z is the
central quantity for the critical-layer dynamics; interestingly, it is not entirely slow, as
dependence on the fast time ¢ is contained in the variable transformation (5.12). An
evolution equation for Z is now derived.

At O(e), we find the equation

Loy +Y (i + U10:02 + QLo + QUou”)



Critical layer generated by Rossby-wave interaction 17
+0rZ + (VY -2} 8,2 + (Yol +982) oy 7
+0D, + QL0 05Y + Py — pV e =

A first simplification can be made by noting that the expansion of the linear equation
for the Rossby waves around y, yields

8y + ULDaals) + Q094 + Qo9 =0
Therefore, substituting
(Yag’ - Y"pz(/%)y* + W(é', T, T)
and using the transformation (5.12)-(5.13) leads to

(©)
8, W +8rZ + [U,( (n - %-) - ,5?2] 8 2

()
[ («p&% gf* ) + BeppiV +'u*:| 8,2 (5.15)

+ar'4bz:c* + Q;af"pu(\—l) + a(,‘/}(o)’ q(O))* =0,

where

Q. TTa TP
and 3(1©®, ¢©®), denotes the nonlinear advection of the Rossby waves evaluated at
¥ = Y. Equation (5.15), which governs the fast evolution of W (in the transformed
coordinate system), contains secular terms, namely those that are independent of 7. The
solvability of (5.15) thus requires that those terms cancel; this provides the slow evolution
equation for Z:

OrZ +UndeZ + (848" +7.) 8,7 + QL 9yl + 3D, ¢®), =0,  (5.16)

oy e — (¢£‘L’*q£°’ P o) ULq&%&?)
% = 1

where ~ denotes the part with zero fast frequency. We can evaluate explicitly
T@D,q®), = ~5Re [(R1R2)* F1 (1) *+€] = ~Re (ihuh c¢)
and
Ty = —éa-Re {i(R1R2)* [(¢;)’q; + (@5 a1 + %qiq;] elf-t } = Re (g, €*¢) .

Both terms are independent of T' (but in principle dependent on T3) and oscillatory in &
with wavenumber £,.

Equation (5.16) governs the critical-layer dynamics. It is supplemented by a relation
between '«,b(l’s) and Z provided by the matching condition on the zonal velocity across
the critical layer. From (5.9)—(5.10) and the fact that n & ¥ for ¥ — o0, it is found
that

-0

+oo .
f Zdn=Re Z CirM: () e’kz} , (5.17)
=1

where a Cauchy principal value is taken (it can be shown that Z ~ 1/5 for n — %o0).
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The coefficients Cj, are thus determined by

1 +oo
Cip = ——/ Zy dn, 5.18
g Ak(y\\') ~co i ( )

where the Fourier coefficients Z;, are defined by

oo
Z=Re (Z Zy e“‘f) :

k=0

and ${"* is derived from (5.1) written in the form

() = Re [cbf(y*) + > Crtbi (Y 1) e"“] : (5.19)

k=1

Note that our assumption ¢° = 0 is consistent with the dynamics of Z, because the
z-averaged velocity jump vanishes for all time as shows the relation

+oo
aT] Zodn =0,
—00

obtained by integrating (5.16) in £ and 7.

Equations (5.16), (5.18) and (5.19) form a closed system which can be integrated
forward in time to determine the evolution of Z and of the C. This system is similar
to that obtained for the forced critical layer by Stewartson (1978) and Warn & Warn
(1978), although several differences arise from the transformed meridional coordinate,
the additional meridional advection by 7., and the fact that the forcing is present in
the vorticity equation (5.16) but not in the equation for Ck,. The correspondence with
the forced critical layer can be seen more clearly by defining a modified streamfunction
D(¢,T) according to

8D = 3ey"™) +7,, (5.20)
so that (5.16) takes the form

(Br +Ulnde +3:D8,) (Z+Q.n) + F =0, (5.21)

where :
F(,T) = 0%©,¢®), - Q\T, =: Re (Fi, (T)e*¢) .

From (5.18), (5.19) and (5.20) we find a relationship between the modified streamfunction
D and the critical-layer vorticity Z very similar to that found for the forced critical layer:

P (War ) [T, £ Uk,
Dy = Ak(y*) - Zpdn + (¢* 1 % ) Jk,k.- (5.22)
Only the presence of the internal forcing F' in (5.21) prevents a complete analogy between
the critical layer generated by Rossby-wave interaction and the forced critical layer. (The
factor ¢f —ivy, /K, which corresponds to the boundary forcing for the forced critical layer
can be transformed into a real number by a shift of the origin of the £&-axis.) The ratio
Wi (¥, ¥2)/ Ak (¥s), which is entirely determined by the external parameters of the system
(channel geometry and basic flow), governs the strength of the coupling between the
critical-layer vorticity and the meridional velocity; it is crucial for the nonlinearity within
the critical layer. When it tends to infinity, i.e. when Ax(y,) — 0, the configuration is
that of the Rossby-wave resonance studied by Ritchie (1985) for the forced critical layer.
When Az, (y.) — 0, i.e. when the mode directly forced by the Rossby-wave interaction
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has continuous zonal velocity at y = y,, the above analysis is not valid: one can expect
the behaviour of the system to be closer to that of a resonant wave triad in so far as the
disturbance excited by the Rossby-wave interaction attains an amplitude comparable to
that of the initial waves everywhere in the flow.

The transformed coordinate n defined in (5.12) emerges from our analysis as the natural
coordinate for the description of the critical-layer dynamics. It is interesting to remark
that it has a straightforward physical interpretation. Since § := —q,(,u) /@’ is the leading-
order (O(€)) approximation to the meridional displacement induced by the two Rossby
waves, 7 = Y -4 is the meridional coordinate in a reference frame advected by the Rossby
waves. The critical layer thus appears to be advected meridionally by the velocity field
induced by the waves. Importantly, this introduces a fast component in the critical-
layer dynamics. The extra meridional velocity ¥, which appears as a consequence of the
meridional variable transformation is analogous to a Stokes drift.

Although equations (5.16), (5.18) and (5.19), or equivalently (5.21) and (5.22), are
sufficient to determine the critical-layer dynamics, it is necessary to return briefly to
(5.15) in order to derive the coefficients of the equations governing the modification of the
Rossby waves in the outer region. When (5.16) is satisfied, the secular terms are removed
from (5.15) which can then be solved; this equation shows that W oscillates with the
frequencies w] = —w§ and their harmonics. As a consequence, the dynamics within the
critical-layer imposes a jump in the y-derivatives of 1(2%) and (%), This is important
not only for @), but also for ¥V, since, as already mentioned, the discontinuity in
937 appears in the solvability condition determining the evolution of the S, and hence
of %) (see Appendix C for details).

6. . A model equation

For the forced critical layer, much insight has been gained by considering the special
case often referred to as the SWW solution for which the velocity at the critical level,
8¢ D, decouples from the critical-layer vorticity Z. The vorticity equation then becomes
linear and can be integrated analytically. Stewartson (1978), who derived the analytical
solution, initially conceived this situation as'an ad hoc simplification of the nonlinear
critical-layer equation, but Warn and Warn (1978) noted that the decoupling holds ex-
actly (in an asymptotic sense) for certain parameter settings. With our notation, it can
indeed be seen from (5.22) that the decoupling occurs provided that

¢k (y*a y*) = 01 Vk.

This is possible in the long-wave limit xz — 0 — because %(y, y4) is then independent of
k — provided that 8 belongs to a discrete set depending on the critical level position y,.
For fixed shear amplitude and dimensional 8 parameter, this can be achieved by tuning
the distance between the channel walls and the critical level.

It is tempting to adapt the SWW solution to the type of critical layer considered in
this paper. However, our derivation of the critical-layer evolution equation does not
carry over in the long-wave limit upon which the SWW solution relies. This is because
we have assumed that the harmonics of the initial Rossby waves are non-resonant, while
long waves are non-dispersive and thus have resonant harmonics. In fact, on a time
scale T' = (O(1), long Rossby waves do not maintain their sinusoidal structure in z — ct
since they obey a Korteweg—de Vries (KdV) equation (see Redekopp 1976), and the
concept of resonant interaction exploited here is not meaningful. (Redekopp & Weidman
(1978) analysed the interactions of two long Rossby waves in a shear and found that the
evolution of their amplitudes is governed by two coupled KdV equations.) Nevertheless
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FIGURE b. Vorticity Z + an with a = 1/2 in the (£, n)-plane for T =1,2.5,4.

we shall briefly examine the equivalent of the SWW solution for our system, considering
it in the spirit of Stewartson (1978), i.e. as a result derived from a model equation rather
than a self-consistent solution of the full equations. For the forced critical layer, many
features exhibited by the SWW solution are quite generic and relevant to less contrived
situations (cf. Haynes 1989). The same is likely true for the critical layer studied here. In
this case, the SWW solution provides a simple way of assessing the effect of the variable
transformation (5.12).
Consider the critical-layer equation (5.21) with

-Tj e
Dk = (¢i -1 kk ) 5[‘;,];*
*

in place of (5.22). Noting that Dy and Fy are in quadrature, we can write D = d cos(k,£)
and F = fsin(k.£), where d, f are real constants and d > 0 by shifting the origin of £.
The critical-layer equation then becomes

[8r + U.n 8¢ — dk, sin(k,£)8y,] Z — gsin(k,£) =0, (6.1)

where g := k,Qd — f. Note that we can assume that g # 0 since g = 0 corresponds to
the situation mentioned at the end of §3, where the linear solution remains valid for all
time. Now, taking U, > 0, and scaling T, £,n and Z by (k2U.ld)~%/2,k;*, (d/UL)/? and
g(k2U!d)=1/2 leads to the evolution equation in the form

(Or +nd; —sind,)Z —siné = 0.

This is exactly (up to the sign of Z) the equation solved by Stewartson (1978) in terms of
elliptic functions. Although the relative vorticity Z is the same as that found in the SWW
case, it is not so for the total slow (in the coordinate system (£,7)) vorticity Z + Q..
In terms of the scaled variables, this total vorticity is indeed given by the expression

_ Qkd
g H

which is equivalent to that found for the SWW solution only when a = 1. The parameter
a is fixed by the structure of the interacting Rossby waves. It is equal to 1 if f =0 and
thus F' = 0 in (5.21), in which case (5.21) describes the conservation of the total vorticity.

We illustrate the analytical solution by considering a particular case with a = 1/2.
Figure 5 shows the time evolution of the scaled vorticity Z + an in the (£, n)-plane where
it evolves on the slow time scale T only. It displays a cat’s eye somewhat different from
that obtained for the SWW solution because a # 1 The evolution in the physical space

Z+an, with a:
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FIGURE 6. Vorticity Z + ¢Y with a = 1/2 in the (z,Y)-plane for T = 1,1.08,1.16. The
Rossby-wave period is 0.251 in terms of 7.

FIGURE 7. Same as figure 6 but for T' = 4, 4.08,4.186.

(z,Y) is computed taking the wavenumbers ki = 0.5 and k§ = —1.5, so that k, = 1,
congsistently with the scaling. The frequencies are wj = —wj = —25¢ corresponding to a
Rossby-wave period of 27 /25 = 0.251 in terms of the slow time 7', and the Rossby-wave
amplitudes are taken as B3 = 0.6 and Ry = 0.8. All the numerical values have been
arbitrarily chosen but they do not affect much the qualitative aspects of the solution.
Figures 6 and 7 display the evolution of the scaled vorticity Z+aY = Z+an— aqio) 1Q.
in the (z,Y)-plane. (The vorticity directly associated with the Rossby waves should be
added to obtain the (scaled) total vorticity in the critical layer which is given by Z +a7.)
A complete wavelength of the longest Rossby wave is plotted, so two cat’s eyes appear in
each panel. The figures show the fast evolution of the vorticity due to the dependence of
Z on t. The overall picture is that of strongly disturbed cat’s eyes, with a propagation
of the disturbance in the negative y-direction.

In the framework of the model equation (6.1), the modification of the Rossby-wave
amplitudes given by (5.2) and (5.7) can be understood qualitatively by using Stewartson’s
estimate for

=] od .
/ Zrdnp = Re I:Z Ae(y+)Cr e"“‘] ,
e k=0

which he denotes B, for T' — oo (Eq.. (4.14) in Stewartson (1978)). The integral of this
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estimate with respect to T from 0 to oo is finite, and hence, one can expect

T
AMﬂWW

to be finite as T — co. This indicates that the modification of the Rossby waves due
to the formation of a critical layer saturates for large time. From Eq. (2.30) in Haynes
(1989), it can also be noted that the imaginary part of the above expression is the time-
integrated absorptivity introduced by Killworth & McIntyre (1985) who have computed
its limiting value as T — oo.

7. Discussion

In this paper we have shown that the interaction between Rossby waves in a shear flow
leads to the formation of a nonlinear critical layer, provided that a resonance condition is
satisfied. This condition, which ensures that the Rossby waves constitute a resonant triad
with a singular mode of the continuous spectrum, is given by an inequality; it is thus easier
to satisfy than the standard condition for wave-triad interaction. A general conclusion
can be drawn from our result: in the presence of (regular) Rossby waves the dynamics
of a weakly disturbed, monotonic, unforced shear flow does not necessarily remain linear
or weakly nonlinear for all time. This conclusion is similar to that obtained by Brunet
& Warn (1990) and Brunet & Haynes (1995) for a non-monotonic shear (parabolic jet
with weak vorticity gradient). Both conclusions contrast with Tung’s (1983) result which
applies to monotonic shear flows without Rossby waves and states that the nonlinearity
remains weak if it is so initially.

The Rossby-wave interaction discussed here represents a new mechanism for the de-
velopment of a nonlinear critical layer, in addition to the mechanisms associated with
external forcing (e.g. Stewartson 1978, Warn & Warn 1978), marginal instability (e.g.
Brown & Stewartson 1978), or with non-monotonic shear (Brunet & Warn 1990, Brunet
& Haynes 1995). Recently, Balmforth, del-Castillo-Negrete and Young (1997) derived a
critical-layer equation for a monotonic flow containing a vorticity defect, i.e. a narrow
region where the vorticity gradient is non zero. In that situation, the critical-layer width
is fixed by that of the vorticity defect; and if there is no forcing nor instability the ampli-
tude of the initial disturbance can be chosen small enough so that the evolution remains
linear for all time. For the Rossby-wave interaction or the non-monotonic shear, how-
ever, the critical-layer width is determined by the amplitude of the initial disturbance
and the strongly nonlinear behaviour is inevitable. That this happens in flows which are
nonlinearly stable is connected to the fact that, for infinite-dimensional systems such as
fluids, stability is a norm-dependent concept: establishing stability in a given norm —
here a norm associated with the pseudoenergy and the pseudomomentum (e.g. Mu et
al. 1994) — does not imply the boundedness of other norms, and in particular of those
relevant to estimate the importance of the nonlinear terms.

Two different approaches are employed to examine the nonlinear evolution of the inter-
acting Rossby waves and of the continuous spectrum: a weakly nonlinear analysis and a
critical-layer analysis. It is instructive to compare some aspects of these two approaches.
In deriving the weakly nonlinear amplitude equations, we mentioned that the system
obtained by direct use of the normal-mode expansion cannot be easily truncated. This
is because the linear evolution of a superposition of singular modes leads to a linearly
growing gradient of vorticity, so the nonlinear terms corresponding to the interaction of
Rossby waves with singular modes (precisely, the meridional advection of the singular-
mode vorticity by the Rossby-wave velocity) are themselves linearly growing in time. We
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introduced the transformation (4.2) of the dependent variable ¢ in order to remove these
terms from the evolution equation, but pointed out that the transformation is subject to
condition (4.3) which is likely to be violated for long time.

In the matched asymptotics formalism used in the critical-layer analysis, the terms
corresponding to interaction between Rossby waves and singular modes play a particular
role too. In that formalism, the vorticity associated with singular modes is given at
leading order by Z = ¢§f{, - ZS%L, and the interaction with Rossby waves appears as the

term 6z¢£°)6y¢§fg, in (5.11). The effect of this term is integrated using the transforma-
tion of the independent variables (5.12), which we interpreted as the use of a reference
frame meridionally advected by the Rossby waves. In this reference frame, the advection
of the singular-mode vorticity by the waves disappears and the corresponding secularity
is removed. (Note that the same variable transformation was previously introduced by
Brunet (1989, unpublished notes) in a study of the interaction between 2 sheared distur-
bance and a Rossby wave, which showed that the main effect of the Rossby wave is the
meridional advection of the sheared disturbance.)

The two variable transformations we have introduced, that of the dependent variable
(4.2) and that of the independent variables (5.12), are in fact closely connected: for
Q' = Q, (as is approximately the case within the critical layer), it can be verified that
(4.2) is equivalent to

q(z,y,t) = §(z,y + €q/Q},, 1)

to first order in ¢, assuming (4.3)}. When g is approximated by its leading-order compo-
nent ¢(®, the transformation becomes equivalent to (5.12) since y + ¢ /Q’. =y, + en.

The above discussion suggests a possibility of extending (4.2) to remove the constraint
(4.3) which limits the validity of our weakly nonlinear expansion. Using the orthogonal-
ity relations (A 9), the disturbance vorticity can always be unambiguously decomposed
into a Rossby wave part, ¢™ say, and a part associated with the singular modes. Now,
when the nonlinearity is weak, the independent variable transformation § := y + eg® /@'
is in general well defined, because the y-derivatives of ¢¢*) remains bounded in the linear
approximation. Deriving an evolution equation for §(z,#,t) := ¢(z,y,t) with § as inde-
pendent meridional coordinate, one finds a weakly nonlinear equation similar to (4.4): it
has the same linear part and the advection of the singular modes by the Rossby waves
is absent (but the self-advection of the singular modes remains). The normal-mode
expansion can then be used for § and again leads to amplitude equations without lin-
early growing terms. Of course, any weakly nonlinear approach would break down for
the Rossby-wave interaction considered in this paper, since the critical layer becomes
strongly nonlinear. However, weakly nonlinear analyses could prove useful for other sit-
uations where the nonlinearity remains weak, or for situations where only the short-time
behaviour is essential. In the latter category, we can mention the possibility of using
a weakly nonlinear model to study basic-flow instabilities induced by the interaction of
modes (including singular modes) with different (pseudo)energy signs, through 2 process
called explosive resonant interaction (e.g. Craik 1985; Vanneste 1995).

The critical-layer analysis developed in this paper is very similar to that of Stewartson
(1978) and Warn & Warn (1978), except for additional elements related to the presence
of Rossby waves at leading order. Among these, the modification of the Rossby-wave
amplitudes induced by their interaction is particularly interesting. It is a reflection of
the fact that we are considering an unforced problem: the Rossby waves are acting as

T Note that this transformation is the same as the one introduced by Zakharov and Piterbarg
(1988) to derive canonical Hamiltonian equations for Rossby waves.
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forcing for the critical layer which, in turn, affects their dynamics. The derivation of
the equations governing this modification is fairly tedious, but, apart from its technical
details, it is important since it leads to the conclusion that the leading-order modification
of the Rossby-wave amplitudes appears at O(¢). The interaction considered here is thus
intermediate between resonant and non-resonant triad interactions, in the sense that the
modification of the amplitudes of the excited is (1) for resonant interactions, whereas
it is O(e?) for non-resonant interactions.

The analogy between the problem considered here and the forced critical layer along
with the use of the SWW solution provide a qualitative understanding of the behaviour
of critical-layer generated by Rossby-wave interaction. Within the critical layer, we can
expect a complex wrapping up of the vorticity by the streamline pattern generated by
the basic flow, the two Rossby waves, and the meridional velocity 6511)(1’3), all of these
components having the same importance. The slow evolution of the flow is dominated
by cat’s eye structures, but fast oscillations, associated directly with the presence of the
Rossby waves, and indirectly with the advection of the critical layer, are superposed
on the slow motion. QOutside the critical layer, the motion remains essentially linear,
although at O(e) all harmonics are excited because of the velocity jump imposed by the
evolution inside the critical-layer. Of course, only numerical simulations, of the critical-
layer equation or of the original nonlinear equation, can give a detailed picture of the
critical-layer dynamics generated by Rossby-wave interaction. We leave such simulations
for future work.
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Appendix A. Normal modes
Introducing normal mode solutions of the form

¥(2,9,t) = Re [t (v, 1) %] = Re [y () ==

into the linearisation of (2.1) leads to the Rayleigh-Kuo equation

U -0 %m(y) —k%bk(y)] Q) =0, (A1)

with boundary conditions 1x(0) = %% (1) = 0. As is the case with U = 0, this equation
may be interpreted as an eigenvalue equation, with the phase velocity ¢ as eigenvalue.
With the assumption Q' > 0 the solutions are stable modes of two types: (regular)
Rossby waves, with ¢ < Uy, and singular modes, with U, < ¢ < Uy (e.g. Drazin et al.
1982).
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A.l. Rossby waves
Rossby waves are eigensolutions of

/

2
%m,n(y) — Enly) + Yenly) =0, n=1,2,.,

U - Ck‘n
with
Yk,n(0) = %n(1) =0,

which follows from (A 1) when U{y) — ¢ # 0. The notation Yr,n and cx, , for the eigen-
functions and eigenvalues emphasizes the fact that the Rossby-wave spectrum is discrete.
When there is no shear, this spectrum consists of an infinite number of modes satisfying
the standard Rossby-wave dispersion relation ¢, = —8/[k? + (n7)2]. In the presence of
a shear, however, there is generally only a finite number of modes for each wavenumber,
and this number decreases as B decreases, i.e. as the amplitude of the shear increases.

A2, Singular modes
Singular modes exist for each Uy, < ¢ < Uy, or equivalently for each critical-level position
Ye defined by U(y.) = c. They are solutions of the singular equation

%%(y; Ye) — K9 (y; ye) + WC{(%)’E)_% 3 9e) = Meye)d(y — ye), (A2)

with boundary conditions
Pe(0; ye) = Pe(Liye) = 0. (A3)
(Balmforth & Morrison 1997). This equation follows from (A1) when generalised func-

tions are considered, as is required in order to have a complete basis of normal modes.
In the above Ax(y.) is a velocity jump, i.e.

M) = 2] (A4)

Ye

and it is determined by the normalisation chosen for 1 (¥;ye)- (Note that Ag(y.) = 0 is
possible.) The streamfunction ¥ (y; y.) is continuous at y = Yc, but the corresponding
vorticity must be interpreted as the distribution

4(459) = M(ue)o(y ) = P (i),

where P denotes the Cauchy principal value. The structure Yx(y;yc) can be found by
solving a regular integral equation (Kamp 1991, Balmforth & Morrison 1997), or by using
a combination of two independent solutions of the homogeneous version of (A 2) on each
side of the critical level. Such solutions, which we denote by % (¥ yc), 8L (¥; ye), can be
obtained using the Frobenius expansion in the vicinity of Ye- They are given by

BW500) = U~ 1) ~ ey — 1)+,

1 " ot 3 12
Py =1+3 (”2’“2‘?;—2+%—,f-5372) (¥ — yc)? (A5)
c c

_ G
’

c

[(y—yc)—zQ—Uf,(y—yc)z] Inly —ye| +---,
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where the subscript ¢ denotes functions evaluated at ¥ = y.. In terms of these functions,
the streamfunction of the singular mode takes the form

Yk (Wi ye) = et o5{yve) + 0L (Y3 ve), (A6)

where the + (—) sign corresponds to y > y. (¥ < y.). Continuity across the critical level
has been used to write b+ = b~ = b. Two of the three remaining constants a*, a~ and
b are determined by the boundary conditions (A 3); the last one is fixed by the choice of
a normalisation. The velocity jump expression (A 4) has the simple form

at —a" = A (Ye)-
Near their critical level, the singular mode streamfunction is thus given by
Q' (ye) 1
iy ve) = Yr(ye,ve) [1— Wy:)(y ~ye)Inly - yc|J

1 .
+ (W) — ve) + 5 M We)ly — vel + Olly — o)’ Inly —gell, (A7)
where v (y.) is a smooth function determined by the boundary conditions.

A.3. Normal-mode expansion

Together with the Rossby modes, the singular modes can be used to expand any Fourier
component k of the streamfunction and vorticity according to

"L'k(y:t) = ZAk,n(t)¢k,n (y) +-/O. Ak(yCEt)"/Jk(y;yc) dyc
" 1 (A8)
5@t =3 Aen@ara) + /D A (s )6y o) dye

The coefficients of the expansion Ak (t) and Ax(yc;t) are then deduced using the or-
thogonality relations derived by Balmforth & Morrison (1997), which may be written

1 1
/0 T, (Y) Gy () Ay = n,r and /0 Te(Wsye) anyiye) dy = d(ye — ), (A9)

where
_ . axa(y) =y @)y ye)
Uenl) = e = F) = e

The functions e » and e () are closely related to the mode (pseudo)energy and (pseudo)-
momentum. For Rossby waves & 5, is real and is determined simply by the normalisation
condition

1
‘/0 e, (¥) e, (y) dy = 1,
whereas for singular modes ;(y.) is complex and given by

ee(Ye) == A(ye) —im g:g:i Y (Yer Ye)s

as shown by Balmforth & Morrison (see also Vanneste (1996)).
Introducing the normal-mode expansion (A 8) into the linearization of (2.1) leads to
-the simple equations

OpApp(t) + iwk,nAk,n(t) =0 and G;A(ye;t) +ikU(y.)Ax(ye;t) =0,
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which are readily integrated as
Akn(t) = Agne*™t and  Ag(ye;t) = Ag(ye) V0N,

where Ag,, and Ag(y.) are determined by the initial conditions. A superposition of
singular modes describes a sheared disturbance similar to those studied in a Couette
flow by Tung (1983). This can be seen by considering the long-time approximation of
the vorticity of such a superposition, given by

a(y,t) = Ax(y)er(y) e FU W,

and thus dominated by the basic-flow shearing. It is also easy to see that the correspond-
ing streamfunction decays like ¢~2.

Appendix B. Analytical solution of (4.6)

There is no loss of generality in taking I (y,) = —L(ye) = Py) =1, since this can
be obtained by a proper scaling of the amplitudes. Using o = 2 and defining A% := ¢A®,
(4.6) is rewritten as

A A (Tp) = [A5(Ty)]* 2 [A3(Y2, To)]* €0 YaT2 0y,
On, AL (Ty) = —[Ai (Tz)]* ff;[fis(Yz,Tz)]* U2 Ty dvs . (B1)
Ory A3(Ya; To) = [A(To) A5 (T)]* XY Te

Integrating the last equation formally in time (with homogeneous initial conditions), and
introducing the result into the first leads to

or, 45(T2) = (45 [

—o0

L T2 Held 1]
1212 4y; / AN (T AS(T") e7* 12T g7,
0
Interchanging the order of integration and using limy,,+ sin(z¥2)/z = w6(z) then
yields
o
2]

A similar equation with a minus sign in the right-hand side is found for Aj.
Now, decompose the Rossby-wave amplitudes in magnitude and phase according to

Ay = (pn) e, n=1,2

Ty
31, A1 (T3) = 2n[A3(T2))* /0‘ AL (T) A (T[0T, — T')] AT = = A7 (T) | A5 (To) 2.

It can be be verified that the p, are constant, while the p, obey

-1)™2x .
O, pn = #—pﬂpm, with m:=3 —n.
|2
These equations are readily integrated; after noting that p1+p2 =: a|Q2,|/(27) is constant,
one finds
£1(0) + p2(0)
) = .
o) = 4 (0)] pa(0) D
Upon substituting this result in the last equation of (B1), one finally verifies that the
singular modes evolve according to

i, Yo T
gltt. 12 ]

V00 e + IO e

. . T2
A(Y3; Ts) = [p1(0)+p2(0)] eilertea) /0
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Appendix C. Modification of the Rossby waves

Evolution equations for S1(T) and S2(T") determining the small perturbation of the
Rossby-wave amplitudes (see (5.2)) are found from the solvability conditions for (2.
From (5.3), one can see that the forcing for %) is given by

—3pg™M) — 8y @) — §(xp®, g1

plus the part of —~8(x©@, gb)) — J(ypM)_ 4(0) oscillating with frequencies wf and w§.
This forcing involves all wavenumbers so that in general %(%*) takes the form

Lo o] o0
%) =Re {Z By (y, T) €F57) 1Y " 3y oy, T) ellbzwzt) | | (C1)

k=0 k=0
Only the terms with space—time dependence exp[i(kf,z —w5t)] = exp(if,), n = 1,2, are of
interest here, as they are associated with resonance and are thus involved in the solvability
condition. The corresponding meridional structures &, := ®: , satisfy equations of the
form

ik}, (U — ) (87,®n — 1°(K)?®n) + Q'®p] = —01Snqh ~va, n=12, (C2)

where v,(y,T) contains the nonlinear (Jacobian) terms. In particular, v, contains the
contribution from d(x(1:®), ¢@) + 8(x(, (1)) given by

%(R‘m)* {ike [ + Cr.tx. (3 1)) By, — ik5, 0y [8° + Croti. (w3 1)) &,
+ ik, W50y (82, — B2 K2)9" + Cr, ar. (i 1)) — ikuBytts [(82, — kD)% + Croar, (w3 34)] }

] f ey Yk —h* ’ -

where m = 3 — n, which is clearly singular.

To find the solvability condition, we employ a method introduced by Benney and
Maslowe (1975). Let ®2 and ®% be two independent homogeneous solutions of (C 2).
For convenience, we take them such that ®2(y,) = 0. The general solution of (C2) is
then written

i — { a'; ¢%(y) +b; Q?t(y) - a'1"5’71. U'n(y) _w‘n(ysT)1 Y < Ys (C 3)
" af ®%(y) + b 4(y) — O7Snun(y) —wa(y, T), ¥>ys

where u,, and w, are non-homogeneous solutions corresponding to g%, and v,, respectively.
They can be determined for instance by using the method of variation of parameters.
Near the critical level,

i * LT 7
= E(Bm) km¢m{

I

1 . . *
Wp = _E(Rm) m'ﬁbm [Q:k(qsi + Cie. Y, (U ¥s)) — h*] Infy — .l

+0 [(y - )10’ [y — ] . (C4)

The piecewise definition (C3) of the ®, is essential because the dynamics inside the
critical layer imposes a jump in 8,3(%%) at the critical level. Let j,(T), n = 1,2, be the
parts of this jump with space—time dependence exp(i6,), i-e.
+

a@n Y.
oy = 9%
iwn = [5e]

Ys
The j, are determined by the dynamics inside the critical layer and will be explicitly
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evaluated below. Taking the jumps j, into account and enforcing continuity at y = y,.,
we can rewrite (C3) as

B0 = 0n830) +0r240) £ 2L820) ~ OrSnun) D), (C5)
where (®2), = d®;/dy|,, and where the + (—) sign corresponds to y > y, (y < yu).
The constants a, and b, should be determined by applying the homogeneous bound-
ary conditions at y = 0,1. However, the determinant ®2(1)®%(0) — ®2(0)®%(1) = 0
because (C2) has a non-trivial homogeneous solution (the Rossby wave with frequency
w}). Therefore, a solution exists only if a compatibility condition of the form

OrSn+ Po(T) =0, n=1,2,

is satisfied, where

P‘n(T) = <I>$,(1)un(0) i ‘I’%(O)Un(l) é:(l)wn(o, T) - @:(O)Mn(l,T) + .Zg( )3 n(l)q) (0)
(C6)

The two equations for the S, govern the evolution of the modification (") of the Rossby
waves.

We now turn to the derivation of the velocity jumps j; and j;. Consider the part of
the streamfunction oscillating with frequency w§ = —w§; in the outer region its given by

1/)(1') — ,‘p(o) + ed,(l’l') + ezl‘p(zar) + €3¢(3s1') +..-

When expressed in terms of the inner variable Y, this leads to the following O(e®) con-
tribution:

[ P+ Tl + Y (0,80) +¢<3")]. €

where the notation emphasizes the fact that 4(3") has a discontinuous derivative at the
critical level, corresponding to the velocity jump

oy _ 2 (02141 ihoowin) L o= [0824 ] i(kz—wjt)
[ ] ez[ay]—e 1+I§J[ay]y:e 2

k=0 Yo
= Re (]1 eial +]2 ewz) +1 (C 8)
where --- designates the non-resonant terms, irrelevant for our purpose. The expres-
sion (C7) provides the asymptotics conditions as Y — oo for the part of the inner
streamfunction ¢(®) oscillating at the Rossby-wave frequencies wj and w§. Now, recall

that ¢, = Y«p,‘f{,’y* + W, where W satisfies (5.16), and let W) be the part of W with
frequencies wj and wj. We then introduce the expression

W(r) ¢(1 o) +Re [Z Wi k(n T) el(ﬂcE—m1 ) + Z Ws k("l T) el(kE wzr):|

into (5.16); the term 8,9ys cancels with 8,945 + QLy{L™, and the amplitudes Wi,
can be derived in a straightforward manner. In particular, we find for Wy, := W, tx ,

W= o (k. [gfqm+(¢m)] (BmZi.)" (C9)

i (o[ + 2| * (R +¥5(50)") )"}
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where m = 3 —n. Consistency between the form of ¢§,3§, and the asymptotic result (C7)
for ¢3) determines the velocity jump for %) according to

oy 1% o [ P e
[ ] =Re / Z Wike(n,T) i(kE—wit) | Z Wa,k(n,T) pl(kE~wir) dn .
k=0

6y Yo - | k=0

It can finally be seen from (C 8) that

+oo
Jn= Wh dn.
—00
Integrating (C 9), using integration by parts and the interaction condition k,+k%,+kf, = 0
leads to

jn = sk [qu, W )'] By [ (Ze)"
n=— " n | v 9dm m Lm ke 1
2wy, Q' * —
or, using (5.18),
n =~ (02) | Lt + @5)' | (BmC.)” (C10)
.711_ 2UJ{1 n\ka. y* Q,Q‘ﬂl m . mUk, .

This expression (for n = 1,2) completes our determination of the coefficients P, given
by (C 6), which govern the modification of the Rossby waves. From (C 6) and (C 10) one
sees that the P, have the generic form

Fo=cp+ dn[olu (T)]*:

where ¢, and d,, are complex constants. The dependence on the critical-layer-controlled
quantity Cy, stems from two effects: the dependence of the outer streamfunction on
27 on Cy,, and the direct role of the inner dynamics in the solvability condition as
embodied in the velocity jumps j,.
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