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Elliptic orbits

Kepler’s first law: the
orbit of every planet
is an ellipse with the
Sun at one of the two
foci.
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https://en.wikipedia.org/wiki/Focus_(geometry)

Polynomials

| 1 =0

The position (x,y) of a
planet moving on an
elliptical orbit is given
by a polynomial of x
and y.




Area and arc length

The area and arc length
swept out by the ray to
the planet are also
functions of (x, ).




Newton’s guestion

So Newton asked, in
1687, whether the arc
length and area swept
out by the planet are
also solutions of
polynomial equations.




Newton’s answer |

As (x,y) moves along the
orbit with time ¢ and
returns to the starting
point, the ray to the planet
has swept out the whole
area bounded by the
orbit.




Newton’s answer ||

The area increases again after
another orbit, and again and
again...

So, it takes an infinite number of
values at each point (X, y)

The same is true of the arc
length.

But, the solution of a polynomial
equation can only take a finite
number of values (determined
by its degree).
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So the area and arc length cannot
be solutions of a polynomial
equation = They are
transcendental functions.




The arc length

The length along a small arc of the ellipse is

ds* = dx*+dy* = (a* cos*(0) + b* sin*(0)) do*

0
= s5(0) = a J \/ 1 — k? sin?(0) dO Euler, 1738
0
where k% =1-b?/a?

This is an elliptic integral (of the second kind). Legendre
classified such integrals into three kinds in 1811. The
integral of the first kind is

‘ do
F@O, k) = J
0 /1 — k2 sin%(0)




The arc length

The length along a small arc of the ellipse is

ds* = dx*+dy* = (a* cos*(0) + b* sin*(0)) do*

0
= s5(0) = a J \/ 1 — k? sin?(0) dO Euler, 1738
0
where k% =1-b?/a?

This is an elliptic integral (of the second kind). Legendre
classified such integrals into three kinds in 1811. The
integral of the first kind is

‘ do
F@O, k) = J
0 /1 — k2 sin%(0)

Inversion leads to elliptic functions: sn(t; k), ... Abel 1825



Weierstrass form

du

Fw, k) = J
W \/4u3—8zu+83

Inverse function: = ¢o(x; g,, g3)
which satisfies differential equations:
w2 = 4w’ — g,w + g3

_ )
w, = 6w —g,

Welerstrass 1840s
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Weierstrass model

Y =4+ g x— g =0
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For fixed 8>, each curve is parametrised by g3, with points given by (@(S — 5p), (s — SO)).
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Cubic curves
y?=4x’ — grx + g

Newton classified all irreducible cubic curves in

an unpublished manuscript, and defined Newton, 1676
functions through “Puiseux” series, e.g., Puiseux, 1850
vy =x>+x

= y=x"(1+x*/2—-x%8 + )

— idea of monodromy, 200 years later.



Monodromy




New transcendental functions

“It is well known that the central problem of the whole
of modern mathematics is the study of the
transcendental functions defined by differential
equations.”

Klein, Lecture |, Evanston Colloquium, 189 3.



Prototypical example

The hypergeometric differential equation
Z(I=2)w,, + (c—(a+b+ l)z) w, —abw =0

has Fuchsian singularities (regular singularities) at 0,1,00.

The fundamental 2x2 matrix of solutions Y(z) changes
when analytically continued on a path around each
singularity.



Monodromy data

O. 8o = (80 ° 81)_1

80
81

g0, &1 are 2x2 matrices, which generate the monodromy group.

Data that remains invariant under simultaneous conjugation
of such matrices is called monodromy data.




Lazarus Fuchs

1833 — 1902




Lazarus Fuchs Richard Fuchs

1833 — 1902 1873 — 1944




Add another singularity

O

0

R. Fuchs 19205

ﬂ_(!“o, A A )Y
dz z z—1 z—t
Find the condition

under which

monodromy data of

this system stays

invariant under
deformation of ¢ .

— isomonodromy problem



Fuchs equation

1 /1 1 1 ,
w’ = + + (W)

w w—1 w-—t¢

(1 1 1 > ,
— I + 1%
5 r— 1 w—1

WWHJXw—D(a Bt

12(t — 1)?

y(t—1) s t(t—1)

w—-1*  (w-1°
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A limiting form

c» Take

r—=14+et

23



Successive limits

1 33
Prv:  w'=—mw)*4 - FAtw? + 2(1° — a)w + 4
PAYY, 2 W
1 w1 o)
PHI . W” — _(VV/)2 —— + —(OIWZ + ,B) + }/ W3 + —
%% [ [ w
Py : w’ =2w +tw+ a

Pit w'=6w?+1
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New functions

*For special parameter values, the Painlevé equations
admit special (one- or no-free parameter) rational
and hypergeometric-type solutions.



New functions

*For special parameter values, the Painlevé equations
admit special (one- or no-free parameter) rational
and hypergeometric-type solutions.

*But their general solutions are new transcendental

functions. Malgrange 1983, Nishioka 1987-89, Umemura 1989-90,
Umemura & Watanabe 1997-98, Watanabe 1995-98.
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New functions

*For special parameter values, the Painlevé equations
admit special (one- or no-free parameter) rational
and hypergeometric-type solutions.

*But their general solutions are new transcendental

functions. Malgrange 1983, Nishioka 1987-89, Umemura 1989-90,
Umemura & Watanabe 1997-98, Watanabe 1995-98.

*One way to describe them is through

associated isomonodromy problems.

Ablowitz & Segur 1977, Jimbo & Miwa 1981,
Its & Novokshenov 1986, Kapaev 1988,
Kitaev & Kapaev 1993, Deift & Zhou 1995,
Fokas & Zhou 1992, Fokas et al 2006.
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The first Painlevée equation

w” = 6w? + 1



The first Painlevée equation
w' = 6w? + ¢

* No rational or hypergeometric-type solutions.

* The only global information about solutions available
comes from asymptotic analysis as ¢t — 0.



The first Painlevée equation
w' = 6w? + ¢

* No rational or hypergeometric-type solutions.

* The only global information about solutions available
comes from asymptotic analysis as ¢t — 0.

* Boutroux (1913) showed that

w(?t) = tY%u(z) u 4
4 >  u, =6ut+1—- —+ -
_ 5/ z 2572

5

<



The first Painlevée equation

»»»»»»»»»»»»»»»»

w” = 6w? + 1

No rational or hypergeometric-type solutions.

The only global information about solutions available
comes from asymptotic analysis as ¢t — 0.

Boutroux (191 3) showed that

w(t) = t"?u(z) u 4
4 >  u, =6ut+1—- —+ -
;= Sl 7 2572
5

So as 7 = o0, we find u ~ g(z — z9; — 2; 2E), where

uZ2=4u3+u+2E
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The hyperbolic behaviours occur along boundaries of
quadrants in Z, which are sectors of width 2z/35 in x.



Modulated elliptic functions

Both E, 7, change slowly as z — oo.

We can show that £ must be bounded, away from poles
of u(z).

And, as arg(z) varies for fixed large |z|, E moves along
a bounded, almost periodic curve, which passes through
singular values E = £8.

At these values, the elliptic function degenerates to a
hyperbolic function and a further degeneracy reduces it
to a rational function Boutroux 1913, J. & Kruskal 1988-92 .

The hyperbolic behaviours occur along boundaries of
quadrants in Z, which are sectors of width 2z/35 in x.

The algebraic behaviour occurs within two contiguous
such sectors, and leads to tronquée solutions.




Poles of a tronqué solution of Pl in t-plane from
arXiv:2204.09062 Figure 1(b) by Alexander van Spaendonck
and Marcel Vonk. (Figure is reflected from the original.)

B3 SYDNEY



How are such functions related to
isomonodromy problems?




Monodromy
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Isomonodromy problem for P;

P; is the compatibility condition for an associated 2x2
matrix linear system:

)4 A_
— =A@ DY AQ=AL+AL+Az+
07 Z
oY Jimbo, Miwa 1981
— = B(z, )Y

ot

This system has an irregular singular point at z = co and o
regular singular point at z = 0.

Monodromy now includes not only the information about
how solutions change in the way described by Fuchs
around 0, but also Stokes phenomena around oo.

xxxxxxxxxxx



Stokes phenomena
Y ~ (I+0(1/2))exp ((%ZS + tz> 03>, z—> ©



Stokes phenomena

arg(Yl,l)




Stokes phenomena

arg(Yyp) arg(Y, )

Choose a solution Y} in a sector .. It must be related to
the corresponding solution in a neighbouring sector by
multiplication by Stokes matrices:

1 O 1 s
Yiy = 1S, Szz=<szl 1), Szz+1=<0 211+1>

";;‘ﬁj THE UNIVERSITY OF
w2/ SYDNEY
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Connections

* Connection to the solutions defined

around z = 0.

* Symmetry condition (related to Py).

/4

iy

* These lead to interrelationships
between parameters{s,}, yielding

Sr+5 = Sk
I — 3

54

[ — S,

I + 35783
l (1 + 5253)

( Sy §; k=-=2
J.

by

<y

JI 33
J k=—3

Kapaev, 1988
Kapev &Kitaev, 1993



Cubic surfaces

The relations boil down to
S1S253+S1 +S3 — l

That is, a cubic surface.

’

The cubic surface of P, after scaling
SN = 1X, 5y = — 1Y, 53 = IZ.




Cubic surfaces

The relations boil down to
S1S2S3+S1 +S3 — l
That is, a cubic surface.

Similar cubic surfaces
arise for the remaining Painlevé
Equations, e.g., for Py

$18y83+ st +as; —bsy+csy+d=0

>

where a, b, c,d are related to

the two parameters of Pyy.
The cubic surface of P, after scaling

Dy =[x, 5, = — Iy, 53 = IZ.



Cubic surfaces

Cubic surfaces are celebrated in algebraic
geometry, and lines on them play an
important role.

The cubic surface for P; contains 5 (affine
lines.

Li:{s;=0,s; =i}
L,:{s; =1, s3=0}
Ly:{s,=0, s +5;=1}
Ly:{s,=1,83=1}
Ls:{s; =18 =1}

Each line L; is crucially tied to a famous one-parameter
asymptotic behaviour admitted by P;.
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Tronguée solutions

N2 & a
(o) ~ 6 2 #5512
j=0

N
®

i q s“(((“"’f!y))\x»,_ ¥

y\ %rﬂﬁ

| I 1 | 1 1 T | 1 I L | L | L

Poles of a tronqué solution of Pl in t-plane from
5 SYBNEY arXiv:2204.09062 Figure 1(b) by Alexander van
Spaendonck and Marcel Vonk. (Figure is reflected.)




Tronguée solutions

A" g

w(f) ~ [ — Z_J

L, 6 (512
j=0

= J‘\ ‘ i\ ~
)

| I 1 | 1 1 T | I 1 | L 1 | L I | 1 L | I

Poles of a tronqué solution of Pl in t-plane from
arXiv:2204.09062 Figure 1(b) by Alexander van
Spaendonck and Marcel Vonk. (Figure is reflected.)




Tronguée solutions
_t J
I W~ — Zt%
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I 4
L5 L2 . ol %g

| I 1 | 1 1 T | I 1 | L 1 | L I | 1 L | I

Poles of a tronqué solution of Pl in t-plane from
5 SYBNEY arXiv:2204.09062 Figure 1(b) by Alexander van
Spaendonck and Marcel Vonk. (Figure is reflected.)




Tritronquee solutions

Ls L,

LlﬂL4 {S1=O, Szzi, S3

»‘ |

%

85 + s 0 s >~
Poles of a tritronqué solution of Pl in t-plane from

l} arXiv:2204.09062 Figure 1(a) by Alexander van
Spaendonck and Marcel Vonk. (Figure is reflected.)



Symmetric solutions

The monodromy surface

S18y83+ 51+ 83 =1

contains points (ip, ip, ip), where
p’=2p+1=0

& (p—-D(p*+p+1)=0

Two of these points corresponds
to symmetric solutions of P
(p = 1 is tritronquée).

Kitaev, 1995
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Symmetric solutions

The monodromy surface

S185, 83+ 8 +853=1

contains points (ip, ip, ip), where
p’=2p+1=0

& (p—-D(p*+p+1)=0

Two of these points corresponds
to symmetric solutions of P
(p = 1 is tritronquée).

Kitaev, 1995



What about discrete equations?

oudney Harbour bridae. Approaches from the Air.

records.nsw.gov.au
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Difference equations

F(c*w(@)), ..., 6(w(2)), w(z),z) = 0

‘‘‘‘‘‘



Difference equations

F(o"W(2)), ..., s(w(2), w(2),z) = 0
z+a z Ptz P.(/Pl
: s
zZ—a i qz vpz\
(a) o (b) o4 (c) oen

gqeC,0<|qg| <1

‘‘‘‘‘‘



Difference equations

F(c*w(@)), ..., 6(w(2)), w(z),z) = 0

z+a i Py ff/\l\’/Pl
2 / :
zZ/q :
zZ—a 9z UPz\
(a) o (b) o4 (c) oen

geC, 0<|g|<1

additive
-type




Difference equations

F(c*w(@)), ..., 6(w(2)), w(z),z) = 0

_-pP
;R
z/q qz %
(b) Oq (C) Oell

geC, 0<|g|<1

additive multiplicative
-type -type




Difference equations

F(c*w(@)), ..., 6(w(2)), w(z),z) = 0

_-pP
;R
z/q qz %
(b) Oq (C) Oell

geC, 0<|g|<1

additive multiplicative elliptic
-type -type -type
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Three types of Gamma functions

['z+1)=zI'(2)

1
I(z+1)= 1 I (2)

I'(qz:p,q) =0zp)T (2P, q)



Three types of Gamma functions

['z+1)=zI'(2)

1
I(z+1)= 1 I (2)

[',(gz;:p,q) =@"e(z;p, q)

Related to Jacobi’s theta function




Sakai’s scheme

Initial value spaces R

Ell: Ay’ A
Mul: Ay’ — AV— A — A(l)_> A(l)_> A(1>_> AL — AD S\ AP
Add: A(()l)—> A(ll)—> A(Ql) D(l)_> D(l) (1) _) (1) N (1)

Sakai 2001
Rains 2016




Sakai’s scheme

Initial value spaces R

Ell: Ap’ A“)'

: N

h 4

Mul: A(l)—> A(l)_> A(l) )A(l)—> A(l)_> A(l)_> A(l) _> A(l) — A(l)

I I I
I I I
v v v
L AW (1) (1) (1) (L5 P W (1)
Add: Ay’ — A7 — As D —>D —> —>D
E( )

E(l) E(l)

The Painlevé equations Okamoto 1979

Sakai 2001
Rains 2016

ez d] THEUNIVERSITY OF
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Sakai’s scheme

Initial value spaces R

(1) (1)

Ell: Ag q-Painlevé equations A N
1
1

Mul: A(()l)—> A(l) A(l)_> A(l) A(l)—> A(l)_> A(l) A(l) — A(l)

Add: AE”—) Z(ll)—> gél) D(l)_> D(l%(l)%(l) D(1)
N
—_ E(l)

E(l) — E(l)

l

Sakai 2001
Rains 2016




Sakai’s scheme

Initial value spaces R

1 1)/
Ell: A5’ AP

l

|

h 4
Mul: AJ))— APV — A —» AV —> A(l) > A‘1>—> A(l) — ALY s

I I I \

| | |

v A 4 v

e (1) (1) (1) (1) b(l) S (1)

Add: Ay’ — Ay — A, D —>D—> \DS

A
(1) (1) (1)

l

Sakai 2001
Rains 2016
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dP)

An additive discrete equation arising from the differential

equation Py ; )

W
W = ——W)* + —— + 4tw> + 2(t* —a, )w, — n
2w, 2 2w,




dP)

An additive discrete equation arising from the differential

equation Py ; )
/7

w
W = ——(W)* + —— + 4tw> + 2(t* — a,)w, — I
2w, 2 2w,

Backlund transformations of P

n 2¢,
an=_5+CO+CI(—1)n, }/n:n—zcb‘l‘T(—l)n

/ 2
2wnwn+1 —w, —w; —2tw, + 7,

2ww, | =w, — w,% —2tw, + 7y,




dP)

An additive discrete equation arising from the differential
equation Py

w3 },2
w, = —(w,;)2 +—"+ 4tw,% + 2(t2 —a,)w, — L
2w, 2 2w,

Backlund transformations of P

n 2¢,
0{”=—5+CO+61(—1)”, ]/n:n—260+7(—1)n

/ 2
2wnwn+1 —w, —w; —2tw, + 7,

2ww, | =w, — w,% —2tw, + 7y,

Adding these = the first discrete Painlevé equation or dP,

w,W, . +w, +w,_) =7, — 2w,

The case ¢y = 0 = ¢y is called the string equation.




dP,: Asymptotic Analysis |

=>u(u,, +u+u,_)=1+0n"1"),n-
K=wu, —1)u,_,+u,) isinvariant to leading-order.
(3K+ 6yn)

gives y, = g(n —ny; 1/3; = 2/(27) + K*/4)

"y

U

What is the asymptotic behaviour of this solution
as n — — 0o¢



dP,: Asymptotic Analysis |l

There exist other behaviours

unil ~ un

1 ~12
> u, == §+@(n ), 1 = OO

This expansion is divergent, hiding a free parameter
— analogous to tronquée solutions

Late terms and Stokes phenomena were studied in
J. & Lustri, 2015.

But, no one knows how solutions connect across Stokes sectors.




q-Pl: Asymptotic analysis

WW = , w=w(gt), w=w(tlqg),0< |q| <1

w2

There exists a vanishing solution, w(?) s.t.

w(f) ~ ant”, as t — 0
n=1

with late terms given by
- —3p(p—-1)2 777! 3k 2
b3 p+1 = O(|g| PP DT Z (1 + ¢°F)). 1. 2014
b3p+2 =0, b3py3 =0, Vp =0

A factorially divergent series, hiding a free parameter.

There also exists a periodic behaviour, with period 3.




Towards global information
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* We need a global description, like isomonodromy,
for discrete equations.




Towards global information

* We need a global description, like isomonodromy,
for discrete equations.

* But, major gaps remain open.




Towards global information

* We need a global description, like isomonodromy,
for discrete equations.

* But, major gaps remain open.

* Recent developments of a g-version of Riemann-
Hilbert theory give detailed information about
monodromy surfaces (NJ & Pieter Roffelsen, 2021,
2022. See also Ohyama, Ramis & Sauloy, 2020)

for certain cases.




Towards global information

* We need a global description, like isomonodromy,
for discrete equations.

* But, major gaps remain open.

* Recent developments of a g-version of Riemann-
Hilbert theory give detailed information about
monodromy surfaces (NJ & Pieter Roffelsen, 2021,
2022. See also Ohyama, Ramis & Sauloy, 2020)

for certain cases.

* Geometric information on these surfaces give
connections for “tronquée”-like solutions.



aPAL) )

C fo _ + az f2(1 + ag fo)
aparfr  14aofo(1+aifi)
Pry : < J1 _ 1 + ao fo(1+ a1 f1)
ajasfo 14 a1fi(l+azfz)’
f2 _ 1 -+ a1f1(1 -+ G,Qfg)
Lazaofo 14 asfo(l+4aofo)’

f; = filqt)
fofifa =1 ap ap az = q

Kajiwara, Noumi, Yamada 2001




qPiv-Linear problem

® The corresponding linear problem for gPyv is

Y(qz, 1) = A(z,1) Y(z,1)

Az, ) = Ay + A (D 2+ A (1) 2% + Ay(D 2
A, has eigenvalues +i

o, ft 0
Az =gqaja,l (O t‘1>
|[A@) | = (1 —ag (1 + gy 2)(1 — aga2)(1 + apaz)(1 — g2)(1 + g 2)
A(_Z) —_- = 0'3 A(Z) 0'3
® These satisfy the conditions of Carmichael 1912,

Birkhoff 1913 for existence, uniqueness of a
solution and invertibility of the connection matrix.




qPiv-Linear problem

® The corresponding linear problem for gPyv is

Y(gz,t) = A(z, 1) Y(z, 1)
A, ) = A + A (D) 2+ A(H) 22 + As(0) 2°

A, has eigenvalues +i

ft O
A3=qa3a21<0 t_1>

|[A@) | = (I = ay2)(1 + ay (1 — aga,2)(1 + apa,2)(1 — g 2)(1 + g 2)

. NJ and N. Nakazono, PRSA (201 6)
A(=2) = =03 A(2) 03 arXiv:1503.04515

® These satisfy the conditions of Carmichael 1912,
Birkhoff 1913 for existence, uniqueness of a
solution and invertibility of the connection matrix.




qPiv-Monodromy surface

A cubic surface

Note: 0
EPw =] -4
k=0

0,6) = (5 @) (/& 9o
0,6 o) = O,(1)...0,(5)



qPiv-Monodromy surface

A cubic surface

Note: 0
EPw =] -4
k=0

0,6) = (5 @) (/& 9o
0,81 ) = 0,(51)...0,(5) N. Joshi and P.

Roffelsen, Commun.

Math. Phys (2021)
arXiv:1911.05854




gPAL)
. @@=
= (T— k)@ — 7'k
(= xp(f-x"D)
88

Cq(f =) (=&Y

qgeC,0<|q|l<1, f=f(qt), g = g(qr

Jimbo, Sakai 1996




Continuum limit of gPv
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Pvi the sixth Painlevé equation




qPvi-monodromy surface

The g-monodromy surface for gPy; is given by two
equations T = 0, where one is

1" :=T12p1p2 + 113p1p3 + L14p1pa + Lo3paps + Loapaps + 134P3P4

Tho = 0, (li%, /s:%) 0, (lﬁ;oligolto, /4:51/6;01750) /igo,

T34 =0, (st, /i%) 0, </€()lioot0, Iiallﬂloot0> :

1 1 —-1,.—1 -1\ .2
T13 = —Hq <K'tK’1 to, K Fu)lt()) Hq (/ﬂ'}tl‘il/ﬁlo Roo s RFORtR1R o ) KRoos
-1 —1 —1
1 -1 -1, -1 —1 2
Tos = 0, (K:t/ilto, Ky Ky to) 0, (litlioolio K, KoKtKoo k1 ) K7,

1 -1 1 -1 —1\ 2
Ty =0, (/ﬁjtlﬁjlto,/ﬁ)t K1 to) 0, (/{114300/@0 Ky KOK1Kooky )/{t.

This is a Segre surface.
N. J. and P. Roffelsen, On the monodromy manifold of g-
Painlevé VI and its Riemann-Hilbert problem,

arXiv:2202.10597
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* The Segre surface contains 16 lines.
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qPvi-monodromy surface, ct’d

* The Segre surface contains 16 lines.

£
3 Ly
L3 L
£ Ly
L5 £
ﬁ() E;(,
3 L3
O~ %

* Each line corresponds to a family of asymptotic
behaviours at 0 and .

N. Joshi and P. Roffelsen, in preparation.




The journey is far from over...
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Questions

* What are the asymptotic behaviours of transcendental

solutions of discrete Painlevé Equations?

* Most additive discrete equations are related to differential
equations, so, their solutions are seen as “understood”. But

their behaviours as functions of n remain unknown.

* What are the monodromy manifolds of other g-Painlevé
equations?

* What are the behaviours of solutions of the elliptic-

difference Painlevé equation?
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