
0 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

Institute of Stochastics – Department of Mathematics

Local moving Fourier based bootstrapping
Franziska Lindner
joint work with Claudia Kirch

Inference for Change-Point and Related Processes
13 – 17 January 2014, Newton Institute, Cambridge www.kit.edu



Agenda

1 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

The moving Fourier transform

Properties of the local moving Fourier coefficients

Bootstrapping locally stationary time series – state of the art

Moving TFT-Bootstrap (and more)

Application: Uniform confidence bands



Agenda

2 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

The moving Fourier transform

Properties of the local moving Fourier coefficients

Bootstrapping locally stationary time series – state of the art

Moving TFT-Bootstrap (and more)

Application: Uniform confidence bands



Central element: The moving Fourier transform

3 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

Locally stationary time series T = 14, m = 3, λj =
2πj

2m + 1

X1,T X2,T X3,T X4,T X5,T X6,T X7,T X8,T X9,T X10,T X11,T X12,T X13,T X14,T

approx. stationary
environment of X4,T

F

1

(λ1) =

1√
2m + 1

2m

∑
k=0

X4+(k−m),T e−ikλ1

Note:
4 = 1 ∗ 3 + 1

approx. stationary
environment of X5,T

F (λ2)
D≈ F

1

(λ2) =

1√
2m + 1

2m

∑
k=0

X5+(k−m),T e−ikλ2

Note:
5 = 1 ∗ 3 + 2



Central element: The moving Fourier transform

3 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

Locally stationary time series T = 14, m = 3, λj =
2πj

2m + 1

X1,T X2,T X3,T X4,T X5,T X6,T X7,T X8,T X9,T X10,T X11,T X12,T X13,T X14,T

approx. stationary
environment of X4,T

F

1

(λ1) =

1√
2m + 1

2m

∑
k=0

X4+(k−m),T e−ikλ1

Note:
4 = 1 ∗ 3 + 1

approx. stationary
environment of X5,T

F (λ2)
D≈ F

1

(λ2) =

1√
2m + 1

2m

∑
k=0

X5+(k−m),T e−ikλ2

Note:
5 = 1 ∗ 3 + 2



Central element: The moving Fourier transform

3 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

Locally stationary time series T = 14, m = 3, λj =
2πj

2m + 1

X1,T X2,T X3,T X4,T X5,T X6,T X7,T X8,T X9,T X10,T X11,T X12,T X13,T X14,T

approx. stationary
environment of X4,T

F

1

(λ1) =

1√
2m + 1

2m

∑
k=0

X4+(k−m),T e−ikλ1

Note:
4 = 1 ∗ 3 + 1

approx. stationary
environment of X5,T

F (λ2)
D≈ F

1

(λ2) =

1√
2m + 1

2m

∑
k=0

X5+(k−m),T e−ikλ2

Note:
5 = 1 ∗ 3 + 2



Central element: The moving Fourier transform

3 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

Locally stationary time series T = 14, m = 3, λj =
2πj

2m + 1

X1,T X2,T X3,T X4,T X5,T X6,T X7,T X8,T X9,T X10,T X11,T X12,T X13,T X14,T

approx. stationary
environment of X4,T

F

1

(λ1) =

1√
2m + 1

2m

∑
k=0

X4+(k−m),T e−ikλ1

Note:
4 = 1 ∗ 3 + 1

approx. stationary
environment of X5,T

F (λ2)

D≈ F

1

(λ2) =

1√
2m + 1

2m

∑
k=0

X5+(k−m),T e−ikλ2

Note:
5 = 1 ∗ 3 + 2



Central element: The moving Fourier transform

3 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

Locally stationary time series T = 14, m = 3, λj =
2πj

2m + 1

X1,T X2,T X3,T X4,T X5,T X6,T X7,TX2,T X3,T X4,T X5,T X6,T X7,T X8,T X9,T X10,T X11,T X12,T X13,T X14,T

approx. stationary
environment of X4,T

F

1

(λ1) =

1√
2m + 1

2m

∑
k=0

X4+(k−m),T e−ikλ1

Note:
4 = 1 ∗ 3 + 1

approx. stationary
environment of X5,T

F (λ2)

D≈ F

1

(λ2) =

1√
2m + 1

2m

∑
k=0

X5+(k−m),T e−ikλ2

Note:
5 = 1 ∗ 3 + 2



Central element: The moving Fourier transform

3 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

Locally stationary time series T = 14, m = 3, λj =
2πj

2m + 1

X1,T X2,T X3,T X4,T X5,T X6,T X7,TX2,T X3,T X4,T X5,T X6,T X7,T X8,T X9,T X10,T X11,T X12,T X13,T X14,T

approx. stationary
environment of X4,T

F

1

(λ1) =

1√
2m + 1

2m

∑
k=0

X4+(k−m),T e−ikλ1

Note:
4 = 1 ∗ 3 + 1

approx. stationary
environment of X5,T

F (λ2)
D≈ F

1

(λ2) =

1√
2m + 1

2m

∑
k=0

X5+(k−m),T e−ikλ2

Note:
5 = 1 ∗ 3 + 2



Central element: The moving Fourier transform

3 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

Locally stationary time series T = 14, m = 3, λj =
2πj

2m + 1

X1,T X2,T X3,T X4,T X5,T X6,T X7,TX2,T X3,T X4,T X5,T X6,T X7,T X8,T X9,T X10,T X11,T X12,T X13,T X14,T

approx. stationary
environment of X4,T

F

1

(λ1) =

1√
2m + 1

2m

∑
k=0

X4+(k−m),T e−ikλ1

Note:
4 = 1 ∗ 3 + 1

approx. stationary
environment of X5,T

F (λ2)
D≈ F

1

(λ2) =

1√
2m + 1

2m

∑
k=0

X5+(k−m),T e−ikλ2

Note:
5 = 1 ∗ 3 + 2



Central element: The moving Fourier transform

3 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

Locally stationary time series T = 14, m = 3, λj =
2πj

2m + 1

X1,T X2,T X3,T X4,T X5,T X6,T X7,TX2,T X3,T X4,T X5,T X6,T X7,T X8,T X9,T X10,T X11,T X12,T X13,T X14,T

approx. stationary
environment of X4,T

F

1

(λ1) =

1√
2m + 1

2m

∑
k=0

X4+(k−m),T e−ikλ1

Note:
4 = 1 ∗ 3 + 1

approx. stationary
environment of X5,T

F (λ2)
D≈ F

1

(λ2) =

1√
2m + 1

2m

∑
k=0

X5+(k−m),T e−ikλ2

Note:
5 = 1 ∗ 3 + 2



Central element: The moving Fourier transform

3 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

Locally stationary time series T = 14, m = 3, λj =
2πj

2m + 1

X1,T X2,T X3,T X4,T X5,T X6,T X7,TX2,T X3,T X4,T X5,T X6,T X7,T X8,T X9,T X10,T X11,T X12,T X13,T X14,T

approx. stationary
environment of X4,T

F

1

(λ1) =

1√
2m + 1

2m

∑
k=0

X4+(k−m),T e−ikλ1

Note:
4 = 1 ∗ 3 + 1

approx. stationary
environment of X5,T

F (λ2)
D≈ F

1

(λ2) =

1√
2m + 1

2m

∑
k=0

X5+(k−m),T e−ikλ2

Note:
5 = 1 ∗ 3 + 2



Central element: The moving Fourier transform

3 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

Locally stationary time series T = 14, m = 3, λj =
2πj

2m + 1

X1,T X2,T X3,T X4,T X5,T X6,T X7,TX2,T X3,T X4,T X5,T X6,T X7,T X8,T X9,T X10,T X11,T X12,T X13,T X14,T

approx. stationary
environment of X4,T

F

1

(λ1) =

1√
2m + 1

2m

∑
k=0

X4+(k−m),T e−ikλ1

Note:
4 = 1 ∗ 3 + 1

approx. stationary
environment of X5,T

F (λ2)
D≈ F

1

(λ2) =

1√
2m + 1

2m

∑
k=0

X5+(k−m),T e−ikλ2

Note:
5 = 1 ∗ 3 + 2



Central element: The moving Fourier transform

3 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

Locally stationary time series T = 14, m = 3, λj =
2πj

2m + 1

X1,T X2,T X3,T X4,T X5,T X6,T X7,TX2,T X3,T X4,T X5,T X6,T X7,T X8,T X9,T X10,T X11,T X12,T X13,T X14,T

approx. stationary
environment of X4,T

F 1(λ1) =

1√
2m + 1

2m

∑
k=0

X4+(k−m),T e−ikλ1

Note:
4 = 1 ∗ 3 + 1

approx. stationary
environment of X5,T

F (λ2)
D≈ F 1(λ2) =

1√
2m + 1

2m

∑
k=0

X5+(k−m),T e−ikλ2

Note:
5 = 1 ∗ 3 + 2



Central element: The moving Fourier transform

4 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

.In our example:

X4,X5,X6,X7,X8,X9,X10︸ ︷︷ ︸

F1(λ1), F1(λ2), F1(λ3), F2(λ1), F2(λ2), F2(λ3), F3(λ1), F3(λ2)

At time k = 7

.

Definition (Moving Fourier Transform)

.
Fdiv(k)−1

(
λmod(k)

)
:= 1√

2m + 1

2m

∑
l=0

Xk+l−m,T e−ilλmod(k) ,



Central element: The moving Fourier transform

4 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

.In our example:

X4,X5,X6,X7,X8,X9,X10︸ ︷︷ ︸

F1(λ1), F1(λ2), F1(λ3), F2(λ1), F2(λ2), F2(λ3), F3(λ1), F3(λ2)

At time k = 7

.

Definition (Moving Fourier Transform)

.
Fdiv(k)−1

(
λmod(k)

)
:= 1√

2m + 1

2m

∑
l=0

Xk+l−m,T e−ilλmod(k) ,

.

div(j) :=
⌈

j
m

⌉
, . mod(j) :=


m, m | j ,
j mod (m) , j > 0 ∧ m | j ,
m− [(−j) mod (m)], j < 0 ∧ m - j .



Central element: The moving Fourier transform

4 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

.In our example: X4,X5,X6,X7,X8,X9,X10︸ ︷︷ ︸
F1(λ1), F1(λ2), F1(λ3), F2(λ1), F2(λ2), F2(λ3), F3(λ1), F3(λ2)

At time k = 7
.

Definition (Moving Fourier Transform)

.
Fdiv(k)−1

(
λmod(k)

)
:= 1√

2m + 1

2m

∑
l=0

Xk+l−m,T e−ilλmod(k) ,

.

div(j) :=
⌈

j
m

⌉
, . mod(j) :=


m, m | j ,
j mod (m) , j > 0 ∧ m | j ,
m− [(−j) mod (m)], j < 0 ∧ m - j .



Central element: The moving Fourier transform

4 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

.In our example: X4,X5,X6,X7,X8,X9,X10︸ ︷︷ ︸
F1(λ1), F1(λ2), F1(λ3), F2(λ1), F2(λ2), F2(λ3), F3(λ1), F3(λ2)

At time k = 7
.

Definition (Moving Fourier Transform)

.
Fdiv(k)−1

(
λmod(k)

)
:= 1√

2m + 1

2m

∑
l=0

Xk+l−m,T e−ilλmod(k) ,

.

div(j) :=
⌈

j
m

⌉
, . mod(j) :=


m, m | j ,
j mod (m) , j > 0 ∧ m | j ,
m− [(−j) mod (m)], j < 0 ∧ m - j .



Central element: The moving Fourier transform

4 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

.In our example: X4,X5,X6,X7,X8,X9,X10︸ ︷︷ ︸
F1(λ1), F1(λ2), F1(λ3), F2(λ1), F2(λ2), F2(λ3), F3(λ1), F3(λ2)

Rearranging: F2(λ1) F2(λ2) F1(λ3)

At time k = 7
.

Definition (Moving Fourier Transform)

.
Fdiv(k)−1

(
λmod(k)

)
:= 1√

2m + 1

2m

∑
l=0

Xk+l−m,T e−ilλmod(k) ,

.

div(j) :=
⌈

j
m

⌉
, . mod(j) :=


m, m | j ,
j mod (m) , j > 0 ∧ m | j ,
m− [(−j) mod (m)], j < 0 ∧ m - j .



Central element: The moving Fourier transform

4 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

.In our example: X4,X5,X6,X7,X8,X9,X10︸ ︷︷ ︸
F1(λ1), F1(λ2), F1(λ3), F2(λ1), F2(λ2), F2(λ3), F3(λ1), F3(λ2)

Rearranging: F2(λ1) F2(λ2) F1(λ3)

MF7(λ1) MF7(λ2) MF7(λ2)At time k = 7
.

Definition (Moving Fourier Transform)

.
Fdiv(k)−1

(
λmod(k)

)
:= 1√

2m + 1

2m

∑
l=0

Xk+l−m,T e−ilλmod(k) ,

.

div(j) :=
⌈

j
m

⌉
, . mod(j) :=


m, m | j ,
j mod (m) , j > 0 ∧ m | j ,
m− [(−j) mod (m)], j < 0 ∧ m - j .



Agenda

5 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

The moving Fourier transform

Properties of the local moving Fourier coefficients

Bootstrapping locally stationary time series – state of the art

Moving TFT-Bootstrap (and more)

Application: Uniform confidence bands



Properties of the local moving FCs MFk(λj)

6 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

centred

. sup
u∈[0,1]

sup
l=1,...,m

∣∣∣Var
(

MFbuT c(λl )
)
− 2πf (u,λl )

∣∣∣→ 0.

.MFbuT c(λl ) = Al+ζbuT cm−m,T (λl )MF ε
buT c(λl ) + RbuT c(λl )

sup
l 6=j∈A1

Cov(MFbuT c(λl ),MFbuT c(λj ))→ 0.

,|



Properties of the local moving FCs MFk(λj)

6 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

centred

. sup
u∈[0,1]

sup
l=1,...,m

∣∣∣Var
(

MFbuT c(λl )
)
− 2πf (u,λl )

∣∣∣→ 0.

.MFbuT c(λl ) = Al+ζbuT cm−m,T (λl )MF ε
buT c(λl ) + RbuT c(λl )

sup
l 6=j∈A1

Cov(MFbuT c(λl ),MFbuT c(λj ))→ 0.

,|



Properties of the local moving FCs MFk(λj)

6 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

centred

. sup
u∈[0,1]

sup
l=1,...,m

∣∣∣Var
(

MFbuT c(λl )
)
− 2πf (u,λl )

∣∣∣→ 0.

.MFbuT c(λl ) = Al+ζbuT cm−m,T (λl )MF ε
buT c(λl ) + RbuT c(λl )

sup
l 6=j∈A1

Cov(MFbuT c(λl ),MFbuT c(λj ))→ 0.

,|



Properties of the local moving FCs MFk(λj)

6 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

centred

. sup
u∈[0,1]

sup
l=1,...,m

∣∣∣Var
(

MFbuT c(λl )
)
− 2πf (u,λl )

∣∣∣→ 0.

.MFbuT c(λl ) = Al+ζbuT cm−m,T (λl )MF ε
buT c(λl ) + RbuT c(λl )

sup
l 6=j∈A1

Cov(MFbuT c(λl ),MFbuT c(λj ))→ 0.

,|



Properties of the local moving FCs MFk(λj)

6 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

centred

. sup
u∈[0,1]

sup
l=1,...,m

∣∣∣Var
(

MFbuT c(λl )
)
− 2πf (u,λl )

∣∣∣→ 0.

.MFbuT c(λl ) = Al+ζbuT cm−m,T (λl )MF ε
buT c(λl ) + RbuT c(λl )

sup
u∈[0,1]

sup
l=1,...,m

E
∣∣∣RbuT c(λl )

∣∣∣4→ 0

sup
l 6=j∈A1

Cov(MFbuT c(λl ),MFbuT c(λj ))→ 0.

,|



Properties of the local moving FCs MFk(λj)

6 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

centred

. sup
u∈[0,1]

sup
l=1,...,m

∣∣∣Var
(

MFbuT c(λl )
)
− 2πf (u,λl )

∣∣∣→ 0.

.MFbuT c(λl ) = Al+ζbuT cm−m,T (λl )MF ε
buT c(λl ) + RbuT c(λl )

sup
u∈[0,1]

sup
l=1,...,m

E
∣∣∣RbuT c(λl )

∣∣∣4= O
(

1
m2

)
, if ∑

j
|a(u, j)|

√
|j | < ∞

sup
l 6=j∈A1

Cov(MFbuT c(λl ),MFbuT c(λj ))→ 0.

,|



Properties of the local moving FCs MFk(λj)

6 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

centred

. sup
u∈[0,1]

sup
l=1,...,m

∣∣∣Var
(

MFbuT c(λl )
)
− 2πf (u,λl )

∣∣∣→ 0.

.MFbuT c(λl ) = Al+ζbuT cm−m,T (λl )MF ε
buT c(λl ) + RbuT c(λl )

sup
u∈[0,1]

sup
l=1,...,m

E
∣∣∣RbuT c(λl )

∣∣∣4= O
(

1
m2

)
, if ∑

j
|a(u, j)|

√
|j | < ∞

sup
l 6=j∈A1

Cov(MFbuT c(λl ),MFbuT c(λj ))→ 0.

,|



Properties of the local moving FCs MFk(λj)

6 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

centred

. sup
u∈[0,1]

sup
l=1,...,m

∣∣∣Var
(

MFbuT c(λl )
)
− 2πf (u,λl )

∣∣∣→ 0.

.MFbuT c(λl ) = Al+ζbuT cm−m,T (λl )MF ε
buT c(λl ) + RbuT c(λl )

sup
u∈[0,1]

sup
l=1,...,m

E
∣∣∣RbuT c(λl )

∣∣∣4= O
(

1
m2

)
, if ∑

j
|a(u, j)|

√
|j | < ∞

sup
l 6=j∈A1

Cov(MFbuT c(λl ),MFbuT c(λj ))→ 0.

F1(λ1),F1(λ2),F1(λ3),

|

F2(λ1),F2(λ2),F2(λ3)



Properties of the local moving FCs MFk(λj)

6 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

centred

. sup
u∈[0,1]

sup
l=1,...,m

∣∣∣Var
(

MFbuT c(λl )
)
− 2πf (u,λl )

∣∣∣→ 0.

.MFbuT c(λl ) = Al+ζbuT cm−m,T (λl )MF ε
buT c(λl ) + RbuT c(λl )

sup
u∈[0,1]

sup
l=1,...,m

E
∣∣∣RbuT c(λl )

∣∣∣4= O
(

1
m2

)
, if ∑

j
|a(u, j)|

√
|j | < ∞

sup
l 6=j∈A1

Cov(MFbuT c(λl ),MFbuT c(λj ))→ 0.

F1(λ1),F1(λ2),F1(λ3)

,

|F2(λ1),F2(λ2),F2(λ3)



Agenda

7 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

The moving Fourier transform

Properties of the local moving Fourier coefficients

Bootstrapping locally stationary time series – state of the art

Moving TFT-Bootstrap (and more)

Application: Uniform confidence bands



8 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

Time domain Frequency
domain.

Paparoditis,
et al.
(2003)

Sergides,
Paparoditis
(2006)

Kreiss,
Paparoditis
(2012)

Moving
TFT-
Bootstrap
Kirch, L.
(2014+)

Local FFT

Local block
bootstrap

Local AR-sieve
bootstrap

Local
non-parametric

correction

Special wild
bootstrap Global FFT

Local
correction

Global iFFT

Moving FT Frequency
bootstrap
methodsMoving iFT



8 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

Time domain Frequency
domain.

Paparoditis,
et al.
(2003)

Sergides,
Paparoditis
(2006)

Kreiss,
Paparoditis
(2012)

Moving
TFT-
Bootstrap
Kirch, L.
(2014+)

Local FFT

Local block
bootstrap

Local AR-sieve
bootstrap

Local
non-parametric

correction

Special wild
bootstrap Global FFT

Local
correction

Global iFFT

Moving FT Frequency
bootstrap
methodsMoving iFT



8 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

Time domain Frequency
domain.

Paparoditis,
et al.
(2003)

Sergides,
Paparoditis
(2006)

Kreiss,
Paparoditis
(2012)

Moving
TFT-
Bootstrap
Kirch, L.
(2014+)

Local FFT

Local block
bootstrap

Local AR-sieve
bootstrap

Local
non-parametric

correction

Special wild
bootstrap Global FFT

Local
correction

Global iFFT

Moving FT Frequency
bootstrap
methodsMoving iFT



8 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

Time domain Frequency
domain.

Paparoditis,
et al.
(2003)

Sergides,
Paparoditis
(2006)

Kreiss,
Paparoditis
(2012)

Moving
TFT-
Bootstrap
Kirch, L.
(2014+)

Local FFT

Local block
bootstrap

Local AR-sieve
bootstrap

Local
non-parametric

correction

Special wild
bootstrap Global FFT

Local
correction

Global iFFT

Moving FT Frequency
bootstrap
methodsMoving iFT



Agenda

9 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

The moving Fourier transform

Properties of the local moving Fourier coefficients

Bootstrapping locally stationary time series – state of the art

Moving TFT-Bootstrap (and more)

Application: Uniform confidence bands



The moving TFT-Bootstrap

10 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

.
X1,T , . . . ,XT ,T

1 The observed time series is transformed using a moving
Fourier transform (→ sequence of T moving Fourier coefficients).



The moving TFT-Bootstrap

10 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

.
X1,T , . . . ,XT ,T

1 The observed time series is transformed using a moving
Fourier transform (→ sequence of T moving Fourier coefficients).

In our example:

F1(λ1), F1(λ2), F1(λ3),F2(λ1), F2(λ2), F2(λ3), F3(λ1), F3(λ2)



The moving TFT-Bootstrap

11 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

.
X1,T , . . . ,XT ,T

1 The observed time series is transformed using a moving
Fourier transform (→ sequence of T local Fourier coefficients).

2 The resulting moving Fourier coefficients are bootstrapped by a
standard (frequency domain) method of choice.



Step 2 – Bootstrapping in the frequency domain

12 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

Local versions of standard frequency bootstrap procedures (e.g. in Kirch,
Politis (2011)) require an estimate f̂ of the time varying spectral density.

Moving periodogram: MIk(λj ) := |MFk(λj )|2

Definition (Smoothed moving periodogram)

.
f̂ (k) := f̂

(
k
T
,λmod(k)

)
:=

1
2m + 1

2m

∑
j=0

Kh

(
λmod(k) − λj

)
MIk

(
λj
)
,

K kernel function.

For every u ∈ [0,1],

max
∣∣∣f̂ (,λmod(k)

)
− f

(
,λmod(k)

)∣∣∣ = oP(1)
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.
X1,T , . . . ,XT ,T

1 The observed time series is transformed using a moving
Fourier transform (→ sequence of T local Fourier coefficients).

2 The resulting moving Fourier coefficients are bootstrapped by a
standard (frequency domain) method of choice.

3 The moving bootstrap coefficients gained are back-transformed
using a moving version of the inverse Fourier transform.

X ∗1,T , . . . ,X ∗T ,T
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Theorem

For u ∈ [0,1], c(u,h) absolutely summable.
f Lipschitz continuous and bounded.

max
k∈U

∣∣∣∣f̂ ( k
T
,λmod(k)

)
− f

(
buT c

T
,λmod(k)

)∣∣∣∣ = oP(1).

E∗(c∗k ) = 0, k = 1, . . . ,T .

Independence of c∗l and c∗k (k 6= l) for any k, l = 1, . . . ,T .

As T → ∞,

sup
|h|≤m

∣∣∣Cov∗(X ∗buT c,T ,X
∗
buT c+h,T )− c (u,h)

∣∣∣ = oP(1).

For |h| > m, Cov∗(X ∗buT c,T ,X
∗
buT c+h,T ) = 0.
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Simulated tvAR(1) time series with coefficients increasing linearly from -0.6 to 0.6

Bootstrap replicates using m=100
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Moving TFT-Bootstrap (and more)

Application: Uniform confidence bands
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u ∈ lattice L[0,1]

Moving bootstrap procedures rep 1: T MF ∗-coeffs→ ρ̂1(u,1)X1,T , . . . ,XT ,T
MF -coefficients ...

rep B: T MF ∗-coeffs→ ρ̂B(u,1)↓
’Original estimate’ ρ̂(u,1)

Define uniform 95 %-confidence band by

CB(u) := [ρ̂(u,1)− , ρ̂(u,1) + ].

How to get Cboot,0.95?

Choose Cboot,0.95 > 0 such that

1
B

B

∑
b=1

1

{
max

u∈L[0,1]

{∣∣∣− ρ̂b(u,1)
∣∣∣} ≤ Cboot,0.95

}
≥ 0.95.
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tvAR(1)-process, coefficients increasing linearly from -0.6 to 0.6

T = 1000, m = 100,

B = 500, 200 runs
DGP Type of bootstrap

mTFT mAAPB mH

εt
iid∼ N (0,1) 0.97 1.00 1.00

εt
iid∼ χ2

3 0.98 0.99 1.00

− moving TFT Uniform 95%-CB (mTFT)
· · · moving AAPB with two realisations ρ̂(u,1)
−− moving HB
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Moving TFT
0.04

Moving AAPB
0.72

Moving HB
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Summing up:
Why should I use the moving Fourier transform?

21 Cambridge, 16 January 2014Franziska Lindner – Local moving Fourier based bootstrapping

KIT

close mimicking of local structure of time series

numerically cheap

possibility of adapting many frequency bootstrap methods to locally
stationary time series

allows for refinement of existing local bootstrap methods

permits getting (locally) uniform instead of pointwise results

conjecture: a "correct" bootstrapping of spectral means is possible
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Fundamental article – TFT-Bootstrap

Kirch, C.; Politis, D.: TFT-Bootstrap: Resampling time series in the
frequency domain to obtain replicates in the time domain.
The Annals of Statistics 39,3 (2011), 1427–1470.

Non-stationary time series

Dahlhaus, R.: Fitting time series models to nonstationary processes.
The Annals of Statistics 25,1 (1997), 1–37.

Priestley, M.B.: Evolutionary spectra and non-stationary processes.
JRSS, 20,2 (1965), 193–237.

Bootstrap & Local stationarity

Dowla, A; Paparoditis, E; Politis, D: Locally stationary processes and the local
bootstrap.
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Sergides, M.; Paparoditis, E: Bootstrapping the local periodogram of locally
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Confidence bands

Neumann, M.; Paparoditis, E.: Simultaneous confidence bands in spectral
density estimation.
Biometrika (2008), 381–397.

Neumann, M.; Polzehl, J.: Simultaneous bootstrap confidence bands in
nonparametric regression.
Nonparametric Statistics (1998), 307–333.
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In our example:

F ∗1(λ1), F ∗1(λ2), F ∗1(λ3), F ∗2(λ1), F ∗2(λ2), F ∗2(λ3), F ∗3(λ1), F ∗3(λ2)

Step 1: Rearranging

Step 1: Mirroring
Step 2: Include zero for mean (centred time series)

.

0, F ∗1(λ1), F ∗1(λ2), F ∗1(λ3), F ∗1(λ3), F ∗1(λ2), F ∗1(λ1) ⇒ X ∗2,T

platz

0, F ∗2(λ1), F ∗1(λ2), F ∗1(λ3), F ∗1(λ3), F ∗1(λ2), F ∗2(λ1) ⇒ X ∗3,T

platz

MF ∗k (λ0), MF ∗k (λ1), MF ∗k (λ2), MF ∗k (λ3), MF ∗k (λ4), MF ∗k (λ5), MF ∗k (λ6) ⇒ X ∗k,T
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centred

. sup
u∈[0,1]

sup
l=1,...,m

∣∣∣Var
(

MFbuT c(λl )
)
− 2πf (u,λl )

∣∣∣→ 0.

.MFbuT c(λl ) = Al+ζbuT cm−m,T (λl )MF ε
buT c(λl ) +

(
R(1)
buT c(λl ) +

)
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For u ∈ [0,1]
sup

l 6=j∈A1

Cov(MFbuT c(λl ),MFbuT c(λj ))→ 0.

sup
|s|≤cm

sup
l 6=j∈A2

Cov(MF ε
buT c(λl ),MF ε

buT c+s(λj ))→ 0.

sup
|s−t |≥3m

sup
1≤l,j≤m

Cov(MF ε
s(λl ),MF ε

t (λj ))→ 0.
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Moving periodogram: MIbuT c(λj ) := |MFbuT c(λj )|2

MT (u) :=
1

2m + 1

2m

∑
j=0

ϕ(λj )MIbuT c(λj ),

Example: ϕ(λj ) = eiλj  MT (u) = γ(u,1).

Theorem

Var
(√

2m + 1 [MT (u)− E(MT (u))]
)
=

4π2

2m + 1

2m

∑
j=0
|ϕ(λj )|2f 2(u,λj )

+(E(ε1)
4−3)

(
2

2m + 1

2m

∑
j,k=0

ϕ(λj )ϕ(λk)f (u,λj )f (u,λk)
|h|

2m + 1

)
+o(1).

with h := (mod(j)−mod(k))

−
[
1{mod(k)≥mod(buT c−bm

2 c)} − 1{mod(j)≥mod(buT c−bm
2 c)}

]
m.
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