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The Three Lattices:
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The Persistent Random Walk:

« One-step memory dependence.

- Walker is assigned a probability to
continue in the direction last trav-
elled.

 Outgoing probability from a site de-
pends on how the walker entered the
site.
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The Mapping to a Higher Order Markov Chain:
A Note on Notation: 2, (n,t) = [2, (n,1,t),9,, (n,z,t)]T, Q,,(n,t) =0, (n,1,t)+ 0, (n,2,t) =3.Q, (n,2),.

Master Equation (2 States):

9(n,1,t+1)= fO(n—1,1,t) + b9(n — 1,2,t) + c9(n, 1,1)

9(n,2,t+1)=0b9(n+1,2,t) + fO(n+1,1,t) + c9(n,2,t)

¢ Qo @ Q0 09

Qno (n,t) : Occupation Probability of being at 1 at time ¢ given Q(n,0) = (5n,n0
f : Prob. of moving in same direction as last movement.
b : Prob. of switching direction from last movement.

C : Prob. of waiting in the current state.
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The Mapping to a Higher Order Markov Chain:
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R R i

On,t+1)=A-Qn—-1,t)+B-Q(n+1,t) + C- Q(n,t)

Qno (n,t) : Occupation Probability of being at 1 at time ¢ given Q(n,0) = (5n,n0 A |:f b] B |:() ():| C [c O]
f : Prob. of moving in same direction as last movement. 1o o) b f) a3l
b : Prob. of switching direction from last movement.

C : Prob. of waiting in the current state.
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Unbounded Solution:

~ 1 pm e—i&(n—ng) 1—z(feié+c) —zbett a; ~ .
Dug(m:2) = 52 ), 12cf+<f2b2+c2>z22zf(1cz>[ —sbeit 1—z(fe1‘5+c)] ' [az] az; where 0, (n,2) = ¥, 2, (n,2),.
~ 1 1—zc aq(b— ay(b—
(o, mop , miop)
(1— 2zc)\/(1 + 622)% — 46222 ri(2) ri(2) r1(2)

1+ 622 / 4222 f2—0b%+c? f(1—cz)
= 1 1—— f="— = 7
r+(2) 2z¢€ ( + 1+ 5z2) ’ 1—2cz '’ c 1—2cz

f > b= Persistence, f < b= Anti-Persistence, and f = b = Diffusion.
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Closed-Form Expressions for the Bounded Occupation Probability

Bounded One Dimensional Domains:

...............................................

...............................................

o Qo O O O
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Impose Periodic Boundaries via the Method of Images:

P#;) (TL, t) = Z;.i_oo QnO—I—Nf-c(n’ t)

PR t) = 5 [T 507 e ma(€ = FR)AE) - U de

B. Hughes. Random Walks and Random Environments Vol 1. (1995).

Impose Reflective Boundaries via Squeezing Method:

P\")(n,t) = PP (n,t) + p(n) PP (M + 2 — n,t)

K. Kalay. Effects of confinement on the statistics of encounter times: exact analytical results for random
walks in a partitioned lattice. J. Phys. A: Math. Theor., 45(21), (2012).

S. Chandrasekhar Stochastic problems in physics and astronomy. Rev. Mod. Phys., 15(1), (1943).
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Occupation Probability with Reflection:

(a) 1072 (b)
T T T T T
(=5 4l —a1 =050 |
012 __. t=10 7 —a; =0.75
| ---t=15 | —a; =095

R 3 |

= 008 —t=o0 1 5

& 0.06 | A SR i

0.02 e
peem T | | Y 0 | I I I
1 10 20 30 40 50 10 20 30 40 50
n n
_ , t
(r) 1 = —mik(n — ny) 1 = —2mik(n — ny) 27K
P (n,t) = E exp| ———— exp A -Uu,,
g 2N — 2 N -1 N N ®
xk=0 K=
() mik(n —ng) K \*¢
w(n)exp
N -1 N -1 -
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Higher Dimensional Propagators:

d . .
O(n,t+1) =S AY)- O(n —e;,t) +BY) - O(n+e;,1)} + Cyy - Q(n, 1)

g,(g) (ni, Ny, ) known in L. Giuggioli Phys. Rev. X (2020)
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Higher Dimensional Propagators:

d . .
O(n,t+1) =S AY)- O(n —e;,t) +BY) - O(n+e;,1)} + Cyy - Q(n, 1)

What does A(wN(lm, s wNE{’d)) look like?
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Higher Dimensional Propagators:

d . .
O(n,t+1) =S AY)- O(n —e;,t) +BY) - O(n+e;,1)} + Cyy - Q(n, 1)

138

What does A(wN(fl), s wNE{’d)) look like?

. (v2) . . ) .
f‘efwrN;z +c befwr]\f(z’m) bﬂefzer(Qyz fefwr.?\/(z’m)
- ar(72) ; (v2) - r(v2) - r(72)
iN TN iN TN
,\(WN(%) WNW) _ | bemh o Jemh e femh germt
1o 2 (1) - ar(r1) - ar(r1) - ar(v1)
Leim Ny LeimNy feuer +c bei™ N3

. . . ( .
fe*”N({Yl) fe*“"Ngﬂ) bef“"Niﬂ) fe*“TN({Yl) +e
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Higher Dimensional Propagators:

d
O(n,t+1)=Y AJ)-O(n —e;,t) +BY) - O(n +e;,t)} + Cyy - On, t)
i=1
148
1 &S [ () M)
_ v Y
POnt) =~ > - > [T] 9 (nimo,) )\(FNI ,...,WNM) U,
Kk1=0 Kkqg=0 [i=1
What does A(w]\f ) v ) look like?
Forimh? o peinNE? peinn§? peminn? « For Bravais lattices it is of size Z x Z
. (v2) . (v2) (v2) . (v2)
(1) (72) bez7rN2 fez7r.7\/2 +c fe TN fe'nr]\fz
Al TN, TN =
( ) bﬂeiTrN(ffl) Lﬂeiw]\/(‘l’yl) feurN(l’yl) +c beiﬂN({yl)
fefirrN(l’Yl) fefinYl) bef’iﬂ'N(l’yl) fefiﬂ'N(l’yl) +c
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Higher Dimensional Propagators:

d
O(n,t+1)=Y AJ)-O(n —e;,t) +BY) - O(n +e;,t)} + Cyy - On, t)
=1
138
1 N;—1 Nyg—1T ¢4 ) ) ‘
— v v
POnt) =~ > - > [T] 9 (nimo,) )\(FNI ,...,WNM) U,
Kk1=0 Kkqg=0 [i=1
What does A(w]\f ) v ) look like?
Forimh? o peinNE? peinn§? peminn? « For Bravais lattices it is of size Z x Z
\ (WN(%) 777\/“2)) | bemET pemNE o perm YT peinn - Diagonal elements represent remaining in the previous state,
1 2 - ¥ . ¥ ¥ . ¥
feiﬂ'N(l v fe“"N(i v feurN(l v +c bez-rrN(l v
fefirrN(l’Yl) fefinYl) bef’iﬂ'N(l’yl) fefiﬂ'N(l’yl) +c
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Higher Dimensional Propagators:

d
O(n,t+1)=Y AJ)-O(n —e;,t) +BY) - O(n +e;,t)} + Cyy - On, t)
i=1
10
1 N;—1 Nyg—1T ¢4 ) ) ‘
v 0
Pt =~ 3 o 3 L) (oo ) [ AN m)) 2y,
Kk1=0 Kkqg=0 [i=1
What does A(w]\f ) v ) look like?
Forimh? o peinNE? peinn§? peminn? « For Bravais lattices it is of size Z x Z
\ (WN(%) 777\/“2)) | bemET pemNE o perm YT peinn - Diagonal elements represent remaining in the previous state,
1 2 - 1 a1 71 . 71) : : :

e I N O « Alternating off-diagonals represent back-tracking,
fefirrN(l’Yl) fefinYl) bef’iﬂ'N(l’yl) fefiﬂ'N(l’yl) +c
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N

Higher Dimensional Propagators:

d
O(n,t+1)=Y AJ)-O(n —e;,t) +BY) - O(n +e;,t)} + Cyy - On, t)
i=1
434
1 &S [ () M)
v 0
POt = 5 3 - 3 | T (momo ) [ A(eN D)) 2t
Kk1=0 Kkqg=0 [i=1
What does A(w]\f ) v ) look like?
Forimh? o peinNE? peinn§? peminn? « For Bravais lattices it is of size Z x Z
\ (WN(%) 777\/“2)) | bemET pemNE o perm YT peinn - Diagonal elements represent remaining in the previous state,
1 > 2 - ~ . o o . ~ . . .
e I N O « Alternating off-diagonals represent back-tracking,
- ar(71) (1) (1) (1) . .
Zeim Ze it be NI fermNAT tc « Other elements in row represent sideways movement.
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Correlation in the Hexagonal Lattice:

ns

na ni
0 002 004 0.06 0.08 0.10 0.12 0.14 0.16 035 040 045 050 055 0.60 065 0.70 x1072 0.25 050 0.75 1.00 1.25 1.50 1.75 2.00 2.25 x1072 (o)
ngo(nl,ng,t = 11) PO‘0(7L1,7L2,17 = 11) Poyg(nl,ng,t = 11)
Ballistic Slightly Chiral
Persistent
() AP 31"—{—2 M (%) (2mky 2Ry \P | Z2miminomo) g (—omkl] ok, t
1371,O (nlan27t): + Z Z A ( Q ° Q ) +e = A QO Q ~Z[m0,

K = [k(r,w), ky(r,w)], Ky(r,w) =R(w+1)+w—7r, ky(r,w) = R(2—w+ 3r) + r+ 1. (D.M., S. Sarvaharman, L. Giuggioli. Phys. Rev. E, 2023)
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The First-Passage via the Defect Technique:
Pn,m,t+1) ZE [ n,m,n’,m )P(n’,m’ t)+ Zén,sémym% <1 — psymSi)A(si,msi,n’,m’)P(n’,m’,t)

We place traps on individual states:

G O
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The First-Passage via the Defect Technique:

P('I’L, m, t+ 1) = Z Z !A<na m, n/a m’)P(’n', m/’ t) + Z 6n,357n,m,s_ (]‘ — Ps,m >A(Sia Mg, n/a m/)P(n/v m/a t)]
n’ m’ 1=1 ‘ o '
® A(n,m,n’,m’)P(n’,m’,t) = Transitions into defect-free states

* ¥ R — <1 — pSJn/SZ_)A(Si, m,,,n/,m’')P(n/,m/ t) = Transitions into defective states

® With initial condition: P(n,0) =4, ,, Zle P(n,m,0), where P(n,m,0)=4,,,, « [(1 — p87ms‘)(5(n07m0)€§ + (5(n07m0)¢5].

m,mg - mg

M S '
~ det(H™ (ny, my, 2
F,.(S8,2) = E E U, ( det((HO(z))O ) <— Matrices comprised of occupation probabilities shown earlier in the talk
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First-Passage Probabilities:

1d Periodic 1d Reflective 1d Both

1072 1072
—b=0.10—0.18 — 0.26 —b=0.10 0154 - -Ref. ay = 0.20
4r . 3 —b=018 04| —— S O Per. a; = 0.20
04 —— —b=10.26 — =10 — Ref. a; = 0.99
= 3 — /=10 = = o1l , Per. oy =0.99
£ £ 2y 0L S I
2 o =
1 Lr 0.05
ol R 0 3
10! 102 0
t t

ng =8, n =22 (Dots represent the results from stochastic simulations)

(D.M., L. Giuggioli. New J. Phys, 2024)
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First-Passage Probabilities:

Directional (Square) Full (Hexagonal)
1.2}
8 L
1 L
= B - 6
S 08 >
- “£
£ 06/ < 4l
g &
~ 04
2 L
0.2}
0 I I [ L Lol L L1 O X TR L I N
10° 10! 102 10° 10! 102
t t
(Dots represent the results from stochastic simulations) (D.M., L. Giuggioli. New J. Phys, 2024)
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Aphaenogaster senilis
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Persistence over the Honeycomb Lattice:

O e e peve g I
all a8 A s
R eI VAP,

AT
dold old old e
f

E. Montroll J. Math. Phys, (1969)

A

N[ e 0 0 b ! o

/ 0 c 0  re'® peiez [emif2

—| 0 0 S LS et pel®
A(§]9§2) = \ b l :‘ C 0 0
/‘ refgl bei‘fz lei&& 0 c 0
— |le7'E re7iér petié 0 0 ¢
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A model for Foraging Behaviour in Aphaenogaster senilis

Persistence over the Honeycomb Lattice:

300

100

|- == Rec.

e Sco. Diff.

m— SCO.

- Rec. Diff.

....... Rec. Dire.

------- Sco. Dire.

|
0 200

| |
400 600 800
t (secs)

1,000
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150 |

< 100

50

Black dots from iterative results in G. Zumofen, and A. Blumen, A., J. Chem. Phys. (1982)

(b)

) E — Circ.
10° ¢ — Diff.
101 E — Dire.
100 [T AR T RN
- 10° 10 10% 108
t oot
B ,-r_f»:'—“".:.;"‘-" ‘‘‘‘‘ Rec. Diff
e =" = Rec.
. - Sco. Diff.
= Sco.
| | | |
0 200 400 600 800 1,000

t (secs)
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