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The Φ3
4 measure 3/23

⊳ The Φ3
4 measure 𝜈 is given by the formal prescription

𝜈(d𝜙)= e−𝜆V�𝜙�

𝒵 𝜇(d𝜙), V(𝜙)=∫Λ
𝜙(x)4dx,

where 𝜇 is the Gaussian measure on 𝒮′(Λ) with covariance (1−Δ)−1, Λ⊆ℝ3, 𝜆⩾0.

⊳ The measure 𝜇 is only supported on distributions of regularity (2 − d) / 2 − 𝜅,
therefore the potential V is not well defined ⇒ need for renormalization.

⊳ Regularization 𝜙T=𝜌T∗𝜙 with 𝜌T→𝛿 as T→∞ and introduction of counterterms

𝜈T(d𝜙)= e−𝜆VT�𝜙T�

𝒵T
𝜇(d𝜙), VT(𝜙)=∫Λ

(𝜙4− aT𝜙2− bT)dx⩾−CT >−∞.

Problem: Control the limit T→∞ of the family (𝜈T)T, describe the limiting object,
prove the properties needed for applications to QFT (e.g. Osterwalder–Schrader
axioms).
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⊳ As T →∞ fluctuations at different scales adds up independently into (𝜙T)T.

⊳ Wilson ('83) Polchinski ('84) Brydges, Kennedy ('87) Brydges, Dimock, Hurd ('95)
Brydges, Slade, P.K.Mitter ('14)

⊳ HJB. Formally the functional (effective potential)

Ut(𝜓)≔−log∫ e−𝜆VT�𝜓+𝜙T−𝜙t�𝜇(d𝜙), U0(0)=−log𝒵T,

is solution to an Hamilton–Jacobi–Bellman equation (flow equation)

∂tUt(𝜓)=−Qt[[[[[[[[[[[[[[ 𝛿2

𝛿𝜓𝛿𝜓
Ut(𝜓)+ 𝛿Ut(𝜓)

𝛿𝜓
𝛿Ut(𝜓)

𝛿𝜓 ]]]]]]]]]]]]]], UT(𝜓)=VT(𝜓).

This equation has to be studied in the space of functions over 𝒮′(Λ). Proper topology
not very clear, diffusion is highly degenerate, not many (none?) results from the
PDE point of view.

⊳ We look for a stochastic control formulation of our problem which avoids the HJB
equation.
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⊳ Aim. Present a new proof of existence of the limit 𝜈T →𝜈.

⊳ Variational description. Gibbs measures satisfy a variational principle, 𝜈T is
the unique minimizer of the functional

GT(𝜈)=𝜆∫VT(𝜙)d𝜈(𝜙)+H(𝜈|𝜇), GT(𝜈T)= inf
𝜈

GT(𝜈)=−log𝒵T,

where H(𝜈|𝜇)⩾0 is relative entropy.

The control of the limit 𝜈T →𝜈 would follow from the Γ–convergence of the family of
variational functionals (GT)T. Not clear how to obtain the needed estimates from
the expression of GT.

⊳ If the probability space is generated by a Brownian motion (Bt)t the variational
formula becomes more precise. ℙ Wiener measure, X canonical process: if ℚ ≪ ℙ
then there exists (us)s⩾0 (Föllmer drift) such that

dℚ
dℙ =exp�∫0

∞usdXs − 1
2∫0

∞ |us|2ds�, H(ℚ|ℙ)= 1
2𝔼ℚ�∫0

∞ |us|2ds�.



Boué–Dupuis formula 7/23

ℙ Wiener measure, X canonical process.

Theorem. (Boué–Dupuis) We have the variational representation

−log𝔼[e−F(X)]= inf
u∈ℍa

𝔼ℙ�F�X +∫0

⋅
usds�+ 1

2∫0
∞ |us|2ds�.

⊳ Control problem (non–Markovian in general). Useful to get estimates and large
deviations.

⊳ Pathwise point of view: we shift the attention from the value function of opti-
mization problem to the actual control needed to attain it. The problem becomes
amenable to standard functional analysis techniques.

⊳ The controlled process X +∫0
⋅usds features explicitly the “free” part X and more

regular drift part, similar to solutions to SDEs.

⊳ Boué–Dupuis ('98), X. Zhang ('09), Lehec ('13), Üstünel ('14).
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Let F(X)⩾0 be Lipshitz, i.e.

|F(X + I(u))− F(X)|⩽L‖I(u)‖L∞([0,1])⩽L∫0
1 |us|ds

Then

log𝔼[e𝜆F(X)]=sup
u

𝔼ℙ�𝜆F(X + I(u))− 1
2∫0

∞ |us|2ds�

⩽𝔼ℙ�𝜆F(X)+L ‖I(u)‖L∞ − 1
2∫0

∞ |us|2ds�

⩽𝔼ℙ[𝜆F(X)+ 1
2∫0

1(2𝜆L|us|− |us|2)ds|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
⩽−1

2𝜆
2L2

]⩽𝔼ℙ[𝜆F(X)]− 1
2𝜆

2L2.

We conclude that F has Gaussian tails. Note that the only additional information
needed is 𝔼ℙ[|F(X)|]<+∞.

Note that L can be random, i.e. L=L(X).



Enters time 9/23

⊳ Fix Λ=𝕋3. Let X be a cylindrical Brownian motion on L2(Λ) and

Yt=∫0
t 𝜎s(D)

⟨D⟩ dXs, ∫0
t𝜎s(D)2ds=𝜌t(D)2

with D= |−Δ|1/2, 𝜌t(D)=𝜌(D/t) and 𝜌:ℝ+→ℝ+ smooth, compactly supported and
with 𝜌(0)=1. Then

𝔼ℙ[YT(f )YS(g)]=∫0
T∧S�𝜎s(D)

⟨D⟩ f , 𝜎s(D)
⟨D⟩ g�ds=�f , 𝜌T∧S(D)2

⟨D⟩2 g�,

so YT ∼𝜌T ∗Y∞∼𝜌T ∗𝜙 and (Yt)t is a martingale.



Variational problem for the pressure 10/23

Boué–Dupuis formula:

−log𝒵T =−log𝔼[e−𝜆VT(YT(X))]= inf
u∈ℍa

𝔼ℙ�𝜆VT(YT +ZT)+
1
2∫0

∞ ‖us‖L2
2 ds�

with

Y�X +∫0

⋅
usds�=YT +ZT, Zt= It(u)≔∫0

t 𝜎s(D)
⟨D⟩ usds.

⊳ Regularity estimate.

sup
0⩽t⩽T

‖It(v)‖H1
2 ≲∫0

T ‖vs‖L2
2 ds.

So, at least heuristically,

𝔼ℙ�𝜆VT(YT +ZT)+
1
2∫0

∞ ‖us‖L2
2 ds�≃𝔼ℙ�𝜆VT(YT +ZT)+

1
2‖∇ZT‖2�



Two dimensions 11/23

⊳ When d=2 we can choose the renomalization constants such that

ΘT(u)≔𝜆VT(YT +ZT)+
1
2∫0

∞ ‖us‖L2
2 ds=ΨT(u)+ΦT(u)

ΨT(u)≔𝜆∫Λ
⟦YT⟧4+4𝜆∫Λ

⟦YT
3⟧ZT +6𝜆∫Λ

⟦YT
2⟧ZT

2 +4𝜆∫Λ
⟦YT⟧ZT

3 +ΘT(u)

ΦT(u)≔𝜆∫Λ
ZT

4 + 1
2∫0

∞ ‖us‖L2
2 ds|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

good terms

where ⟦YT
k⟧ are Wick polynomials of the (smooth) Gaussian field (YT)T. In particular

T↦⟦YT
k⟧ is a martingale.

⊳ Standard estimates show that ⟦YT
k⟧ ∈ C([0, ∞], 𝒞−𝜅(Λ)) almost surely with

Lp(ℙ) norms for all p ⩾ 1 and 𝜅 < 0. Here 𝒞𝛼(Λ) = B∞,∞
𝛼 (Λ) are Hölder–Besov

spaces of regularity 𝛼∈ℝ.



Apriori estimates 12/23

Now the game is to control the terms without sign with the good terms. Let WT=YT.

�4𝜆∫Λ
⟦WT

3⟧ZT�⩽4𝜆‖⟦WT
3⟧‖H−1‖ZT‖H1⩽C�𝛿,d�𝜆2‖⟦WT

3⟧‖H−1
2 +𝛿∫0

T ‖us‖L2
2 ds

�6𝜆∫Λ
⟦WT

2⟧ZT
2 �⩽ C2𝜆3

2𝛿
‖⟦WT

2⟧‖W−𝜀,5
4 +𝛿�‖ZT‖W1,2

2 +𝜆‖ZT‖L4
4 �

�4𝜆∫Λ
WTZT

3 �⩽CE(𝜆)‖WT‖W−1/2−𝜀,p
K +𝛿�‖ZT‖W1,2

2 +𝜆‖ZT‖L4
4 �

Therefore

−KT +�1−𝛿�ΦT(u)⩽𝔼[ΨT(u)+ΦT(u)]⩽KT +�1+𝛿�ΦT(u),

which implies

sup
T

|log𝒵T|=sup
T

� inf
u∈ℍa

𝔼ℙ[ΨT(u)+ΦT(u)]�≲O(𝜆2).



Three dimensions 13/23

⊳ In three dimensions W∞ is more irregular and as a consequence we get uniform
estimates for the Wick powers only in the following spaces

⟦WT⟧∈𝒞−1/2−𝜅, ⟦WT
2⟧∈𝒞−1−𝜅, ⟦WT

3⟧∈𝒞−3/2−𝜅.

⊳ As a consequence we cannot hope to control the term ∫Λ⟦WT
3⟧ZT,and ∫Λ⟦WT

2⟧ZT
2 as

we did in two dimensions. Indeed we only have control of ZT in H1 and L4.

⊳ By perturbative considerations one expects further divergences (beyond Wick
ordering) therefore the functional to minimize is now

𝔼�𝜆∫Λ
𝕎T

3ZT + 𝜆
2∫Λ

𝕎T
2ZT

2 +4𝜆∫Λ
WT ZT

3�

−𝔼�2𝛾T∫Λ
WTZT +𝛾T∫Λ

ZT
2�+𝔼�𝜆∫Λ

ZT
4 + 1

2∫0
T ‖us‖L2

2 ds�.

where we introduced the convenient notations: 𝕎t
3≔4⟦Wt

3⟧,𝕎t
2≔12⟦Wt

2⟧.



A change of variables 14/23

⊳ We aim to “complete the square” in order to eliminate the terms which we cannot
control. So we control the system which a drift of the form

us=−𝜆Js(𝕎s
3+𝕎s

2≻Zs)+ws

Żs=Jsus=−𝜆Js
2(𝕎s

3+𝕎s
2≻Zs)+ K̇s

where w is a free control and Js=⟨D⟩−1𝜎s(D).

⊳ Paraproducts. fg= f ≺ g+ f ∘ g+ f ≻ g. (Bony, Meyer ('80))

⊳ The cost of such a drift is

1
2∫0

T ‖us‖2ds= 𝜆2
2∫0

T∫Λ
(Js(𝕎s

3+𝕎s
2≻Zs))2ds

−𝜆∫0
T∫Λ

(𝕎s
3+𝕎s

2≻Zs)Żsds+ 1
2∫0

T ‖ws‖2ds



Mixed terms 15/23

⊳ Integration by parts in the time variable allows to transform the mixed terms in
this cost to

−𝜆∫0
T∫Λ

(𝕎s
3+𝕎s

2≻Zs)Żsds=−𝜆∫Λ
(𝕎T

3+𝕎T
2≻ZT)ZT

+𝜆∫0
T∫Λ

�𝕎s
3+𝕎s

2≻ Żs�Zsds+martingale

which after some analysis will cancel the terms

𝜆∫Λ
(𝕎T

3ZT +𝕎T
2ZT

2)

modulo some nice remainder.
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⊳ The quadratic term generated by the new cost looks like (again after some inte-
gration by parts)

𝜆2
2∫0

T∫Λ
(Js(𝕎s

3+𝕎s
2≻Zs))2ds= 𝜆2

2∫0
T∫Λ

(Js(𝕎s
3))2ds

+𝜆2
2∫0

T∫Λ
[(Js(𝕎s

2≻Zs))2−2𝛾̇sZs
2]ds

+𝜆2∫0
T∫Λ

[(Js(𝕎s
3))(Js(𝕎s

2≻Zs))−2𝛾̇sWsZs]ds+𝜆2∫0
T∫Λ

𝛾̇s[(Zs)2+2WsZs]ds

where we have introduced an abitrary function (𝛾s)s. In this expression now the
first term is divergent but independend of the control, the two middle terms can be
shown to be finite provided the counterterm 𝛾 is chosen appropriately and finally,
the last term is compensated by

2𝛾T∫Λ
WTZT +𝛾T∫Λ

ZT
2 .



Paracontrolled analysis 17/23

Let us see how does it work for

A= 𝜆2
2∫0

T∫Λ
[(Js(𝕎s

2≻Zs))2−2𝛾̇sZs
2]ds.

⊳ Commutator lemma. Js𝕎s
2∈𝒞−𝜅 and Zs∈H1/2−𝜅

∫Λ
(Js(𝕎s

2≻Zs))2=∫Λ
(Js(𝕎s

2≻Zs))∘(Js(𝕎s
2≻Zs))

≃∫Λ
(Js𝕎s

2)∘(Js𝕎s
2)Zs

2+∫Λ
C(Js𝕎s

2,Js𝕎s
2,Zs)|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

∈B1,1
0+

Therefore

A= 𝜆2
2∫0

T∫Λ
[(Js𝕎s

2)∘(Js𝕎s
2)−2𝛾̇s]||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

𝕎2⋄2∈𝒞−𝜅

Zs
2ds

Similarly

𝕎s
2⋄3≔(Js𝕎s

3)∘(Js𝕎s
2)−2𝛾̇sWs∈𝒞−1/2−𝜅



Renormalized control problem 18/23

𝕎T ≔(WT,𝕎T
2,𝕎T

3,𝕎2⋄2,𝕎s
2⋄3)∈𝔚=𝒞−1/2−𝜅×𝒞−1−𝜅×𝒞−3/2−𝜅×𝒞−𝜅×𝒞−1/2−𝜅

⊳ We have shown that

−log𝒵T(𝜆) = inf
u∈ℍa

𝔼�𝜆VT(YT + IT(u))+ 1
2∫0

∞ ‖us‖L2
2 ds�

= inf
l∈ℍa

𝔼�ET(Z(l),K(l))+𝜆‖ZT(l)‖L4
4 + 1

2∫0
∞ ‖ls‖L2

2 ds�

=: inf
l∈ℍa

F̃T(l)

where Z=Z(l)∈H1/2−𝜀 and K =K(l)∈H1−𝜀 solve the integral equations

Zt(l)=−𝜆∫0
t Js

2𝕎s
3ds+Kt(l), Kt(l)=−𝜆∫0

t Js
2(𝕎s

2≻Zs(l))ds+∫0
t Jslsds.

⊳ Estimates of the form

|ET(Z(l),K(l))|⩽C‖𝒲T‖S
K +𝛿‖ZT(l)‖L4

4 +𝛿‖K(l)‖H1−𝜀
2 .



Equicoercivity 19/23

Variational setting. (X, l) canonical variables on C([0,∞],𝔚)×Lw
2 ([0,∞)×Λ)

𝒳≔{𝜇∈P(C([0,∞],S)×Lw
2 ([0,∞)×Λ)) |𝜇=Lawℙ(W,u) for some u∈ℍa}.

⊳ Then

−log𝒵T(𝜆)= inf
𝜇∈𝒳

FT(𝜇)= inf
𝜇∈𝒳̄

FT(𝜇)

where, for T∈[0,∞],

FT(𝜇)≔𝔼𝜇�ET(Z(l),K(l))+𝜆‖ZT(l)‖L4(Λ)
4 + 1

2∫0
∞ ‖ls‖L2

2 ds�.

⊳ The choice of 𝒳 is dictated by the fact that the family (FT)T is now equicoercive,
namely that there exists a compact 𝒦⊆𝒳 such that

inf
x∈𝒦

FT(x)= inf
x∈𝒳

FT(x), for all T.



Γ–convergence 20/23

⊳ Finally using the continuity of the map E and the lower semicontinuity of the L4

and entropy terms we establish

Γ- lim
T→∞

FT =F∞.

Namely that

• For every sequence 𝜇T →𝜇 in 𝒳̄:

F∞(𝜇)⩽liminf
T

FT(𝜇T),

• For every 𝜇∈𝒳̄ there exists a sequence 𝜇T →𝜇 in 𝒳̄ such that

F∞(𝜇)⩾limsup
T

FT(𝜇T).

⊳ A consequence of Γ–convergence is the convergence of minima:

lim
T→∞

(−log𝒵T)= lim
T→∞

inf
𝒳̄

FT =min
𝒳̄

F∞.



Variational representation of the Φ3
4 measure 21/23

We obtain explicit variational formula for the limiting functional

−log𝒵∞(f )= inf
l∈ℍa

𝔼�−∫Λ
fZ∞(l)+E∞(Z(l),K(l))+𝜆‖Z∞(l)‖L4(Λ)

4 + 1
2∫0

∞ ‖ls‖L2
2 ds�

defined for all f ∈𝒮(Λ) with

𝒵∞(f )=lim
T

𝒵T(f ), 𝒵T(f )=𝒵T𝔼𝜈�e∫Λf𝜙T�=∫ e∫Λf𝜙T−𝜆VT�𝜙T�𝜇(d𝜙).

⊳ The interest of this formula lies in the fact that the Φ3
4 measure is not absolutely

continuous wrt. the Gaussian free field, so an explicit description was lacking.

⊳ The variational formula seems a promising way to extract informations from this
measure. E.g. large deviations, weak universality, pathwise properties, etc...



Explicit form of the renormalized cost function 22/23

E∞(Z(l),K(l))=E∞(Z,K)=∑
i=1

6

Υ∞
(i)

with

Υ∞
(1) ≔ 𝜆

2 𝜅(2)(𝕎∞
2 ,K∞,K∞)+ 𝜆

2∫− (𝕎∞
2 ≺K∞)K∞−𝜆2∫− (𝕎∞

2 ≺𝕎∞
[3])K∞

Υ∞
(2) = 0

Υ∞
(3) ≔ 𝜆∫0

∞∫− (𝕎t
2≻ Żt

♭)Ktdt

Υ∞
(4) ≔ 4𝜆∫− 𝕎∞K∞

3 +12𝜆2∫− (𝕎∞𝕎∞
[3])K∞

2 +12𝜆3∫− 𝕎∞(𝕎∞
[3])2K∞

Υ∞
(5) ≔ −2𝜆2∫

0

∞∫− 𝛾tZt
♭Żt

♭dt

Υ∞
(6) ≔ −𝜆2∫− 𝕎∞

2⋄[3]K∞−𝜆2∫0
T∫− 𝕎t

2⋄2(Zt
♭)2dt+ 𝜆2

2∫0
∞𝜅t

(1)(𝕎t
2,Zt

♭,Zt
♭)

and

|𝛾t|+ ⟨t⟩|𝛾̇t|≲𝜆2log⟨t⟩.
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