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Theorem. (Jimbo 1982)

Suppose we have four matrices M; € SLy(C), j = 1,2, 3, 4 satisfying
a} M.lM_gMle = 11

b) M; has eigenvalues {exp(%mif;)} with 6; ¢ Z,

¢) Tr( M M;) = 2 cos(we) for some nonzero o € C with 0 < Re(o) < 1,
d) None of the eight numbers

Q]i&j:l:ﬂ'., Qlﬂ:ﬁz:[:a} gqiﬁ}gﬂ:ﬂ‘, 94:‘:93430

1$ an even integer.
Then the leading term in the asymptotic expansion at zero of the corresponding
Painlevé VI solution y(¢) on the branch corresponding to [(M;, Ma, M;)] is

((91 + 8y +0)(—0 + 02+ 0)(04+ 63+ 0) fl-o
4%y + 63 — 0)5

where

S=CcXS§ 3_a+b
= 1 ==

m'a(

a = €™ (isin (7o) cos (mogg) — cos (mhy) cos (why) — cos (ﬂ‘ﬂl}%;s (763))

b = isin (7o) cos (roy3) + cos (why) cos (wh3) + cos (why) cos ()

d = 4sin (g (6 + 6 — ar}) sin (g (6 — B + a}) sin (% (64 + 85 — a}) sin (% (By — B + r:r]l)

(D(1—0))2T (6, + 63+ 0)T (—6) + 65 + o)
T

s (64 + 6034+ 0)T (—64+ 63 +0)
(F(1+U))2f(5]+f}2—ﬁ) 31-!-92—{.?) (

P
T (6y + 65 —0)T (—64 + 83 — o)
where f(:r:} := (32 + 1) (with T being the usual gamma function) and where o € C
(4,k € {1,2,3}) is determined by Tr(M; M) = 2cos(moji),0 < Re(aji) < 1, so 0 = g13.
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Skelch  (Baber etal 1991, — PoclAS 2005]
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Klein solution
seven branches
(0. 05, 03,04) = (2/7,2/7, 2/7,4/7)

(55 —8545) (752~ 75+4)
s(s—2)(s+1)(25—1) (42— Ts+ 7)
g (732—?3+4)2
P (A2 —Ts+ 7

y:

Corollary

For any s such that ¢(s) # 0, 1, o the family of Fuchsian systems
d B B B:
L2y -
dz z  z-—1(s) z-1
has monodromy isomorphic to the Klein complex reflection group, where

5 bz big 0 0 0 0 0 0

Bi=|0 0 0], By= by § bos |, Bs=10 0 0

0.0 0 0 0 0 bar bsy 3

b 148" — 21624+ 24522 _228%— 2457+ 215 14
e s —Ts+7) B T (T —Ts 1 4)

b, - 148° - 216+ 2545 by 228" - 425+ 3955
AT N(s-1)(dsP—s+2)’ T T TS —Ts+ 1)

by = A=28+ 248 +54° _22-425+394*-55°

:21(3—1)(435’—.¢+4)’ w2 = 215 (452 —7547)
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Icosahedral solutions with < 4 branches

Degree | Genus | Walls | A5 Type | Alcove Point | No. | Group (size)
W 3 0 1 abc | 31,19, 11,1 | 192 1
o1 3 0 1 abd |37, 17,13, 7 [102 1
31 1 0 1 acd | 33,21,9,3 |192 1
A 0 1 bed | 28,16.8,4 |192 1
5 1 0 2 e 26, 14,6, 6 | 96 1 W2
6 1 0 2 b¥d |38 ,18,18,2 | 96 1 Sch ¢
T 1 0 2 bZ | 22,10,10,2 | 96 1 (y= )
8 1 0 2 bd* [34,14, 10,10 96 1
o 1 0 3 & 18,6,6,6 | 32 1
10] 1 i 3 d’ 42,18, 18,6 | 32 1
1| 2 0 2 2 |42, 18,10, 10| 96 2
12] 2 0 2 b* d* 50, 10, 6,6 | 96 2 gl t
13 2 0 2 Ad? | 42,18,6,6 | 96 2
14 3 0 1 bhetd 40, 16, 8, 8 | 288 Sy 'hy
HEE 0 | 1 | bed® | 40.8.4,4 |28 S, )Tet- om
16| 4 0 2 ac 33,9,9,0 |128 Ay : QJHEI
17| 4 0 2 ad? 51.3.3,3 |128 Ay )0" h.
18] 4 0 2 Ad 30,6,6,6 [128 AZ ﬁm
19| 4 0 2 cd® 42,6,6,6 |128 Ay )&t' 'ﬁ’




Icosahedral solutions with =

5 branches

Degree | Genus | Walls | As Type | Alcove Point | No. | Group (size)
200 5 0 1 ed |44,12, 12, 4| 480 Ss
21| 5 0 2 Ed? ] 36,12, 0,0 | 240 Sy FHGtaey
22 6 0 1 bCE d 34 IU 2 7 576 Sﬁ
23] 6 0 1 bed* |46, 14, 10, 2 | 576 Se
24 8 0 1 acd 39 15, 3,3 | 768 Ag
95| 8 0 1 acd? | 45,9.9,3 | 768 Ag
%] 9 1 2 hed 98,4, 4,4 | 288 Aqg +itaev
271 9 1 2 bd® 52,8, 8,4 | 288 Ag
28| 10 0 2 alcd | 48,12, 6,6 | 480 2735
291 10 0 2 Ve |46, 14, 14,6 | 320 Ao
30 10 ] 2 fiuff 42, 2,, 2, 2 320 Am
31 10 0 3 ! 24,0,0,0 | 80 Ao QM
32| 10 (0 3 d 48,0,0,0 | 80 Ao
33 12 0 0 abed | 43,11,7,1 [ 2304 A
34| 12 1 1 abe® | 37,13,5.5 [ 1152 Az
350 12 1 1 abd® | 49,5,5,1 [1152 Ara
36| 12 1 1 b ed 38,6,6,2 [1152 22325
371 15 1 2 » e 36,4, 4,4 | 480 3
38 15 1 7 Pd | 48,8 8,8 | 480 %[F Velentines
30 15 1 2 b2 32,8, 0,0 [ 720 Sis
40] 15 1 2 b 42 44, 4,0,0 | 720 Stz
41 18 1 3 b 40,0,0,0 | 144 29357 LM
421 20 1 i abPc | 41,9,9,1 [1920 Agg
43| 20 1 1 ab’d | 47,7, 3,3 [1920 Asy
44 20 1 3 oc® | 42,18,0,0 | 480 21734527
451 20 1 3 a® d* 54,6, 0,0 | 480 i gtEzy
6| 24 1 2 a b’ 45,5,5,5 | 768 | 293552711 Halentiner
471 30 2 2 a*be | 46,14, 4, 4 [1440[ 273553721113
48] 30 2 2 a*hd | 52,8,2,2 [1440][2%3°5%721113
40] 36 3 3 a“y* | 50,10,0,0 | 864 Pra
50| 40 3 3 a ¢ 51,9,9,9 [ 320 9B AR
51 40 3 3 a’d 57,3, 3,3 | 320 22531527
52| T2 7 3 a’ b 55,5, 5,5 | 576 2=




Solution 20, genus zero, 5 branches, (8;, 8,8, 6:) = (2/5,1/3,1/5,2/3):
2(s2+s+T7)(55—-2) 27 (55 —2)°
=t . ' t= 2
s(s+5)(482-5s5+10) (s+8) (48 —5s+10)

Solution 24, genus zero, 8 branches, (f,, 62,83, 8,) = (1/2,2/5,1/5,4/5):
; _ s(8+4)(3s' - 25" -2+ 85+ 8) - & (s+4)°
’ 8(s—-1) (2 +d)(s+1)° A(s—1)(2+4 (s + 1)

Solution 25, genus zero, 8 branches, (8,0, s, 8;) = (2/5,2/5,1/2,4/5):
_ P55 +252—4s—8) (s +4)° - & (54 4)°
Y d(s+1)" (82 +4)(s—1)(s®+3s+6) 4(s=1)(s2+4) (s +1)*

Solution 28, genus zero, 10 branches, (6, 62, 03, 85) = (1/2,1/2,1/5,3/5):
(P +54"-208°+ 755+ 75) (s —5) (s* +5) L| 2(s? +5)*(* - 5)
I s+ 1) (3 —43+5) (3+5) (5 + 652 —75) ' (5 +5F (2 —4s+5) (s +1)




“Generic” solution, genus zero, 12 branches, (6,65, 03,64) = (2/5,1/2,1/3,4/5):

_ 9s(s® +1)(3s —4)(155" — 55° + 35 — 354 2)
- (25 — 1)2(9s2 + 4)(9s2 + 3s + 10)

o 27s%(s® +1)%(3s — 4)°
T 425 — 1)3(9s52 + 4)2

F(y,t) =
(15524784 t* — 5373216 ¢ + 1350000) y'* — (128381760 ¢* — 133660801) y*'+
(5425704 t3 + 496677744 t* — 305391601) y'"—
(14929920 t* + 41364000 ¢* + 8667596801 — 29281601¢) y°+
(107546535 * — 508275750 ¢ + 747613335 t* — 1837080¢) y°—

(24385536 t° — 285548724 t* — 2437066824 t* + 74927724 t* + 944784 t) y'+

(58212000 ¢° — 2865570750 t* — 4456260900 ° + 17631810¢%) y°—
(49787136 t° — 904003584 t° — 7215732804 t* — 2130570936 ¢* — 12872196 %) y°—
(413500320 £° + 3724484160 ¢° + 4839581265 t* + 162430110 £* + 3750705 %) y*+

(3001304640 t° + 74794560 > + 2710584000 t* — 380946240 %) *—
(9408000007 4 977540640 % — 726801696 ¢° + 939255264 t* — 72013536 t°) y*+

(1176000000¢" — 1481095680 t° + 765158400 t°) y—

(1920800000 3 — 7212800000 7 + 10522980864 t° — 6913299456 t° + 1728324864 t*)
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ALGEBRAIC AND GEOMETRIC ISOMONODROMIC DEFORMATIONS 74

regular singular point at A, and precisely four non-apparent regular sin-
gular points at {0, 1,00,t}. The local monodromies about these points
do not vary with t € P* \ {0,1,00}. By Lemma 2.9, we thus know that
A as a function of t determines a solution to a Painlevé VI equation as
described. q.e.d.

A direct application of this criterion to the natural hypergeometric
local systems associated ttﬁmmg]? vields the following three corollar

jes: amitxC / W df {1"' Cﬂ
e following is the complete list of topological
algebraic Painlevé VI solutions coming from pull-
Fuchsian {riangle groups, together with the descrip-

nding triangle: 'ﬁ”fwﬂ’e

Caorollary 4.6.
types corresponding

d'nll rﬂw -F %;m:ﬂl (2,0,00)

Sy i3 b

4 [2,2],13,1],[2,1,1]:2 2.3

(4:[2,2], [4, 1,1,1, 1];2) st O branches

{Ei [EI & 2.]1' IE" 31! l:".l 2.1, 1]1 2] [21 3, I:l} — - =

(6; [2,2,2].18,3],[3.1.1,1};2) (2,3,0 "'f d I? nel/
(10;[2,...,2],[8,8,3,1),[7,1,1,1};2) (2,3,7) Klein

(12:(2,...,2],13,3,3,9],[7.2,1,1,1): 2) (2,3, .
(12:[2,...,2),13,3,3,3], [8,1,1,1,1]:2) (2,3,8)— VE Wﬁw
QB2 2L e 8L T 15 3L {2,31'?}\..0!%'“

Here [ represents any of the possible entries as listed in Theorem 4.4,

Note that in the case of the arithmetic triangle group PSL(2, Z), with
triangle (2,3, oc), as expected we recover from this list the topological
types of the Kodaira functional inveriants of our five families. In this
corollary, the restriction to arithmetic Fuchsian triangle groups is for
convenience only — we just wanted a finite set of triangle groups in
PSL(2,R) to which to apply our criterion, and in this case they yielded
a finite list of topological types. By contrast, for some triangles one can
explicitly construct infinite lists of allowable topological types (unlike
the previous result, the proofs of these corollaries do not produce an
exhaustive list of types, merely an infinite one):

Corollary 4.7. There are infinitely many tepological types corre-
sponding to algebraic Painlevé VI solutions arising by pullback from
each triangle uniformized by C, except for (3,3,3) which has none.
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2,3. 7 solution
genus one, 18 branches
(04,09, 05,04) = (2/7,2/7,2/7,1/3)

(3% — 24" — 44°% — 204 5° — 536 5" — 1738 % — 5064 5* — 4808 s — 3199) u

4 (5 + 196 5% + 18952 + 756 5 + 154) (2 + 8+ 7) (5 + 1)

(s — 8455 — 3785° — 1512 s* — 5208 5° — 7236 s* — 81275 — 784) u
4325 (s+ 1) (2 +5+7)°

wW=8(+s5+7).






Icosahedral solution 41
genus one, 18 branches
('9] 1 921 6'31 34) = (1;’(3: 1;31 1;'{31 1/3)

1 8s"—28s%+755° 431! —2695% +3185° — 1665+ 56
=3 Bu(s—1) (35 — 452 +ds+2)

(s+1) (82 (s® + 1) — 320 (57 + s) + 1112 (s® + ?) — 2420 (s + 5%) + 3167 s*)
5413 s (s —1)

= —+

1
2
where u? = g(8s%— 115+ 8).

(Equivalent to Dubrovin-Mazzoceo’s 10 page elliptic solution. )

The corresponding family of connections on P! with icosahedral monodromy is:
I & 54

d= (i.p B> 8 Bs )dz, where

2 z—1t z-—1

A1 bya bis 0 0 0 0 & 0
B| — U U U 3 Bg = b-_:g; /\2 b‘g;} 1 53 = U D U
0 0 0 0 0 0 bay bas As
bia =M — sy + (g1 — 2y)(y — 1), baa = (g — A2 — bya) /1,
bis = Mt — pay + (i — zy)(y — 1), bog = (p2 — Aa)t — b,
y—t) — iy —1)+ 3y —t)y—1
h?l - }12 + :{"*3(.‘9' ) ”’1{9’ > H)1'+' J—'(y ){y :]} '53] - (“2 = /"'-l ™ 521)/1
1 1 A D
Al=A =AM = _2"7 M1y flay g = E’ §+ E

24(s—1)(3s* —4s*+4s+2) P(s)u
3=
5652 —25+1)(45* +45%+ 5452 —865+49) (25 —1)* (252 + 5+ 2)° (s —2)"

P=1145"—4165%+1184 5" +814 s —6016 5°+9136 s* —6634 s> +2716 s>— 364 s+91.



24 branch Valentiner solution
(Icosahedral Solution 46)

(01,02, 0,04) = (1/3,1/3,1/3,1/2)
P 1 (s*+45—2)Q

1
= , ; = 24
2 2(3s52-2s+2)Ru 2 2(s+2)(3s2—25+2)%us

y:

where

P=16s" 4 7250 4 505" - 2424* — 314357 + 656255 — B83125° + 0760 5* — 9836 s” + 62165 — 2288 ¢ 4 4186,
Q=85"4 165" + 245" — 8497 + 4204% — 31245 + 258 6% — 88 &3 + 28857 — 1285+ 392,
R=265"+ 185" — 755" + 505° + 270 6% — 3125 4 104,
and where (u, $) lies on the elliptic curve

u'=(88*—-75+2)(s+2).



Icosahedral solutions with = 5 branches

Degree | Genus | Walls | A5 Type | Alcove Point | No. | Group (size)
20 5 0 1 Ped |44,12,12, 4| 480 S
21| 5 0 2 Ad® | 36,12, 0,0 [ 240 S
21 6 0 1 bedd | 34.10,2,2 | 576 Sg
23| 6 0 1 bed? | 46, 14, 10, 2 | 576 Se
24| 8 0 1 accd | 39,15,3,3 | 768 Asg
25| 8 0 1 acd® | 45,9,9,3 | 768 Ag
26 9 1 2 be? 28. 4,4, 4 | 288 Ag
27T 9 1 2 bd® 52,8,8,4 | 288 Ag
28] 10 0 2 afcd | 48,12, 6,6 | 480 2735
29| 10 0 2 e |46, 14, 14,6 | 320 Ao
301 10 0 2 b d 42,2,2,2 | 320 Ao
31| 10 0 3 ¢t 24,0,0,0 | 80 Ao
32| 10 0 3 d? 48,0,0,0 | 80 Ao
33| 12 0 0 abed | 43,11,7,1 |2304 Az
34| 12 1 1 abc® | 37,13,5,5 [ 1152 A1a
35| 12 1 1 abd® 49,5, 5,1 (1152 Ay
36| 12 1 1 becd | 38,6,6,2 |1152 P ars
37 15 1 2 Pe 36,4, 4,4 | 480 A
38] 15 1 2 b d 48,8,8,8 | 480 As
39 15 1 2 b 2 32,8,0,0 [ 720 Sis
400 15 1 2 b2 d* 44, 4,0,0 [ 720 Sis
411 18 1 3 b 40,0,0,0 [ 144 gH3IeT
421 20 1 1 abc 41,9,9,1 [1920 Asg
431 20 1 1 ab®d | 47,7,3,3 [1920 Agg
41 20 1 3 a’c® | 42,18,0,0 | 480 I3 5T
451 20 1 3 a*d* 54,6,0,0 | 480 DL BT
46| 24 1 2 ab’ 45,5, 5,56 | 768 2%3 54711
471 30 2 2 a’be | 46,14, 4,4 [1440 (2% 3°5° 721113
48| 30 2 2 a*bd | 52,8, 2,2 [1440]2**3%5°721113
40 36 3 3 a*h* | 50,10,0,0 | 864 OeAgIEY
50| 40 3 3 a’ ¢ 51,9,9,9 | 320 I ILEET
51 40 3 3 a*d 57,3,3,3 | 320 2% 354
521 T2 7 3 a> b 55,5, 5,5 | 576 P35 T

-
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Theorem (Ramani-Grammaticos-Tamizhmani 2000)
Given a solution (yg, to) of Py with parameters of the form

0 = (0, 60,0s,1)
then, by taking two square roots, one obtains a new solution (y,t) with parameters
0 = (03,05,05,2 — 03)/2

where

_(r=1)(n+1) . (T-l)z
Y= Dm-0 N1
with
= Yo, ™=t



Theorem’' (Tsuda-Okamoto-Sakai 2005)
Given a solution (g, to) of Py; with parameters of the form

0= (9111 32? '92: J= ﬁl)
then, by taking one square root, one obtains a new solution (y,t) with parameters
0 = (0,260,,0,1— 20,)

where '

" .80
v=5+5(5+%)
f=l+£(r+£)

2 4 T
with
'.i"g:ffn



Corollary (“Unfolding transformation”)
If functions yg, {y of the form

1 1
Yo = 2 T a;_.(S)’H., o = 5 = ﬂ-f_(S)H

are a Py solution with parameters
0 = (0,0, 0,04)
on a Painlevé curve of the form
I := {u? = uy(s)}
for a polynomial us(s), then the functions
1 w+v
Yy=3 + m,
are a Py solution for parameters
0= (1—040:1—042—05)/2

on the curve obtained by adjoining to C(s) the functions v, w where

Ay
b=5 "%

L
2

‘L‘2 = Aﬁ — U2, ‘EL‘E = A? — g

and A; = 2a;ug for i = y, L.



Icosahedral solutions with = 5 branches

Degree | Genus | Walls | A5 Type | Alcove Point | No. | Group (size)
20| 5 0 1 480 S:
1] 5 0 2 240 S-
221 6 0 1 .2\ 576 Sg
23| 6 0 1 .2 \576 Sp
24| 8 0 1 actd | 39,15,3,3 [|768 Ag
25| 8 0 1 acd® | 45,9,9,3 |[]768 Az
26| 9 1 2 hc? 28.4, 4,4 J288 Ag
27| 9 1 2 bhd® 52 288 Ag
28| 10 0 2 c 48,12, 6. 6 480 2735
20 10 0 2 c |46, 14, 14,6 | 320 A
30 10 0 2 b d 42,2,2,.2 | 320 Ao
31| 10 0 3 | /T | 24,0,0,0] 80 Agp
32 10 { 3 d? A &0 Ao
33 12 () 0 abci 1 N2304 Az
34| 12 1 1 abe 5,5 [1152 Az
36| 12 1 1 abd” | 49,5,5,1 [1]52 Ay
36| 12 1 1 Ped | 38,6,6,2 |1152 27375
37| 15 1 2 e 36, 4,4, 4 | 440 AT
38| 15 1 2 b d 48,8.8.8 | 4 Ais
39 15 1 2 ' 8 740 Sis
40| 15 1 2 4. éﬂ Sis
41] 18 1 o1 40,0,0,0) 144 | 2M3'57
421 20 1 { ab®e 41,9.9,1 20 Asg
43 20 1 1 ab? : 920 Asp
4] 20 1 3\ [fa*c® | 42,18,0,0Y\480 | 277375%7
45| 20 1 3\ N\d”_| 54.6 480 | 2'73%5°7
46| 24 1 [\?2 a 5 B | 292671l
471 30 2 \2 a‘be | 46, 14, 4, 4 Y1440 | 22 3¥ 58721113
48| 30 2 N 5 4492 3°5° 721113
40| 36 3 3 b* | 50.10.0. 0D 364 S BinT
50| 40 3 3 a’c 51,9,9,9 %21:: 273857 T
51| 40 3 3 a4 r 20 9% 3k nte
52 T2 7 3 5’?6 23'57




Solution 52
72 branches, genus 7
(61,0,05,04) = (1/12,1/12, 1/12,11/12)

9(j—1) {7 +275% = 577 + 79) we ++ 2 (277 — 27 4+ &) (5% =7 + 1) (25" + 25* — 3;° — 58j + 107} (17 =4+ 13}*

1
S B0 — (2 F a4 I -9 + 3 - 1) (25 —7) v
1 (s+1)(32(s*+1) —320(s" +s) + 1112(s" + §%) — 2420 (s° + %) + 3167 5*)
b=+ .
2 bds (s—1)u

on the curve in P? with affine equations:
v? = —(j+1) (6+4%—25) (452 —135+19),
wh=(j—1)(2j=7) (G +1) (25°+j +17) (45° — 135 +19)
where

0] 1
= w
J u =

T e _.—__:!'
\ &= (23 7)

In fact this genus 7 curve is birational to the plane octic cut ouf by:

e —— —_ — e — —

9 (1° P+ °)+ 18 p g*-+4 (BP+¢%)+26 (p* g +p* ¢*)+8 (p'+¢")+57 % 420 (*+¢%) +16
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