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First-Passage Dynamics with Bounded Correlated Motion
Preliminaries

The Three Lattices:

Daniel Marris (daniel.marris@bristol.ac.uk, https://danmarris.github.io/) 3

https://danmarris.github.io/


First-Passage Dynamics with Bounded Correlated Motion
Preliminaries

The Persistent Random Walk:
• One-step memory dependence.
• Walker is assigned a probability to

continue in the direction last trav-
elled.

• Outgoing probability from a site de-
pends on how the walker entered the
site.
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First-Passage Dynamics with Bounded Correlated Motion
Preliminaries

The Mapping to a Higher Order Markov Chain:
A Note on Notation: 𝓠𝑛0

(𝑛, 𝑡) = [𝒬𝑛0
(𝑛, 1, 𝑡), 𝒬𝑛0

(𝑛, 2, 𝑡)]
𝑇
, 𝒬𝑛0

(𝑛, 𝑡) = 𝒬𝑛0
(𝑛, 1, 𝑡) + 𝒬𝑛0

(𝑛, 2, 𝑡) = ∑𝑖 𝓠𝑛0
(𝑛, 𝑧)𝑖.

𝒬𝑛0
(𝑛, 𝑡) : Occupation Probability of being at 𝑛 at time 𝑡 given 𝒬(𝑛, 0) = 𝛿𝑛,𝑛0

 

𝑓 : Prob. of moving in same direction as last movement. 
𝑏 : Prob. of switching direction from last movement. 
𝑐 : Prob. of waiting in the current state.

Master Equation (2 States):

𝒬(𝑛, 1, 𝑡 + 1) = 𝑓𝒬(𝑛 − 1, 1, 𝑡) + 𝑏𝒬(𝑛 − 1, 2, 𝑡) + 𝑐𝒬(𝑛, 1, 𝑡)

𝒬(𝑛, 2, 𝑡 + 1) = 𝑏𝒬(𝑛 + 1, 2, 𝑡) + 𝑓𝒬(𝑛 + 1, 1, 𝑡) + 𝑐𝒬(𝑛, 2, 𝑡)
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First-Passage Dynamics with Bounded Correlated Motion
Preliminaries

The Mapping to a Higher Order Markov Chain:
A Note on Notation: 𝓠𝑛0

(𝑛, 𝑡) = [𝒬𝑛0
(𝑛, 1, 𝑡), 𝒬𝑛0

(𝑛, 2, 𝑡)]
𝑇
, 𝒬𝑛0

(𝑛, 𝑡) = 𝒬𝑛0
(𝑛, 1, 𝑡) + 𝒬𝑛0

(𝑛, 2, 𝑡) = ∑𝑖 𝓠𝑛0
(𝑛, 𝑧)𝑖.

𝒬𝑛0
(𝑛, 𝑡) : Occupation Probability of being at 𝑛 at time 𝑡 given 𝒬(𝑛, 0) = 𝛿𝑛,𝑛0

 

𝑓 : Prob. of moving in same direction as last movement. 
𝑏 : Prob. of switching direction from last movement. 
𝑐 : Prob. of waiting in the current state.

Master Equation (2 States):

𝒬(𝑛, 1, 𝑡 + 1) = 𝑓𝒬(𝑛 − 1, 1, 𝑡) + 𝑏𝒬(𝑛 − 1, 2, 𝑡) + 𝑐𝒬(𝑛, 1, 𝑡)

𝒬(𝑛, 2, 𝑡 + 1) = 𝑏𝒬(𝑛 + 1, 2, 𝑡) + 𝑓𝒬(𝑛 + 1, 1, 𝑡) + 𝑐𝒬(𝑛, 2, 𝑡)

⇩⇩⇩
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First-Passage Dynamics with Bounded Correlated Motion
Preliminaries

The Mapping to a Higher Order Markov Chain:
A Note on Notation: 𝓠𝑛0
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𝑇
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(𝑛, 𝑡) = 𝒬𝑛0
(𝑛, 1, 𝑡) + 𝒬𝑛0

(𝑛, 2, 𝑡) = ∑𝑖 𝓠𝑛0
(𝑛, 𝑧)𝑖.

𝒬𝑛0
(𝑛, 𝑡) : Occupation Probability of being at 𝑛 at time 𝑡 given 𝒬(𝑛, 0) = 𝛿𝑛,𝑛0

 

𝑓 : Prob. of moving in same direction as last movement. 
𝑏 : Prob. of switching direction from last movement. 
𝑐 : Prob. of waiting in the current state.

Master Equation (2 States):

𝒬(𝑛, 1, 𝑡 + 1) = 𝑓𝒬(𝑛 − 1, 1, 𝑡) + 𝑏𝒬(𝑛 − 1, 2, 𝑡) + 𝑐𝒬(𝑛, 1, 𝑡)
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⇩⇩⇩

𝓠(𝑛, 𝑡 + 1) = 𝔸 ⋅ 𝓠(𝑛 − 1, 𝑡) + 𝔹 ⋅ 𝓠(𝑛 + 1, 𝑡) + ℂ ⋅ 𝓠(𝑛, 𝑡)

𝔸 = [𝑓
0

𝑏
0
], 𝔹 = [0

𝑏
0
𝑓], ℂ = [𝑐

0
0
𝑐].
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Closed-Form Expressions for the
Bounded Occupation Probability



First-Passage Dynamics with Bounded Correlated Motion
Closed-Form Expressions for the Bounded Occupation Probability

Unbounded Solution:
𝓠
∼

𝑛0
(𝑛, 𝑧) = 1

2𝜋 ∫𝜋
−𝜋

e−𝑖𝜉(𝑛−𝑛0)

1−2𝑐𝑓+(𝑓2−𝑏2+𝑐2)𝑧2−2𝑧𝑓(1−𝑐𝑧)[
1−𝑧(𝑓e𝑖𝜉+𝑐)

−𝑧𝑏e−𝑖𝜉

−𝑧𝑏e𝑖𝜉

1−𝑧(𝑓e−𝑖𝜉+𝑐)
] ⋅ [𝛼1

𝛼2
]d𝜉, where ̃𝒬𝑛0

(𝑛, 𝑧) = ∑𝑖 𝓠𝑛0
(𝑛, 𝑧)𝑖.

̃𝒬𝑛0
(𝑛, 𝑧) =

1

(1 − 2𝑧𝑐)√(1 + 𝛿𝑧2)2 − 4𝜀2𝑧2
(

(1 − 𝑧𝑐)
𝑟+(𝑧)|𝑛−𝑛0| +

𝛼1(𝑏 − 𝑓)
𝑟+(𝑧)|𝑛−𝑛0+1| +

𝛼2(𝑏 − 𝑓)
𝑟+(𝑧)|𝑛−𝑛0−1| ),

𝑟+(𝑧) =
1 + 𝛿𝑧2

2𝑧𝜀
⎝
⎜⎜⎛1 + √1 −

4𝑧2𝜀2

1 + 𝛿𝑧2
⎠
⎟⎟⎞, 𝛿 =

𝑓2 − 𝑏2 + 𝑐2

1 − 2𝑐𝑧
, 𝜀 =

𝑓(1 − 𝑐𝑧)
1 − 2𝑐𝑧

.

𝑓 > 𝑏 ⟹ Persistence, 𝑓 < 𝑏 ⟹ Anti-Persistence, and 𝑓 = 𝑏 ⟹ Diffusion.
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First-Passage Dynamics with Bounded Correlated Motion
Closed-Form Expressions for the Bounded Occupation Probability

Bounded One Dimensional Domains:
Impose Periodic Boundaries via the Method of Images:

𝑷 (𝑝)
𝑛0

(𝑛, 𝑡) = ∑∞
𝜅=−∞ 𝑸𝑛0+𝑁𝜅(𝑛, 𝑡)

𝑷 (𝑝)
𝑛0

(𝑛, 𝑡) = 1
𝑁 ∫𝜋

−𝜋
∑∞

𝜅1=−∞ e−𝑖𝜅(𝑛−𝑛0)𝛿(𝜉 − 2𝜋
𝑁 𝜅)𝝀(𝝃)𝑡 ⋅ 𝓤𝒎𝟎

d𝜉

B. Hughes. Random Walks and Random Environments Vol 1. (1995).

Impose Reflective Boundaries via Squeezing Method:

𝑷 (𝑟)
𝑛0

(𝑛, 𝑡) = 𝑷 (𝑝)
𝑛0

(𝑛, 𝑡) + 𝜇(𝑛)𝑷 (𝑝)
𝑛0

(𝑀 + 2 − 𝑛, 𝑡)
K. Kalay. Effects of confinement on the statistics of encounter times: exact analytical results for random
walks in a partitioned lattice. J. Phys. A: Math. Theor., 45(21), (2012).

S. Chandrasekhar Stochastic problems in physics and astronomy. Rev. Mod. Phys., 15(1), (1943).
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First-Passage Dynamics with Bounded Correlated Motion
Closed-Form Expressions for the Bounded Occupation Probability

 Occupation Probability with Reflection:

𝑷 (𝑟)
𝑛0

(𝑛, 𝑡) =
1

2𝑁 − 2
∑

2𝑁−3

𝜅=0
[exp(

−𝜋𝑖𝜅(𝑛 − 𝑛0)
𝑁 − 1

)

+𝜇(𝑛) exp(
−𝜋𝑖𝜅(𝑛 − 𝑛0)

𝑁 − 1
)]𝝀(

𝜋𝜅
𝑁 − 1

)
𝑡
⋅ 𝓤𝒎𝟎

𝑷 (𝑝)
𝑛0

(𝑛, 𝑡) =
1
𝑁

∑
𝑁−1

𝜅=0
exp(

−2𝜋𝑖𝜅(𝑛 − 𝑛0)
𝑁

)𝝀(
2𝜋𝜅
𝑁

)
𝑡

⋅ 𝓤𝒎𝟎
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First-Passage Dynamics with Bounded Correlated Motion
Closed-Form Expressions for the Bounded Occupation Probability

Higher Dimensional Propagators:

𝓠(𝒏, 𝑡 + 1) = ∑
𝑑

𝑖=1
𝔸(𝑖)

2𝑑 ⋅ 𝓠(𝒏 − 𝒆𝑖, 𝑡) + 𝔹(𝑖)
2𝑑 ⋅ 𝓠(𝒏 + 𝒆𝑖, 𝑡)} + ℂ2𝑑 ⋅ 𝓠(𝒏, 𝑡)

⇩⇩⇩

𝑷 (𝛾)
𝒏𝟎

(𝒏, 𝑡) =
1

𝑁𝑑 ∑
𝑁1−1

𝜅1=0
⋅ ⋅ ⋅ ∑

𝑁𝑑−1

𝜅𝑑=0
[∏

𝑑

𝑖=1
𝑔(𝛾)

𝜅𝑖
(𝑛𝑖, 𝑛0𝑖

)]𝝀(𝜋𝒩(𝛾)
1 , …, 𝜋𝒩(𝛾)

2𝑑 )
𝑡
⋅ 𝓤𝒎𝟎

𝑔(𝛾)
𝜅𝑖

(𝑛𝑖, 𝑛0𝑖
) known in L. Giuggioli Phys. Rev. X (2020)
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First-Passage Dynamics with Bounded Correlated Motion
Closed-Form Expressions for the Bounded Occupation Probability

Higher Dimensional Propagators:

𝓠(𝒏, 𝑡 + 1) = ∑
𝑑

𝑖=1
𝔸(𝑖)

2𝑑 ⋅ 𝓠(𝒏 − 𝒆𝑖, 𝑡) + 𝔹(𝑖)
2𝑑 ⋅ 𝓠(𝒏 + 𝒆𝑖, 𝑡)} + ℂ2𝑑 ⋅ 𝓠(𝒏, 𝑡)

⇩⇩⇩

𝑷 (𝛾)
𝒏𝟎

(𝒏, 𝑡) =
1

𝑁𝑑 ∑
𝑁1−1

𝜅1=0
⋅ ⋅ ⋅ ∑

𝑁𝑑−1

𝜅𝑑=0
[∏

𝑑

𝑖=1
𝑔(𝛾)

𝜅𝑖
(𝑛𝑖, 𝑛0𝑖

)]𝝀(𝜋𝒩(𝛾)
1 , …, 𝜋𝒩(𝛾)

2𝑑 )
𝑡
⋅ 𝓤𝒎𝟎

What does 𝝀(𝜋𝒩(𝛾1)
1 , …, 𝜋𝒩(𝛾𝑑)

𝑑 ) look like?
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First-Passage Dynamics with Bounded Correlated Motion
Closed-Form Expressions for the Bounded Occupation Probability

Higher Dimensional Propagators:

𝓠(𝒏, 𝑡 + 1) = ∑
𝑑

𝑖=1
𝔸(𝑖)

2𝑑 ⋅ 𝓠(𝒏 − 𝒆𝑖, 𝑡) + 𝔹(𝑖)
2𝑑 ⋅ 𝓠(𝒏 + 𝒆𝑖, 𝑡)} + ℂ2𝑑 ⋅ 𝓠(𝒏, 𝑡)

⇩⇩⇩

𝑷 (𝛾)
𝒏𝟎

(𝒏, 𝑡) =
1

𝑁𝑑 ∑
𝑁1−1

𝜅1=0
⋅ ⋅ ⋅ ∑

𝑁𝑑−1

𝜅𝑑=0
[∏

𝑑

𝑖=1
𝑔(𝛾)

𝜅𝑖
(𝑛𝑖, 𝑛0𝑖

)]𝝀(𝜋𝒩(𝛾)
1 , …, 𝜋𝒩(𝛾)

2𝑑 )
𝑡
⋅ 𝓤𝒎𝟎

What does 𝝀(𝜋𝒩(𝛾1)
1 , …, 𝜋𝒩(𝛾𝑑)

𝑑 ) look like?

𝝀(𝜋𝒩(𝛾1)
1 , 𝜋𝒩(𝛾2)

2 ) =

⎣
⎢
⎢
⎢
⎢
⎢
⎡𝑓e−𝑖𝜋𝒩(𝛾2)

2 + 𝑐

𝑏e𝑖𝜋𝒩(𝛾2)
2

𝓁e𝑖𝜋𝒩(𝛾1)
1

𝓁e−𝑖𝜋𝒩(𝛾1)
1

𝑏e−𝑖𝜋𝒩(𝛾2)
2

𝑓e𝑖𝜋𝒩(𝛾2)
2 + 𝑐

𝓁e𝑖𝜋𝒩(𝛾1)
1

𝓁e−𝑖𝜋𝒩(𝛾1)
1

𝓁e−𝑖𝜋𝒩(𝛾2)
2

𝓁e𝑖𝜋𝒩(𝛾2)
2

𝑓e𝑖𝜋𝒩(𝛾1)
1 + 𝑐

𝑏e−𝑖𝜋𝒩(𝛾1)
1

𝓁e−𝑖𝜋𝒩(𝛾2)
2

𝓁e𝑖𝜋𝒩(𝛾2)
2

𝑏e𝑖𝜋𝒩(𝛾1)
1

𝑓e−𝑖𝜋𝒩(𝛾1)
1 + 𝑐⎦

⎥
⎥
⎥
⎥
⎥
⎤
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First-Passage Dynamics with Bounded Correlated Motion
Closed-Form Expressions for the Bounded Occupation Probability

Higher Dimensional Propagators:

𝓠(𝒏, 𝑡 + 1) = ∑
𝑑

𝑖=1
𝔸(𝑖)

2𝑑 ⋅ 𝓠(𝒏 − 𝒆𝑖, 𝑡) + 𝔹(𝑖)
2𝑑 ⋅ 𝓠(𝒏 + 𝒆𝑖, 𝑡)} + ℂ2𝑑 ⋅ 𝓠(𝒏, 𝑡)

⇩⇩⇩

𝑷 (𝛾)
𝒏𝟎

(𝒏, 𝑡) =
1

𝑁𝑑 ∑
𝑁1−1

𝜅1=0
⋅ ⋅ ⋅ ∑

𝑁𝑑−1

𝜅𝑑=0
[∏

𝑑

𝑖=1
𝑔(𝛾)

𝜅𝑖
(𝑛𝑖, 𝑛0𝑖

)]𝝀(𝜋𝒩(𝛾)
1 , …, 𝜋𝒩(𝛾)

2𝑑 )
𝑡
⋅ 𝓤𝒎𝟎

What does 𝝀(𝜋𝒩(𝛾1)
1 , …, 𝜋𝒩(𝛾𝑑)

𝑑 ) look like?

𝝀(𝜋𝒩(𝛾1)
1 , 𝜋𝒩(𝛾2)

2 ) =

⎣
⎢
⎢
⎢
⎢
⎢
⎡𝑓e−𝑖𝜋𝒩(𝛾2)

2 + 𝑐

𝑏e𝑖𝜋𝒩(𝛾2)
2

𝓁e𝑖𝜋𝒩(𝛾1)
1

𝓁e−𝑖𝜋𝒩(𝛾1)
1

𝑏e−𝑖𝜋𝒩(𝛾2)
2

𝑓e𝑖𝜋𝒩(𝛾2)
2 + 𝑐

𝓁e𝑖𝜋𝒩(𝛾1)
1

𝓁e−𝑖𝜋𝒩(𝛾1)
1

𝓁e−𝑖𝜋𝒩(𝛾2)
2

𝓁e𝑖𝜋𝒩(𝛾2)
2

𝑓e𝑖𝜋𝒩(𝛾1)
1 + 𝑐

𝑏e−𝑖𝜋𝒩(𝛾1)
1

𝓁e−𝑖𝜋𝒩(𝛾2)
2

𝓁e𝑖𝜋𝒩(𝛾2)
2

𝑏e𝑖𝜋𝒩(𝛾1)
1

𝑓e−𝑖𝜋𝒩(𝛾1)
1 + 𝑐⎦

⎥
⎥
⎥
⎥
⎥
⎤

vvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvv WHITE SPACE FOR
FORMATTING vvvvvvvvvvvvvvvv
• For Bravais lattices it is of size 𝑍 × 𝑍
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First-Passage Dynamics with Bounded Correlated Motion
Closed-Form Expressions for the Bounded Occupation Probability

Higher Dimensional Propagators:

𝓠(𝒏, 𝑡 + 1) = ∑
𝑑

𝑖=1
𝔸(𝑖)

2𝑑 ⋅ 𝓠(𝒏 − 𝒆𝑖, 𝑡) + 𝔹(𝑖)
2𝑑 ⋅ 𝓠(𝒏 + 𝒆𝑖, 𝑡)} + ℂ2𝑑 ⋅ 𝓠(𝒏, 𝑡)

⇩⇩⇩

𝑷 (𝛾)
𝒏𝟎

(𝒏, 𝑡) =
1

𝑁𝑑 ∑
𝑁1−1

𝜅1=0
⋅ ⋅ ⋅ ∑

𝑁𝑑−1

𝜅𝑑=0
[∏

𝑑

𝑖=1
𝑔(𝛾)

𝜅𝑖
(𝑛𝑖, 𝑛0𝑖

)]𝝀(𝜋𝒩(𝛾)
1 , …, 𝜋𝒩(𝛾)

2𝑑 )
𝑡
⋅ 𝓤𝒎𝟎

What does 𝝀(𝜋𝒩(𝛾1)
1 , …, 𝜋𝒩(𝛾𝑑)

𝑑 ) look like?

𝝀(𝜋𝒩(𝛾1)
1 , 𝜋𝒩(𝛾2)

2 ) =

⎣
⎢
⎢
⎢
⎢
⎢
⎡𝑓e−𝑖𝜋𝒩(𝛾2)

2 + 𝑐

𝑏e𝑖𝜋𝒩(𝛾2)
2

𝓁e𝑖𝜋𝒩(𝛾1)
1

𝓁e−𝑖𝜋𝒩(𝛾1)
1

𝑏e−𝑖𝜋𝒩(𝛾2)
2

𝑓e𝑖𝜋𝒩(𝛾2)
2 + 𝑐

𝓁e𝑖𝜋𝒩(𝛾1)
1

𝓁e−𝑖𝜋𝒩(𝛾1)
1

𝓁e−𝑖𝜋𝒩(𝛾2)
2

𝓁e𝑖𝜋𝒩(𝛾2)
2

𝑓e𝑖𝜋𝒩(𝛾1)
1 + 𝑐

𝑏e−𝑖𝜋𝒩(𝛾1)
1

𝓁e−𝑖𝜋𝒩(𝛾2)
2

𝓁e𝑖𝜋𝒩(𝛾2)
2

𝑏e𝑖𝜋𝒩(𝛾1)
1

𝑓e−𝑖𝜋𝒩(𝛾1)
1 + 𝑐⎦

⎥
⎥
⎥
⎥
⎥
⎤

vvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvv WHITE SPACE FOR
FORMATTING vvvvvvvvvvvvvvvv
• For Bravais lattices it is of size 𝑍 × 𝑍
• Diagonal elements represent remaining in the previous state,
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First-Passage Dynamics with Bounded Correlated Motion
Closed-Form Expressions for the Bounded Occupation Probability

Higher Dimensional Propagators:

𝓠(𝒏, 𝑡 + 1) = ∑
𝑑

𝑖=1
𝔸(𝑖)

2𝑑 ⋅ 𝓠(𝒏 − 𝒆𝑖, 𝑡) + 𝔹(𝑖)
2𝑑 ⋅ 𝓠(𝒏 + 𝒆𝑖, 𝑡)} + ℂ2𝑑 ⋅ 𝓠(𝒏, 𝑡)

⇩⇩⇩

𝑷 (𝛾)
𝒏𝟎

(𝒏, 𝑡) =
1

𝑁𝑑 ∑
𝑁1−1

𝜅1=0
⋅ ⋅ ⋅ ∑

𝑁𝑑−1

𝜅𝑑=0
[∏

𝑑

𝑖=1
𝑔(𝛾)

𝜅𝑖
(𝑛𝑖, 𝑛0𝑖

)]𝝀(𝜋𝒩(𝛾)
1 , …, 𝜋𝒩(𝛾)

2𝑑 )
𝑡
⋅ 𝓤𝒎𝟎

What does 𝝀(𝜋𝒩(𝛾1)
1 , …, 𝜋𝒩(𝛾𝑑)

𝑑 ) look like?

𝝀(𝜋𝒩(𝛾1)
1 , 𝜋𝒩(𝛾2)

2 ) =

⎣
⎢
⎢
⎢
⎢
⎢
⎡𝑓e−𝑖𝜋𝒩(𝛾2)

2 + 𝑐

𝑏e𝑖𝜋𝒩(𝛾2)
2

𝓁e𝑖𝜋𝒩(𝛾1)
1

𝓁e−𝑖𝜋𝒩(𝛾1)
1

𝑏e−𝑖𝜋𝒩(𝛾2)
2

𝑓e𝑖𝜋𝒩(𝛾2)
2 + 𝑐

𝓁e𝑖𝜋𝒩(𝛾1)
1

𝓁e−𝑖𝜋𝒩(𝛾1)
1

𝓁e−𝑖𝜋𝒩(𝛾2)
2

𝓁e𝑖𝜋𝒩(𝛾2)
2

𝑓e𝑖𝜋𝒩(𝛾1)
1 + 𝑐

𝑏e−𝑖𝜋𝒩(𝛾1)
1

𝓁e−𝑖𝜋𝒩(𝛾2)
2

𝓁e𝑖𝜋𝒩(𝛾2)
2

𝑏e𝑖𝜋𝒩(𝛾1)
1

𝑓e−𝑖𝜋𝒩(𝛾1)
1 + 𝑐⎦

⎥
⎥
⎥
⎥
⎥
⎤

vvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvv WHITE SPACE FOR
FORMATTING vvvvvvvvvvvvvvvv
• For Bravais lattices it is of size 𝑍 × 𝑍
• Diagonal elements represent remaining in the previous state,
• Alternating off-diagonals represent back-tracking,
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First-Passage Dynamics with Bounded Correlated Motion
Closed-Form Expressions for the Bounded Occupation Probability

Higher Dimensional Propagators:

𝓠(𝒏, 𝑡 + 1) = ∑
𝑑

𝑖=1
𝔸(𝑖)

2𝑑 ⋅ 𝓠(𝒏 − 𝒆𝑖, 𝑡) + 𝔹(𝑖)
2𝑑 ⋅ 𝓠(𝒏 + 𝒆𝑖, 𝑡)} + ℂ2𝑑 ⋅ 𝓠(𝒏, 𝑡)

⇩⇩⇩

𝑷 (𝛾)
𝒏𝟎

(𝒏, 𝑡) =
1

𝑁𝑑 ∑
𝑁1−1

𝜅1=0
⋅ ⋅ ⋅ ∑

𝑁𝑑−1

𝜅𝑑=0
[∏

𝑑

𝑖=1
𝑔(𝛾)

𝜅𝑖
(𝑛𝑖, 𝑛0𝑖

)]𝝀(𝜋𝒩(𝛾)
1 , …, 𝜋𝒩(𝛾)

2𝑑 )
𝑡
⋅ 𝓤𝒎𝟎

What does 𝝀(𝜋𝒩(𝛾1)
1 , …, 𝜋𝒩(𝛾𝑑)

𝑑 ) look like?

𝝀(𝜋𝒩(𝛾1)
1 , 𝜋𝒩(𝛾2)

2 ) =

⎣
⎢
⎢
⎢
⎢
⎢
⎡𝑓e−𝑖𝜋𝒩(𝛾2)

2 + 𝑐

𝑏e𝑖𝜋𝒩(𝛾2)
2

𝓁e𝑖𝜋𝒩(𝛾1)
1

𝓁e−𝑖𝜋𝒩(𝛾1)
1

𝑏e−𝑖𝜋𝒩(𝛾2)
2

𝑓e𝑖𝜋𝒩(𝛾2)
2 + 𝑐

𝓁e𝑖𝜋𝒩(𝛾1)
1

𝓁e−𝑖𝜋𝒩(𝛾1)
1

𝓁e−𝑖𝜋𝒩(𝛾2)
2

𝓁e𝑖𝜋𝒩(𝛾2)
2

𝑓e𝑖𝜋𝒩(𝛾1)
1 + 𝑐

𝑏e−𝑖𝜋𝒩(𝛾1)
1

𝓁e−𝑖𝜋𝒩(𝛾2)
2

𝓁e𝑖𝜋𝒩(𝛾2)
2

𝑏e𝑖𝜋𝒩(𝛾1)
1

𝑓e−𝑖𝜋𝒩(𝛾1)
1 + 𝑐⎦

⎥
⎥
⎥
⎥
⎥
⎤

vvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvv WHITE SPACE FOR
FORMATTING vvvvvvvvvvvvvvvv
• For Bravais lattices it is of size 𝑍 × 𝑍
• Diagonal elements represent remaining in the previous state,
• Alternating off-diagonals represent back-tracking,
• Other elements in row represent sideways movement.
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First-Passage Dynamics with Bounded Correlated Motion
Closed-Form Expressions for the Bounded Occupation Probability

Correlation in the Hexagonal Lattice:

𝑷 (ℋ)
𝒏0

(𝑛1, 𝑛2, 𝑡) = {𝝀(ℋ)(0,0)𝑡

Ω + 1
Ω ∑𝑅−1

𝑟=0 ∑3𝑟+2
𝑤=0 e

2𝜋𝑖𝜿⋅(𝒏−𝒏0)
Ω 𝝀(ℋ)(2𝜋𝜅1

Ω , 2𝜋𝜅2
Ω )

𝑡
+ e

−2𝜋𝑖𝜿⋅(𝒏−𝒏0)
Ω 𝝀(ℋ)(−2𝜋𝜅[𝑖]

1
Ω , −2𝜋𝜅2

Ω )
𝑡
} ⋅ 𝓤𝒎𝟎

,

𝜿 = [𝜅1(𝑟, 𝑤), 𝜅2(𝑟, 𝑤)], 𝜅1(𝑟, 𝑤) = 𝑅(𝑤 + 1) + 𝑤 − 𝑟, 𝜅2(𝑟, 𝑤) = 𝑅(2 − 𝑤 + 3𝑟) + 𝑟 + 1. (D.M., S. Sarvaharman, L. Giuggioli. Phys. Rev. E, 2023)
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First-Passage Dynamics with Bounded Correlated Motion
The First-Passage Probability

The First-Passage via the Defect Technique:

𝑃(𝒏, 𝑚, 𝑡 + 1) = ∑
𝒏′

∑
𝑚′

[𝐴(𝒏, 𝑚, 𝒏′, 𝑚′)𝑃 (𝒏′, 𝑚′, 𝑡) + ∑
𝑆

𝑖=1
𝛿𝒏,𝒔𝛿𝑚,𝑚𝒔𝑖

(1 − 𝜌𝒔,𝑚𝒔𝑖
)𝐴(𝒔𝑖, 𝑚𝒔𝑖

, 𝒏′, 𝑚′)𝑃(𝒏′, 𝑚′, 𝑡)]

We place traps on individual states:
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First-Passage Dynamics with Bounded Correlated Motion
The First-Passage Probability

The First-Passage via the Defect Technique:

𝑃(𝒏, 𝑚, 𝑡 + 1) = ∑
𝒏′

∑
𝑚′

[𝐴(𝒏, 𝑚, 𝒏′, 𝑚′)𝑃 (𝒏′, 𝑚′, 𝑡) + ∑
𝑆

𝑖=1
𝛿𝒏,𝒔𝛿𝑚,𝑚𝒔𝑖

(1 − 𝜌𝒔,𝑚𝒔𝑖
)𝐴(𝒔𝑖, 𝑚𝒔𝑖

, 𝒏′, 𝑚′)𝑃(𝒏′, 𝑚′, 𝑡)]

• 𝐴(𝒏, 𝑚, 𝒏′, 𝑚′)𝑃 (𝒏′, 𝑚′, 𝑡) ⇒ Transitions into defect-free states

• ∑𝑆
𝑖=1 𝛿𝒏,𝒔𝛿𝑚,𝑚𝒔𝑖

(1 − 𝜌𝒔,𝑚𝒔𝑖
)𝐴(𝒔𝑖, 𝑚𝒔𝑖

, 𝒏′, 𝑚′)𝑃(𝒏′, 𝑚′, 𝑡) ⇒ Transitions into defective states

• With initial condition: 𝑃(𝒏, 0) = 𝛿𝒏,𝒏0
∑𝑀

𝑚=1 𝑃(𝒏, 𝑚, 0), where 𝑃(𝒏, 𝑚, 0) = 𝛿𝑚,𝑚0
𝛼𝑚0

[(1 − 𝜌𝒔,𝑚𝒔𝑖
)𝛿(𝒏0,𝑚0)∈𝒮 + 𝛿(𝒏0,𝑚0)∉𝒮].

̃𝐹𝒏𝟎
(𝒮, 𝑧) = ∑

𝑀

𝑚0=1
∑
𝑆

𝑖=1
𝛼𝑚𝒔𝑖

det(ℍ(𝑖)(𝒏0, 𝑚0, 𝑧))
det(ℍ(𝑧))

⇦ Matrices comprised of occupation probabilities shown earlier in the talk
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First-Passage Dynamics with Bounded Correlated Motion
The First-Passage Probability

First-Passage Probabilities:

𝑛0 = 8, 𝑛 = 22 (Dots represent the results from stochastic simulations)

(D.M., L. Giuggioli. New J. Phys, 2024)
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The First-Passage Probability

First-Passage Probabilities:

(Dots represent the results from stochastic simulations) (D.M., L. Giuggioli. New J. Phys, 2024)
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First-Passage Dynamics with Bounded Correlated Motion
A model for Foraging Behaviour in Aphaenogaster senilis

Persistence over the Honeycomb Lattice:

E. Montroll J. Math. Phys, (1969)
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First-Passage Dynamics with Bounded Correlated Motion
A model for Foraging Behaviour in Aphaenogaster senilis

Persistence over the Honeycomb Lattice:

Black dots from iterative results in G. Zumofen, and A. Blumen, A., J. Chem. Phys. (1982)
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First-Passage Dynamics with Bounded Correlated Motion
Thank-you
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