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Abstract

Here we research the univariate quantitative approximation, ordinary
and fractional, of Banach space valued continuous functions on a compact
interval or all the real line by quasi-interpolation Banach space valued
neural network operators. These approximations are derived by estab-
lishing Jackson type inequalities invovling the modulus of continuity of
the engaged function or its Banach space valued high order derivative of
fractional derivatives. Our operators are defined by using a density func-
tion generated by an algebraic sigmoid function. The approximations are
pointwise and of the uniform norm. The related Banach space valued
feed-forward neural networks are with one hidden layer.
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1 Introduction

The author in [1] and [2], see Chapters 2-5, was the first to establish neural net-
work approximation to continuous functions with rated by very specifically de-
fined neural network operators of Cardaliagnet-Euvrard and "Squashing" types,
by employing the modulus of continuity of the engaged function or its high order



derivative, and producing very tight Jackson type inequalities. He treats there
both the univariate and multivariate cases. The defining these operators "bell-
shaped "and "squashing "functions are assumed to be of compact suport. Also
in [2] he gives the Nth order asymptotic expansion for the error of weak approx-
imation of these two operators to a special natural class of smooth functions,
see Chapters 4-5 there.

The author inspired by [14], continued his studies on neural networks ap-
proximation by introducing and using the proper quasi-interpolation operators
of sigmoidal and hyperbolic tangent type which resulted into [3], [4], [5], [6],
[7], by treating both the univariate and multivariate cases. He did also the
corresponding fractional cases [8], [9], [13].

The author here performs algebraic sigmoidal based neural network approxi-
mations to continuous functions over compact intervals of the real line or over the
whole R with valued to an arbitrary Banach space (X, ||-||). Finally he treats
completely the related X-valued fractional approximation. All convergences
here are with rates expressed via the modulus of continuity of the involved
function or its X-valued high order derivative, or X-valued fractional deriv-
atives and given by very tight Jackson type inequalities. Iterated fractional
approximation is also included.

Our compact intervals are not necessarily symmetric to the origin. Some of
our upper bounds to error quantity are very flexible and general. In prepara-
tion to prove our results we establish important properties of the basic density
function defining our operators which is induced by algebraic sigmoidal function.

Feed-forward X-valued neural networks (FNNs) with one hidden layer, the
only type of networks we deal with in this article, are mathematically expressed
as

n
N7L($):ZCjU(<aj'$>+bj), x€eR’ seN,
=0

where for 0 < 5 < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € X are the coefficients, (a; - ) is the inner product of a; and
z, and o is the activation function of the network. About neural networks in
general read [15], [17], [19]. See also [9] for a complete study of real valued
approximation by neural network operators.

2 Basics

We consider the generator algebraic function
x

SD(SU):W,

which is a sigmoidal type of function and is a strictly increasing function.

meN, zeR, (1)



We see that ¢ (—z) = —¢ (z) with ¢ (0) = 0. We get that

1
() = ————m=7 >0, Yz eR, (2)

(1 + me) 2m

!/

proving ¢ as strictly increasing over R, ¢’ () = ¢’ (—z). We easily find that
lim p(x) =1, p(+o0)=1,and lim p(x)=-1, p(—o0) = —1.
r——+00 T——00
We consider the activation function

()= 1lo@+1)—p(e—1). 3)

Clearly it is ® (z) = ®(—=z), ¥V « € R, so that ® is an even function and
symmetric with respect to the y-axis.
Sincex+1>xz—1,wehave o (z+1) > ¢ (z—1) and ¢ (z) >0,V z € R.
Also it is

1
d(0) = ——. 4
0) = 5575 @
‘We observe that )
‘I"(ff)=1(80’(=’E+1)—s0’(fﬂ—1))=
1 1 1

- — s—— | » Yz eR. (5)

2m+1

(1 + (z+ 1)2’”) o <1 + (z— 1)2m) o

Let now z > 0, then > —z and (z 4+ 1)* > (z — 1) > 0, implying (z + 1)*" >
(z—1)*">0,meN,and 1+ (z+1)>" > 1+ (z — 1)>™ > 0. Consequently it

holds
1 1

2m+41 > 2m+1 (6)

(1+(:c—1)2m) o (1+(:c+1)2m> o

proving @ (z) < 0 for > 0.
That is @ is strictly decreasing over (0, +00).
Clearly, ® is strictly increasing over (—oo,0) and ®’ (0) = 0.

Furthermore we obtain that

Jlim @ () = § [p (+00) g (+00)] =0, ")
and 1
lim @ (2) = ¢ (~00) — ¢ (~00)] =0 (®)

That is the z-axis is the horizontal asymptote of ®.
Conclusion, @ is a bell symmetric function with maximum

3(0)=——, meN. (9)

We need



Theorem 1 We have that
Y @@-i)=1, VzeR

1=—00

Proof. We observe that

o0

Y ple—i)—pl@-1-1i)=

i=—00

00 —1

Y lp@—i)—pl@-1-i)+ Y (pla—i)—p@—-1-19).

i=0 i=—o00
Furthermore (A € Z™)
Y lpl@—i)—pl@—1-i)=
i=0

A

A11:1(010 Z (p(x—i)—p(x—1—1)) (telescoping sum)

=0
— lim (p(2) —p (e — (A+1)) =1+ p(a).

A—00

Similarly, it holds

> (pa-i—ple—1-)=lm 3 (pla—i)—¢@—1-0)
i=—00 i=—A

:Alingo(¢(x+A)—w(x))=1—<P(9U)'

Therefore we derive

oo

Y (p@—i)—p—1-i)=2 VzeR,
and -

Y (ple+l-i)—p(z—i)=2 VzeR
Adding (13) and (14) we find

Y (pletl-i)—pl@—1-i)=4, Vaek

Clearly, then

Oz —i)=Jlp@+1—i)—pe-1-19)],

N

proving (10). m
We make

(10)

(12)

(15)



Remark 2 Because ® is even it holds

o

Y P(i-x)=1, VzeR
Hence -
Y @(i+x)=1, VzeR,
and -
Y P(z+i)=1, VzeR (16)

Theorem 3 It holds

/ O (z)dx = 1. (17)
Proof. We observe that
oo 00 J+1 o0 1
/ O (z)dx = Z / O (z)dx = Z / O (z+j)de = (18)
—oo PO e o
1 1
/ Z O (x+j)dx :/ ldz = 1.
o \,;T7w 0

So @ (x) is a density function on R. m
We need

Theorem 4 Let 0 < a < 1, and n € N with n'=® > 2. It holds

> 1
> ® (nx — k) < 5, meN.  (19)
dm (nt—> —2)

k= —o00
s nw — k| > ntme

Proof. We have that

Q(x):i'2'¢'(5)2m>o’ (20)
1+ m 2m

where 0 <z —-1<é<ax+ 1.
Then,
(z-17<&<(x+1)



(x_1)2m <£2m < ($+1)2m
T+ (@—-1)"" <14+ <1+ (z+1)*"

9 27271.+1 2m+1 9 272n+1
(1+@=0") " <1+ < (1+@+1)"")
1 1
2m 2m+1 < 2m+1 ° (21)
2(1+6) 7 (1 +(z— 1)2’”) &
Hence 1
@ (x) < 2m+1 7 v x > 1 (22)
2 (1 F@—1)2) "
Thus, we have
z O (nx—k) = Z ® (jnx —k|) <
= —00 k= —o0
s nx — k| > ntme :nw — k| > ntme

; 2 < (#)
{ k=—co (L4 (no—k - 1))

1 [ 1 1 [ 1
5/ amtl dr = 5/ oy ZEEL dz =: (*) .
(nl=e—1) <1 n (.%' _ 1>2m) 2m nl—a_9 (1 + 2z m) 2m

We see that
1+ 22 > z%m
2m—+1
(1 + ZQm)W > 22m+1
1 1

. 24
z2m+l (1+sz)7272"§f1 24)
Therefore it holds
1 [ 1 1 [
hl S —(2m+1) g, —
() < 5 /nl_a_2 z2m+1dz =3 /n1_a_2Z dz =
1 ,—(@2m+1)+1 oo 1 L—2m |
il _ =— (= = 25
2 ((2m+1)+1) nl—a_o 2 ( 2m ) nl-a_o (25)

—2m

z w2 - (nt= —2) - B (00)me B (nt=e — 2)72m

4m 4m 4m

b

4m

proving (19). =m
Denote by |-] the integral part of the number and by [-] the ceiling of the
number.



Theorem 5 Let [a,b] C R and n € N so that [na] < |nb]. It holds
1

@ <2 (WTF),
> & (nx—k)

k=[na]

Vz€la,b, meN.
Proof. Let z € [a,b]. We see that
S [nb]
1= Z O (nx—k) > Z & (nx—k) =

k=—o00 k=[na]
Lnb)
Y @(nz— k) > @ (jnz — ko),

k=[na]

Y ko € [[na], [nb]] N Z.
We can choose kg € [[na], [nb]] N Z such that |nz — ko| < 1.
Therefore we get that

1 2 1
P (Inx —kol) > P (1) == = ,
(l 0|) ( ) 4 < 2W) 9 QW
and
[nb] 1
P (jnx —k|) > ———.
k_%a—l (‘ |) 2 Z'W
That is )
0] <2Wam,
> O (lnz — k)
k=[na]
proving the claim. m
‘We make
Remark 6 We also notice that
[nb] [nal—1 o

1= > dmb—k)= Y ®mb—k)+ Y  ®(nb—k)

k=[na] k=—o0 k=|nb|+1
> ® (nb— |nb] — 1)
(calle :=mb— |nb],0<e<1)

=0(e—-1)=2(1—¢)>P(1)>0.

(26)



Therefore
[nb]
lim [1- Y @Mmb—k)| >0 (32)
k=[na]

Similarly, it holds

[nb] [nal—1 o
1- Z ®(na—k) = Z ® (na — k) + Z ® (na — k)
k=[na] k=—o00 k=|nb]+1
> ® (na— [nal +1) (33)

(callp:= [na]l —na, 0 <n<1)
=®(1-n)>d(1)>0.

Therefore again
[nb]

dim (1 > @(na—k)| >o0. (34)
k=[na]
Here we find that
Lnd]
lim Z O (nx —k)#1, for at least some z € [a,b]. (35)
k=[na]

Note 7 Let [a,b] C R. For large enough n we always obtain [na] < |nb]. Also
a<®<b, iff [na] <k < |nb].

In general it holds (by >, ®(x—1i) =1,V z€R) that

1=—00

[nb]

> ®nz—k) <1, (36)

k=[na]
Let (X, ]|-]|) be a Banach space.

Definition 8 Let f € C ([a,b],X) andn € N : [na] < [nb]. We introduce and
define the X -valued linear neural network operators

A, (f,x) =



Clearly here A,, (f,z) € C([a,b],X).

For convenience we use the same A,, for real valued functions when needed.
We study here the pointwise and uniform convergence of A,, (f,x) to f (x) with
rates.

For convenience, also we call

[nb]|

A= Y (5 ewme-n, (39)

k=[na]

(similarly, A can be defined for real valued functions) that is

Ax (f,x

A7) = b (39)
> ®(nx—k)
k=[na
So that A (f.2)
An(fo)— Fla) = D g =
> O (nx—k)
k=[na]
[nb]
Ai(ﬁz)flx)<kgjw@(nm@>

o] - . (40)

> D(nx—k)

k=[na]
Consequently, we derive that
[nb]
[An (fom) = f (@) <2 (VT +47) || A (fo) = f(2) | D ®(na—k) || =
k=[na]
[nb] k
2(*W1+4m) }: O(ﬁ)—f@OQOW—k). (41)
k=[na]

We will estimate the right and hand side of (41).
For that we need, for f € C([a,b], X) the first modulus of continuity

w1 (f,(;) = sup ||f(33)—f(y)||v 6> 0.
z,y € |a,b]
[z —y| <é

Similarly, it is defined w; for f € Cyp (R, X) (uniformly continuous and bounded
functions from R into X), for f € Cp (R, X) (continuous and bounded X-
valued), and for f € C, (R, X) (uniformly continuous).



The fact f € C([a,b],X) or f € Cy (R, X), is equivalent to gir%wl (f,0) =0,
see [11].
We make

Definition 9 When f € Cy5 (R, X), or f € Cp (R, X), we define

()= > g (£) o1, (42)

k=—o0

neN, zeR,
the X -valued quasi-interpolation neural network operator.

‘We make

Remark 10 We have that

£ (5)] < 191 < 0, (13)
I (2)| ot -0 <11z oz (44)
and
| XS ( > @(nm—m) S W)
k=—\ k=—X
and finally N
3y I (5)|e -0 < 1sles (16)

a convergent in R series.
oo
So, the series Y Hf (%) H ® (nx — k) is absolutely convergent in X, hence
k=—o0
it is convergent in X and A, (f,xz) € X. We denote by ||f|l == sup |f ()],

z€la,b

for f € C([a,b],X), similarly it is defined for f € Cp (R, X).

3 Main Results

We present a set of X-valued neural network approximations to a function given
with rates.

Theorem 11 Let f € C ([a,b],X), 0 <a<1,neN:n'"®>2 z € [a,b],
m € N. Then

10



i)
1/l

40 (F.) = F @) < (VT7) [2“ (95) oo 3 -

and
i)
[An (f) = flloo < A1

We get that lim A, (f) = f, pointwise and uniformly.

Proof. We see that

k:ziﬂ <f (]:L>_f(x)>(b(”ff—k) <
k—%{?ﬂ f(D_f(x) ® (nx — k) =
{kk;% chz)_f(x) ® (nx — k) +
Hn el <
{kk;Z: Hf@)_f(x) O (nz — k) <
DE - > L
{ké o (#fa=a])#orne
R - <k
201fl 3 b1 <
{klg—_zjzl > pl=a

11



2[[fllow > ® (nx — k) <

(by Theorem 4)

k= —
: |k —nx| >nl7e

1 /1l
w1 (f, n“) + om (nl—o — 2)2m

That is
[nb] k
> (1(%)-r@)oma-n)<
k=[na]
1 Bl
w ,— | + = . 50
' (f ”O‘> o2m (nl—o — 2)*™ (50)
Using (41) we derive (47). m
It follows

Theorem 12 Let f € Cp (R, X),0<a<1,neN:nl"*>2 2R, meN.
Then

i

- | o _
A, )~ @ < r (£ )+ o = 6

and
i)
140 (1) = Flloo < P (52)
For f € Cup (R, X) we get 1 m A, (f) = f, pointwise and uniformly.

Proof. We observe that

14 (7, ) - > f<fl><1>(nx—k)—f(m) S 0 (e -
k=—o00 -
ki,o <f (D - fm) ® (n — k)| <
k_ZOOHf (3)-r@|eme—n- -
k_z Hf(f) f (@) @ (ne —k)+
{: 2 -2l < &

12



o0

5 Hf(D—f(x) & (na— k) <
= —00
fals
i wl(f, k—a:)@(nx—k)+
{k;——oo
kg §n%
2 flloo > ® (nz—k) <
k=—
: 5—:C|>n%
1 - 211,
w1 <f’na> k__z: d (nw k)+4m(n1—a_2)2m< (54)
e

1 £l
w Y o + 2 m
1 (f na> 2 (nl_a B 2)2m

We need the X-valued Taylor’s formula in an appropiate form:

proving the claim. m

Theorem 13 ([10], [12]) Let N € N, and f € CN ([a,b], X), where [a,b] C R
and X is a Banach space. Let any x,y € [a,b]. Then

ﬁ /w (2= )" (SN (1) = 1Y (v) a.

(55)

The derivatives f(?), i € N, are defined like the numerical ones, see [20], p.
83. The integral f; in (55) is of Bochner type, see [18].

By [12], [16] we have that: if f € C ([a,b],X), then f € Ly ([a,b],X) and
f € Li(a,b],X).

In the next we discuss high order neural network X-valued approximation
by using the smoothness of f.

Theorem 14 Let f € CV ([a,b],X), n,Nym € N, 0 < a < 1, x € [a,b] and
n'=% > 2. Then

i)

NN (2 Y
14u (f,2) - £ @) < (oTFEm) 5 2@ (b-a)

2
J! ned - om (pl-e — 2)°™

Jj=1

13



oo LYy _ 2 I -0
lwl (f ’n“) VN Nlm (nt=o —2)™ | [

ii) assume further f9) (zg) =0, j = 1,..., N, for some zo € [a,b], it holds

| An (f,z0) = f (@o)|| < (*V/1+47) - (57)

) b—a)V
wm 1Yy 2 P e-a
lwl <f ’n“) noV N! * Nlm (nt=a —2)*™ |’

and

iii)

N || @) _aV
140 ()~ Sl < (VTFT) {Z”f | l L )Q)Qm%

2m (nt—e

1y _2 ™ e-9"
lm (f(N)’ na) nem NIt Nlm (ni—a — 22" | [ (58)

We derive that lim A, (f) = f, pointwise and uniformly.

n—oo

Proof. Next we apply the X-valued Taylor’s formula with Bochner integral
remainder (55). We have (here £, 2 € [a, b])

x

(59)
Then N )
k f(j) T k J
f<n><1>(n;v—k):; j!( ><I>(nq;—k:)(n—x) + (60)
: (50"
B (nz — k) /m (19 ) = 1 @) 2
Hence
[nb] [nb]
> f( ) (ne—k)—f(z) > @(ne—k)= (61)
k=[na] k=[na]
iV:fu)(x) % 5 k:)(k >j+
j=1 J' k=[na] "
Lnb) E_ Nt
> o(na- / (f(N)( ) — f (w)) (?Nt)l),dt'
k=[na] '

14



Thus o
nb
A (f,2) = f (@) ( 3 <I>(m:—k)) _
k=[na]
N
f9 @) ., ;
; i A (( — ) )+An (z), (62)
where
L=l x N-1
- “ )

Ap () == k_z[n:a] D (nz — k)/fﬂ (f(N) (t) — fM (m) Wdt' (63)

1

no

We assume that b —a > which is always the case for large enough n € N,

that is when n > [(b— a) @
Thus ’%—x‘ < n% or ’%—x’ > n%

Let
k

n

= / ; (1™ @) = 1™ @) ((N—l)'

N-1
) dt,

in the case of | £ — z| < -1 we find that

1 1
Il < wr (f““, n) NN (65)

forxﬁ%orng.
We prove it next.
i) Indeed, for the case of © < %, we have
k k N-—1
- k _ t)
(N) (4) — F(N) ) (nidt
[ (W 0= @) et

<

vl =

ii) for the case of z > £, we have
E _

/ (£ @0 = 1Y (@) ((N—l)'

vl =

15



H / (£ @) - £ (@) (t(‘ 5)N)1dt <

/ Hf(N) W (g tNk)l) ldtg (67)
. AN-1 . N-1
/ “i (f(N)’“_x') ((]_Vﬁ)l)! di < w (f(N)’:oé)/z (t(J_vZ)U! dt =

1\ (- k& 1 1
w1 (f(N),na) (TT <wi (f“v)%a) NN

We have proved (65).
We treat again ~, see (64), but differently:

Notice also for z < % that

N-1

[ (0-m10) <%N—i>1)! z

/ wa) — N (g ):;!_ldt< (68)
N
o [ - 2Hf“V | s
S2Hf““Hm%
Next assume % < z, then
)N—l

H/’; (fuv) (t) — V) (x)) (f(ij\;tl)! datll =

™) (¢ ) ( _7) "
H/ rn=g N -1

/ wa) ) (g _)iv)!ldt< (69)
_k N kN
][ s dt:QHﬂMHJ b
<2 G5

16



Thus
b—a)"

(N)
I < 2[# ™| ==
in the two cases.
Therefore
[nb] [nb]
A, (x) = Z O (nz—k)vy+ Z O (nz—k)y
k= [na] k = [na]
kol < Eal> &
Hence
[nb] 1 1
@ls X e (o (002 g )
{k = [na]
k
worl < e
Lnb) N
b— )N (9)
B atuen o]
k= [na| .
%= > 5=
1 1 1 (b—a)y
o o] S -
w1 (f ’ na> N"I’LaN + 4m (nl_@ — 2)2771 f o] N!
N
(g L) 60
! "n® ) NnoN — N1om (pl-o — 2)"
That is N
A @) < 20 ge) | 1P (0 a)
" ~  NlnoN N12m (nl=o — 2)*™’
V€ la,b].

We further see that

A ((. _x)a) — % ® (nz — k) (fL —x)j,

k=[na]
where A7 is defined similarly for real valued functions.
Therefore

[nb]

4 (=) < 3 et

k=[na]

J

17
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J
Z q)(nx—k)’—x + Z @(nw—k)’—a? <
k = [nal k = [nal
Eoalz ik E_al>
1 ; 1
— + (b—a)’ 75
neJ ( ) 4m (nl-o —2)°™ ()
That is 1 1
A 7)) < =5+ b-ay : 76
‘ ( ) ) aj ( ) 4m (nl a 2)27n ( )
forj=1,...,N.
Putting things together we have proved
[nb] N f(J)
A (fo)—f@) | Y @ma—k) ||| < Z (77)
k=[na] J=1

1 (b —a)’

nei ' gm, (nl-a — 2)2m

1 e
(N) =
w1<f ’na)naNN!—'_N!Qm(nla—Q) ’

that is establishing the theorem. m
All integrals from now on are of Bochner type [18].
We need

Definition 15 ([12]) Let [a,b] C R, X be a Banach space, o > 0; m = [a] € N,
([] is the ceiling of the number), f : [a,b] — X. We assume that f(™ €
Ly ([a,b] , X). We call the Caputo-Bochner left fractional derivative of order a:

(D2 f) (x) == %a) / ’ (z—t)" " ) (ydt, Vxelab].  (78)

T'(m
If o € N, we set DS, f = ) the ordinary X -valued derivative (defined similar
to numerical one, see [20], p. 83), and also set DO, f = f.

y [12], (D%, f) (z) exists almost everywhere in = € [a,b] and DS, f €
Ly ([ b}, X).
17,

C (la, b]) -

‘We mention

) < 00, then by [12], D¢, f € C ([a,b],X) , hence | D, f| €

Lemma 16 ([11]) Let « > 0, a« ¢ N, m = [a], f € C™ 1 ([a,b],X) and
f™ € Lo ([a,b], X). Then D2, f (a) = 0.

‘We mention

18



Definition 17 (/10]) Let [a,b] C R, X be a Banach space, o > 0, m := [«].
We assume that f™ € Ly ([a,b], X), where f : [a,b] — X. We call the Caputo-
Bochner right fractional derivative of order a:

p— m b
(D5 ) @)= s [ Gy i Ve lad]. (1)

(m —a)

We observe that (D™ f) (z) = (=1)™ f™) (z), for m € N, and (Dj_f) (z) =
f ().

By [10], (D" f) () exists almost everywhere on [a, b] and (D§*_ f) € L1 ([a,b]

If ||f(m)”Loo([a,b],X) < 00, and a ¢ N, by [10], D¢ f € C([a,b],X), hence
| Dg_f]| € C ([a,b]).
‘We need

Lemma 18 ([11]) Let f € C™ ! ([a,b],X), f™ € Lo ([a,b],X), m = [a],
a>0,a¢N. Then Dy f(b) =0.

We mention the left fractional Taylor formula

Theorem 19 ([12]) Let m € N and f € C™ ([a,b],X), where [a,b] C R and
X is a Banach space, and let o« > 0:m = [a]. Then

@) ( L xx—za_l oy z)dz
> T Y ICY )

vV z € [a,b].
We also mention the right fractional Taylor formula

Theorem 20 ([10]) Let [a,b] C R, X be a Banach space, & > 0, m = [a],
feC™([a,b],X). Then

(@b 1 o
£ =3 S0+ s [ G0 (D) (e (s)
1=0 z
Vz € la,b].
Convention 21 We assume that
D¢, f(x) =0, for x < xo, (82)
and
Dg _f(x) =0, for x > xo, (83)

for all x,x0 € [a,b].
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‘We mention

Proposition 22 (/11]) Let f € C"([a,b],X), n = [v], v > 0. Then DY, f (x)
is continuous in x € [a, b].

Proposition 23 (/11]) Let f € C™ ([a,b], X), m = [a], a > 0. Then D}_f (x)
is continuous in T € [a,b].

We also mention

Proposition 24 ([11]) Let f € C™ ' ([a,b],X), f"™) € Ly ([a,b],X), m =
[a], a >0 and

D2, (x) = % / @ e (1, (s4)

m—a) Ju,

for all x,xo € [a,b] : x > xg.
Then D, f (x) is continuous in x.

Proposition 25 ([11]) Let f € C™ ' ([a,b],X), f™) € Lo ([a,b],X), m =
[a], a >0 and

D f(x) = PE;LU—a) / (¢ — e (¢ e, (85)

for all z,xzy € [a,b] : g > x.
Then DG, f (x) is continuous in x.

Corollary 26 ([11]) Let f € C™ ([a,b],X), m = [a], a > 0, z,z9 € [a,b].

Then D¢, f(x), Dy, _f(x) are jointly continuous functions in (x,xzo) from

[a, b]2 into X, X is a Banach space.
We need

Theorem 27 ([11]) Let f : [a,b]> — X be jointly continuous, X is a Banach
space. Consider

G(z) =wi(f(-2),0,[z0b]), (86)
0>0,z¢€lab.

Then G is continuous on [a,b].

Theorem 28 ([11]) Let f : [a,b]> — X be jointly continuous, X is a Banach
space. Then

H ($) = w1 (f (’:E) )0, [a,x]) ’ (87)

x € [a,b], is continuous in x € [a,b], 6 > 0.
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‘We make

Remark 29 (/11]) Let f € C* ' ([a,b]), f™ € Lo ([a,b]), n = [v], v > 0,
v ¢ N. Then

17 a0

v < o n—v ]
ID%f @] < S = @ Yoot (69
Thus we observe (6 >0)
wi (DL, f,6) = sup D% f (x) = DL f (y)l < (89)
x,y€e|a,
lz—y|<é

“ Hf(n)HLoc([a,b],X) (—a)"" + Hf(n)HLoo([a,b},X) (v
w,ye[g,b] I'n—v+1) Tn—v+1) y

lz—y|<o

2[[7 1. a3
I'n—v+1)

(b—a)""".

Consequently

92| £(n)
=21

o (Do 0) < = (b (90)

Similarly, let f € C™ ' ([a,b]), f™ € Ly ([a,0]), m = [a], @ >0, a ¢ N,
then

P ot -
OC([ 7]! ) (b_a)m e/
F'(m-a+1) '

So for f € C™ 1 ([a,b]), f™ € Lo ([a,D]), m = [a], a >0, a ¢ N, we find

217 . o)

. 2|
w1 (Dbffvé) S

(91)

- (o4 _ m—o«
ooty ! (D2eof:8) oy < (m—a+1) (b=a)™, (%2)
" el
2| flm
sup wy (D, _f,9) < Loo([a,0],X) (b—a)" . (93)

o€lab] la.w] = T(m—a+1)

By [12] we get that Dg, f € C([zo,b],X), and by [10] we obtain that
Dg _f € C(la,x0],X).

We present the following X-valued fractional approximation result by neural
networks.
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Theorem 30 Let « > 0, N = [a], a ¢ N, f € CVN ([0,b],X), 0 < B < 1,
meN, z €la,b],neN:n=8>2 Then

9
N=L 4(5) (o _
()= 3 A, (o) @) - 1) <
=1L
2 (A a) [ (w1 (D2 )y + 1 (DS ) ) .
F(a+1) naﬂ
1 Do o
g (P2 =0 1Dy 0 27) . 09

i) if f) (z) =0, forj=1,..,N — 1, we have

2 (/T +4m)
||An (fax) ( )|| > W
(w1 (D, 35y + 01 (DS ) )
nob +
g (1P = 0 41D 0= 57) . 09
i)
[An (f,2) = f ()| <2(*V1+4m)-
N .
\fm ) f 1 (b— ay
{X_: W+4m(nl—5—2)2m -
1 (o (e )y e (D) )
F(Oé+1) naﬁ +
1 [0
g (1P = 0 415y 0 )
(96)
vz € [a,b],
and
i)

[Anf = flloo <2 (V1 +4m)-
||f(”|| (b—a)
{ Z nﬁ] + 4m (nlfﬁ _ 2)2m +

22




( sup wy (Dg_f, n/a) 2] T sup w1 (D2 f, nﬁ)[z b])
1 z€la,b] z€la,b]

T(a+1) noB T

(bfai 2)7" < P R I S IID of lle, )}} (97)

dm (TLI B z€la,b]

Above, when N =1 the sum Z;V:_ll -=0.
As we see here we obtain X -valued fractionally type pointwise and uniform
convergence with rates of A,, — I the unit operator, as n — o0.

Proof. Let z € [a,b]. We have that DY_f (z) = D%, f (z) = 0.
From Theorem 19, we get by the left Caputo fractional Taylor formula that

O-E5E) e

o/ ; (£- J)al (D%, £ (J) — D2 f (@) d,

forallxﬁ%ﬁb.
Also from Theorem 20, using the right Caputo fractional Taylor formula we

O-E5CY

o / (- fj) (D2 f(J) = DI_f (2)) d

forallagggx.
Hence we have

& (nz — k) (k - a:)j +  (101)



2l (s O ) - pesw)as

forallaﬁ%ﬁx,iﬁ [na] <k < |nz].
Therefore it holds

[nb] N=1 ,(j |nb) . ;
Z f( ) nx*k):ij"(ﬂi) Z (I)(nmk)(n:c) +
Flnelt iz P kmlnaln
[nb] (102)
1 " % k a—1 . .
L () k_mzml@ e k)/m (n -/ ) (D2, f (J) ~ D, f (2)) ],
and
|nz ]| . ) |nz]
> (5 o= 7@ SN g e — k) (k_x>f+ o)
k=[na] =0 ] k=nal n
1 L] x k a—1
m k_z[n:ﬂ D (nx — k)/ﬁ (J — n> (Dw_f (J)—D2_f (x)) dJ.

Adding the last two equalities (102) and (103) obtain

A5 Lf’;ﬁ() 1)~ (100

k=[na]
NZL ) (z) Y Eo
f Z d (n <—x> +
Jj=0 : k=[na] n

1

[nax] z k a—1 N N
) {k;] ® (nx — k)/ (J - n) (D2_f(J)— D2_f (x)) dJ+

[nb] % k a—1
> otk [ (F-7) 0nf0)- DRIy,
k=|nz|+1 z
So we have derived
[nb)
A (fo)—f@) [ ) @ma—k) | = (105)

k=[na]

N- 1f(J)

A (C=a)) +un (@),

Jj=1
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where
1 [nz] x k a—1 . .
0 (0) 1= s {k_z[n:a] ® (na — k)/ (J - n) (DS f(J)— D& f(x))dJ

[nbd] & a—1
by eaon [ (E-0) (szf(J>—szf(w))dJ}- (106

k=|nz|+1
We set
1 [na] T k a—1
u (@) =~ Y @ —k) [ (J-=)  (De_f(J) = Di_f (x))dJ.
R ﬁ < ”> (107)
and
1 [nb] % k a—1
tom 1= oma—k) [ (S-7)  (DLFI) - DELF (@) d,
w2 2w [ (5-) “
i.e.
U (T) = U1y () + uzn () . (109)

We assume b — a > n%, 0 < B < 1, which is always the case for large enough
1
n € N, that is when n > [(b — a)_E-‘. It is always true that either ‘% — m‘ < n%
or |% - m| > ni,g
For k = [na], ..., |[nx], we consider

Tar = H [ (-5 wso-psmal = a0

/, (J_z>a1D§“f(J)dJ g[ (J_fl)“

(z-%)"

[DE_f (D] <

That is

D =y

||Dg—f(‘])||oo,[a,z] a

Y1k S ||D§—f||oo [a,z] %7 (112)

for k = [na], ..., |nz].

Also we have in case of ‘% - x‘ < n% that

z a—1
s [ (J-jj) |2 £(J) - D2 f (@)]|d] <

25



x k a—1
/ (J— n) w1 (Dg‘,f,|J—x|)[ax] dJ < (113)
k ’

T k a—1
) U=5) s
fa.a] /&

1 z— k)" 1 1
w1 Dg_f, — 7( n) S w1 Dg_f, — 704 .
nb (a,2] o nb | an B

la,z

k
T — =
n

w1 <D§_ f,

That is when ‘% — J:’ < n%, then

w1 (Dgffa n%)[a,x]

T € ——2F (114)
Consequently we obtain
lurn @) € 57= Y ®(nw—k) vy, = (115)
I (Oé) k=[na]

[na] a ¢ 1
1 w1 (Dw_f’ ’H.B)[[L ’t]
T (a) Z ®(nz — k) an®P +
k = [na]
{: % —al< 5
[nx] . (.’E _ a)a
k = [na]
Nk —a > L
1 w1 (Dg,f, %)[u7¢]+
I'(a+1) nos
Z o ('I’LSC - k) HDg*fHoo,[a,z] (.’17 a)a <
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T(atl) noB 4m (n1=5 — 2)

So we have proved that

1 {w (D31 550, P2l w—a)“}
2m .

n <
len @ < 75575 nop dm (n1=6 — 2

Next when k = [nz| + 1, ..., [nb] we consider

k

/; <i - ‘]) - (D% f (J) = D, f (z)) dJ
/f (fb N J>H D% f (J) = D& f (@)l dJ =

% k a—1
/(n_J> 1D, f (J)]|dJ <

k)" <b — )
D% f oo 2,0 % SNIDSfllooyfoy) ——-

Therefore when k = |nz| + 1,..., |[nb] we get that
That is

Yok =

b— )
v < 102 oy 2

In case of |% —x| < % we have

k a—1
n (k
Yoi < / <n - J) i (D% £l = al) gy d <

k
k
w1 <D$zf; ‘n

k a—1
A [ ()
[zb] Sz \T

1 E_g)® 1 1
wi ( DLf,— G2 <wi (DLf,— —.
Wy @ S [y AT

So when | — :z:| < .5 we derived that

w1 (‘D*l’f’ nﬁ) x b]

Yo <

an®h8
Similarly we have that
1 |nb]
[uzn (@) < 7= Z P (nz—k)vy, | =
I'(a)
k=|nz|+1

27

1 {wl (Dgé—f’ niﬁ)[a;c] HD fH Ja, z] a)a }
)2m :

(117)

(118)

(119)

(120)

(121)

(122)



|nb] [nb]
iy > @ (nz — k) yor + > @ (nz — k) v, o <

I' ()
k=|nz]+1 k=|nz]+1
{¢|ﬁ—x|§nlﬁ {:|ﬁ—x| a5
(123)
L)
1 ( f’nﬁ)xb]
) Z ® (nx — k) o
k=|nz|+1
|-z < &
[nb| o
> ek | D5y T <
k=|nz|]+1
—a|> 5
1 w1 (Df:wf’ n%)[l,b]
I'(a+1) nob +
> ® (nz — k) | [I1D% fllog o (0 —2)% p < (124)

1 {""1 (D2, f, n%)[z’b] n 1D%2 fll oo, a5y (0= ) }

T(a+1) nab dm (n1=8 — 2)*™

So we have proved that

w1 (D2, f, Dz, b—a)"
) { ( %) (et N D% f oo .1 ( ) . (125)

<
Hu2n (JU)” = F (O[ + 1) 'I’Laﬁ 4m (nl_B — 2)2771,
Therefore
un (@)|| < lutn (@)|| + |luzn (2)]| <
o 1 o f 2
1 w1 (Dg_f, W)[a,x] w1 (DS, "7)[%"] + (126)
I'(aw+1) nes
1 Do D “
4m (nl—ﬁ - 2)2771, (H f“ Ja,z] (z — a) + |l fH [x,b] (b—w) ) '
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From the proof of Theorem 14 we get that

: 1 (b—a)
o A <
‘An (( .’L‘) ) (SL')‘ = nﬁj + 4m (’I’Ll_’g - 2)2m’ (127)
forj=1,...N—1,Vz€lab.
Putting things together, we have established
nb
* < Sl
Ay (fie) = f@) | Y ®(nz—k) Z (128)
k=[na] Jj=1
1 b—a)’
T + ( a) 2m +
W7 g (i = 2)
1 w1 (D fv%) 2 Tt (D*If’nﬁ)[zb]
I'(a+1) neB
1 Oé
iy (1P o= 0 1Dy 021 = 1 )

(129)
As a result we derive (see (41))

|An (f,2) — f(z)|| <2 ( 1+ 47”) K, (z), Yz¢€lab]. (130)
We further have that

(J)

1

—5 +(b—ay
(b=a) 4m, (ni=e —2)°™

+ (131)

{ sup (wl (D;?,f7 n%;) ]) + sup] (wl (D*zf’ ns)[x b})}

1 z€[a,b] z€[a,b
1
b _ @
(b-a) dm (n1=8 — 2)*™
su Dy + su D¢ = F,.
{ ( p(ID5 o) + 500, (1055 )) }}
Hence it holds
|Anf — flloo < 2(27\”/14—47") E,. (132)

We observe the following:
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‘We have

(Dg_f) (y)—FENI)_Na) /; (J—yp)N N () dd, Vyefa,x]  (133)
and
102 ) 0 < g = ([ =0 ar) |19 =
(N —a) \J, o0
e = e Il
'(N-a) (N-a I'(N-a+1
< r(fN+ .. a3
That is N
1D fll o o) < M ‘ (N)H (135)
and
e SF((bN_ ™| . (136)

Similarly we have

DN 0) = = [ 00" @ Vel (37

I'N -«

Thus we get

102 0l < oy ([ 0 t)N“dt) < ase)

T Il < e
'(N—-a) (N-« o —a+
Hence N
(b—a> ’ (N)H
and
e Ll
D¢ < =’ 14
From (92) and (93) we get
1 2| /™ N-
sup wi Df;_f,) <—" 1% _(h—q)" " “, (141)
z€Ja,b] ( nf la,z] r (N —o+ 1) ( )
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and
2|s™M,

1 N—«
sup wn (D2, ) < WMo _g¥e (1a9)
z€Ja,b] ( nf [z,b] r (N —o+ 1)

That is F,, < oc.
We finally notice that

Nl oe() (4 ,
A= 3 A, (- 0) @) - ) -
4 () 1

( l&r;me] o (e k)) [AZ (f,x) — (j_l f(j;!(x)A; ((. _ x)j) (:C)) (143)

Vo€ la,b].
The proof of the theorem is now completed. m
Next we apply Theorem 30 for N = 1.

Theorem 31 Let0 < a,B <1, f € C*([a,b],X), z € [a,b], n € N:n'=F > 2,
m € N. Then
i)
[An (f,2) = f (@)] <

2 ( /1 + 4m) (w1 (D;’_f, n%)[a,z] w1 (waﬂ n%)[z,b]>
I'(a+1) nab +
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4n10ﬂ;__2fnl(HD§fHuqmﬂ< )" + D2, fll o oy (0 a»“)},
(145)
and
Y 2( V144 )
/1 4m

( sup i (D fy ) + 500 w1 (DS ;B)WJ

z€la,b] z€la,b]

nob T

4dm (n1*5 — z€la,b]

(b—a) 2)2m ( sup HDQ fH o] + sup 1D, fll o mb])} (146)

When o = % we derive

Corollary 32 Let 0 < 8 < 1, f € C ([a,b],X), x € [a,b], n € N: nt=F > 2,
m € N. Then

i
14, (f.2) — £ (@)] <
4( /1 +4m) (wl (Df_f’ "L’j>[a,m] T (D*%If’ 73/3)[:5,1)]) N
VG my
g (Pl e s o], vea) |
(147)
and
i)
4(RIFTm
w%f—mms(wf”
(ﬁl[lfb]wl (Pi-r35) S (p5es35) [M])
nt "
b—a 2
e T N T Y B | S
(148)
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Next we make

Remark 33 Some convergence analysis follows:
Let0< B <1, f€C (a,b],X), z€a,b,neN:n""F>2 mecN. We
elaborate on (148). Assume that

P 1 S
w1 (sz7 TLB [a m] S TLﬁ ) (14'9)
and . X,
1
1 (Dﬁzf, nﬁ)[x ) <5 (150)

Yz € la,b], VneN, where K1, Ka > 0.
Then it holds

z€[a,b] [a.2]  z€lab]
é —
2

[ sup wi (Df_f, #) + sup ws (D*%wfa T%ﬁ)[ b}]

n

(K1+K2) (K1+K2) B K

I°Y:]
38 380

B
nz n=2 n=2

(151)

where K := K1 + K9 > 0.

The other summand of the right hand side of (148), for large enough n,
converges to zero at the speed m7 so it is about m, where L > 0 is
a constant.

Then, for large enough n € N, by (148), (151) and the above comment, we

obtain that
M

[Anf = flloo < ; (152)
min (n%,anU*BO
where M > 0.
Clearly we have two cases:
i)
M am
[Anf = flloo < (B when 3 am <p<1, (153)
with speed of convergence m,
and
M 4m
Anf — < —, wh < , 154
40f = fll < . when 0< < T (154)

with speed of convergence —z

nz
In Theorem 11, for f € C([a,b],X) and for large enough n € N, when

0<pB< 1+2 thespeedzsn— So when 0 < 8 < 3+4m (< 1+2m) we get by
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(154) that ||Anf — f|lo, converges much faster to zero. The last comes because
we assumed differentiability of f.
Notice that in Corollary 32 no initial condition is assumed.

Next, we will present an alternative fractional approximation by A,,, n € N.
Notation 34 Letn € N, we denote the left iterated fractional derivative

D' = D¢ D®...D%,, (n - times), (155)

*x?

z €la,b],0<a<l.
Similarly, we also denote the right iterated fractional derivative

D" = D D% ..D% , (m - times), (156)
x € [a,b].
We need

Definition 35 Let m € N, D§ﬁ+1)af denote any of DEEH)“, D;Trl)a, and
0 >0. We set

D(m—l)a 5) = Dgﬂ)a S D(ﬁ+1)a 5

wl( T f’ ) max UJl( f7 )[az,b},WI( T— f7 )[a7:v] ’
(157)

where © € [a,b]. Here the moduli of continuity are considered over [z,b] and

[a, x], respectively.

We also need

Theorem 36 ([13], p. 123) Let 0 < a < 1, f : [a,b] = R, f' € Ly ([a,b]),
x € [a,b] being fived. Assume that DX f € C ([x,b]), k=0,1,...,n+1,mEN,
and (Djf; )(m) =0,4=2,3,...,m+ 1. Also, suppose that D** f € C ([a,z]),
fork=0,1,...m+ 1, and (Df;ﬁf) () =0, fori=2,3,....,m+ 1. Then

w1 (Da(cﬁﬂ)afﬁ) _ = (F+1)atl

) TGS O ek R
1O 1@< Trmary |- A ] e
(158)

We present

Theorem 37 Let f € C([a,b]) and all as in Theorem 36, n € N : '~ > 2,
m € N.
Then

2 (T A7) wr (DI, 6)

[(Anf) (z) = f (2)] < T((m+1)a+1)
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+ (159)

1 (b _ a)(ﬁ+1)a
A0 gy (i — 27"

(m+1)a+1
1 —
+ (b=a) ] } , 0>0.

nol(@+1)a+1] 4m (nl_a - 2)27n

1
S(A+Da+l)

Hence nErJrrlooAn (f)(z) = f(x).

Proof. We notice that A4,, is a positive linear operator with A,, (1) = 1.
Let f € C ([a,b],R), then || < |f] and — |f] < f < |f].

Hence —A, (|f]) < Au (f) < A (|f]) and [A, ()] < A, (If]).

Therefore

[(Anf) (2) = f (@) = [(Anf) (z) — An (f (2)) (2)] =

A (= @) @] S An(f — f (@) (@) < (160)

o (D) [ (1= ™) ) + o G (x)] _

r'((m+1)a+1) d(m+1)a+1)

Wy (Déﬁ-‘rl)af’ 5)

T(@+1)a+1) M @ (e — k)

— n n+1 1
b @D S =TT e (e — k) | 2o
Z ——z S (nx — k) + — <
bl | o(m+1)a+1)
(161)
2 (/T 47) wy (DI, 6)
'(m+1)a+1)
[nb] k (T+1)a
z ——z ® (nx — k) +
n
k= [na)
E - < L
[nb] k A+
Z ——x S (nx—k)| +
n
= [na]
n o> 5e
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[nb) (A+1)a+1

1 k
—_ - — d —k 162
S (@t Datl) 2 o (e —k)+ (162)
k = [na]
: |% - $| S nl“
[nb] (A+1)a+1 (19)
Z ‘k —x D (nx — k) <
n
k= [na)
Hu =l > 5e
2 ( 2m/7 ¥ 4m) w1 (Da(tﬁ+1)af’ 5) 1 (b B a)(ﬁ+1)a
T((n+Da+l) e N

1
S(mE+)a+l)

+

(+1)a+1
1 _
4 b=a) H §>0, (163)

nel(@+1)a+1] 4m (nl_a B 2)2’m

proving the claim. m
We finish with

Corollary 38 All as in Theorem 37, with § = m Then

m ™ m+1)a
2(21/14’4 )wl (Dl’ f?(ﬁ_l’_ll)a_l’_l)
T(@+ Datl)

1 (b — a)™ 0 1 (b — a)™ DT
T I E G e

(164)

[(Anf) (2) = f (2)] <

Hence lim A, (f)(z) = f(z).

n—-+o00o
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