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Abstract.

Let GG be a simple algebraic group defined over a field £ and let
K/k a field extension. Further, let C,...,C,, be non-central conjugacy
classes of G(K). If the transcendence degree tr.degK/k is big enough
we show that almost always (except in the cases described) the elements
g1 € C4,..., g, € C,, in general position generate a subgroup of G(K)
which is isomorphic to the free-product (g;)*(gs)*...%(g,) (modulo the
centre Z(G(K)). We deduce this result from another which deals with
identities with constants in the group G(K). At the end we discuss the
situation when K = @ is the algebraic closure of the field @ of rational

numbers.



1. INTRODUCTION

Let G be a simple algebraic group defined over a field k. Then G is unirational

over k ([2, 18.2] ). Thus there exists a dominant rational map
(1.1) o Al — G

The smallest possible m in (1.1) we denote by d(G). Further, let K/k be an extension
of fields. If tr.deg K /k is big enough with respect to n (actually, if tr.deg K/k > nd(G))
then according to a theorem of A.Borel, [1], any n elements in “general position”
generate a free subgroup of G(K) (here “general position” means that elements do
not belong to some fixed countable set of proper closed subsets of G"(K), see [1]).

Here we consider subgroups of G(K) generated by elements from fixed conjugacy
classes in general position. Namely, let C, ..., C, be non-central conjugacy classes
of G(K) and let g¢,...,g, be their elements in “general position”. The natural
expectation is that the group generated by these elements is isomorphic to the free
product (g1)*...%(g,) (modulo the center Z(G(K))). But this is not true in general.
However, if we exclude some special conjugacy classes we obtain ”freedom” in general
position.

We need the following

Definition 1. Let T be a mazimal torus of G(K) (here K is the algebraic closure of
K ). Further, let s € T be a non-central element. We say that the element s is small

if as) =1 for every long root o : T — K.
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Definition 2. Let G be a group corresponding to a root system containing roots with
different length. Further, let uw € G(K) be a nontrivial unipotent element and let C,,
be its conjugacy class. We say that u is a small element if the Zariski closure of its
conjugacy class Cy, does not contain both short and long root elements. We say that a
small unipotent element belongs to the first class if the Zariski closure of its conjugacy
class contains a long root element. Otherwise we say that such element belongs to the

second class.

Definition 3. Let ¢ € G(K). We say that g is small if g is a small semisimple
element or a small unipotent element in G(K) (here we consider the group G(K) as

a subgroup of G(K)).

Now we formulate the main result of this paper.

Theorem 1. Let G be a group of adjoint type. Further, let Cy,...,C, be nontri-
vial conjugacy classes of G(K) which are also defined over the field k. Assume that
tr.degK /k > nd(G) and one of the following conditions holds:

1. All roots of the root system corresponding to G have the same length.

2. There cannot be both small semisimple and small unipotent elements among
the powers of elements from the conjugacy classes Cy,...,Cy; and chark # 2 for the

cases of root systems By, Cy, Fy and chark # 3 for the case of the root system Gs.



3. There cannot be small unipotent elements of both first and second class among
the powers of elements from the conjugacy classes C1,...,C,; and chark = 2 for the
cases of root systems By, Cy, Fy and chark = 3 for the case of the root system G.

Then there exists a Zariski dense subset M C C x ... x C, such that for every
sequence (gi,...,9n,) € M the group , = {g1,...,gn) generated by g, ..., g, is iso-

morphic to the free-product (g1) * ... * (gn).

Remark 1. If G is not a group of adjoint type then we can change in the condi-
tions 2.and 3. small unipotent elements for elements of the form zu where u is a
small unipotent element and z € Z(G(K)). We will call such elements small almost

unipotent elements. Theorem 1 gives us an isomorphism | = (gi) * ... * (gn) where

, and g1, ...,Gn are the images of , and gy, ..., gy in the group G(K)/Z(G(K).

Theorem 1 will follow from another which deals with identities with constants in

simple groups.

Definition 4. Let D C GL(V) be a linear group and let dy, . . ., d,, be fized elements

of GL(V'). Further, let xy,...,x, be letters. The expression:
f(-'L'1, U ,l‘n) - doxilldl .- xi:r;dm

where l; are integers is called a generalized monomial (see, [5], [12]) if the condition

ik = k1 ond Ll < 0 implies di, ¢ Caroy(D). We say that we have a generalized
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identity in D if f(g1,...,9n) = 1 for every gi,...,g9, € D (here 1 is the identity of
GL(V)). If dy,...,dn € D we say that the identity with constants dy, . .., dy, holds in

the group D.

Generalized identities were considered by I.Z.Golubchik and A.V.Mikhalev, [5],
and by G.M.Tomanov, [12]. It was shown in [12] that there are no such identities
it SL(V) c D. If D C GL,,,(K) is an algebraic group then there is no generalized
identity only if SL,,(K) C D , [12]. In [5], [12] there are examples of generalized
identities for the cases D = SO, (K), Sp,(K).

Here we obtain the following result using the approach of G.M.Tomanov ,[12] which

is based on the method of attracting and repulsing points which is due to J.Tits, [11].

Theorem 2. Let f = f(xq,...,2,) be a generalized monomial with coefficients from
the group G(K). Assume that K is an infinite field and one of the following conditions
holds:

1. All roots of the root system corresponding to G have the same length.

2. There cannot be both small semisimple and small almost unipotent elements
among the coefficients of f; and chark # 2 for the cases of root systems By, Cy, Fy
and chark # 3 for the case of the root system Gs.

3. There cannot be small almost unipotent elements of both first and second class
among the coefficients of f; and chark = 2 for the cases of root systems By, Cj, F; and
chark = 3 for the case of the root system Gs.

Then there is no identity f(z1,...,z,) =1 in G(K).



We show here that in all cases of root systems with different length of roots there

exist identities with constants.

Theorem 3. Let G be a group of type By, C), Fy,Go. Let s be a small semisimple
!/

element and u = x,(v),u’ = x,(v") be two long root elements of G(K). Then the

following identities hold in G(K):

a. [[rvrur !, zoszy toyuay twys T ay , [riu' ey Y woswy T 'y tepsT ey ) =1

b. [wiuxy b, woswy trur togsT ey ) = 1 if G is of the type By or Cj;

c. [[wruxyt, zouory *riuxy trouy oy ), [’ w  2ouezy tru e teguy tay t] ] = 1 where
ug is a short root element of G(K) and when G is of the type By, C}, Fy and chark = 2

or G s of the type Gy and chark = 3;

d. [vuzyt, zouery 'mua teouy tey ] = 1 when G is of the type By or C; and

chark = 2.

Remark 2. The identity a. s the most general here and it holds for all cases
where the corresponding general monomial exists, but in cases of bad characteristic

we cannot find small semisimple elements. In such cases we may use c.
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Remark 3.  The identities of Theorem 3 show nontrivial relations which take
place in groups generated by elements taken from some special conjugacy classes even

in general position.

Remark 4. In [12] there are example of identities in the group G for the
cases By, C; which can be written in our notations as (%) ([[u, zsz™'], [u/, zsz™']] = 1.
These identities follow from b. Indeed, put v, = 1, vo = x then we obtain from b.
[u, zsx " tuzs tx~t) = 1 for every long root element u. This implies [X,,5Xos 1] =1
for every long root subgroup X, and and every small semisimple element s. Now we

have (%).

The method which we use here to obtain Theorem 1 from Theorem 2 is due to
A.Borel, [1]. It is based on the procedure of removing “the subsets of relations” from
G™(K). It works only if the transendence degree tr.degK/k is big enough. At the end
of the paper we consider a quite different situation when k¥ = K = @ is the algebraic
closure of the field of rational numbers. Presumably, the results here should be the
same as above. Here we present an observation on the group PSL,(Q) which can

show the different level of the complexity of such questions when the transcendence

degree tr.degK /k is small.
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Theorem 4. Let Cy,C5 be fized nontrivial conjugacy classes of elements of finite

order in PSLy(Q). Then there ezists a Zariski dense subset M C Cy x Cy such that

, = {(91,92) = (1) * (g2) for every pair (g1, g2) € M.

Corollary 1. Let G be a semisimple algebraic group of adjoint type defined over Q
and let C1,Cy be fixed nontrivial conjugacy classes of elements of primary orders in
G(Q). Then there exists a subset M C Cy x Co such that , = (g1, g2) =~ (g1) * (g2)

for every pair (g1,92) € M.

Theorem 5. Let C be a fized nontrivial conjugacy class of elements of finite order in

PSLy(Q). Then for every natural number n there exists a Zariski dense subset M C

C™ such that , = {(g1,...,gn) = (g1) * ... * (gn) for every sequence (g1,...,g,) € M.

Corollary 2. Let G be a semisimple algebraic group of adjoint type defined over
Q and let C be a fizred nontrivial conjugacy class of elements of primary orders in

G(Q). Then for every natural number n there exists a subset M C C™ such that

, =A{g1, -5 gn) ~{g1) * ... x (gn) for every sequence (g1,...,g,) € M.

Remark 5. The statement of Corollary 2 also holds if C' is not a semisimple
class. Indeed, let g = gsg, be the Jordan decomposition of an element from C. Since
the centralizer C(gs) is a reductive group (see, [9]) and since g, € Cs(gs) we may
assume g = ¢y. According to the Morozov-Jacobson theorem we may consider g as

a unipotent element of SLy(Q)) or PSLy(Q). It is a well known fact that there exist

two unipotent elements in SLo(Z) generating the free group of rank two. Since every
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subgroup of a free group is free we can easily construct a free group of any rank

generated by unipotent elements of SLy(Z) or PSLy(Z).

2. SMALL ELEMENTS IN SIMPLE GROUPS

Here we consider small elements in G(K) where K is the algebraic closure of the
field K.

We denote by R the root system corresponding to GG. If & € R then we denote by
X, the corresponding root subgroup of G(K) (i.e. X, = (zo(v)|v € K) ); and by
ho(t) where t € K* a corresponding semisimple element of the group (X.,), see [10].
We use the notation of N.Bourbaki [3] for roots. Further, by i and w we denote the
primitive fourth and third roots of unity.

Let T be a maximal torus of G(K) and let s € T be a small semisimple element.

One can easely check (using the tables I - X of [3]):

I. if R = B, then chark # 2 and

s = he (£10) ... he (£9);

II. if R = C then chark # 2 and

s =hy, (1) (i=1,...,1);

III. if R = F) then chark # 2 and

§ = he, (F0) hey (£0) hey (£0) he, (£40);
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IV. if R = G, then chark # 3 and
$ = ha(w)hs(w?),

where «, 3 are long roots of R such that a4+ 0 € R.

Now we consider small unipotent elements in G(K). In cases when the characteris-
tic is not bad we get the possibilities for such elements from the classification of the
unipotent elements in simple algebraic groups ( see, R.W.Carter, [4], N.Spaltenstein,

[8]). Namely, if u is a small unipotent element of G(K) then:

V. if chark # 2 and R = C), F; or if chark # 3 and R = (5 then u is conjugate to

a long root element;

VL. if chark # 2 and R = B; then in the natural representation of G(K) as the

group SOq41(K) the elementary divisors of u are (2,... ,2,1,...; 1).

Thus if chark # 2 for cases By, C, F, and chark # 3 for the case G5 then all small
unipotent elements are in the first class. In cases of a bad characteristic there are
small elements in the second class. The Zariski closure of the conjugacy class of a
small unipotent element belonging to the second class contains a short root element.

This fact follows from the classification, [8].
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3. PROOF OF THEOREM 2

First of all we formulate Tomanov’s criterion, [12], for the coefficients of generalized
monomials which can give generalized identities.

Let D C GL(V) be a linear group and let
f=f(z,...,2,) = doaiidy ... 2l dy,
be a generalized monomial where {d} are elements of GL(V'). Put

I(f) = {dk | i = ik+1, lklk-i-l < 0}

Assume that D = G(K) and V is an irreducible G(K)-module. Let e;,...,e, be
a basis of V' consisting of weight-vectors where e; is a vector corresponding to the
highest weight and e, is a vector corresponding to the lowest weight. Further, let V'

be the subspace of V' generated by vectors ey, ..., e, 1. Define

MG(K),V)={g € GL(V),g ¢ Z(GL(V))|ogo 'e; € V' for every o € G(K)}.
It has been proved in [12] :

(3.1) f=1inG(K) = AMG(K)NI(f) #0.

Now we apply the criterion (3.1) to the coefficients dy, ..., d,, of f. Since K is an
infinite field the identity f = 1 holds in G(K) if and only if it holds in G(K) because
G(K) is dense in G, see [2, 18.3]. Thus we may consider our identity in G(K).

Let d = siu; be the Jordan decomposition of a coefficient and let Cy, , Cs, ,C,, be
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conjugacy classes of dy, s, ug in G(K). If Cge; C V' then Cye; C V' (‘here V, V' ¢

are as above; 6dk is the Zariski closure of Cy, ). Thus
We need the following

Lemma 1. Let V = V(ag) be an irreducible G(K)-module corresponding to the
weight oy where oy be the mazimal positive root of R. Suppose one of the following
conditions holds:

1). s & Z(G(K)) and sy is a non-central and non-small element;

2). up # 1 and chark # 2 if R = By, C}, Fy and chark # 3 if R = Gs.

Then dy, ¢ AN(G(K),V).
Proof. Here we have e; = e,,, e, = e_,,. Further,
Ty (V)€ag = €ap + V7€ ap + - - -
( [10], Lemma 72). Thus
(3.3) 11 (V) & A(G(K),V)

for every t1,to € T. If t € T is not a small element then it is conjugate to an element

t" € T such that [x_n,(v),t'] = 2_4,(v") # 1. From (3.3) we obtain

T_go (V)L (V) = m_oot' ¢ AMG(K),V)

—ag
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and therefore

(3.4) t¢ ANG(E),V).

Consider case 1). Since C,, C Cy4, ( [9], IL.3.) the implication (3.2) and the
non-inclusion (3.4) implies dy ¢ A(G(K),V).

Consider case 2). Let F' = Cgg(sk). Then F is a reductive subgroup of G(K)
generated by a maximal torus 7', some root subgroups and some elements from the
Weyl group ( [4, Theorem 3.5.3]). Moreover, u;, € F' . Further, we may assume that
up € F° where FU is the connected component of the group F. (Indeed, we may
consider the situation in the simply connected form of the group GG. The centralizers
of semisimple elements are connected in this case, [4, 3.5.6.]. Then we can return to
the adjoint group considering the image of the adjoint representation.) Let @Ulc be
the Zariski closure of the conjugacy class of u;, in F°. Then there exists a unipotent
element vy # 1 belonging to a simple component Fj of the group F° such that
Q,, C @, where @, is the Zariski closure of the conjugacy class of the element ug in
the group Fjy. In the Zariski closure of any unipotent conjugacy class of a simple group
one can find a long root element except cases chark = 2 for root systems B;, C), F}
or chark = 3 for G5. This follows from the classification of unipotent classes in
simple algebraic groups, [8]. Since the connected component F° of the group F is
generated by T and some root subgroups of G(K) one can find a long root element

o of the group G(K) contained in @,, and therefore in C,,,. Moreover the element
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T, commutes with s, and s x, € 6dk. Acting on sz, by an appropriate element of
the Weyl group we obtain tz_,, € Cy, for some ¢t € T and for some long root element

T_q,- Now our assertion follows from (3.2) and (3.4). O

Now we return to the proof of the theorem.

Consider case 1. If all roots have the same length there are no small semisimple
elements in G(K). Thus every non-central coefficient dj of the monomial f has a
non-central and non-small semisimple part s; or non-trivial unipotent part u;. Hence
we obtain from Lemma 1 A((G(K),V) = ). Now our statement follows from (3.1).

Consider case 2. Suppose dj. is a non-central and non-small element. Then either
Sk is a non-central and non-small element or u; # 1. Thus one of the conditions of
Lemma 1 holds and therefore dy ¢ A(GK),V (ap)). Let dj be a small element. If dj,
is almost unipotent then again by Lemma 1 d, ¢ A(G(K),V(ap)). Suppose dj, is a
small semisimple element. Let V() be an irreducible G(K)-module corresponding to
the highest weight # where [ is a short root of R (say, f = w; if R = B, C), f = wy
if R=Fy and = w; if R = G9; see, [3]). There exists an element ¢ € T" which is
conjugate to dj in G(K) and such that [t,z_5] # 1. Using the same arguments as in
the proof of Lemma 1 we obtain dj, ¢ A(G(K),V(3)). If the identity f = 1 holds in
the group G(K) then according to (3.1) A(G(K), V) # 0 for every irreducible G (K)-
module. Thus we need to have both small semisimple and small almost unipotent

elements among the coefficients of f to have the identity f = 1.
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Consider case 3. In this case we have no small semisimple elements (see 2,I-IV).
Further, if v is a small almost unipotent element belonging to the first class we have
(as above) u ¢ A(G(K),V(ap)). If u is a small unipotent element belonging to
the second class then the Zariski closure of its conjugacy class contains a short root
element, [8], and hence u ¢ A(G(K),V(3)). Using the same arguments as above we
conclude that we need to have both sorts of almost unipotent elements among the

coefficients of f to obtain the identity f =1 in the group G(K).

4. IDENTITIES WITH SMALL CONSTANTS. PROOF OF THEOREM 3

Let A be a simple root system for R and A" C A. Further, let P be the parabolic
subgroup of G(K) corresponding to the set A’, let L be the semisimple part of the Levi
factor (here L is the semisimple group corresponding to the root system generated by
A’) and let W' be the Weyl group of L. If S = {w,} is a set of the representatives of

double cosets W'wW' in W then ( [4],2.8.1)

where w; is a preimage of an element w; of the Weyl group W in the group N ( recall
that N is the normalizer of T'). Thus every element 7 € G(K) can be written in the

form

(41) T = vlwt’yQ
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for some 1,72 € LR, (P),t € T and v € N (here R,(P) is the unipotent radical of

P). Now let 0 € G(K) be an element satisfying the following condition:

(4.2) LR,(P) C Cyze)(0).

The inclusion (4.2) implies that the pair (o, 707 !) is conjugate to the pair (o, wtot i~

Using the trick which is taken from [13] we prove the following

Lemma 2. Let R = B;,C}, Fy, Gy and let 0 = x,,(v), v # 0, where «g is the mazimal
root with respect to A. Further, let T be a small semisimple element of G(K) if
chark # 2 and R = B,,Cy, Fy or if chark # 3 and R = G5, or let T be a short root
element of G(K) in cases when chark = 2 and R = B;,Cy, Fy or chark = 3 and
R = G5. Then the pair (o, 70T ') cannot be conjugate to a pair (Ta,(v), T_aew) for

some v'.

Proof. Using the notation of N.Bourbaki, [3], we have ay = €; + €5 if R = By, Fy,
ap =26 if R =C) and oy = 30y + 20 if R =G, Put A" = A\ {ay} if R=C), Fy
and A" = A\ {ap} if R = Bj,Gy. Then the normalizer Nz (Xa,) of the root
subgroup X,, = (¥4,(r)|, 7 € K) contains the parabolic subgroup P. Indeed, in
the cases described the elements of the Levi factor L commute with the elements of
X, Since P is a maximal closed proper subgroup of G(K), then Ne@)(Xay) = P
Moreover, (4.2) also holds for o, L and R, (P).

Let 7 be written in the form (4.1). Then the pair (o, 70771) is conjugate to a pair

(Zap (v), 25(v")) where 3 = w(ag), v" € K. If 3 # —aq then the pair (74, (v), 25(¢"))
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cannot be conjugate by an element of the group G(K) to a pair (Ta,(v), T _a,(v')).
Indeed, conjugation by an element of the group G/(K) of a pair of root elements which
transforms it into another pair of root elements which preserve the configuration
between roots. Thus the pair (o, 70771) can be conjugate to a pair (T, (v), T o, (V"))

if and only if

(4.3) w(o) = —ay.

The equality (4.3) implies w = w,,w" where w,, is the corresponding reflection and
w' € W'. Conjugating 7 by 7;' we obtain an element § = waow'm for some v €

LR,(P). We may assume @' € L and rewrite the element § in the form

(4.4) § = Wy, tlu

where [ € L, u € R,(P). Since K is an algebraically closed field ¢t = t,t, where
t1 € (X1a,) , ta € L. The element w,,t; is also a preimage of w,, in the group N.

Thus we may replace wq,t1 for w,,. Further, we may replace ¢5/ for [ and replace

(4.4) for

(4.5) § = We,lu.

Moreover, we may assume

(4.6) Wagl = liing



20

because the elements of the group (X.i,,) commute with group L and the element
Wa, can be chosen from the group (Xi,,). Further, if we consider w,, as an element

of the group (Xio,) ~ SLy(K) or PSLy(K) we can see
(4.7) W2 = hay(—1)
where hq,(—1) is the corresponding semisimple root element (see, [10]). From (4.5),

(4.6), (4.7) we obtain

(4.8) 0% = g luthn,lu = W}y lutbaylu = hay(—1) 121 iy wti g, lu.

Put uy = 17" uthe,l. We have
(4.9) uw € R, (P)

where R, (P) = 1R, (P)w;". Indeed, if @ € R* and the root a does not belong to
the root subsystem generated by A’ then w,,(«) € R~ and the root we,(«) does not
belong the root system generated by A’. This follows from the definition of oy and
A'. Hence w; uib,, € Ry (P). Since the group R, (P) is normalized by elements of
the group L we obtain (4.9).

Further, (4.8) can be written in the form
(4.10) 6% = hao (—1)Puyu.
Assume 6% = 2z € Z(G(K)). Then (4.10) implies

(4.11) Zhe (—1)172 = uyu.
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The right side of (4.11) belongs to the Gauss cell of G(K) because of the choice of
u and (4.9). Hence it can be considered as the Gauss decomposition of the element
zhao(—1)I72. Since u € R,(P) and uy € R, (P) the decomposition (4.11) can take
place if and only if u = u; = 2ha,(—1)I"2 = 1 (this follows from the uniqueness of

the Gauss decomposition ). Thus if

(4.12) §?=z2¢€ Z(G(K))
then
(4.13) 6 = Wyl

Let R = B;,C}, Fy. Then a small semisimple element s satisfies the condition
st € Z(G(K)) ( see,2.I-1V). If chark = 2 then the element ug is an involution. Hence
the condition (4.12) holds for § € C, where C, is the conjugacy class of 7 in G(K).
Let chark # 2 and let 7 = s be a small semisimple element. Then w,, is a semisimple

element of G(K). This implies with (4.6) that the element [ is also semisimple. Thus
Tty = Py (1), T2 oyt = hy

for some x; € (Xi4,), 20 € L,t € K, hy € TN L. Using (4.6) and (4.13) we obtain
61 = 21290y "w " = ha,(t)hy € T.

From (4.7) we have t = +i. But 6; = hq,(&i)h1 ¢ Cgg)(Xao). This is a contradiction

with the choice of s. Thus we have proved that if 7 is a small semisimple element
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then the pair (o, 707 1) cannot be conjugate to a pair (za,(v), T_a, (v')). Let chark =
2 and let 7 = wp. Then ¢ is a product of two commuting involutions w,, and [
(see (4.6), (4.7)) Since chark = 2 both of these involutions are unipotent. Further,
ey € (Xiag), | € L, and (Xiq4,), L are commuting subgroups of G(K)). Therefore
e, € Cs = C, where Cs, C, are Zariski closure of conjugacy classes in G(K) of 4, 7.
On the other hand, w,, is a long root element here. Thus we have the contradiction
with the choice of 7.

Consider the case R = G5. Let chark # 3 and let 7 be a small semisimple element.
The group Cg ) (7) is generated by T and all long root subgroups of G(K) ( [4,

Theorem 3.5.3]).Hence
Since 0 = 4, (v)
([4],13.1.). From (4.14), (4.15)

Let 2 € Cg ) (0)NCgz)(0). Then the element  commutes with o = x,,(v) and with
§00~ " = 1_o,(v') (recall that our assumption that the pair (o, 7o77") is conjugate to
a pair (o, (v), T_ao(v")) implies that the element 7 is conjugate to an element ¢ of

the form (4.5)). There exists a non-central semisimple element € of the group (X.,,)
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which belongs to the subgroup (0,500~ "). Since x € Cgx () then z = ¢'g where ¢
is a semisimple element of the group (X.,,) commuting with € and g € L = (X4,,)
([4, 3.5.3]). Since z commutes with x4, (v), T _4,(v") then € = hy,(£1). We have

(4.17)

1
0"

T = hay(£1)g = 026" = e luzu ' i, " = waplafz ™" u)l

Put 3 = [z7',u]. Since x = ho(+1)g,u € R,(P) then y' € R,(P) and therefore

y=1yl"' € R,(P). From (4.17)

(4.18)

T = Waplal 'y, = Waglhag (E1) gl Yty = hao(£1) gl e,y -

Since y € Ry(P) then oy, € R, and therefore (4.18) implies y = 1. Hence

!/

y' = [z, u] = 1. This implies
(4.19) u € Xo,

if the element g is a non-central semisimple element of L (the existence of z =

hao(£1)g with such g follows from (4.16)) Further, the equality (4.18) implies
(4.20) lgl ' =g.

Since every element = € Cg7)(0) NCgz)(0) can be written in the form z = hq, (£1)g

where g € L then (4.20) implies

(4.21) dim(Co) (@) N Cory (6)) < dimC(1).
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If I ¢ Z(L) then dimCpr(l) = 1 and in this case the inequality (4.21) contradicts

(4.16). Hence

(4.22) [ = ha, (£1).

Now using (4.19) and (4.22) we obtain

0 = ey ha, (1) Ug,

where 1y, € X,,. Hence §? € (X1,,). This is in contradiction with the choice of ¢.
Let R = Gy, chark = 3,7 = ug. We have dimCgz (uo) = 8 ([8, 10.4,10.15]).
Thus we may use here the same arguments as above to prove that the assumption
of conjugation of pairs (0,d067") and (x4, (v), T _a,(v")) leads to the inclusion §? €
(Xia,) which contradicts to the choice of ug (recall that the element 6 we take from

the conjugacy class of uy and the element ug is a short root element of G(K)). [

Now we can prove the existence identities a.b.c.d. of Theorem 3.

According to Lemma 2 we may assume

TXQOT’1 = X3, 8 # —ay,

where 7 is a small semisimple element or 7 = uy. Thus

[z, 7277 € Xop4s
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for every =z € X,, (if ap + [ is not a root we put X, 15 = 1). Since X, 14 is an

abelian group

(4.23) [y, 7t ™', [ye ter '] =1

for every yi,y2 € X4, Now the identities a. and c. follow from (4.23). Indeed, we
can substitute y; = u,y, = u',7 = s or uy and since (4.23) holds for every such u, v, s
from given conjugacy classes we obtain a. and c.

Now consider the case R = (). Then «ag + 3 is not a root and hence
(4.24) [z, 7o7 '] =1

for every z € X,,. If we substitute x = u,7 = s or up we obtain b. and d. for the
case R = (.

Let R = B;. If ay + (3 is not a root the proof for b. and d. is the same as for the
case Cy. Suppose ag + 3 is a root. Let chark # 2. We may assume G(K) = SO(V)
where dimV = 2l + 1. If ag + 3 is a root then ¢ = urur~! is a regular unipotent
element in the group (X.ia,, 7X4q,7 ). This group is isomorphic to SL3(K) and the
codimension of the subspace V7 of ¢-fixed vectors is equal to 4. On the other hand
7 is a small semisimple element of order 2 which has eigenvalues :(-1,...,-1, 1). Hence
codimV'? = 2. This is a contradiction. If chark = 2 then we can consider the group
G(K) as the group Sp(V),dimV = 2I. Again if u, 7ur~' do not commute then the
element ¢ defined above is a regular unipotent element of the group SL3;(K) and the

codimension of subspace V7 is equal to 4. On the other hand, the codimension of
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subspace V7 where 7 = uy is equal to 1. Since ug is an involution the codimension of
V% should be 2. This is a contradiction. Thus we have b. and d. for the case B;.

Theorem 3 has been proved.

5. FREEDOM IN CONJUGACY CLASSES. PROOF OF THEOREM 1

Let w(xy,...,z,) be a non-empty reduced word on n letters.One can define a map
(5.1) fo:G" — G
defined by the formula

fol(g15- -5 9n)) = w(g1,- -+, gn)-

This map is a dominant morphism of algebraic varieties, [1]. Thus the preimage
X, = f7'(1) of the identity is a proper closed subset. A.Borel, [1], has shown that
the set
" (K)\ | X(K)
weN

is dense in G if the transcendence degree tr.degK /k is big enough.

Here we use the same approach to prove Theorem 1. Namely, let ¢q,...,¢, be a
fixed set of representatives of the conjugacy classes C',...,C,. For every non empty

reduced word w on n letters we can define the map

(5.2) f5:G" — G
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by the formula

fa((g1s- -, 90) =w(giergi, ..., gucngy ).

Obviously, the map f; is a morphism of algebraic varieties which is defined over the
field K . Note that the set f5(G(K)) does not depend of the choice on representatives
Cly ey Cp

Assume that fz(G(K)) = 1. This means that the identity f; = 1 with constants
holds in the group G(K). The constants here are powers of elements ¢y, ..., ¢,. We
will say that the word w is appropriate for given set of conjugacy classes if for every
power of a letter x7 which occurs in w the element ¢} is not the identity. Now if
we consider the word w which is appropriate for Cy,...,C, then O(z1,...,x,) =
w(zieiz,t, ..., zpcar;t) is a generalized monomial ( Definition 4; recall that the
group G is of adjoint type). Further, if we assume that K is an infinite field and one
of the conditions of Theorem 1. holds then coefficients of the generalized monomial w
satisfy one of the conditions Theorem 2. (This follows directly from the definitions.)
In this case the identity f; = 1 cannot hold in the group G(K) and therefore the
preimage Xz(K) = f5'(1) is a proper closed subset of G"(K).

Let Q be the set of all appropriate non-empty reduced words on n letters. We

consider the set

X(K) =6"(K)\ (| Xa(K)).

weN
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Since conjugacy classes C', ..., (), are defined over the field £ we can choose elements
1, ..., ¢, from the group G(k). Thus we may assume that all maps (5.2) are defined
over the field k. Hence we may assume that every set Xz is defined over k. Now
we use the fact that the group G is a unirational variety over the field & , [2, 18.2].

According to the definition of the number d(G) we have the dominant rational map
©: Ai(G) — G,

defined over k where AZ(G) is d(G)-dimensional affine k-space. Thus we have the

dominant rational map

defined over k. Since tr.degK /k > nd(G) there exists a Zariski dense subset Y (K) in
Azd(G) (K) such that there are no algebraic relations over k between coordinates of the
elements of Y (K) (indeed, say, elements of the form (21", ...,z ), where s = nd(G),
m,; are positive integers and xy, ..., x, are algebraically independent elements over the

field k, are already dense in Azd(G)(K)). Obviously, the image of the set Y (K) with

respect to ¢" is in X (K). Thus the set X (K) is dense in G". Now let
p:GYK)— C; x...xC,
be the map given by the formula

17/)(917 ct e 7g’l’l,) = (glclgl_17 cct 7gncngrzl)'
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Put M = ¢(X(K)). Then the set M is dense in C X ... x C, . Moreover, the defini-
tion of the set X (K) implies that there are no non-trivial relations among elements
g1, ..., g, of the group G(K) such that (¢i,...,9,) € M (except, of course, those
relations which follow from the relations of the form 2™ = 1 in cases of elements of
finite orders). Thus the set M satisfies the conditions of Theorem 1.

Now Theorem 1. has been proved.

6. FREEDOM OVER Q. PROOF OF THEOREMS 4 AND 5.

In the case when the trancendence degree tr.degK/k is small the method used in
the proof of Theorem 1 does not work. Indeed, it may happen that the set

U Xa(K)

weN

coincides with G"(K). As an example we may consider the case K = F,. (In this
case every sequence gi, ..., g, € G(F,) satisfies a relation.)

We prove here Theorem 4. using a different approach.

Consider the group SL,(Q) and conjugacy classes a,&; which are preimages of
classes C1, Cy. Let g, = diag(e, e '), g» = diag(d,0~") be diagonal matrices belonging
to classes a, /C’\; respectively. The eigenvalues ¢, 0 here are a m; and my-th root of 1
for some my, my. Let II be the set of all prime divisors of the field Q(e, ). Further,
we define the set
(6.1)

S={Pell| P|(f —€ ") or P|(6°—0"%) for some 0 <r <my,0<s<may}
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(here (" — € "), (0° — 6~ *) are principal divisors).
Let © be the set of appropriate words on 2 letters (see definition above,in 5) for

conjugacy classes C1,Cy and let w(z,z5) € Q. Consider the equation

(6.2) w(gr, zgor™ ') =1

where x is a general matrix

t11 ti2

to1 t22

from the group GLo((Q). If we conjugate both sides of the equation (6.2) with an

appropriate powers of ¢; and xg,z ' we obtain

et 0 t11 tio 0 ti1 tio
(6.3)
0 ™ ta1  too 0 6= to1  too
-1
€ 0 ti1 T 05n 0 t11 tio 10
0 €™ to1  too 0 G 5n to1 oo 01

If we change the matrix =" in (6.3) for the matrix

too  —t12

(6.4) =

—to1  tnn
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we obtain the following equation

€t 0
(6.5)
0 e™
€ 0
0 €™

t11 ti2 ot 0 tag  —ti2
to1 t22 0 o —ta1  tnn
t11 tio 5 0 tag  —t12
ta1  too 0 o6 —to1  t1n
(detx)™ 0
0 (detz)™

On the other hand we can look at the left side of (6.5) as an expression with indeter-

minates ;;:

(6.6)

ja)
)
2
N— 7 SN~

ti1 tio 0 too  —t12
to1  tao 0 o —to1  t1n
t11 tio o 0 tag  —t12
to1 o2 0 o6 —ta1 i1

011(t11, tia, tar, to2)  Ora(tin, tig, tor, tas)

021 (t11, tia, tar, to2)  Baa(tin, tig, tor, tas)

where 0;;(t11, t12, t21,t22) are polynomials in ¢y, 19, o1, t22 with coefficients from the

ring Zle, J].

Now we need the following
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Lemma 3. 015(1,1,1,1) = —€"'7,605(1,1,1,1) = € "' where

T = ([Tma (e — e "N L= (0% = 67%9)).

Proof. We can substitute t1; = ai1,t12 = a12,t21 = ao1,t92 = a9y for every a;; belon-
ging to any ring which contains Z[e, 6]. Thus we obtain the values of polynomials 6;;
at the points t;; = a;;. In particular, if we substitute t1; = 1,t10 = 1,19 = 1,t02) =1
we obtain the values 60;;(1,1,1,1).

We have

(6.7) =
0 e 11 0 o% -1 1
6%(581‘ 6—5i) _Eri(ési 5—8i)
€Ti(0% — 0 %) —e (8% — 0%
Further,
(6.8)
efa  —eka eb  —€b (e —eDab  —ef(e — e ab
e* —eFal \elb —eb eF(e —eHab —eF(e — e ab
Now our assertion obviously follows from (6.7) and (6.8). O

Let A be the subset of matricies from G'L,(Q) satisfying the following conditions:

1'.if @ € A then all entries a;; of a are algebraic integers;
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2. there exists a prime divisor p, of the field Qle,d, a1y, aja, as1,as] such that

Pal(a;; — 1) for every i, j and p, is prime to every divisor P from the set S( (6.1)).

Let a € A. Then if we input a in the left side of (6.3) instead of x we obtain the
matrix

011(a11,a12,a21,a22)  012(a11,a12,821,022)
(deta)™ (deta)™

(6.9)
021(a11,a12,a21,a22)  022(a11,a12,a21,022)
(deta)™ (deta)™

If the matrix a satisfies the equation (6.3) then according (6.5) for elements of the

matrix (6.9) we have
(6-10) 912(a11, 12, A21, 022) = 921(a11, 12, a21, 022) = 0.

But (6.10) cannot hold if @ € A. Indeed, the conditions (6.10) and 2’ imply that the
divisor p, divides (#12(1,1,1,1)) and (62;(1,1,1,1)). Lemma 3 ,in its turn, implies
that the prime divisors of the field Qle,d, a1y, a1a, ag1, ass]) dividing (612(1, 1,1, 1)),
(091(1,1,1,1)) are only those which divide divisors from the set S. This contradicts
the conditions of 2’ that p, is prime to every P from the set S.

Thus every matrix a € A cannot satisfy the equation (6.3), that is , cannot satisfy
the equation (6.2) for every appropriate non-empty reduced word w on two letters.
This implies that the group , C PSLy(Q) generated by the images 7, agsa—t of
elements g; and agya™" is isomorphic to the free-product (g7) * (agoa=1).

It is easy to see that the set A is Zariski dense in GL,(()). Hence the set of pairs

(0g107Y, 0ag,a o) where 0 € GLy(Q) and a € A is dense in C' x C. Therefore,
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the set M of pairs (¢, g5) from C; x C5 such that the group generated by ¢}, g5 is
isomorphic to the free-product (g}) * (¢g3) is dense in Cy x Cs.

Theorem 4 has been proved.

Now we prove Theorem 5.

First of all we show the existence of such a set M. In the case n = 2 this follows
from Theorem 4 (we can put C; = Cy = C). If elements of C' are not involutions
then for every n > 2 one can find in the group , = (g1) * (g2) where gy, g2 € C the

subgroup

, = {g1) * <71927f1> % ... % (Tn,lgﬂn’}l)

where 7(,...,7,_1 €, . This follows from the Kurosch theorem on subgroups of free
products (see ,[7] or [6, 17.2]). Thus we have a non-empty set M containing the
sequence (g, T1gaT; by - Tn1027, ;). If elements of C' are involutions we may take
an element g € C'N PSLy(Z) and using the isomorphism PSLy(Z) = (g) * (o) where
0 € PSLy(Z) is an element of the order 3 and again using the Kurosch theorem we
obtain a non-empty set M satisfying the condition of Theorem 5.

Now we prove that the set M C C™ such that

(1, gn) = {g1) * ... % (gn)
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for every sequence (gi,...,9,) € M is dense in C™. For n = 2 this follows from

Theorem 4. Thus we may assume n > 2. Let , = (g1,...,¢g,) where (g1,...,9,) € M.

Then

(wigrw . wegew, P & (wigrw ) * L ox (wegaw, )
for every wy,...,w, €, . This follows from the Kurosch theorem. Hence
(6.11) (wrgrwi’, ..., wagpw, ') € M

for every wy,...,w, € ,. Since n > 2 the group , is dense in PSLy((Q). (This is
also true for n = 2 except in the case when the elements of C' are involutions.) This
implies that the set of sequences of the form (6.11) is dense in C™. Therefore the set
M is also dense in C™.

Theorem 5 has been proved.

We now prove the corollaries.

Proof. Let T' be a maximal torus of the group G and let ¢ € C NT. Let d = p! be
the order of g. Since G is the group of adjoint type and since d is a primary number
one can find a root a : T — @* such that a(g") # 1 for every 0 < 7 < d. Let
Go = (Xo, X_o) where X, X_, are the corresponding root subgroups of G. Then
the image g of ¢ in the factor group G,T/Z(G4)T ~ PSLy(Q) has also the order d.

Now we can apply Theorem 4 and 5. O
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